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1. Lecnpitulation_, 

4s $n Pnrt I1 wt) have three approximate formulae, of 
increasing accur~~c;r rind complexity, for tLc vslooity at the sur- 
focc of any ncrofoil. 

With the D.XIO nononclotuzce as in Pr c I x is the 
distmco from the lending edge (measured along the chord) and y 
is the orM.nate, both in fro&ions of the chord, g is the fluid 
velocity nt the norofoil surface, u tho velocity of the undis- 
turbcd stream, %ld + the thoorcticnl no-lift angle. Then with 

. ...* (1) 

. ...* (2) 

cot -$(Z - q)dt 

=-- + t) - *co - t)) cot $t at. 

cnoting th7-I: tkie principal valu+..of the integral 
,.t& simplest npproximotion (ApOro~imetion $) 

$4 = 1 6 g, 

where 
r- f! 

. ..*. (3) 

is to be 
is 

. . . . . (4) 

g = C” + E f(8) + (E - p) cot e + 22 cot e + “L cosec a 
a 271 i, . . . . (5) . 

when/ 

-___----_-_ - - - -_ I I_  _-_---._ _- __-____ - - - _ - - - -  ___-- 
- -  
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when* 

CL = a0 sin (Cc + 9). ..*.. (6) 
‘\ 

9 is positive on the upper surface and negafi;; ;tetho 
lower surface; it is zero at the leading edge and 2% 
trailing udge. p is the vnlue of 8 at 9 = n. When the 
Kutta-Joukowski condition is satisfied at 0 sharp trailing edge, 
or the trniling edgo, if rounded, is a stognatien point, the 
theoretical value of a0 is approximately 2mc 0. 

Approximstion I must foil whon sin 9 is small; 01*1' 
next approxinotion (Approximation II) is 

q (1 + h C(,2) 1 sin e1 
- z 1 
u (J,Z + sin' e)" (1 + fd. 

More accurntely still, especially at high lifts, we have 
Approximation III, n,amoly# 

CTa 
( ) 

Q -c 
,- 1 SW (e+H)+ 22 008 (&i-E-p)+ %Je O , 

noa aO 
2x I 

. . . . . ( 

2. The Contributions from the Thickness and the C‘smber. 

Por a cambered aerofoil we now u8a subscripts u and 
to denote quantities on the upper and lower surfaces res$?htivel t (remembering also that 9 is positive on the upper and negative on 
the lower surface); we uso the subscript 2 for the centre line 
and the subscript 2 for the hnlf-thickness, i.e. for the corres- 
ponding symmetrical nerofoil. Thus we denote by yc the 

ordinotc of the centre line, and by ys the half-thickness, which 
is the ordinntc of the upper surfoco of the corresponding symmetri- 
cal nerofoil. ThenX 

YU = Y, + Y,, Yj = Y, -y; . . . . . (9) 
*\ 

_I_- -------e--e. _ _ _ . ..-----1...--...-.- _  - - - -  -__ _____._____ 

f When (6) doe 8 not hold we must substitute 
in the first two terms of (8). 

Sin (d + p) for CJ/Q~ 

%!he formulae (9) are approximate only if the fair&' is put on 
(in the American manner) no-anal to the centre line; the are 
accurate if the fairing is put on (in the British manner Y normal 
to the chord, 
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We write 

ljl (0) = qs (0) + 4Jc 
+R C-e) = $, (@I - IJ, 

where 

+s f 2yJsi.n 8, +, 

+ is an even function rind 
far the der%mtives of + we have 

. . . . . (10) 

f 2y@rl e. . . . . . (11) 

$ c an odd functibn of 0; 

4J*’ (0) = *,’ (0) + Ilg’ (0) ’ 
4Jt’ (-‘@I = 4$ (0) - IJ,’ (0) 1 ’ 

. . . . . (12) 

*El* being odd end qc' e&l. 

WC next write . 

cU (0) = cc w + es (0) ' 

cl (-- 0) = cc (8) qg (8) 
, . . I .  (13) 

nnd 

Ec (0) = -b ‘c, {I+, (e’+ t) -$c (8 - t)) cot $t at 

= -J-P ,[ 76 +, (C) ‘3i.n t at: . . . . . (163 
7i cos e - ~03 t 

(See Part I, Lemn 1.) Wo also note that, ns ti Phrt I, if 

4~~ (0) = co +Jf c, cos m3 
n=l 

thon 

es (0) = T C, sip ne 
n-7 

.  ...’ (16) 
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Chile if 

qc (0) = i D,sinnE~ . ..I. (18) 
n=i 

thon 

EC (8) = -; Dn cos ne 
n=l 

. ..*. (19) 

(Cf. Part I, Lcmim 5.) 

Thus &s is odd nnd Ed is even; Egp is even rind Eo' is odd, 
nnd 

Eu' (e) = Es' (e) + EC' (0) 1 

(Q-j ’ 

. . . . . (20) 
Et’ (- 0) = Es’ (0) -EC’ 

whcro 

ESI (0) = -1 2R d"{y~~~ (8 + t) --I+,' (8 - t)) cot +t dt 

1 
a-- 

5% l? o/ 
Tc Ss' (t) sin * dt 

. . . . . 
cos e - cos t 

(21) 

EC* (0) = - & [7$,f (0 + t) - qc’ (8 - t)) cot $-t at 

sin 0 1- - p 6’t 
Is 

+c’ i”‘,,. t dt. 
COB e 

..*...(2?) 

Finnlly wo write 

g (0) = I%, (0) + 6, (0) + eL (0) . . . . . (23) 

where 

ge = co + Es' (0) + Es cot 8, . . . . . (24) 

6, = Eo' (e) f (EC - 0) cot 0, . . . ..-(25) 
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% 5i gL = --- cot e + ; cosec e 

= Lcot&e-c L-L a0 ‘( ) 
L cosec 9 

80 2x 

In using ApproXimationa I 
an even function and gCy 
Apprbximatlons II and III 

and II we must bear in mind that gs is 

FL are 0aa functions of 0. In using 
we must uoe the values $,l, su, E,,' for 

It, E, E’ on the upper surface, and the vnlues 'Pep Ee9 se' on the 
lower surfnce. 

