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SULBARY

A numerical study is made of the vertical accelerations due to structural
vibrations of a slender aircraft flown in continuous turbulence. The basic
aircraft configuration considored is that used in previous acroelastic studies,
but the analysis is extended to cover the effects of aircraft size, airframe
stiffncss, wing loading, lif't slope end speed and altitude of flight,

Ouly the firet structural mede s stuficd in gome detuil, but the order
of the effects of the rigid body mode and higher structural modes are investi-
gatod also.

It is conoluded, that for a configuration approximating to a future super—
sonic trunsport design, the vertical vibrations should be guite acceptable for
passengers but, in some conditions may impeir crew efficiency.
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1 INTRODUCTION

The aeroelastic propertics of a slender aircraft, a configuration envisaged
for the supersonic transport aircraft, have already received considerable

attention1—1o. The effects of aercelasticity on this aircraft's static and
manoeuvre marging, elevator power, flutter charaoteristics etec, have becn
studied to some extent and af'ter an initial and rather confuscd period, those
properties are now reasonably well understood. It is believed, that if the
aeroelasticity is seriously considered in the design stage, it should not lead
to any special difficulties, or weight penalties, Also a recent, preliminary
study of the aercclastic effects of gust 10ads10 has shown that this oconfigur~
ation should not be worse, and might be even better than more conventional
aircrait of a oomparable size.

One aspesot of the acroelastic propoerties of a slender airecraft which has
not as yct rcceived any consideration, is structural vibration, and the effect
of the vibrational characteristics on passonger and orew comfort,

The normel modes and freguencics of vibration, of a slender aircraft are
not dissimilar from the corresponding modcs of a conventional wing, except that
the modes of a slender aircraft involve mainly lengthwisc bending, while the
modes of a conveniional unsvept wing are predominantly in a spanwise dirccotion,
Also the acrodynamic loading is predominantly distributed along the length of a
slender aireraft, and along the span of a conventional wing, Thus, the slender
wing wight be looked upon as u conventional wing, but flying "sideways", and
henoc, the vibrational properties of o slender aircraft in turbulent air might
be ccmparcd to those of a conventional wing., It should be noticed however,
that the orew is situated very closc to the nosc of the slendor aircraft, in a
position corresponding to one situated near the tip of a conventional wing,and
we knov from exporicnce that the vibrationsl cnviromment of the wing tip is
definitely not sultalle for the erew compartment,

In addition it can be argued, that because the dircetion of flight is
along the main vibrationel modes of a slonder aircreft, the cxcitation of
these modes by the turbulent air should be larger than the corresponding
gxcitution of a conventional wing. Turther, for onec particular mode, the con-
venticnol wing has only orc resonant freguency, namely the frcquency corres-
ponding to the natural frequency of this porticular mode, say £, c.Pes., and
this resonant frequency will correspond to a resonant turbulent wavelength
X1 = %K » Where V is the forward truoc speed in ft scc~1. The slender aircraft

1
however has apparently two "resonant" wavelongths corregponding to one vibra-
tional mode, Onec, is the sclf-cvident wavelength K1 = o corrosponding to

1

the natural frequoncy of this mode f,, and the other ariscs from the mode of

1
excitation, This phenomena is illustrated in Figels Let us assume that the
slender aircraft is flying through continuous turbulence, which can be regarded
as composed of all possible wavelengths, The distribution of energy, or gust
velocities, among the wavelcngths, is dofined by the power spectrum density of
turbulence. It con be secn from Fige1 that the shope of, say, the first
fundomental mode is very similar 1o part of a sinusoidal wave; it is possible

-l



therefore, that there is a range of turbulence wavelengths which will "fit
best" to the modal shape (and associated 1ift distribution), and so lead

to much larger excitation in this particular wavelength band, then for any
other wavclengths, It would then follow that the forcing function cf the
turbulence for a given mode will have well defined moxima et some particular
vavelenglhs of the order of multiples of the aircraft, length £, Therefore,
the response of a particular mode to the atmospheric turbulence, plotied
egainst frequency (or wavelengih) c.z. power spectral density of acceleration,
nay have two peaks, one corresponding ito truc resonance frequency f1, and the
other corresponding to maximum cxcitation, say fexc' Assuning that the maximum
cxcitation occurs at a wavelength xexo = k x 4, where k is somec numerical
constant, the second pcak frequency is fexc =T Hence there will
cxist some specd wherc the two apparent resonance frequencies will coineide,
er = f,, lecading to larger vibrations, than would have been experienced

i %8 sane turbulence, if the slender aircraf't was flying "broadside", as a
conventlonal wing. This is the same phenomenon, which lcads to a large
"dynamic ovcrshoot factor" on the gust loads of the order of 3. (Ref,10,)

It can be scen from the above argument that one may expect the vibration
amplitudes of a slender aircraft when flowm in turbulent air, to be of such
magnitude, that thoy uay prove to be prohibitive not only from the point of
view of confert, but cven from safety'! considerations,

The object of this notc is to assess theoretically the order of
magni bude of the vibralions czpected in turbulent air. At this stage there
is no point in making coxtonsive and very accurcte studies, as we do not know
the acrcelastic propertics of the actual design. TFor the purposes of this
study, the "Broadbent" aircraft which was used in previous studios,1:2:4,
arpears most suitable, bccausc, we know approximatcly its first few normal
modes, and second, the reaults of this study could be compared with other
studies made alrcedy on this aircraft.

2 RESULTS OF NUMERIGAT, STUDIRS

2.1 Theory and assumptions

Evaluation of the accclerations duc to the first structural mode of a
slender aircraft flovm in continuous turbulcnce has becen made under the
following assumptions,.

(i) Bach mode, rigid or elastic, can be investigated sceparately,
ise, there is no coupling betwecn nodes.,

(ii) Lift distribution can be Ffound assuning piston theory, irrcspec-
tive of Mach number.

(iii) Atmospheric turbulence is one-dimensionol, i.e, only variation
of gust velocity along the chord is teken into account.

(iv) Structursl damping is neglected.

-5 -
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A more detailed discussion of the assumptions, together wilh the develop-
ment of the theoretical approach are given in the Appendix,

The numorical studies werc based on the "Broadbent" model of a slender
aircraft, because (i) this is the only model for which the normal modos have
becn computed, (i1) the results of calculations can be compared with other
studies mede alrezdy for that model,

It is known from Ref.10, that the maximum acroelastic response of the
first structural mode oocurs at low spceds, of the order of 40O £t sec=1; at
the same time the atmospheric turbulence intensity reaches, on average, its
noximum at low altitude above the ground, Therefore it is to be expected that
from o vibrations point of view, the critical light regime is low speed, low
altitude conditions, It 1s desirable however to investigate as large a range
of forwurd speeds as practioable, ot the same time ke:ping the dynamic pressure,
%pvﬁ, compatible with a specified design velue, say M = 2°2 at 50,000 ft,
Keeping the above considerations in mind, a compromiss altitude of 10,000 i't
was chosen for the numerical caleculations,

The parameters defining the basic aircralt used in calculations are
sumnarised in Table 1,

As the actual supersonic transport design will differ considcrably from
the alreraft model used in the present study, an wttempt is made to goneraliso
the rosults in such a way thet they could, porhaps, bo applied to a differcnt
but similar configuration,

202 Effcct of Torvand spocd

The caleoulations heve boen made for a range of Torward spceds, kecping all
other parumctcrs, ineluding the 1ift slope, constant, ‘The natural frequency of
the first fundamental mode, f1,whioh defincs the structurul stiffncss, was
tuken to be 2*14 cepes,, which cnables the rcsults to be compared directly with
the results of Ref.10. TFig 6 shows the resulis in terms of R.M.S. of acceler-
ation at the wing apex, plotted against forward spced, for u turbulence R.M.S3.

