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Summary

In this paper a correlation derived by Bertram & Cook is used
to obtain approximate formulse for the aerodynamic derivatives of
simple wedge aerofoils for a wide range of Mach number and incidence.
The correlation allows equilibrium real gas effects to be included in
an approximate manner.

Replaces A.R.C. 26 748






1. Introduction

At high supersonic speed the initial normal-force curve slope
of a simple wedge section may be many times greater than that of
the equivalent flat plate. This fact obviously has great signifi-
cance in the design of isolated controls. In connection with this
interest Edwardsl has pointed out that existing tables and charts
for the properties of oblique shock waves are inconvenient for the
rapid evaluation of the aerodynamic derivatives of these sections.
To overcome this difficulty he has tabulated the surface pressures
on a series of wedges for the Mach number range M = 2.0 to M = 15.
These pressures were obtained from the exact oblique shock relations
assuming inviscid flow and neglecting real gas effects. From these
pressures Edwards has calculated (by numerical differentiation)
normal-force curve slopes and 1lift curve slopes of wedges for a
series of leading-edge angles over a wide Mach number range. The
incidence is, however, limited to angles less than the wedge semi-
angle since the theory only includes compression surfaces.

2At the same time as Edwards' paper was published Bertram &
Cook“ published a report concerned with the correlation of the flow
properties across oblique shock waves and expansion waves for a range
of specific-heat ratios. In the present paper these correlations
are used to derive approximate formulae for the aerodynamic deriva-
tives of wedge aerofoils. As the correlation includes equilibrium
real gas effects the formulae presented here cover a very wide range
of flight conditions. However, the results still ignore viscous
effects and these become increasingly important at the higher Mach
number. The approximate results are found to be in close agreement
with the numerical results of Edwards.

In addition to their interest in connection with the design of
isolated controls the results for wedge aerofoils may be of value in
two other fields of current interest. One of these arises from the
fact that in the upper part of the speed range for air-breathing
engines the exit area of the jet nozzle tends to be much greater
than the intake stream-tube. This means that integration of these
engines with the aircraft usable volume resulfs in overall cross-
sectional area distributions with bluff bases-”. (These bluff bases
are, of course, filled by the jet in the cruise condition). A
study of the properties of wedge aerofoil sections may provide some
data on the influence of finite bases on the non-linear aerodynamic
characteristics of this type of integrated aircraft. The second
field concerns the design of three-dimensional 1lifting shapes from
the two-dimensional flow field through an oblique shock waved. For
such shapes the aerodynamic derivatives close to design presumably
will be the same as on the corresponding wedge.



Notation

CA axial force coefficient

CD drag coefficient

CL 1ift coefficient

CN normal force coefficient

X Mo

K M° 5ino/p

M Mach number

MN Mach number normal to shock

P static pressure

P, P non-dimensional pressures (see eqns. (2) and (7))
X, X, correlating functions (see eqns. (2) and (7))
a incidence

B (2 - 1)%

Y ratio of specific heats

Ye effective isentropic exponent (see egn. (5))
o wedge semi-angle

e flow deflection angle

m shock angle

p density

Suffices

L lower surface

U upper surface

oo free stream conditions
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2. The Correlgtion of Bertram & Cook

Compression Surface

The normal hypersonic approximation for the pressure p at
a point on the surface of a plate inclined to a stream at an angle
0 may be written -

2 A% ?
Eooy = XWX+ g o, vyE |1+ (2L E (1)
Peo 4 4
where K = MG, and p , Y and M are the static pressure, the

ratio of specific heats, and Mach number, respectively, in the

free stream. Following Ivey & ClineS, Bertram & Cook replace

— 1
K = MO in Eqn. (1) by M° sino/g, [:(M2 sino/(M° - 1)?] so that

Eqn. (1) joins up with linear theory, and also has the right form

if it is assumed that sin6 T tan®. With this modification to the
hypersonic similarity parameter Egqn. (1) may be written

P = x° + x¥1+3x% (2)

2
I A 2 N oY+ Mo
where P = -5y ( 1), X = 7 g sine .

To the same approximation the relationship between shock angle
02) and deflection angle (@) is

MsinvZ=MN=X+Vl+X2 . (3)

*
Bertram & Cook plot the equivalent of P against X  for a large
number of exact solutions covering the range 1l.1< M < 40 and

1L YL 5/3. These exact solutions are in excellent agreement with

Eqn. (2) for a wide range of X. At given Mach number the exact
solutions diverge from Egn. (2) above a certain value of X, this
value of X Ybeing higher at lower values of Y. The incidences
above which the approximate formula differs from the exact results
by more than 5% are plotted in Fig. 1. This figure also includes
the shock detachment angle. As can be seen the approximate formula
is adequate to within a few degrees of the shock detachment for all
Mach numbers and values of Y.

Actually K; ( = 4P) against K, ( = 4x).