Since qc is odd 

co = ; [ $,(tt)dt = ; 6” $,(t)dt, . ..(27) 

nnd has the same vnlue ns for the corresponding symmetrical 
aerof oil. 

SLnce Ed is zero nt 8 73 7ry fi is the value of F." 
at 8 = x. Hence from (15), 

P = . ..628) 

The cnlculntron of g,, Co, ~~~ ~sl wn8 considered zn 
Pnrt I; we nro here concerned with the cnlculntion of gc, g, -+ gL, 
B, EC,7 EC'. 

3. The Simplest AoaroximatLon for n Cnmbered Aerofoll. 

It follows from (15), (22), (25) nnd (28) thnt 

+ 4p 
COB 8 (1 - CO8 t) 

3 

dt. 
sin 8 sin t 

. ..(29) 

Since/ 
Y  



-6- 

Since 

sin t cot e - sin 0 cot t SirP t co9 8 - sin2 8 00s t 
s 

COB 0 - CO8 t sine sint (cos0-cos t) 

1 + CO6 e cos t 
= . . . . . (30) 

sin 0 sin t 

it follows that 

sin t cot 0 CO8 e(1 - co9 t) sin 0 cot t 1 + COB 8 
+ ZZ + 

cos @--oos t sin 8 sin t 00s 0 - 00s t sin 0 sin t 

sin 8 cot t cot &I 
z + . . . . . . (31) 

CO8 8 - co9 t sbl t ' 

hence 

sin El n *o’ (t) + lJ,w cot t cot &3 
gc = ------- { at - qoy at. 

71 CO8 0 - cos t n sin t 

. . . . . (32) 

Now write 

Then 

dYc = P(O). 
ax 

In terms of Pourier series let 

co 

P(Q) = C A,cosnQ, 
nP= 0 

. . . . . (33) 

. . . . . (35) 

where 

A0 = i $nl?(t)at and A, = 1 [P(t) cos ntat for til. . . . (36) 

I  

We assume that ,+,(o) = qo(n) = o, i.e. that ydx% 3 0 as x+0 
and ~,/(~-x)~+o as x31. These limits are valid with all 
usual centre lines (ana their validity is necessary for the convex- 
gence of the second integral in (32)). 
Appendix) 

!Chen (see Lemma 2, 

. . . . . (37) 

Hence/ 
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Rence 

sin B 75 F(t)dt 
6, = -%A, cot +3- 

lJ d 
. 
I 

71 cos Q - cos t 

also (from(28)) 

B = &a -A 1 0. 

. . . . . (38) 

. . . . . (39) 

4. Connection with the Vortex-Sheet Theory of Infinitely Thin 
Aerof oils. 

The vortex-sheet theory of thin aerofoils as presented, 
for example, by Glauert?, is 8 thoery of aerofoils of zero thickness 
and small camber at small lift coefficients, with all squares and 
products of the camber and lift coefficient neglected. When we 
make the same spproximations, takin- -Lbc thickness as zero, our 
formula for q/U is q/u = 1 2 [gc 0) ? + &e)]; it follows that 
the strength of the vortex sheet by which the infinitely thin 
aerofoil is replaced in the vortex-sheet theory should be equal to 
23 Cede) + alL(~ 

Prom (38) and Lemma 6 of Part I WC' ace that, in terms of 
Fourier series , 

g,= . --+A, cot&+ ; An sinno, 
n=l 

so from (26) 

g, + gL=--$AAl cot j@ + T A, sin nB + - %I cot +Q 
i-231 

aO 

1 
- CL -2 

( > 
cosec 8. 

a 
0 

2x 

. . . . . (40) 

. . . . . (41) 

IIencc with CL = co(ol + p) and the value of p I[' (39) 

ec + gL = @ -no) cot +6I + : An sin nQ - cosec 0. 
n=l 

. . . . . (42) 

Remembering that Glauertls A0 is here donoted by cl -A0 
and that Glauert's k/2V should be equal to ec + a9 we SQO that 
for a0 = 2x the above result ngrecs vjith Glnuert's.. 

For the no-lift angle it folloyjs from (39) thnt 

p=--l- J” J%@)(l - CO8 E3)dQ = -- 
x 0 

:, (( 2(, ” x)% dx, . . . . . (43) 

rind/ 
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(1 -x)%+0 as x+1 8 partial integration leads to 

B = i J’ + ” 3cax, 
‘IE O x (1 - xl 

. . . . . (44) 

which may also 
with the usual . 

be obtained directly from (28),;>and is in agreement 
formula of thmerofoil theory . For our purposes, 

nowever, equatron (39) is preferable as it stands. 

We have deduced the results of the vortex-shert\theory of 
thin aerofoils from the exact theory of Theodorsen and Parrick (with 
an extensionto values of a0 other than 2x), and have s:‘~und an 
integral sum* for the Fourier series; unless the Fourrer series 
terminate we use the integral to calculate results for specinl cases. 
The Fourier series terminate if, and only if, yc is expressible as 
a single polynomial in x over the whole range 04x41. 

5. -Se Moment Coefficient at Zero Lift. 

The values of the moment coefficient C,! have not so far 
been considered; when taken, au is USUWl, about'the quarter-chord 
point the-so values are sensitive to differences, duo to the 
presence of tho boundary layer and the wake, b&ween the calculated 
and menoured pressures nt th[, surfocc townrds the trailing cdgo; 
it .1&o npper'rs th:t for non-zero vOl.ucs of c 

4 
9 oma clttontion 

should bc prLid to the thickness of the oerofol 
fOiring. 