3 Pl
ol' 1 25 sec .

FigeHa shows the R.M.S. of acceleration due to the first structural mode

only, 0w o It can be obscrved that the maximum of the rosponse is at low
1
speed, somc 480 £t 300-1, and decreases with furthor increasc in speed., This
trond 'is directly opposite to that normally expected for the excitation of any
mode is proportional to forward speed and thus the rosponse is expected to
increasc with inecrcasing speed., The trend illustrated in IMiz.6a might be
typicel for any slender design, resulting from "tuning" between the modal shape
and turbulence pattern, To illustratc the magnitude of the accelerations due to
structural oscillation, the R.M.S. value ¢w ,.is comparcd in Fig,6b with
£1 '1

the R,M.54 of acccleration duc to the rigid body responsc O For the calcula=~

tions of oy ono degree of freecdom, heaving, was assumed, (see Appendix 1,

section 3), The neglected pitching degrce of frcedom can appreciably modify the

-G -



value of S and thus the rigid body response values quoted are only an

approximate indication of the order of magnitude ol the accelerations to be
expected, The total acceleration R.M.S. at the wing apex is shown also and is
2 2\ &
computed é@5+-057>d i,e. it is assumed that therc is no interaction between
1 .
heaving and the structural mode *, It can be dcmonstrated that in this parti-
cular casc this assumption results in relatively small crrors.

It can be seen from Fig.bb thet at low speeds the accelerations at the
wing apex (pilot's cockpit) originate almost entirely from structural oscil-
lations., Of coursec in other positions along the aircraft axis this coentribution
decreases rapidly, becing zero at nodal points and on average some 150 of the
apex value in the neighbourhood of the passenger cabin,.

Fig.7 shows the spectral densitiecs of vertical accelerations due to
combined rigid body and first structural modes for two forward speeds and two
positions along the aircraft axis, & = 0 and § = 07, The two positions,

E =0 and £ = 0°7, may represent crew cabin, and passenger compartment or
sircraft C.G., respectively. The curves of Fig.7 actually refcr to an aircraft
half the size of the "Broadbent" aircraft, i.e. & = 1134 £+, vhich is more
representative of current ideas, It can be scen that, at the aircraft nosc,
FigsTa, and especially at the lowor spced, the peak due to structural oscil-
lations is very large and contributes far morc to the general level of oscil-
lations than the rigid body mode. In the passenger compartment, & = 0°7, and
at higher speed, Fig.7b, the speciral deusitics of acceleration look quite
conventional, To illustrate che last point, mcasured spectral densities of
acceleration for a Comet aircraft arc shown in Fig,8. It can be scen that
there is a great similarity between the measured Comet spectrum at the air-
oraft C.G, and thc computed spectrum for a slender aircraft at & = 0°7 and
high speed, indicating that in the passenger cabin area of a slender aircraft,
the contribution of structural vibrations to the overall accelerations level
should not be dissimilar from that of a conventional aircraft.

The significance of the magnitude of accelerations predicted Tor a
slender aircraft is discussced in sccbion 3.2.

2.5 The effcot of airframc stiffness

The offcct of eirframe stiffness on turbulence induccd accelerations
vas investigated by repeating the colculations for two additional natural
frequencies of the first structural mode, i.e. 1°5 c,Pese. and 2°5 CeDesS,;
other parameters were kept unchanged,

The results of the calculations are summarised in Table 2, and plotted
in terms of acceleration R.M.S, against forward speed, in Fig.9, It can be
secen that the airframe stiffness has a very large effect on the structural
accelerations in turbulent air,

Theoretical considerations, (Appendix 1, section k,)suggest that the
Reli.S. of structural accelerations should be approximately proportional to
forwvard speed V and inversely proportional to the root of damping ratio §1,

€A MIRIE DL, M R SSAT AL RS, SO B LT S A A Al TR

LA A BTRLE £ AACMCS Eed I RCES SR AT T L T 4. e

*  This expression for R.M.3. response takes account of phase relations between
the modes only in an average scnse but it is thought to be a reasonable
assumption for this treatment of the problem,
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for a given value of reduced frequency Q,£ (expression £e26). o check this

1
approxination, and also inonattompt ¥o gencralise the numerical calculations,
a "roduced' R..3. of acceoleration

Ty
7 Ve

is plotted agoinst reduced frequency Q1€ in Fig.10,

“he remerkable collapse of the computed reduccd acceleretion R.JM,S's, as
shovn in Tig,10, suggests that the theoretical approximate relationship is
valid, at least for the range of paramcters considered,

244 The cffect of airlrame sizc

The overall lengih of the alrcrafl used as a model in the present colcu-
lations is 226°8 £t. ‘The actual Anglo-French supersonic transport design is
expected Lo be considerably smaller, and il was thought worthwhilce to extend the
caloulations to a smaller size., A nalf soale of the "Broadbenl" alrcrali has
been assumed, i.0. 4 = 1134 £%, other parameters romaining unchanged, Calcu-
lations have beon made for one airfrumc stiffness only, and the natural frcquency
of the first structural mode was chosen to be £1 = 25 6,Des,, the highest fro-
quency of the previous sct of calculations, more appropriatc, perhaps, to the

sruller airfrane,

The speetral density of the "ncecleration producing input", #,, was recalou-
lated fov tho news dlength, and 1s showm in Plglde, Actually, tho computatlon of
91 for £, - 4 requlrod onty shif'ting the original curve plotted on log=log

scale alnn thc 0 axis by log 2and lifting it by log L.

The results of the computations are shown in Fig,11 plotted ageinst forward
spced. The accelerations due to structural vibrations arc considerably smaller
for the half-size airfrane, cxcept ot impraotioably low speecds,

An aitompt was made again bto collw p°o the couputed results into one curve,
taking into account airframe stiffness and damping, forward speed and airframe
size (Aypendly 1, expression A,28),.The reduced scocleration rosponse due to
1 fepes. turbulence R.K.S, in the form:

I3 1
...\71 Z; 3@0_1 ft 2
r,e

is plotted agzainst reduced [requency, 2% Y in Pig,12, It con be secn that

the results for the smaller alrframe do not collanmsc with the provious results
into a unlique curve, However the collapsc is probably good cnough for the
study of trends.

