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SUMMARY

In an experiment in which it is required to measure the heat trensfer
factor at the outer surface of the skin of a wind tunnel model, the temperature
of the skin is measured at various points on this surface and the heat flow
rate across the skin is measured at the corresponding points on the inner
surface. Caloulation of the heat flow rate across the outer surface of the
skin involves the solution of Laplace's equation in a rectangular region with
mixed boundary conditions. A numerical method of solution is described and
illustrated by an example.
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1 INTRODUCTION

Fig.1 shows a longitudinal seotion of a wind tunnel model1 in the form
of a cylindrical shell with a conical forward section. The skin is heated by
an airflow and heat is teken out by coolant flowing through the hollow intericr
of the model. When a steady state has been reached, the temperature TW of the

outer surface, amd the heat flow rate QM across the inner surface of the skin

of the model are measured by a series of thermocouples and heat flow m.eters2
at various stations along the cylindrical section of the model (see Fig.2).

The heat transfer factér h across the outer surface of the skin at &
given station 1s defined by the equaticn

Q = h(T, - ) , (1)

where Q is the heat flow rate acrosa the outer surface at that station and

TR is the recovery temperature - ise. the temperature that would be reached

there if no heat were allowed to escape into the model. As a first approxima-
tion it may be assumed that Q = QM; this is equivelent to neglecting any flow

of heat along the skin, which is thin and of low thermal conductivity. By
varying the amount of coolant flowing through the interior of the model, it is
possible to obtain a seriss of values of QM end TW for each station. Fronm

these, using the above assumption, h and TR for that station may be oaslculated.

The method described in this paper, in which the assumption that Q = QM

is not made, solves the heat equation for a seotion of the skin, assuming only
that there is no heat flow across the ends of the section. It thus provides an
improved value of Q; a comparison between the calculated values of Q and QM

for a specific case is shown in Fig.5.

2 THE HEAT EQUATION AND BOUNDARY CONDITIONS

Since the skin of the c¢ylindrical model is thin, its curvature is
neglected and it is regarded as an infinite rectangular sleb - see Fig.3;
A and B are arbitrarily chosen points on the outer surface of the skin and
0 and P are the corresponding points on the inner surface. Teking OP and CA
as x~ and y-axis, respectively, with OP = a and OA = b, the temperature ™x,y)
of a point in the skin in the steady state satisfies Laplace's equation:

VT = 2—% + Q—% = 0 (0Ogxgsa, Ocysh). (2)
ox cy

The boundary conditions on AB and OP are known:



™(x,b) = TW(X) (3)
-{(0s x<a)
z (x,0) = T g (x) (&)

where k is the thermal corductivity of the skin, and QM is taken to be

positive when the heat flow is directed towards the interior of the model.
Boundary conditions are also needed along OA and PB; since the variation
of T with x is observed to be small at the ends of the model, the boundary
conditions are taken to be

T
Ly = Ly = 0.  (0cyed) ()

They are equivalent to the assumption that there is no longitudinal flow of
heat aoross the ends of the section,

3 THE FINITE DIFFERENCE EQUATIONS

The rectangle OABP is covered by a uniform rectangular grid of points
(xi,yj) with the mesh lengths dx and 8y respectively in the x- and y-directions

(see Figel) and grid-points are added along x = -0x end x = a + 8x. The
equations of the previous section are then approximated by the finite-
difference equations:

T(xi_1,yj)-2T(§i,yj)+T(§i+1,y3) \ T(xiiyj-1)'Z?EfifZﬁ)+T(xi’yj+1) _
(6x)2 (5Y)2
(1 <i¢<m1¢3jgn-t) oo (6)
T(x,,b) = T(x,) ) | (7)
5 5 (1 €i<m)
T(xg,0y) - 2x;,0) = Lo lx) | (8
_ , J
T(-&x,yj) = T(Osyj) ) (9)
(1 € j € n-1)
(a+bx,y;) = (e,y,) (10)

The heat flow rate across AB is approximated by the equatioﬁs
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W) = f (Bl - My, )]s (eien) (11)

It is convenient at this stage to combine equations (6;, (7), (9) and
(10) in order to eliminate T(xi,b), T(-Sx,yj), and T(a,+f>x,y:j ; the resulting

equations, together with (8), provide mn linear equations for the unknowns
7 xi,yj), (1 «i<m O< j<n-1). These unknowns may be written es a column

vector t, where T(xi,yj) =t (1 s r < mn) when r = (i-m) + m(n-j), which

corresponds to a numbering of the grid-points by rows, starting with the first
row inside the outer surfaces The equations then teke the form

Mt = u (12)
~ ~
dx 2
- <8;> TW(xr) 1<r<m
where u, =< o} n+1 € r € m(n=1) > (13)
- % 8y QM(xr-m(n—1)) m(n=1) +1 < r € mn
. ’ J

and M is the mn x mn block tridiagonal matrix

— 5 _—
&x
N 3;) Im
N
2 N
5x N
<8y> Im N ~ \\
N ~ N
N ~ N
\\ \\\ \\ . )
N N
N 5x
N N
AN N
AN ~ 2
N[ 6x N 6x
= @
-1
e Im o -