:md the shopc Of the 
The mtrttcr is ona of conaidcrnblo complexity, but it 

:Ippec.rs thrlt the thickncen 
order, 

:nd shnpc Of fniring do not, to the first 
Offect the moment coefFi.cirnt C!M~ 

if the exprrimcntnl no-lift :rgle (-a) is 
?t zero lift; moreover 

no-lift angle (+3), then CIto 
equ-1 to the theoretic01 

should oppr rontly brx givm 
sufficiently *ccur*ltoly by the thooreticrl onswyI-'r found by ignoring 
the affects of the bound:lry lnyor rind the w:lke; :mii it is convenient 
to put on record here the tht~oroticrll vrlues of 
For t'n :berofoil whose thickness rind c:lmber nre not 
for Civ3, t;.ken ~'8 n "nonprupP' mOmsnt 
w+xticn used horc, 

ED 'MO = 4 2 (A2 -A,), . . . . . (45) 

e second equality in (45) follows from (39) and 

____ ._____ - _._- - 
*Krhdn and Eurgcrs3 $.ve (for zero incidence) an integral formula 
for the strength of the vortex sheet which oftor some manipulation 
mOy be shown to be identical with that obtnined here; they oppeor 
to have made no use of the integral formtio. 

XIf @#PI then theoreticnlly, with the press- calculnted for 
the measured lift but with no other allowo~~ce for the boundnry 
lrlyer rind the wake, we should odd a$% (g - 131) to the right-hand &\ 
.s Iae of (45); there nre indications that other allowances for the 
h _oundary lnyer rind the woke would lenve the addition proportion01 
to P-8, but would change the foctcr $s. 
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From (45) we may deduce that 

cMO 
= 6’ &-(, ” x)j,a [4(1 - X)(1 - 2X) - I] dx, . . . . . (46) 

which agrees with the usual formula of thiuwerofoil theorya. For 
0~: purposes, however, (45) is preferable as it stands. 

6. The "Optimum" Lift and Angle of Attack. 

Since 

1 -x -iI 

( > 

1 
cot &I = , cosec Cl = -9 . . . . . (47j 

X 2x2(1 - x)2 / 

it follows from (41) that in general 
the leading and trailing edges like mul$iples 

g + a, becz-s t;f";tE ;-& 
of 

these infinities occur therefore in g and in q/U according to 
Approximation I (equation (4)).* These infinities will not be 
present in the other approximate solutions or in the exact solution; 
for example they disappear 'in. Approximation II (equation (7)) on 
multiplication by 

(1 + $-coa)pn al , 
I. 

(92 + sinae)” ’ 
. . . . . (48) 

but in'general thero will still be a rather sharp maximum of q/U 
ncsr the leading edge. Thoro may also be .a maximum of q/U near 
the trailing edge; the infinity in Approximation I at t 

t? 
c tail will 

31~~~8 br nresent unless so = 2% (more nccurntely? 
rrasulting mcximum in 

27~ o), but any 
q/U newer thcl tmiling edge 1s modifiod by the 

boundary lciyor nnd w?kc, rind h.os no physical significnnce. Nenr the 
leoding edge, however, there will be 11 dnnger of n suction pcnk unless 
the infinity is nvoided. With C 

E, 
ns in (6) the condition for the 

nh?i~co of rn infinity tst the le!rd i! edge is 
CL = 

%OPt., 

where X 

9 1 

( > 

-+-c 
a 2* Lopt. = *l' 

0 

. . . . . (49) 

..,.. (50) 

rind/ 

*WC saw in Part I that there are logarithmic infinities in gs 
at the nose nnd toil rf the coefficients of x res- 
pectively, in th.cexpnnsJons of 

nnd of 1 -x, 

respectively, (or of x* 
ys 

Fnf~ti.os 
rind (1 

inJ-powers of x nndof 1-xX, 
-x)3 etc.) 40 not vanish. These 

for cxomple, if 
D2 

nriss from discontinuities in $d'; 
is the coefficient of x 

x (or xx), then $8' 
in the exp,onsion of ys in powers of 

-&a2 
changes abruptly ot the lending edge from 

on the lowor surfnce to + &I2 on the uppor surface. This 
discontinuity occurs for such N.A.C.A. nerofoils .os N.A.c.A.0012. 
etc. The resulting infinities in gs ore of o lower order thnn 
those in go + gI. 
"If the oxperimentol no-lift M&t? - pl differs from its theoreti- 
cnl vr.lue - p, we must odd pl - p to the rlght-hnnd side of (50). 
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and A, is given by (36). CLopt, is the l~optimutn'~ lift coefficient, 
defined as the lift coefficient for which, on a theory neglecting 
squares of the camber, there is no singularity at the leading edge 
in the velocity distribution for an infinitely thin aerofoil of the 
shape of the given centre line. %opt . will be small for an 
aerofoil of small camber, and if we Put 

%opt. = a0 (aopt.+ P), . . . . . (51) 

then the nopti.auml'incidence CC opt. is given by * 

"oPt. = 2z + a A, - $ = A, + 4 A 1' . . . . . (52) 

0 

from (39). In particular, if a0 = 2n, then 

'Lopt. = nA,, Kept = Ao. . . . . . (53) 

Now write 

sin El F(t)dt w 
gi = - = 

71 cos e - cos t 
2 An sin no. .,... (54) 

n=i 

Then from (26), (38) and (50) 

1 
gc + CL = gi + Q - + -I 

t > a0 2Tc 
(CL - CLopt) cot 4s 

1 
-$ --L CL tan-&, 

t ) 
a, 2x 

so that gi is the value of g, + go when CL = CLopt. end 
a0 = 2% (more accurately ineCo). 

A fort&a for ctoPt, when a0 = zn, equivalent to doPt.= A,, 
was given by Iheodorsen*, who stressed its importance for nvoidFng 
a large suction Peak near the nose. Theodorson was considedng the 
normal force distribution along the chord of &an infinitely thFn 
aorofoil with a0 = 2x, and obtained formulae equivdent to 
formuloe for g, + & in our notation. Although expressed in terms 

of/ 

"If CL = a, (Kept + p,), where p, # p, we must aad 
no (@ - pl)/(S~ + a,) to the right-hand Side of (52). 
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of integrcds, these fornulaeX 8re different from, ma more com;s;li- 
cntcd then, those given here. 