-8 -



2.5 The offects of wing loading, 1if'*t slope and altitude of flight

It was shown in section 2,4 that the structural mode accelerations can
be approximately expressed in terms of forward specd V, damping ratio of the
mode, & and also of aircraft length, £, It is also showm in Appendix 1,
section 4, that the damping ratio can be approximately expressed in terms of
aircraft parameters, and that the R.M.S. value of the structural accelerations
varies in the manner,

-

021 ~ [%9% V.l ftJ . (A.30)

To check the validity of expression (A.30) the computed values of T
1

-2
ft sec 7, were reduced by dividing them by the right hand side of equation
(A430) and plotting azoinst reduced frequency 016 = 2wf16/v, Fige13. I% can

be seen thal the formula (4,30) gives a very good'collapse of computed points,
predicting the effect of aircraft parameters on the acceleration response,
except, perhaps,the effect of aircraft size, TIor comparison, the modulus of

the integral, |I(Q¢)]*, is plotted in the same Fig.13. The curve of reduced
acceleration R.M.S's follov quite closcly the shape of the integral |I(Q€)|.

The derivation of the expression (A,30) took into account the dynamic properties
of the airframe and of atmospheric turbulence, cxcept the effcct of integral
II(Q@ )], thus the similarity of the curves of rcduced acceleration and

integral |I(Q¢)| in Fig.13 suggests that the cxpression (4,30) might be valid
for a quitc wide range of aircraft parameters, as long as the rcsonant frequency
Q1 = wﬁ/V stays within the 1/02 rangc of turbulcnce speetrun,

Por a given value of 2,4, the expression (A,30) in conjunction with Fig.13
defines approximately the ef%octs of altitude, p, 1ift slope a, wing loading

W/S, forward specd, V, aircraft size, €, and airframe stiffness, f% ,on the

value of accclerations R.M.S. duc to structural vibration of the first
structural mode in continuous turbulenco,

On the basis of expression (A.30) an intercsting observation can be made
about the effcct of altitude on airframe vibration accclerations. It has been
suggested in Ref.14 that on the average, the atmospheric turbulence intensity
expressed as true, not indicated, pgust velocities is approximately independent
of altitude, for altitudes above say 5000 ft. ‘herefore, assuming the true
gust velocities invariant with altitude, a simple relationship betweon accele-
ration R.E.S, at altitude H and ccecleration R.M.3, at sca level can be
obtained using expression (A.30). In fact for a flight at constant indicated
speed, thus constant CL’ the ratio of acccleration R.M.S. at height, H, to

that at sea level can be written:

e anmry e

NI TR A AT A T T S RN A I L SC R AR S R WSETIR T W A O VL R AL .o e

* Integral !I(Q&)I is proportional to the first structural mode cxcitation
function due to turbulence at non-dimensional frequency, Q4 = 21 £/A, sce
Appendix 1, section 2,2,

-9 -
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The above relationship is valid outside the carth boundary layer
turbulence i.e. for altitudes in excess ol the first fou thousand feets It might
be observed that for altitudes up to some 60,000 ft, the air densities ratio
can be expresscd approximabely as:

vwith an orror of less than 1%.
2,6 Iho contribution of other modus to the level of vibrations

Tho present caloulations of accelerations due to structural vibrations
in turbulent air were made for the first fundamental mode only., It is usually
belioved that the contribution of that mode exceeds by far the ocontribution
from other modes, 'The sleonder alvecraft is however a now species in the aero-
elastic family of alroraft and it would be advantagecous to assess the order of
contribution from other modes to the overall lovel of vibrations, This is
possible, as a consistent, though approximatc set of normal modes have been

p
computed by Suith” for an aireraft similar to the model used in the present
calculations oxcept for o smaell modification in planform, “he modal shapes

and their frcquencics are shown in Figs,14 to 17 for the first four syrmetrical
modese It can bo scen that the first, sccond and cven fourth modes contain very
lititle spanwisc bending; only the third mode is predominantly a %Tip bending, - ‘
Where spanvisc bending is absent, the configuration can be desoribed as
"struoturally slonder",and is one to which the approximate analysis teking
account only of longitudinal bending, accurately applics,

Fig.18 shows a comparison between the shape of the centre line of the
first mode from Fig.1h5 and the ecnalytical approximation uszcd in the present
study, It can be scon that the agreement is not much worse than in Pig,.2,
vhore the analytical approximation was compared with the modal shapé obtained
from Ref,.,. The froquency of tho fundsmentsl mode is 3+38 Va c.p.s.s, compared
with 35 v« c.p;s.h, where T is the skin thickness in inches. It is concluded
therefore that the set of modes shovm in I'igs.14 to 17 is, for practical purposes,
consistent with the first fundamental mode used in the present study. The primary
object of this paragraph is to asscss the rolative megnitudes of accélerations
duc to structural modes in rclation to the [irst fundamental modc, which has
already becn discussed in some detail, For that, purposc, some simplc, approxi=-
mate, easy to calculate analytical approach should suffiocc, It is showvm in
Appendix 1,scction 5, that under certain simplifying dccumptions, the accelera-
tion rcsponsc R.H.3. of cach mode, Og y 1s proportional to:

1

- 10 -



1 1
/‘ w, dn dg
0 0 e
e (£.32)
2 .
/‘ LA dn dg
00

The integration is now along the chordwisc and spanwise axcs (£ and M
respectivoly) as some of the modes contain considerablc spanwise deflections.
The above integrals were evaluated and the rcsulits are presented in Table 3,
below,

TABLE 3
Acgeleration response

Relative contribution of higher modes at & =0, n =0

R AT IR A A M A ES @ N RN ACESE AW A R e

14 Tee
. (o) £./f
Mode /'f w, dn d& ]’j’w? dn d&| ow x const, — =& 20T o
No. ot * “1 Oy 9%

I DA °.2 ——— LSS I NS

1 3'82><1O-2 5'O9><‘RO"2 0752 1+000| 1000 1°00

2 | 0:92x107% | 316 x1072 0291 0-387| 1-073 2+16

3 -h’55><10-2 9‘49)(10-2 0479 06371 1+247 3:73

L G)'31><1On2 i 0-88 ><1O-2 0+ 355 OL73| 1333 417

t
i 1

R A 8 R NIRRT 8 b HOU STDETIR B €I W A ST I TADN WA W m SCTIR SISt N ATAGRTN KT RCWSA R DR CORSHIE T £ ARECAGT TR s

It can be sceen that at the wing apex, none of the modes is likely to
contribute as much as the first fundamental mode. Including the first four
modes increases the value of the R,M.S. acceleration, (GL)TOT’ by some 33%,
when ocompared with the accelerations due to the first mode only,

The level of vibrations in the ncighbourhood of the passenger cabin due
to the first structural mode is considerably less than in the aircraft nosec,
so it was intercsting to assess the contribution of other modes to the
vibration at a representative point, chosen to be § = 0°7, n = Q. By simple
scaling of the results of Table 3 by appropriate modal dcflections, the
following results werc obtained:

- 11 -



TARLE !

- xy

Relative contribution of higher modes at & = 07, n =0
s+ e ¢ rom A et e et ot 7t e oo o <o a2 bt = romenra 10 e g
o2y T
z4 ( Z)TOT
iiode No, O X const, | === | crsmiema. t./f
z:.L 02 UE i’
1 1
asm— . . 3 1
1 10418 x 1077 | 1-000 1+000 1+00
) 2062 x 1077 | 0253 | 1:033 2+16
3 125  x 1077 1423 1605 575
_7
% 041 x 1077 | 0-04 1605 4217

It cen be seen that only the 3rd mode contributes appreciably to the
total level of vibratiuvns, At this particular point along the structure
(=071 = 0) the contribution of the 3rd modc appears to be larger than
the contribution of thu Tirst fundamental,

It should be emphasised that these cstimotes of the vibration level due
to modes other than the first are essentlally qualitative. Nevertheless cone
ig forcced to a conclusion that a wmode involving, large, though local deflection
of the 1lifting surfuce (3rd mode, Tiz.16) may contrlbutb congiderably to the
overall lovel of vibrations and thus camnot 2 priori be neglected.