In 1s the mxm unit matrix and N the mxm tridiagonal matrix
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L THE METHCD OF SUCCESSIVE OVER-RELAXATION

Equation (12) corresponds to the mn scalar equations

mn

—
mt = u
rs s T

3=1

(r =1,2, oe., mn) (16)

Given any approximate solution ti“p), the method of (point) successive over-

relaxation replaces it by a new approximation tipﬂ given by

req mn .
+1) ) D+ \
tip = tﬁp pliany lur - z mrstg ) - L mrs’cgp) (r = 152, seey mn)
rr
8= s=r

eos (17)

where w is a suitably chosen "relaxation factor".
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In the present case, the process can be started by choosing w = 1 and
assuming that the temperature gradient through the skin is % QM(xi)’ depending
only on x, so that

t§.°) = T(O) (xi,yj)

0y(x;)
k

by

u

o) (3,0 -

To(xy) = Bl g (x, )6y (18)

where r = (i-m) + m{(n-j) (1 €1i<m O < j¢n-1), If p = lim p_ where
p-)oo p

mn 5
N
0 (p) | (p-1)
) (P - )
- r= ' 4
b = om (19)
— 2
S r
r=1
then the best value of w for use in (417) is given; by
. . 2
w(p) = 1 +p? (1 + [1=4%) . (20)

The iterative process described by equation (17) is repeated with w = 1 until
Ip - pp_1| < f where f is a small positive number, An approximation u' to p

is then calculated by Aitken's 52-processu;

1 (pD - pp-1)2 (2 )
= - . 1
" i3 - TR I

. Repetition of (17) is resumed with w = w(u') and continued until



2\ (t§p+1> - tgp))z < et . (22)

r=1

where e is a small positive number, Then §(p+1) is taken as the solution

of (12) and substituted into (11) to give the required flow rate across the
outer surfece.

5 ACCURACY CHECKS

51 Convergence of the iterative process

Let T(Xi’yj) = tip+1) denote the final values of the temperatures

computed as described above. Owing to the truncation of the process,
equation (6) will not be satisfied exactly and, from it, new values
TH(Xi’yj) can be calculated:

_af 1 1 7 ROy G ) ey )Y )
T, (x35¥5) = z{ 3+ = T ¥ 2
(8x)" (8y) (6x) (8y)
2 2
-1 8 “Mx,,y.) 8 “x..y.)
= T(xi,y.) + Jé_{ 1 3 + 1 2} { X i; . + 3 12 J } (23)
X (8x)°  (8y) (8x) (6y)
-1
+ T(x;,.) +%{ L 2} va(x,,7 ) (24)
I (&x)" (&) Y
2
where Bx T(Xi’yj) = T(xi-1’yj) + T(xi+1’yj) - ZT(Xi;yj)
, : (25)
a-nd 6y T(xi’yJ) = T(xi’yj_1) + T(xi,yj+1) - ZT(xi’yj) °
Equation (23) ‘gives an indication of the error in T(xi,y.) and, from
equation (11), since TW(xi) is fixed, the corresponding error in Q(xi) is
k P N \ - . a
B oG] = g n ) - Wy ) Geiew) ()

-8 -
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5.2 Accuracy of the finite-difference approximation

2 2
A more accurate representation of the Laplacian operator V s 9—5 2-5
ox oy

than has been used sbove is given by
Vr(x,,y.) * B, T(xy,¥ ) = 75 By (xy,y )

where

6 AT(xityj = T<xi—2’yj) + T(xi+2’yj) - 14'{ T(xi_1 ’yj) + T(xi+1 ’yj)! + 6T(xi’yj)

and

ayh-T(xiﬁyj) T(xi,y 2) + T(x13y3+2> {T(xi’yj—") + T(xi’yj+1)} + 6T(xi’yj)

vee (28)

An improved value for T(xi,yj) may be obtained by substituting (27) into

(24); but to show separately the effects of the choice of step lengths in the
two coordinate directions, it is convenient to calculate the following

quantities:

1 1 Y
T.?.(xi’yj) = T(xi:y) 24{(&() (5)')2} 6x T(xi’y,j)

(29)

1 1 RGP
Ts(xi’yj) = T(xi,yj) -3 {(6x)2 + (By)z} Sy T(xi,yj) .