Siace Al 
fornluln collnecting 

is prop;;;ionnl to the amount of comber, the 
81 may be used to fh67 for a 

the amount of cnmber v;hich should be 
given to 3 wing for a 22podfiea CL in order that a maxi~~um of 
q/U near the nose may be flvoided. NOW g, t go has equal snd 
opposite values on the upper and lower surfccos, nnd if the slope 
of the curve of exceeds the slope of 
the curve of gs, 

gc + gL for CL = CLopt 
tnen the curve of g *or CL = C opt on the 

lower surface will have a negative slope, and Then tt e ckve is 
rounded off by multiplication by the fnctor (48) we shrill be left 
with o mzimua of q/U somewhere near the nose on the lower 
surface. To avoid this maximum it will be necessary to take a 
somewhat higher value of CL. l%us if the slope of the cnrve of 

exceeds the slope of the curve of g 
%e+cE?tezP& % T~~~~%ll underestimnte, for D given crunber tgi 
lift coefficient n-t which the mximum velocity may be kept b&k 
from the nose, rind will therefore overestimate the amount of ccmber 
required for any specified. CL, It will nppear also that if a 
wing is designed to ~FWO the mnximumvnlues of q/U on both 
surfaces at n consdernble fraction of the chord back fzron the 
leading edge, then there is a certain rcnge of values of 
which may bc n moderate range or D very smnll one, for whit the 
positions of the n~tin of q/U nay be consldcred satisfactory, 
This "favourable rango of C&a will form the object of n sepnrote 
study, but we my note now tnat a diminution of this favourable 
range will be D consequence of the shifting of the "optimum" C 
value, ns explained nbove, for n wing for which the slope of thg 
cuzrve of gs is less thnn that of the curve of g, + gL for 
CL = CLopt. s i.e. very newly, of the curve of gi. 

"Namely 

1 - x\, = 

g,+gL = (a -opt? x ( ) 
A 

“ 1 de 
t 3" (1 - x)' - 

ax 

‘1 
+ -- 

2x-+, _ x)-3 {E-Eo+x(Eo-~~+~,)~’ 

where 

Z&l so9 C? are the values of E at x-o and x= 1, 
rerpeCtivf:ly. 
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7. Suam8rv of Formulse. 

Ve hsve now obtained all the general formulae necessary 
to study the velocity dxtribution at the cxrface of 8 cambered 
aerofoil. Before considering examples it will be convenient to 
sumnarize the formula 6, 

ay, 
dx 

= P(B) i T A,cosn@ 
n=o 

and 

2yo Co 
SC a 1 

sin 8 
C DnsLnnB, 

n=l 

.e... (56) 

,.*.. (57) 

then 

P = -$A? - Ao9 CIJ = 14 (A2 --A,)' . . . . . (58) 
0 4 

/ 
2x - a, 

= Al, copt. = A0 + 4-1 2n + a 
\ 0 

A,, . . . . . (59) 

sin B P(t) at OI) 
?i = -- L- 

x co9 El - cos t 
C A,sinu3, 

ml 

. ...‘ (60) 

60 = f?? - ,Qi,cot &I9 a.... (61) 

/I 
g, + gz = g& - + 2. 

k ) “0 
216 

(CpLopt* ) cot+3-$ J- - J- CL tan $- 8 
c > 0, 2n 

'I 
= gi-&A,cot-$3+-$- - + -" 

L 
\ 

a 0 2Jl 
/! 

CLcOt&3-$ "'- .J- CL 

( ) 
tan -$ 8, 

a 0 2x 

. . . . . (62) 

a*... (63) 
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I$ = & (1 - cos t), 

!The formulae for q/U are as follows. 

Approxiastion I: 

a/v = 1 + g, + go + gI, 

Approximation II: 

g (1 + $ Co2)p.n e( 
- 5 
u (V + sina Cl)* 

(1 + gs + e, + i2L) 

I 
(I + -2 co2)jsin 81 

1 
(7ja + sin" 0)" 

(1 + 6, + 6%) 

1+$c2 
A-----J& -L+ 

1-c CL 

($2 + sin2 e)T [zn < ‘OS Cl 
-$ ‘+‘c 

( ) 
a0 2* Lopt” + 

Approximation III: 

9 ecO( I+E’ ) 

v= (‘Ic, 
GLa 

& 

2+ sin”e) 
* l-- 

( > 

% 

aOa 

sin (w&-p)+ - 00s (w-q3 
a 

0 

. . . . . (64) 

. . . . . (65) 

cos e) 

. . 1 : . . 
--CO 

)+ CLe 
2x 

. . . . . 

(66) 

. 

(67) 

9 is to be found from (lo), E from (13) and st from (20). 
gs, $s, ES9 ES1 refer to values for the corresponding symmetrical - 
ocrofoil, fn~md c:: ficscribcd in p-rt I. 

The formulae show that in any example we have to find the 
values of A,, All 4, a, t'ct cc'. T/e use the Fourier series 

F gi ana E 
if they terminate, 

y is a po&nomial in 
which is the case if, and only 

x over the whole range 0 < x < 1; 
o&erwise we use the integrals. As in Part I, the integrals may 
be changed into proper integrals by the use of Lemma (7) of Part I; 
thus 

sin e 
6i = . . . . . (68) 7c 

EC = i 6” yc ‘x)--y; i”’ dt, . . . . . (69) 
~0s e 

and in these forms the integrals may be evalusted by numericnl 
integration. This method of numeric01 evaluation is not rccomaended 
if ,mitnble algebraic formulae con be fitted to the ordinnte yc 
of the centre line; in such c? crse use should be mnae of the 
analytical results of the following sections. 
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8. Method of Obtoining Results when the Orainnks XX riven by 
Algebrnic Formuloe. 