5 DLSCUSSION

2+1  Ihe rangc of application of the present

L a A-

study
The prescnt study of vibrations of a slender alrcraft when flown in

turbulent air covcrs a limited range of parameters, The model used for the

study is a slendor,integrated delte aircraf't of overall length of 226+8 £ty

the full calculations have becn made for one eltitude, 10,000 {t, one value of

1ift slope, a = 2 and for onc structural mode only.

Beecause the aircraft model used for the present study differs considerably
from the current supersonic transport design, an attempl has been made to
extend the calculations to cover a range of parameters, It was showm, in
Figse10, 12 and 13 that the rosults obtaincd can be applied to other altitudes,
1ift slopes, ving loadings and structural sviffuness and approximatcly to other
aircralt sizes, The only parameter which was unchanged was tho generalised
gust forcing function, Fig.’. This function is an integral of a product of the
modal shape, of turbulcnce amplitude distribution and of associated 1ift
distribution., In the calculations, the simplest acrodynamic theory, namely
piston theory, was used, This theory, without doubt, overestimates the
gonoralised gust forcing function,



Strictly spcaking, the rcsults of the present note can be applied to
another design only if the gust forcing function is the same, which is very

unlikely in practice.

Nevertheless it is bclieved, that once the structural

and aerodynamic propcrties of a new, similar design are knovm, the results
can be approximately corrected for a ncw gust forcing function, and thus the
order of accelerations due to structural vibrations can be estimated from
available results without resorting to rather lengthy numerical calculations.
If such rough and rcady estimates indicate that vibrations might be of
dangerous amplitude, then of course, more exact calculations will have to be

made,

The present study also assesses the order of magnitude of the contri-

butions of modes higher than the first fundamental mode.

probably be used for enother design, at least to establish the order of
magnitudes, as long as the modal shapes of a new design are not too widcly
different from the shapes assumed in this work,

342 MNumerical oxample of application - cxev and passenger comfort

It has been shown that the magnitude of the structural vibrations

depends very markedly on aircraf't spced, size and stiffness, and also on
modal shape, 1if't distribution, wing loading, overall 1ift slope and altitude

of flight., Therefore, it iz impossible, at the present time, to give

cstimatcs of vibrational onvironment for the actual supcrsonic transport
design. However we can study this problem on a fictitious aircraft of a

configuration nearer to the actual design than the basic, "Broadbent"

aircraft,

Let us make the following assumptions.

This assessment can

(1) The gencralised gust forcing function is the same as used in this study,
Pige3, It is believed that the actual S3T design will have a wing of much

shorter chord than that used here, thus the excitation due to turbulence will
overhanging fuselage may produce deflections
near the nose of larger amplitude, thus it is not inconceivable that the

be smallcr., However the long,

vibrations in pilot's cockpit will be similar to those based on the present
model, On the basis of the same argument, the vibrations in the passenger
compartment should be smaller,

(ii) The other parameters defining the 5.S.T. aircraft arc as followvs:

H = 1000 £t
£ = 150 £t
17/ = 50 1b £t7°
a = 34

— o
f1 = 2 CuDeSe

altitude

alrcraft length

wing loading, light conditions

aircraft 1if't slope; low spced condition

requency of the first structural mode,

Referring to Fig.13; the moximum "rcduced" response will occur at
reduced frequency, 2x f,4/V of about 6°7, which for assumed values of f

and ¢ gives the forvard

specd for maximum "reduced" responsc of 281 ft

- 13 =

1

sec

1

Lt



o1

As the actual, non~reduced, response depends on speed, the moximum response
will occur at speed slightly highier than 281 £t sec~!, Let us assume then that

the forwardspood.isVE:jOOfﬂ;5064;178 kts truc or 175 kts indicated, probably
the lowest indicated speed at which this aircraft would normally fly., The
value of the recduced frequency at 300 £t sce™' is thon 6:28 and the reduced
response {rom Fige13 is

N+

— -
.| ous 1 ~ 6705 x 10 ©
0-21[gpa Ve, : (341)

Substituting the appropriate values for aircraft parameters into
expression (3.1), the value of K..S. of acceleration at the wing apex is
obtainecd:

oy = 1429 £t soc™? ~ohex 10-2 in g units , (342)
1

Adding 33(% Tor the contribution of other elastic modes the total value of the
R.MeS. of vertical acceleration at the wing apex duc to 1 £t sce~1 turbulence
R.M. S, i3 about:

(g}

<02)TOT % 53 %10 7 in g units at £ =0 ;

with a predominant frequency at 2 c.pes.

The rigid body contribution, being at this spced about 045 x 10_2 in g,
can be negleccted,

Porforming similar calculation for the point & = 07, representing the
passenger cabin, we obtain:
t

-2
(G;)TOT > 14 x10 " din gunits E = 0'7

with two predominant frequencics, 2 cePese and about 7 CePeSe

In order to appreciate the significance of the values of R,M.S, of
vertical acceleration caleculated cbove, we have to specify both the expected
intensity of atmospheric turbulence and the accoptable limits of the vibrational
accelerations,



Using data from Ref.13, the following values for turbulence intensity
at low altitude can be assumed:

~i
1!

average turbulence 4 3°8 £t sec—1, wind speed 10~15 kts,

W

L]

heavy turbulence < 7°0 £t sec-1, wind speed ~ 30 kts.

W
8

The above values apply to heights of the order of 200 ft above the terrain,
corresponding to the last phase of landing approach.

Using the above values of atmospheric turbulence intensity, the values of
acceleration R.M.S. have been estimated and are tabulated below.

TLBIE 5
Estimated levels of vibration for an S.3.T. design
R.1.S. of vertical acccleration in "g"
V = 300 £t scc™t, H ~ 1000 £t
Turbulence [===== s==m=snmmmer= === . e 1
Pilot's cabin | Pagsenger cabin
E = 0 { E = 07 ~
average *2 | 0053 g
heavy : * 37 0:098 g

The endurance limits of the human body tc vertical vibrations has been
studied extensively in connection with land {ransport, though the available
data are not readily applicable to aircraft, A good summary of vibration
studies applicable to ground vehicles can be found in Ref.15, from vhich it
can be deduced that at 2 c.pss., amplitudes of 0°08 to 0°16 g are at the upper
limit of comfort and amplitiudcs ir exccss of 0°H = 0°6 g are intolerable,

Flight experience with a rigid aircraft at high speed“F suggests the view
that R.M.S. values of vertical accelerations of the order of 0*1 g can be
regardcd as "slight", 0¢2-0°3 g as "heavy" and zbove 03z as "very heavy" and
probably unacccptable,

Notess,Ref.11, suggests boundaries of lhe time of exposurc against intensity

IO

of vibrations and some are rcproduced from that reference in Fige19.