Bxpansion Surfaces

For sudden expansions (i.e. centred Prandtl-Meyer waves)
Bertram & Cook have again plotted exact results in the form of
P against X. Again there is good correlation, particularly
at higher Mach numbers, but now the best agreement is obtained at
the higher specific heat ratios. Above Mach numbers of 2.0 the
results lie close to the line given by

2Y

or in the present notation
2Y_
Pelyl . 2t FTored,

In general the collapse of the expansion results is less
satisfactory than that of the compression results. However, in
calculating aerodynamic characteristics this is not important since
the contributions of suction surfaces become very small at high
supersonic speeds.

Real Gas Effects

go include real gas effects Bertram & Cook follow Trimpi &
Jones® in defining an effective value of the isentropic exponent

Ye to describe the density changes across an oblique shock wave so

that the above correlation can be applied to a real gas in
equilibrium, Ye is defined by

2

1/M.° -1

Y, = 2 N -1, (5)
Eﬁi -1
P

where MN is Mach number normal to the shock and p the density
behind the shock, Values of Ye as a function of MN for various
altitudes in the atmosphere are plotted in Fig. 12 of Ref. 2.

Then, using a similar analysis to that used to derive Eagns.
(2) and (3), it is found that

Me=x, +V1+x° , (6)

and

Y
—Y—§P=X2+X 1+%x°2, (7)



1/p Ye + 1,2
b

+ .
where P = Z ¥ -1 ana X _ = _——Z_— %— sin ©.

3. Aerodynamic Derivatives

For the wedge aerofoil of unit chord shown in Fig. 2 the
normal-force coefficient is given by

P p
oy =3 (o - pp) = 5 (G -5 (8)

and the axial-force coefficient by

2 QP Py 2P

Ch, =~ (——— + — - —=) tan 6 .

2”02 G T e T B (9)
Here Py, and by are the pressures on the lower and upper surfaces
respectively, Py is the base pressure and & the wedge semi-angle,

At incidence a, the 1lift and drag coefficients are related to
CN and CA in the usual manner, and the normal-force-curve slope

and lift-curve slope are given by

aC P P
=N _ 2 12 Ly o 2y, (10)
oa 2 |90 ‘Paso 00 Poo
QM
oC P
L 2 d L
and = cos(a + &) == (=
oo YMZcosé %a "Peo
2 Fu
—~ cos(d - a) S50 (5:: - Cp (11)

where Py is assumed independent of «a.

Values of E. and 2— (2——) can be found from Egqns. (2), (4) or
Pos 8a ‘Pos

(7) depending on the relative values of « and &, and on the

physical conditions. The results for the different cases are as

follows.

3.1 Perfect gases

If a < &, Dboth surfaces of the wing are compression
surfaces and Eqn. (2) gives



P _ 4Y _ [42 2y
poo_l+l+Y[X +x(1+x)], (12)
22y . IM——[2X+(1+2x2)/(1+x2)4‘f cos (&6 ¥ a) (13)
00 'Poo /' B
Y+ 1 M2 -
where X = T E- sin (8 + a), and the negative sign refers to

the upper surface (8 - a), and the positive sign to the lower
surface (86 + a).

When a > & we can still use Egns. (12) and (13) for the
lower surface, but must now use Eqn. ?4) for the upper, suction,
surface to get

2Y
P - Y -1
%z(lﬁ»%l’;——l—l—lx) , (14)
Y+ 1
2 Y - 1
L) =B cos(o - w1+ A=Wy’ T, 15)
Y + 1M .
where X = 5 sin(é6 - a).

oC
For the flat plate at incidence « +the formula for 5EH
reduces to the simple form

Y +1
oC ¥ Y -1
N _ 204 1+2x2)/(1+33)% + 1+ 2F=1y cosa
oa g Y + 1
(16)
2
X+ 1M
(X = 7§ sin a),
and for the wedge of semi-angle 6 at zero incidence to
¢ ¥
s =derr @r228/Q+ 1)) coso (17)

2
(x = L2 & sins ).

For fixed Mach number X-~» O as a-»> 0, or 86— 0 so that in
aC
both cases 5EE tends to 4/B, the linear theory wvalue.



3,2 Real gas effects

Where real gas effects are present Eqn. (7) can be used for
the surface pressure, provided the effective value of Ye can be

found. For flight in the atmosphere Ye is given as a function

of MN and height in Fig. 12 of Ref. 2. Thus, for a given wedge

angle at given Mach number and height, Ye can be found from this
figure in conjunction with the relationship between MN and Xe
(Eqn. (6)) and the definition of X_ (Egn. (7)).
eI
N 3 P ed to fing N .. 2%
The derivative oY (poo)’ required to find == and ==,

can be found by direct differentiation of Eqn. (7), provided it is
assumed that the relaxation time of the gas is small, i.e. that a
change in incidence results in an instantaneous change in
equilibrium state. Thus for a < §,