We shall now suppose thnt, with the chord divided into 3ny 
number of segments, in each segment the ordinntc yc of the centre 
lint is 3 polynominl in x. 

Wherens in Pnrt I it was most convenient to carry out the 
onolysis in terms of x, it is here most conveniently carried out in 
terms of 8. l!he resulting formulae mny be altered into formulne 
in x whenever such r change is thought desirnble (just ns the 
foraulce of Part I mzy be altered into formulae in 0); the 
necessary formulne of trcnsformation will be considered Inter. 
(See the end of sg ond Lemma 10 (Appendix)). For purposes of COIL- 
putation it nppenrs thnt neither for!! hne o clcsr-cut ndvnntage 
over the other. 

The functions ye and ayc/ax = P(0) nre given over the 
rnnge (0,~) for 8, nna if the chord is divided into "zy nunber, 
fJ3y 8, 
into 8 

of seqents, then the intervol (0,~) for ~3 is aividea 
intervals, SOY (0~0~)~ PI, e), . . . . (elr-,p h.4. . . . . . . 

In ench interval yc nna ay/ax nre polynonids in 
it follows from Lemma 3 (Appenaix) thnt in nny interval, e.g. 

and F(S) nre represented by expressions of the 

COB ne, F(e) = C b nr ~09 ne (e,, Q 8 < er) . . . . 070) 
n=o 

where the an-r ona b, are known, end nr is the degree of the 
polynoninl representation of yc in terns of x in the interval 
considered. The vdues of nr, onre & will in genernl be 
different in ench of the different intervals (i.e. they will vary 
with r), so this representntion is not n 
cosine Series. - representation by Pourier 

The expressions for yc nncl F(e) in nny intervnl ore 
the SULIS of D nunber of contributions of which typical ones in the 
interval (BP,, +) are cos n0 nultiplled by CI~ c.nd b,, 
respectively. Thus Ao, A,, A2 ona gi nre found by finding the 
contributions from CI tern cos n0 in the expression for F(O) in 
the interval (OF,, Or), multiplying by bnrs 
fron n = 0 to n = q-1, 

sunning for n 

for 011 the intervnls; 
‘%a finally suncling the results so found 

therefore proceed to wri% down the contributions to 
is sinilarly found from y 

and gi fron n tern cos ne in the expression for 
interval (Brlr C+). 
contribution 

A,, A,, A2 are found fron (36); thus the 

to Ad = 1 /"r cos nt at, to A, ~2 5 /BT cos nt cos t at, 
.Jl %?l 7~ epl 

to A2 = cos nt cos 2t at. . . . . (71) 

Hence/ 
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IIence the contribution to 

’ c C- sin ne, -sinnOr,) fern> 1, i 
nix 

/ 
to 

.,... (72) 

A, e' 
n 

(sin e, -sinerr) forri*o 

1 
E- e 

( 
-e + 

sin 29, -ein28, 

n r. 1c1 2 
3for n:= 1 

1 qin (ri+)er- sin (n-l)e,, 
f z-- + 

sin (n-t-l)e,- sin (n+l)e, ’ 

7X! n-l n+l 

for n B 2, 

m-id to 

A; =; (sin 2er - sin 2er,) for n- 0 
i 

1 
=- 

7[: ( 

- sin 
sin or - sin ep, + 

sin 38, se,, 

I> 
for n-F 1 

3 

1 
=- a ( 

sin 48, - SF~ 
-e 

4e,, >(74) 

n r P-1 + 

> 

for n * 2 

I j~3i.n (m)e,- sin (d,,_, + sin (n+2)e, - eti~ (n+2)Op, 
z- 

3x1 n-2 n+2 

for n > 2. 
1. 

: ‘. 

Now write 

In&,) = P de' 
co8 nt 

at. 
cos 8 - cos t 

. . . . . (75) 

Then from (60) and Lemma 4 (Appendix), the contribution to 
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nin e co9 nt 
‘.;. = - P Jer at 

n 0x-l cos e - CO6 t 

sin 0 
-k 

n 
(e, - e,,) for n = , 

cos ne sFn-i$e--8 
= -- I-11 sin $-le - e,I 

71. 1 
log, 

sin $-(e + e,,) 
- log, 

sin Q(e f er) i . 

ain ne 
C- 

x 
(Or - e,,) 

2 n-2 sin (n--sl)er - sin (zI+-I)$~ 
-t- c ~20 (8 + I) e for n) 

n s=o n-s-l 
. (; 

rbc contribution3 to p, OTJo, CLopta, dopt.P g,, g, + gL follow from 

t 'sy), (59), (Gj] m3 (F;2), -nd it oppc-rs umocessrry to write them 
?J$l". 

Similarly the contribution from a term cos ne in the 
%p:rtsoion for yc in the interval (a,,, Or) to 

cos nt 
go) - -.cp ier at=-: 

lx r, cos e - cos t n 
Iqp,) - qe,,) 1 , 

. . . . . (77) 

co the cordribution to 3 E,(e) sin a is equal to the contribution 
li ;, iZi in (76) rb,>gc fnr the ormo v"1~ of ,n. 

We clay find p from (39) and the values @f Ao and A,; 
'f' we caJcd3Le 
~~ES.~I~ given ty (2EDp; 

then @ is the value of cc(n), which is the 
the values calculated by the two methods must 

r:.yc~:, so we may check OUT calculations in any example. In tms- 
,uming (28) to (39) it was assumed, of COLWSC, that +e (1 - cos 8) 

is/ 

(76) 
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is continuous, i-e. that yc tan&C is contiriuou8, from segment to 
segment, and in order to show the-t the two values of 8 agree, 
when found as algebrsic formulae and not numerically,;we may have 
to use the condLtlor)s o,f continuity of yc tan -$c: 

We shall fund &cl (0) 
fcr E&C), 

by differentiation of the formula 
and if ;v\~G also find g, 

from equatim (25). 
we shall have another check 

-. 
9. Centre-Line Crdinata Xepresented by Two Quartics. 