When j = n-1, these formulae involve values of T at points outside the
region ABPO; therefore it is assumed that the errors in T(x ,y 1) have the

same orders of magnitude as those in T(x ¥, 2) and the oorrespondlng errors

in Q(x ) are estimated by
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(3 < i < n-2) (30)
B5[q(x,)]

£ {T;xi,yn_z) Tx,y, 2)}

6  METHOD OF USE

A Mercury Autocode programme has been written which performs the
caleculations described in this papers 3t requires the following quantities
as data, which must be punched on a data tape in the order given:

a length of the skin section, AB

b skin thickness, OA

ul number of grid-points on AB

1/k reciprcecal of the thermal conductivity of the skin

QM(xi) for1 <igm measured heat flow rate at grid-points on OP

Tw(xi) for1 <igm measured temperature at grid-points on AB

n number of grid-points on OA, excluding O

f, e see section &

a distance of A from the beginning of the cylindrical section of the
: medel

The units in which a, b, k, QM’ TW’ and a are given must be consistent;
if k and QM heve been measured in units not consistent with those of the

remaining quantities, the simplest procedure is to apply a suitable scaling
factor to k, leaving QM unchanged; the programme will then calculate Q in

the units in which Q is given, Thus if, as in the example mentioned below,
a and b are given in 1nches, kK in c.ges. units, TW in degrees k, and QM in
CHU/ft /hr, the data should include, in place of 1/k, the value of

9 x 1055
5 x (12 x 60)2 x 254k )

The appendix shows a specimen data sheet and the corresponding print-out
of results, the computation of which occupied 95 seconds on the RAE Mercury
computers The first line of results gives the dimensions (AB by OA) of the

- 10 =

(N
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section of skin considered, the relaxation factor used, and the number of

iteratlons made in each stage of the calculation; the suocceedin

for 1 = 1,2, +u., m, the values of (a + xi), Q(xi), T(xi,O), E, Q(xi)],
Eyla(x;)], end B LQ(x)] .

Fige5 shows Q and QM plotted against x

A,B

M= (mrs)

0,P
o(x,)

Qu(xy)

E = (tr)

(p)

ict

T(xi’yj)

To(%)

1 for this example.

SYMBOLS

initial and final points on outer surface of section of skin
considered

length of skin section AB

skin thickness, OA

see section 4

heat transfer factor across outer surface of skin
thermal conductivity of skin

number of grid-points on AB

matrix of coefficients in finite~difference equations,
see equations (14) and (15)

number of grid-points on 0A, excluding O
initial and final points on section of skin considered

computed heat flow rate aocross outer surface of skin at ith
grid-point

measured heat flow rate aoross inner surface of skin at ith
grid-point

vector of temperatures at grid-points, see section 3

pth approximation to t according to equation (17)
temperature of skin at (i,Jj)th grid-point

recovery temperature at outer surface of skin

measured temperature at outer surface of skin at ith grid-point

- 1] -

table gives,



coordinates measured along and into the skin from O, see Fig.3

SYMBOLS (CONTD)

vector of right-hand-sides in finite-difference equations,

mesh-lengths of finite-difference grid

distance of A from beginning of cylindrical section of model

REFERENCES

Title= etc.

u=(u)
see equation (13)
Xy
&x,8y
a
0] relaxation factor
No. Author
1 Naysmith, A.

Stafford Hatfield, H.
Wilkins, F.J.

Todd, J. (Editor)

NePoLo

Measurement of heat transfer in bubbles of
separated flow in supersonic air streams
Internationel Developments in Heat Transfer,
II, 378-381. (ASME, 1961)

A new heat flow meter
Journal of Scientific Instruments, 27, 1-3.
(January 1950)

Survey of numerical analysis, 389-394.
(dMcGraw Hill, 1962)

Modern Computing Methods, 123, (HMSO, 196%)
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APPENDIX

SPECIMEN DATA AND RESULTS

*)

*)

-

(a) Data

67

0-1875

€8 . 1 tii

0-25 Pl scaling factor
14845 1480 1475 14740 145-0 142+5 138:0 -
1320 1175 880 775 950 24,00 . 262+0-
264.:0 2620 252+5 24040 224.+0 2050 . 18440 .
165:0 1499 131+0 11245 97+5 85-0 72:5

625 520 L35 360 320 30+0 29:0.

30:0 32:0 340 375 42-0 4,8+0 540
- 62¢ 72+5 8440 914.+0 1050 114+0 119:0
1235 1260 128-0 1300 132:0 132+5 13340 .
1335 134+0 1345 1350 135+0 135:0- - 135-0.
13520 1350 1350 135-0 135+0 Coaer

26249 262+9 262+9 2629 262+9 2630 2631 -
263y 2642 265+5 267:2 269+2 271+0° 273+0 -
27 2764 2780 279+0 278-7 277+3 2753
2732 271 1" 2692 2672 26546 264:8 - . 2640
263+9 2638 2639 2640 26L:4 2649 26543
265:8 26642 2667 267-0 26745 267:9 268-1
268+ 268-8 269+0 2691 269+4 2695 269-8
-269+9 270+0 270+2 270:4 27046 270-8" 2709
'271+0 271 1 2712 2713 271 4 27145 271 5.
2716 2717 2717 2717 2717 '
R TV n

0-05 L

*0+0004 e
* 01 . a

213 -
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FIG. I. LONGITUDINAL SECTION OF WIND-TUNNEL MODEL.
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FIG. 3. HEAT EQUATION AND BOUNDARY CONDITIONS
FOR THE SKIN.
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FIG. 5. COMPARISON OF THE OBSERVED AND CALCULATED
HEAT FLOW RATES IN A SPECIAL CASE.
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