2
2 1+ 2X
2 (2t T "~ Te
Sa (p“ ) = + 5 cos (6 + a) 2X, + -
1+ Xe
Y 2 Xe3 aYe
+ —aY . [x 2, , (18)
2 e o
(Ye + 1) 1 +X 2
e

where, again, the negative sign refers to the upper surface and the
positive sign to the lower surface. Using the fact that Ye is a

function only of My at fixed height (and so by Egqn. (6) a function
of X only) we obtain

3Ye X oY

oY
e e - e - -~
5= = X, |TFT. W™ + X, cot (6 + a) , (19)

or
aYe -
aYe _ Si; Xe cot(d + a)
a' —a' = + aY X o (20)
1 - e e

oX, 1l + Ye
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After substitution for aYe/aa from (20), Eqn. (18) reduces to

2
P _ 2 - 1+ 2X
() =F B 56T o) (22 + —— | @ +e), (21)
0% ‘Do ] e >
1+ X
e
where ave o Xe
= Y 1l + ———
axe e 5
1+ Xe
g€ = . (22)
ave) 1+ 2K 2
1l + Ye - Xe 52; 2Xe + ———————;
7/ 1 +X
e
The function € , which defines the effects of changes in

the equilibrium conditions, is plotted in Fig. 3. As can be seen
the effects are small. For finite relaxation times we may expect
the effective value of € +to be initially smaller than that given
by (22), and to approach this value after the incidence change.
However, since € 1is small this is not likely to be an important
effect.

b In the case where a > & we may use Eqn. (4) directly to find
(523) for the upper surface since real gas effects are likely to be

less important, also, as pointed out earlier, the suction force on
this surface makes only a small contribution to the overall force.

4, Discussion of Results

4.1 Comparison with Edwards! numerical solution

In his paper Edwards has tabulated the ratio

BCN acN
= - for wedge angles up to 20° and Mach
oa oa

6=0/a=0

numbers between 2.0 and 15,0. In the approximate theory of this
paper this ratio is given by

5 2
2x + LX) oos 6, where x:yjrlMB sin 6 , (23)
(1 + X°)
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Sample comparisons covering the range computed by Edwards are shown
in the following Table.

6 = 6° 6 = 12° 65 = 20°

M Ref. 1 | Egn. 23| Ref. 1 | Egn. 23| Ref. 1 | Egn. 23
1.30 1.31 1.69 1.66 2.83% 2.12
5 1.76 1.77 2.70 2.73 4.0% 4.04
10 2.75 2.76 4.97 4.98 T7.84 T.87
15 3.88 5.89 7.38 .37 11.72 11.70

As can be seen the agreement is excellent, as of course might
be expected from the success of the basic correlation as indicated
in Pig. 1.

4,2 Comparison of various types of aerofoil section

The results tabulated above show that the initial normal-force
curve slope of a simple wedge aerofoil increases rapidly with
increase in wedge angle, particularly at higher Mach numbers. This
increase in normal force is accompanied by an increased axial, or
chordwise force. However, it should be noted that the normal-force-
curve slope increases less rapidly with incidence at larger wedge
angles than it does for the flat plate. Thus at given incidence
the ratio of normal force, or lift, on wedges of different leading
edge angles may be much smaller than indicated by the ratio of
initial normal-force-curve slopes. These effects are illustrated
in Pigs. 4 and 5, where lifts of wedges of semi-angles of 0°, 5° and
10° are compared at Mach numbers of 5 and 10. The lift-curve of
the 10° wedge is almost straight, in fact at M = 5 there is a
slight fall in slope with increasing incidence. On the other hand
the lift-curve of the flat plate is highly non-linear so that at
o = 20° its lift-curve slope is the same as that of the 10° wedge,
although its actual 1lift is only about half that of the wedge. The
corresponding drag results are also presented in Figs. 4 and 5.

(In calculating the drag the skin friction has been ignored and the
base pressure has been taken as 0.5 of free stream static
pressure). At low 1lift the drag increases with wedge angle, but at
higher 1lifts the larger value of CL/a for the thicker wedges

results in a lower lift-dependent drag so that above a particular
CL’ which depends on Mach number, the drag is virtually independent

of wedge angle. Looked at from another point of view, above a
particular CIJ the main contributior to the 1ift and drag comes

from the lower surface; the pressure on this surface depends only
on the local incidence, but is independent of the actual wedge angle.
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Fig. 4 also includes some results* for a symmetrical double
wedge aerofoil with a leading-edge semi-angle of 10°; that is it
has approximately the same cross-sectional area as the simple wedge
of 5° gsemi-angle. As can be seen the double wedge has a lower
lift-curve slope and a higher drag than the corresponding wedge.

The lower 1ift arises from the fact that whereas the front of the
double wedge produces much more 1ift than the front of the single
wedge, the rear of the double wedge produces very little 1ift. The
lower drag of the single wedge is due to its effective smaller
thickness-chord ratio.
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