We now consider the calculations in dctail vjhen yc is 
represented by two quartics in x, 
the chord. It appears 

cne in eadh.of two segments of 
that such algebraic forgulae '06 hcvc 30 far 

been proposed for centre-line ordinctes ore all included ns special 
cases. 

Let 
. 

YC = Y,(X) = a.,~ + n2x2 .t 0)x3 + a x4 for 0 6 X 4 X : ,- :4 ‘i,' - 1 

= y,(x) = b. + b,x+ b2x2 f b3x3 + b4x4 for ;, < x 6 
(78) 

so that 

dy 
2.t y,‘(x) = a, + 2n2x +.‘3n3S i+ 4a4x3 for 0 4.,x < 

\ 

d.x 
X, 

.= Y 2'. x.1. =. b, !+, a'bax :+ 3b3xs + 4b4xa for .X, '4 'x.6.'1 
(79) 

a. 

I’ 

since y.. . is measure-d from ,theJ chord line;'*which 'is t\he'join of the 
lending%d trailing edges., it must vonlsh ?t tho trciling edge, so 

. :. . . (8?0) 

so thnt. 

x, = $(I - cos 8,) . . . . . (81) 

. . . . . (8.2) 
Then it follows,from Lcmmc 3 (AppCndi.x) that, in terms 

of '0, ..- 

y% 

*Except centre lines designed to give, cccording to thin&erofoil 
theory, specified load distributions along the chord at CL = CLont. 
See Part IV. 
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Y, = Y, = i (640 
12% 

, + 4%"2 + 4aa 3 + 35a4> 

- ; (19 f 1682 + 15a 3 + 14n4) CO8 0 

+ ; (4a2 + 683 + 7a4) co8 28 - + 2a4) cos 38 

+A CO8 48 for 0 4 e < 8,' 
128 

. . . . . (83) 

Y, = Y, = L (Who + 6qb, + 48b2 + 4ob3 
128 

+ 35b4) 

- L (16b, + 16b2 + 15b3 + 14b4) cos 0 
32 

+ 1 (4b2 + 6b3 + 7bq) co8 20 - 1 (b3 + 
32 32 

zbq) co8 36 

. . . . . (84) 

F(e) 
dY 

=a 1 = ci (Sn, 
ax 0 

+ aa2 + 9a 3 + 12a3 + i5a4) co8 0 

+;c a3 + 2n4)coa 28 -2 8 008 38 for 0 6e 6 f3,, . . . . (85) 

1 
F(0) = - dY, = - 

a2i a 
(8b, + 8b2 + gb3 + lob,,-+ (8b2 f 12b3 + 15bq) co8 0 

+ ; (b3 + 2b4) co8 29 
b4 

-- CO8 3a for 8, 4 B 4 7T. (86) 
0 

In the results of s8 we take Or = B,, Or, = o for the 
first interval and 8, = n,# Or? = 8, for the second interval, rind 
we multiply the vnrious contributions by the appropriate cooffixlent= 
in the expressions above. In this my, iP we write 

cr = nr - b, (r = I, 2, 3, 4), . . . . . (87) 

we find, using the coefficients in (85) and (86), thnt 

Ad 



- 19 - 

*o = L (Bb, + 8b2 -I. gbg + lob4) + 
8 

: (SC, -t 8c2 + gc3 + 1oc4) 

sin 9, 3 sin 29, c 
4 

sin 38 

- . 
8n 

(8~2 + 12c3 + 15c4) + 
16n . tc3 

+ 2c4) - , 
24l-l 

. . . . . (88) 

A, +3b, + lzb3 + 15b4) -2 (8c2 + 12c3 + 15C4) 

t 
sin 8, 

(160, + 16~2 + 21~~ + 26~~) - 
sin 20, 

( 
0n 4% 

2=2 
+ 3c3 + 4c4) 

srin 38, 
c 2c4) - 

C 
t 

an (C3 
4 

-sin 40 
t 

32X 
. . . . . (89) 

A2 = 
1. jb3 + 2b4) + - (c3 981 

+ 2c4) -' 
sin 8, 

( 
2Tc 

2c2 
8 an ' 

+ 3c3 + 4c4) 

t 
sin 28, 

an 
(80, + 8c2 t 9c3 + 10C4) - 

.sin 38, 

24% 
(8~2 + '?C3 * 15x4) 

t 
3Siil48, . 

(c3 
-I. 2c4) - 

c4 
sin 591 

. . . . . . (90) 

32% 40% 

Hence 

p = $A, -'A0 = - ,6 L (16b, + 24b2 + 3ob3 + xb4) 

-% (16~~ 
167~ 

+ 24C2 + 30~~ + 35~4) 

+ 
sin 6, 

16x 
(765 + 32C2 + 45C3 + 56C4) 

sin 28, 
( 

16% 
4c2 

+ 9c3 + 14C4) 

t 
sin 36, 

48n (3~~ + 8c4) - c4 ;; "I, . . . . . (91) 
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7L 
%iTJ = 4 ” (A2 -A,) = - (8b2 + 15b3 + 21b4) + 

32 
+ 15c3 + 21c4) 

sin 8, 
32 

WC, f 24C2 + 33C3 f 42C4) 

+ 
sin 28, 

32 
PC, + 12c2 + 15~3 + 18~~) 

SFn 38, 

96 
(SC, + 15c3 + 21c4) 

sin 
48, 

C CiJl 
+ (3c3 + 7c4) 4 59, - 

' 
b,... (92) 

128 160 

Also the values of CLopt. and Cc pt+ 
rind it appears unnecessary to wri e 

are found at once from (59)p 
e them out. For gi we find that 

srin~e-e 1 21 

sin &(e + e,) 

- sin 8 1; (8b2 + 12b3 + 15b4) f 2 (8c2 + 12c3 + 15c4) 

. 3sint3, 

4.E (c3 + 204) + c4 SF~ 28, 

I 8n ., 

C 
(c3 + 20~) - 4 

SF~ 8, 

” 

I 

..*.. (93) 

and gc’ gc + gL follow from (61) and (62). 