The vibrational tolerance data from all three sources are reasonably
consistent, and remembering the dislike of the human body to frequencies around
L*5 CePeSe “+, a rough boundary of the vibrational tolerance can be stipulated,
For the purpose of the present study lect us definc these boundaries as follows:
for the duration of a few minutcs, vibrations with R,M.S. valucs up to 03¢
can bc tolerated, probably without any deterioration in pilot's performance,
although they will be objcctionesble to passcengers, Vibrations with R.M.S.
values of 0*5g define the upper boundary, beyond vhich a pilot may not bc able
to opcrate satisfactorily.

- 15 =
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Referring to Table 5, we can see that at approach speeds, when the
vibrational environment is expected to be worst, the comfort of passengers
should be satisfactory cven in hcavy turbulence (0*1g R.M.S.). The environ-
ment of the pilot however is not so satisfactory. In heavy turbulence, the
R.M,5, of normal accelerations may well excced the stipulated limit of 0°3 g,
and thus nay impair his capacity forhandling the aircraft in this critical
manocuvre,

Increasing the approach speed, at least in the case considercd in here,
is doubly bencficial, as not only docs it decrease the handling difficulties
in turbulent air, but it olso reducecs the level of vibrations experienced by
the pilot,

b CONCLUDING REMARKS

A study has heen made of the acroelastic response to turbulent air of
a slender aircraft, the rcsponses of main intercst being the vertical
accelerations experienced by passengers and orew,

The "Broadbent" aircraft was used, as a basic model, as this is the only
configuration for which the clastic properties are sufficicntly known, An
attenpt was made to generalize the results, so that the cffects of forward
speed, alrframe stiffness, wing loading, lift slope, flight altitude and of
aircraft size can be investigated,

It has been shown, tlhat for a slender aircraft configuration, there
exists o forward speed for which the accclerations duc to vibrations in first
struetural mode arc maxinum, Increasing or decreasing speed Trom this eritical
speed decreases considerably the amplitudes of vibrations in contrast to a
conventionel aireraft.

The effects of the rigid body and 3 higher symmetric structural modes
vere approximatoly evaluatcd by further calculations,

Tiie results have been applied to an aircraflt with parameters similar to
those of possible SST deosign, and the intensity of vibrations for this aircraft
estimateds TFor this particular aircraft, the speed for the maximuwa vibrational
response in the first structural mode (2 ¢,p.s.) is very low being about 180 kts,
It should be realized that reducing aircraft size and airframc stiffness rcduccs
also the gpeed for maximuw. responsc, Ior cxample assuning the aircraft length
to be 120 ft, and structural frequency 1°6 c.p.s. the spced of maximum response
is about 100 kts and is thus outside the flight envelope,

The estimated valucs of vibration levels indicate that although passenger
confort should not be noticeably affectcd by structural vibration, the
vibrations in the pilot's cabin are of some concern. In heavy turbulence, the
cstimated R.M.S. valuc of vertical accelerations in the pilot's cabin is in
excess of O¢3 g which, it is thought, may affecct pilots efficiency, already
strained by the handling difficulties in turbulent conditions,

It should be emphasicd that the present calculations indicate only trends
and the order of the vibration intensity on the actual SST design. Relatively
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small changes in the assumed values of parameters, such as airframe stiffness,
nay considerably modify the whole picture.

Nevertheless, the present rcsults should serve as a varning, that the
vibrational properties of the SST design, may, in some circumstances, affect
the operational utilisation of the aircraf't,

It is strongly asdvised, that celculations similar to those on the
present paper, be made on the actual design as soon as the required structural
information is available,

The present study discusses only the vertical accelerations. It is
known that the lateral accelerations play a very important part in defining
the acceptable enviromment of passengers and crew, A study of lateral
vibrations should be made as soon as the necessary information is evailable,
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THECRY

1 THEORETICAL, APFROACH

The complete linear equations of motion for an aircraft with many degrees
of' freedom due to vertical gust velocity wg can be written as:

(a) {@ + [B) {a} + (2] {q} + [c] {q} = [F) {wg} (Aet)

where [A] is a matrix of inertia coeflicients

{B] " serodynamic damping coefficients
(c] " acrodynamic stiffness coefficients
[E] " elastic stiffness coefficients (may inolude out

of phase components due to internal friction)
[7] " acrodynamioc ocoefficients due to gust

and Ay is a generalised co-ordinate of ith mode,

The solution of (1) requires large computational effort and can only be
Justified if the inertia,elastic and aecrodynamic coefficicnts are known or can
be estimated with reasonable accuracy,

At the present moment no acrodynomic and structural properties of the actual
slender aircraft design are known, thus 1t is not possible to study the
vibrational properties of this particular aircraft, To by-pass these difficul=-
ties and, at the same time, to retoin continuity in the ceroelustic studies, we
will use a model as studied originally by Broadbent?, Furthermore, to facilitate
a comparison vith the results of other works4:1o, we will retain the simplicity
of aerodynamic piston theory, ilrrespective of Mach number. Undecr the above
simplifying ond crude assumptions, an attempt to obtain the solutions of the full
equations (1) is probably not justified and some simple, less laborious method
will sufficos

The following general assumptions are madoc:

(1) Each mode, rigid body or clastic, can be investigated scparately i.e.
there is no coupling betwecn modes. Tt was shown in Ref,4 that the frequency
and domping of the t'irst structural mode are only slightly altered by the rigid
body mode,

(2) In order to simplify the computation, piston theory is usecd, irrespective
of Mach numbor, It is assumed that the incremental local 1ift is proportional to
the local inecidence, either due to structural distortion or due to gust. The
constant of proportionailty, say a, is the same for all wing stations and equal
to the overall 1if't slope, i
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(3) Atmospheric turbulence is one dimensional 1.0, only the variation of
turbulence velocities along the flight axis will be considered., This is
equlvaler* to an assumption that the aircralt span is small comparing with

turbulence scale, fThis assumption can be justified when remembering that the
span of tho eircraft in question is less than 90 ft,

(L) The damping due to friction within ihe structure is neglected,

(3) The vibrations duc only to onc elastic mode will be studied in some
dectail, It can be shoim, that in general, the level of vibrations is defined
moinly by responsc of the first fundamental mode. The order of the effect of
other modes on the vibrational cnvironuent will be investigated also,

The parameters defining the basic aircralt used in numerical studies are
shown in Table 41, The nuwnerical values of thesc parameters are those used in
- _ ,l qt' a b d' - /l 2 Z}- 10 rIl‘ f d; ﬁh Py 1 "ld
previous aeroclastic studies's<s»*»'%, The planform, modal shape, mass an
stiffness distributions arc illustrated in Fig.l. The values of the integrals
defining the gencralised mass and gencralised aerodynamic forces for the first
fundamentol mode arc also presentcd in Table 1.

2 RJ OTS“ OF THB PIP T xUNDAIEVT%L MODE
2.1 [Eguation cf motion

The equation of motion for ith fundamentel mode alone and neglecting
structural damping in rcsponsc to vertical gust w_ois:
o

]

s I'\J

L

1
- - aw
f an c‘-]'4 +| 5, 0] + Lo Vel /[ ;uw an ng =
_l
(o)

A

y!
= %pVa(’?ff Wg vidT] dz 3
o

i (aa2)

vhere, in general, the gust velocity v, is a function of non-dimensional span~
wise, 1, and chordwise Z coordinatcs and of tlime t.