In the same way, using the coefficients in (83) and (84), 
we fine? that 



L (Hb, + 16b2 + 15b3 + 14b4) 
32' . 

+ 5 WC, , + 16c2.+ 15c3 + 14c4) 

sin 8, 
( 

161x 
4c2 + 6~3 + 7c4) 

sin 28, C sin 38 
+ . 

327~ 
+2c,4)- 4 

192Tc 

+ sin 28 ; (0, + 6b3 + 7b4) + %- (40~ 
327c 

+ 6~3 + 7c4) 

sin 8, C 

1611. (c3 + 2c4) + 4 
sin 2e,- 

I 120% J 

- 1 C 

SbI 38 -(b3 2b4) 2c4) 
4 s$n 8. 

- t + + - 
1 

32 64~ 1 1 

+ sin 48 pL*z&l, 

i 128 128x 1 
. . . . . (94~) 

. -. 
. 

We divide by 4 sin 0 and use the expansion of 
at the end of Lemma 4 (Appendix). 

sin ne/sin e 
We then collect together 

various terms, and substitute b 
constant term (see equstion (80)g. 

given 
the 
in the 

+,(e) = sxl, , *,(e) = 2y2 . 
sin 8 

. . . . . (95) 

The resulting formula fos cc is 

- 
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E,(e) 
sin Q(e-e,I 

- -~\ii,w~2wl log, sin A-(9+0 ) + bo -!L( c,+c2+c3+c4) 
2 1 7l 

sin 8, sin 28. C sin 39 
f 

32x 
(16C2f24Cg+29C4) - ’ 

1611 
L (c3+2c4) + 

v6n 

I 

e 
+ co3 e 1 (16b2+24b3+2vb4) + 2 

32 

sill 8 
- 1 (c, 

C 

4Tc 
+2c4)+ 4 

-1 
- cos 28 ;;(b3+2b4) + 

I 
c3+2c4) - 

+ co9 38 [? + 231 . 

(f6c2+24c3+29c4) 

C sin e,- 

165~ . 1 

. . . . . (96) 

It is not difficult to show that 

el?$o C*,(e) -q,(e)]log, sm a ’ “I’ = 2bo 21 - cot+e,, . . . . . (97) 
sin i$e+e, ) 

and that, with equation (80) satisfied, 

lk C4+0--+,(~)1 lee, 
sin -+-/e-S 1 = 

e 37~ sin S(e+e,) 
-,2(a,+a24a3+a4) tan$$,. 

. . . . . (98) 

Hence 

2b0 EC(O) = --- cot+a, -L (16b,+8b2+6b3+5b4) 16c,+8c2+6c3f5c4) 
7L 16 

+ 
sin 8, sin 28, . - 

327c ('6c2+r6c3'15c4) - '32x (2C3+3C4) + " ;;z "1 , 

. . . . . (99) 

and 

P = E&c) = 1 (a,+a2+a3+a4) tanso, -' (16b,+24b2+sob3+35b,) 
57 16 

16C,+24C2+30C3+35C4) + 
sin 8, 

3271. 
(16C2+32C3+47C4) 

sin 28, 
( c4 2c3 f 504) f - 

sin 33, 
. 

32x 96% 
. . . . . ( 100) 

Th?/ 
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The two values of p in (91) and (100) agree if 

a,+a,+a3fa4) tan48, = 
sin 6, 

n 3271 
(32~,+48~2+58~3+65~4) 

sin 28, 

327E 
(8c2+16c3+23c4) 

sin 38, C 
+ (2c3'-5c4) - 4 

sin 48, 
, 

32~ 647~ 
. . . . . (101) 

and. from the formulae for y 
in Lemma 5 (Appendix), 

in (83) and (84) and for tang6 co6 n@ 
it foElows that this relation expresses the 

continuity of yc tan+e at e = e,. 

Finally we must calculate ECt(e).- 
differentiation of (96) we find that 

By straightforward 
._ 

EC'(e) = - C~,(~)312(~)l sin 0, 
~(COS e,- cos 13) 

-i [q,'(e)+b2f(e)J log, sin "'*" 
sin +(e+e, ) 

(16b2+24b3+2gb4) + 16c2+2403+2904) 

C 
4 

sin 28, 

32x 1 
+ sin 2e + 1 

C 

471. 
(c3+2c4) - 4 

sin 8, 

87~ I 

+ .T%5. 
1 

, 
3211 _ 

. . . . . (102) 

where 
2 cos e 

4J,'CB) = Y,'(X) - 
sina 8 

Y,(X) = Y,"(k) -Q,(6) cot e 

2 co9 e 
9 (103) 

9,,v) = Y~~x) - 
sina 8 

Y,(X) = y2g(x) -q,(e) cot e 

but since $,(Cl,) = 4~2(0,) the numerator and denominator of the 
first term in (102) both vanish when 0 = 8 
of this term is desirable. 
the values of y, ana y2 

If y (e), Y2h 
and a transformation 

are used to denote 
i.n (83j =a (84), then yl(el) = y2(e,) 

and/ 
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and 

C4q~)-+,(W *in 8, 
CO8 e 1 - cos e 

2sin8, 
I 

sin 8(COS e,-cos e) 
j Y,(e)-y,(@)--CY,(e,)Y,(e,)ll 

-; (4c2+6c3+7c4) 1;: iel - coe 2e 
- 1 COB e 

’ co9 - cos 38 COB - COB 48 

+- ( 16 c3+2c4) 30, -2 48, co* 0, - co* e 64 cos 8, - cos e I 

sin 
= 

sin 8, 
cot+0 I (’ 2c,+16c2+10C3+7C4) 

28, 
- 

64 64 
(8c2+8c3+7c4) 

+ 

sin 38, C i 
-de- Sin 64 (2C3+3C4) 128 4B, 

I f3h 8, sin 28 
+ tan&e 64 (32C,+48C2+5k3+65C4) - ’ (8 

64 
c2+16cg+23c 4:: 

sin 38, c 
+ 

64 
(2c3+5C4) --%- Sk 

128 
48, 

3 

sin 8, 
- sin 0 (c3+204) --s,i,2e 

4 16 
1 
I +c4 

sin 8, 
sin 28 

16 
. . . . . (104) 

from Leti 8 (Appenkix). 