The modal displaccment, v, is elso in general a function of 1 and &
coordinates

Mi 1ls a generalised mass in ith mode defincd as:

g
M, = /I w(n,E) w° dn &g (4.3)
@)

vhere m(n,%) is a mass distribution,
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The-equation (4.2) is derived under an assumption that the deflection
of structure, in ith mode, say Zi(n,i,t) con be split into time dependent,
zi(t), and time independent, modal shape, wi(n,g) parts, It follows that:

Z:,_(n,g,t) = Wi(n,g) Zl('t> . (A.).{..)

In the applicetion to the first fundamental mode the equation (A,2) cen
be simplified., It is assumed that for this mode the spanwise deflcctions can
be neglected, thus the modal shape is a function of chordwise coordinate only,
The model shape for the first fundamental mode is showm in Fig,2 and was
obtained from Ref. ks To simplify the computation an analytical spproximation
for W, vas found:

7, (8) = 1 =258 - 2038° 4+ 4158 (A.5)

Circled points in Fig,2 define the apvoroximated modal shape,
For the triangular planform used in present calculations, Fig.2, the non-

dimensional elemental area dn d& can be expressed as follows:

an & = -2 SEAE . (4.6)
2

Thus for first fundamental mode the cquation of motion is expressed in
terms of chordwise coordinate & only, and substituting equation (A,6) into
(Ae2) the following cquation is obtained:

1 1
M, Z, + Sa V 'Z&dg*"’ M, o s5aved f}ﬂ cEa |z, =
-11 1 pD V’}l Ll1+ -1 1+P0a C dg "1‘9(15) “1 -
0 o]

1
= pSaV fwg v, E dE; (A.7)
)

Dividing the equation (A.7) by the generalised mess M, and substituting
the numerical values for integrals as given in Table 1, the equation of motion
for first fundamental mode includingz numerical constants is obtained,
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1

g B2y 2 hh2 gpe 2, | g2y [
"+068/§9sz W)+ s ) = 00974‘1/8 [&gn

202 Generalised gust foreg
The right hand side of cquatlion (A.8) xives an expression Tor first mode
excitation force due to turbulence, To compute this force ve nced to

evaluate the integral

g (£.9)

O
o
o
-t

whore v is a gust velocity. In general the gust velocity is a function of
time, 5 and n and & coordinates,but under the present assumption it is a
funcbion of § and t only.

For the study of rcsponscs to continuous turbulence e need to evaluate
’che integral (A.9) for a range of frequencies (or wavclengths). TFor an air-
raft flying with forvard speced V, the expression for 51nuu01d al gust of space
f'requenf‘y Q ond amplitude Wg for any point along its & axis can be written:
o

w (E,t) = w. sin Q (CE-VL) . (A.10)
g &,

The space frcquency Q, is relatod to circuler frequency w, sec = or to

gust wavelengih by £t by the Tfollowing:

- ® 2R -1
G = ¥ o= “.}\‘: rad £t . (ha11)

Thus for o sinusoidal pust the integral (A,,9) can be written as:

i f ain 0(0E - Vi) i LA = vy Isin(QVe +¢) . (L12)

where ¢ is o phase angloe

B xpauding sin Q(LE - vit) we can split ihe integrel into tvo parts:

i
)
Ut

I



I 3in(QVt + ¢) = - A(QL) sin QVT + B{QC) cos OVt (Ae13)

vherc
1
A(E) = /‘ cos(QeE) v, g dg
(0]
1
B(w) = [ sin(QeE) w, &g
o

It can be seen from (A.13) that the generalised gust force has two
components, one in phase with the gust at the rcfercnce point (in this case
wing apex), the other out of phase,

For the present study of response of one mode only, we are interested
only in the modulus squared of the integral I, thus in the valuc of

[1(0¢)|? = [a(00)]% + [B(R0)]® . (Autd)

The evaluated values of integrals A(QL) and B(Q¢) and of the modulus of
integrael I(06) are shovm in IMg.3. The two components A(Q¢) and B(QL) of the
integral I(Q) arc prccented, as they mighl be useful for further more com-
prehensive studies. In present application only values of [I(Q&)l are required,

Tt stordld be peinted cul Ehet for lurbulonce wavelengths N, smaller than
the aireraft dinmonsion, say ¢, the assumption of one dimensional turbulence
islosing its validity. UYhus for higher frequencies (shorter wavelengths) the
prescnt calculations overestimate the turbulence excitation forces. The curves
of values of integraols shown in Fiz,3 arc dravm as interrupted curves for fre-
quencies where, it is believed, these values are substantially in error, due to tho
assumption of one dimensional turbulcnce.,

et

2¢3  Solution of the equation of motion

Substituting the expression (A.13) for the integral of the generalised gust
foreing function into equation (A.8) and rearranging terms, an equation of motion
of the {irst fundamental mode due to sinusoidal gust of amplitude w_ and
space frequency Q0 is obtained: &

51 +'b'z'1 + 0z, = d(~ A sin GVt + B cos QVt) L (Ae15)
o
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where

AL -1
b = m 7 5  sec W
g
2
Q.0 N\ -
¢ = mf + 53-% <%, ;  sec L > (1.16)
g /
d = 3:.88 ‘X 3 800—1 .
g 7

The equation (A.15) can be written in terms of damping ratio Z,1 end

natural frequency w,* of the first structural mode

1
(1] o, . t, 2
w = i = - . 7 .
B, + 274, 0 B, o+ ((»1) 2, d (- A sin OQVt+ Beos QVt) wgo (As15a)
where ~
2 wF = b o= el R
11 pg

g (A,16a)

. 2

In some applications, the aerodynamic contribution to the natural
frequency of the structural mode can be ncglected and then the frequency and
damping ratio can be approximately expressed as:

ata \
Wi x o,
3 (As16b)
I N 4 - Q887 vV,
5 % 5o T U 2Lw, W w, L
g 1 g 1 Y,

Comparison of the full solutions given in Table 2 with the values of
damping given by the approximate expression (A,16b) indicates that this
expression overcstimates the damping, with an error of the order of 105,
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The non-~dimensional mass paramcter
2 /5
b= SRS (4.17)
“

is analogous to the gust mass parameter defining rigld body response of a
conventional aircraf't'<, cxcept that for slender aircraft the reference length
is the aircraft length { und not the mean wing chord G,

The stcady state solution of equation (A4,15) gives the modulus squared
frequency rcsponse function of displaccment z,t

z, |2 2
o S s [1(02)]? (1.18)
g, [e = (V)77 + (vvn)
2
where [I(QG)' is defined by expression (A.14),
1

The spectral dencity of the accelerations of z coordinate for 1 £t sec

turbulence R,H, S, B (Q), is obtained by multiplying equation (4,18)by

)
w4 = (V)™ and by the speetral density of atmospheric turbulence, taken as:

60) | L s s(on)®
2 T ox

o (1 + (QL)2]2

(A.19)

and the following expression results:

by, () = Voo (ER G 1)) (ai20)
1 o = (2« (m)? ~Tw

P - - -
(dimensions: (£t sec L)z per rad £t~ per It sec T rt seo 2)

The above expression for spectral density of accelerations of the first
mode iz written as a product of bwo terms., The first term may be regarded as
an aireraft admittance and is a function only of aireraft parameters, such as
forvard speecd V, [requency of the mode, w, (stiffness), and mass parameter, U,
The second term, in curly brackets, defines the input of atmospheric turbulence
and is related to the aircraft only through the function I(Q6) which in turn
depends on the modal shape, 1ift distribution and aircralt size, In the study
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of the effects of forward speed, airframe stiffness, 1lift slope, wing loading,
the expression in curly brackets 1s oconstant and can be regarded as a
"s€ec§rum density of acceleration producing input" of the Tirst mode say
$,(00),

1

2, (0¢) = 9«-2@—) ot |1(ae)|? . (Ae21)
5

w
8

This, so defined function &,, is plotted in Fig.4 for itwo sizes of the
aircraft defined by its mode shown in Fig.2, The curves of Tig.l were com-
puted assuming the scale of turbulence, L = 1000 {'t. The choice of turbulence
scale is not critical in the present application, as the vibrational response
covers the wavelengths range of turbulence well inside the inertial subrange,
where the spectrum shape is independent of' the assumed turbulence scale, L.

The expression (A,20) was actually modified at low Trequencies to allow
for rigid body response, as discussed in the following section, This effect of
rigid body response although noticeable for the structural deflection response,

Zy s is negligible for the acceleration response, 31.

It can be seen from Fig.,4 that the "acceleration producing input'" for
the first structural mode has peaks corresponding to a "tuning" between the
mode deflection shape and turbulence waves, thus the spectral density of
vibrations will have at least two pcaks, one correspording to a true resonance
at structural frequency f, c.p.s. and other (or others) at frequency

v
oxc. = B Qpeak’ where Qp
in Figeka

cak is the space frequency corresponding to a peak

From integration of the spectral density function,oquation(A.ZO), with
respect to Q, a value of R,M,.S, acceleration at reference point (vring apex in
here) for 1 ft sec™! turbulence R.M.S. can be found. By varying values of
parameters in the first term of equation (A.20) the effects on vibration level
of forward speed, structural stiffness, 1ift slope and wing loading can be
investigated.

3 DTHE ZFFECT OF RIGID BODY RESPONSE

The analysis of structural rcsponse to atmospheric turbulence neglecting
the rigid body response, overestimates the excitation at low frequencies,
Neglecting rigid body degrees of freedom is equivalent to restraining the
structure at the nodal lines of the structural mode in question. The rigid
body respomse alleviates the actual incidence experienced by the wing and for
frequencies approaching zero, the excitation of the structural modes approaches
zero also,
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It was thought worthwhilc to assess the order of the effect of rigid body
respoase on tho structural vibrations response, At the same time, the accelera-

tions due to t urbulence in the rigid body mode could be estimated for comparison
with the accclerations due to structural vibration,.

As only an order of magnitude is required, simplified calculations were
made, ncglecting pitching and unsteady aerodynamics, It should be pointed out,
that the pitching degrec of freedom has an appreciable effect on the calculated
accelerations in rigid body modes of a slender airoraft., The pitching effect
g on the accelerations of structural modes is negligibly small, as the overall

eff'ect of rigid body response on structural vibration is very small,

The reletionship between the R.M.S. of normal acceleration of rigid body,
o, and between turbulence R.M.S., o, can be written:

Gh )
G- = m’“ KSP ; (A.22)
wg &

where KSP is a spectral gust alleviation factor,
Iiaking the following assumptions:

. (i) pitching degree of frcedom is neglected

(ii) unsteady aerodymamics are neglected
(iii) the aircraft size is small in comparison with turbulence scale,

The spectral gust alleviation is defined:
) I

oo 1
ko= | |x 12 OR ¢(Q) an : (4.23)
s T o 02 : *
© W
g

2
where IK@I is modulus square of inocidence function given by:

2 0
K| =ty (A.2L)
QZ - an
\&

v ) -



It is seen that under the above assumptions the spectral gust allevi-
ation factor KSP is a function of turbulence spectrum shape and of aircraft
parameter

CH = LZJ{Z’S'

g gpa

and thus is independent of forward specd,

The incidence function (A,24) defines the incidence experienced by the
wing in turbulence as alleviated by aircraft heaving motion, thus can be used
to estimate the effect of rigid body responsc on the excitation of structural
mode, Multiplying the spectral density of turbulence, G(Q), by the modulus
square of inecidence function !Kalz, we obtain a modified spectrum, spectrum

of the actual vertical air velocity as experienced by the wing surface, This
treatment is only approximate, and can only be allowed vhen there is no
appreciable coupling betlween rigid and structural modes,

The effects of the rigid body response on the excitation of structural
mode is small, being noticeable for the deflection response, but negligible
for the acceleration response. These effects are illustrated in Fig.b.

L DISCUSSION OF UHE SOLUTION CF EGUATION OF MOTION

The expression for the spectral density of accelerations of z,

coordinate, equation (A.20) indicates that the value of acceleration R.M.S.

of Zy will depend on values of aircraft porameters defining the admittance

function and on value of the exoltationfunculon, @1, equation (A,21). For a given

modal shape, 1ift distribution and turbulence scale, the values of excitation

function @1 depend on the aircraft size, €, only.

It can be shown that integration of the spectral density of second order
system response to input spectrum as used in present paper (equation A.19)
gives the R.M.S. value proportional to 1/VZ hence:

d
621 \Té1 (A-25)

where paramcter d is defined by expression (A,16) and é1 is damping ratio of
structural oscillations (A,16b). Tor given valucs of “g and ¢, the cxpression

(A¢25) can be written as:

v
ou ~ g (4426)
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The validity of approximation (A.26) was demonstrated by numerical
calculations, results of vhich are showm in Fige10,

The approximate effect of aircraft size, &, could not be expressed so
simply, but it was found cempirically that for the range of parameters used in
present study the value of acceleration R.M.S. is roughly proportional to the
root of aircraft length 43

O‘-'; ~ 'f‘el . (AO 27)
1

Combining the expressions (A,26) with (A,27) we obtain the following

expression for acceleration R,I,S,

O
[ox!) ~ V ,["é P (A.. 28)

Z g

1 V 1
The degree of validity of approximation (A,28) is illustrated in Fig.12,

The approximation (A.28) is not convenient for practical applicationas as
it contains damping ratio & the valuc of which is usually not known,

Negleoting aerodynamic stiffness contribution the damping ratio can be
approximately written as:

0-88 v
& ~ q- —tn s (A' 16b )
1 p w1€

Combining the approximations (4,16b) with (A.25) and (A.27) a further
approximation for R.M.3. acccleration of the structural oscillations is
obtained

% ,,ﬂw gpa
[or ) ~ 'f.u J"‘ﬁ% V‘Cf1 . (A.BO)

The approximation (A.JO) gives a relationship between the acceleration
R.M.8. end relevant eircraft parameters, The degree of approximation given
by (A4,30) is shovm in Tig.13. The results of caloulations presented in Fig.13
allow an approximate extrapolation of the numericsl results given on this paper
to values of aireraft parameters other than those used in here,

5 AN BSTINATS OF THD RESPONSES OF KIGHFR MODES T0, ATMOSPHERTC TURBULENGE

A method was required, by which the order of ma;nitude of the response
of modes other than first to turbulent air can be ocstimated with a minimum of
computational effort,



The method was developed by which a response in ith mode relative to

response in first mode can be estimated, The following simplifying assumptions
viere made:

(i) The overall gust excitation of any mode is proportional to the
excitation of this mode at zero frequency. Thus only one integral

11
/’],wi dn ag
0 0

has to be cvaluated,

(11) The R.M.S. valuc of responsc is proportional to the value of the
appropriate transfer function at resonant froquency w; = QiV and to the value

of the turbulence spectral density at this frequency, Qi'

Under these assumptions and using equation (A.Z), the R.M,S, of zZs

ocoordinate acceleration is proportional to:

1
*%'pVaBZf w, dn dg

oo ~~

e (617 of . (31)

At a given speed V and remembering that at structural frequencies

1
[G(Qi)]2 ~'5L , the above expression reduces to:
) 1

I At (1.32)

The expression (A.32) states that the R.M.S. of acceleration response of
ith mode due to continuous turbulcnce is proportional to the turbulcnce cxei-

tation of this mede (at zero froquency) and inversely proportional to the
damping of that mode.

By comparing the value of expression (A.32) for ith mode with corres-
ponding value for the first modc, the rclative contribution to the overall
vibration level of this particular mode can be estimated, by evaluating the
ratio ow /o

z/ 2z
i 1

_33-



TABLL 1

C s w e e

Pargneters used in numerical situdy defining the basic aircraft

weight i) = 695,0C0 1b
wing area S = 10,000 ft2
aircraf't length L = 226°8 ft
max. wing depth d = 12 i

max
wing loading WS = 6905 1b ££72
1ift slope a = 2
altitude of flight H = 10,000 ft
mass parameier oo = Bl

O
on = AWE L yo30 oy

& g pa

frequency of first mode f1 = 2°14 c.p.s. (varied)

Parumeters definlng the generalised forces of first structural mode
2

T,

longitudinal mass distribution n(Z) = 10'57'é (1 -8) &
r

plus concentrated mass of 0°1195 % at & = 0+889
O

r§a .§. 2 ) . C‘j « L7 2 . 2
7 Shax E 7 E(L637~10% 635" +6+00E)

1}

longitudinul stiffness distribution LI

frequency of first mode f1 = 3°5 VT CuDeSe
2 3
modal shape w1(€) = 1 = 2158 = 235" 4 L*1{8E
1
) . 2 ..
generalised mass M, = /‘m(g) Wy 4§ = 0°057% W e
5
! dw1
aerodynamic stiffness /~§ v, Fi dE = 0-253L
o



TABLE 1_(Contd.)

1
aeyodynamic damping / g wf ag = 0+0509
0
1
turbulence e xeitation [ E W, ag = 00382
(at zero frequency)

o]

€ SumemumARARD
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Numerical results of response caloulations

TABLE 2

€ = 226'8 £t, £, = 1°5 cuD,3, € = 226°8 £t, £, = 2°14 c,Dus, £ = 226'8 £t, £, = 2°5 c.Pess “
v o bt o‘mé HN..“.,R -1 MU. Z i % o..N.\_ M.w.,\m -1 MNM 4 89 _ wﬁ: q.mé .on.mh Vg ML \Wy w
£t sec~1 | V in ngn V. sec V AL v in "g" V osecT | VWL v m ° Hn in "g" V ogeo=t ! ¥ N M
250 12416 | 1°3h | 1:08x1072 | 1+61x10™* | 1+07x10™ | ! | H i
300 712 | 2227 | 2:31x1072 | 3.9%107% | 2:50x107° | 10-12 1060 | 1:94x107% | 2:64x107% | 4+ 75%1070 m 11+87 ' 4e37 1+39%1072 ! 107540 | 1416x1072
350 “ 1-86 w | 10418 . 1460 | 2:32x1072 | 2+69x107% W é.uwxéo-mw
500 535 | 2097 | 2:46x1072 | 3-41x107* | 2+27x1077 7°60 | 212 | 3°28<107° | 3-83x107F . 2.48x10™° | 8+90 . 182 | 3111072 | 3+38x107 | 221107 |
500 w27 | 368 | 2:12x107% | 2062x107% | 1711070 6:08 | 26k | 3°68x107° | 3:85x10™% | 2:55x1070 | 7+12 | 2-27 H 4+03x1072 | 3-93x10™% | w.méxéo-mm
600 356 | 4033 | 1:83x107° | 2:01x10™ | 1-33x10™2 |  5:07 | 313 | 3°36x1072 | 3+18x107% | 2:14x10~5 | 595 w 0470 © 4+26x1072 | 3+ 75%10™F W m.pmxaoymw
700 4+96 435 | 3961 | 3:04x1072 | 2-65x107* 1-76x1072 . 5°09 “ 312 | 3941072 M 3+20x107 m m.éwxéo-mw
800 2:67 | 5°54 | 1:70x1072 | 1:62x107% | 1-07x10™? 3480 | 4°08 | 2+79x1072 | 2-27x107H A.méxéo-m 45 3vBl 3611072 2:73x10™F w A.méxéoumm
1000 20135 | 658 | 2:10x1072 | 1-7x107% | 14454072 | 304 | 4e97 | 2°38x102 | 1-70x107% | 1-13x40™3 . 3-56 . r.u& 3001072 | 210~ | A.umxéo;mw
1200 | 78 576 | | | \w 2497 506 2:80x107C  1-69x10™ | A.Amxao-m@
£t sec-' ¢ = 1134 £t, £ = 2°5 capas. m .
200 8:90 | 096 | 1°59x10™2 | 2+52x107% | 2:37x10™> |
250 712 | 1+14 | 2-00x10~2 2+ 75x10™ m.mmxéoum
300 5:93 | 1°36 | 2:05x1072 | 2:56x10™* | 2:44x10™ w
400 k5 | 1080 | 1+65x1072 | 1-77x10™ | 1-66x107
500 3056 | 2223 | 14241072 | 1449x107% | 4-12x107°

600 297 | 27 | 1°08x1072 | 0-95x10™% | 0+93x10™° i

800 2:22 | 344 | 1-44x1072 | 1-07x107% | 1-01x10™ m

1000 1478 | 410 rrm.érxgonm 1°39x107% | 1+30%107°
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FIG. . EXCITATION OF ELASTIC MODE OF A SLENDER AIRCRAFT BY A CONTINUOUS
TURBULENCE. EXCITATION “TUNING” BETWEEN PARTICULAR WAVELENGTH AND
MODAL SHAPE.



- {=226-8 FT.‘,3= I >

79

(@) WING PLANFORM.

W,
0 ues/g

L

0 0-2 0-4 0-6 0-8 -0

7

(b) LONGITUDINAL MASS DISTRIBUTION.
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FIGIS.SECOND NORMAL MODE BASED ON INFLUENCE COEFFICIENTS.
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FIG.I7 FOURTH NORMAL MODE BASED ON INFLUENCE COEFFICIENTS.
f.=14-12VT c.ps. REF.5.
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altitude of flight,

Only the first structural mode 13 studied in some detail, but the
order of the effects of the rigid body mode and higher strugtural modes
are investigated also,
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