Hence/ 
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Hence 

-c&e 
sin 9, 

(32C,+16C2+10c3+7c4) - 
sin 28, 

6471 64x 
(8c2+8c3+7c4\ 

sin 38, C 
+ 

6476 
(2c3+3c4) - 4 

Sii48, 

128x I 

- tm+e 
sin 8, 

64~ (32C,+48C2+58C3+65C4) 

sin 28, 

‘“. 2 
c f16c3+23c4) + 

sin 38, 

64~1 
(2C3+5C4) - 

c4 sin 48, 

64x 128R 1 
- .3Fn 8 ?- (16b2+24b3+29b4) + - e1 

32 32n 
(16c2+24c3+29c4) 

sin 8, 3c 
(c3+2c4) - 

sin 28, 

2% 325c 1 
L (b,+zb,) + 

3c 
+ sin 28 

4 
c3+2c4) - +4 

sin 8, 

16~ I 

- sin 38 
3 

e 
3c4e, 

32 32% 1 . . . . . . (105: 

By considering limits as 8 + o and as 0 -> x we may" verify that 

EC*(O) = EC'(X) = 0. . . . . . (1051 

(EC 

Finally by using Lemma g (Appendix) to transfoti 
- p) cot 8 we may verify that the equation 

EC’ + (E 
C 

- fJ) cot e = gi - $$A, cot-&e . . . . . (107) 

is satisfied, as it should be since each side is equal to g,. 

If we wish to express our formulae in terms of x we have 

-2 
/l-X 

~x+(I:~) , c0tjj.e = - i ) 
Q X 

sin e = 

( > 

i? 
, tan+8 = - , 

X 1-X 

sin +-e,’ X,+x(1--2X,~-~-[X,-(~-XI)X(l-X)lQ =- 
sin &(e+f3,) ‘Zx,l- ’ 

. . . ..(lOO) 

. . . . . (1.99) 
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Y,(X) 1-2x 

tqw = 2. L 9 $,'(8) = Y,'(X) - 
x=(1-x)-Q 2x(1-x) 

Y,(X), *.* (110) 

and similarly for q2, +2'. Formulae for cos no and sin no/sin 0 
in terms of x are given in Lemma 10 (Appendix). The relations 
between 21 and Xl are the same RS those between 0 and x. 

IO. Special Examples. 

j3xamle 1. 4, Clark 

R. C. Pankhurst has suggested formulae+for a Clark Y 
aerofoil. The under surface of this aerofoil is flat aft of a 
certain percentage of the chord (33.17 percent according to 
Pankhurstrs formulae), so the camber is proportional to the thickness. 
Results for a 12 percent thick fairing were set out in Part I; we 
shall therefore set out here results for the centre line of a 
12 percent thick aerofoil. All the results (Ao, A,, A2, p, @lo, 

CLoptl aOptt gi.9 gc9 ec9 cc') ,except those depending on the lift 
(gc + &I, are proportional to the camber*, and therefore to the 
thickness ratio for a Clark Y aerofoil. 

For a 12 percent thick aerofoil, Pankhurst's equations 
for the centre line are 

Y, = Y, = 0.2431368x - o.6gF4284xa + o.g882636x3 - 0.5411604~~ 

for 0 6 x 6 0.3317 

I Y, = 0.00%3916 + 0.169032ox - 0.2583216~~ + o.o868gEiox" 

for 0.3317 < x < 1. 

Hence 

aYl -= 0.2431368 - 
dX 

1.3988568x + 2.g6.k7g08xa - 2.1646416x5, 

ay2 -f 0.1690320 - 0.5166432x + 8.2606gqox2. 
ax 

The maximum comber for ony thickness ratio occurs at x = 0.4134 
according to Pankhurst*s formulae; 
(yc)mox is 0.03426, 

for a 12 percent thick oerofoil 

C.2855 t/C. 

and for a thickness/chord rot& of t/c is 

*cLopt, nna ciopt. depena on 30 , ma 3rc strictly proportional to 
the camber only if no is not altered. 

+lt. and M. 2130. 
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In the notntig of §9 

al 
= 0.2431368, n2 

bo = 0.0023$16, b, 

c, = 0.0741048;c2 

= -0.6994284, a3 = 0.9882636, 

= 0.16go320, b, = --0.258321$, 

= -0:4411068, c3 = 0.9013656, 

@4 
= -0.5411604, 

b3 = 0.0868g80,'b; 

c4 .= -0.5411604, 

= c 

x1 = 0.3317, ~08 e, E 0.3366, sin 0, = 0.9416477, 0,/x = 0.390723@, 

1 

x 
U.4fi181?G, -t&&3, = 0.2242524, 

1 
- sin f3 

R Tl 1 
= o.2997358r 

1 , ‘1 . 1 
- sin 28, = 0.2017822, - 8i.n 3&;= -o.&8g6,05, - sin 
5c n 

48, 
, n 

= -0.3,1211~95 

.I 
- sin 58, = -0.0462211. 
7c 

When we insert these vnluks in the formulae of $9 we find the 
following numerical results. . I I L 

A, = 0.017526, A, = 0.146252, A, = 0.050508, 

P = 0.055598 radians, . C 
No '= -0.075197, 

= 8.146252, . 

- 3 

cl: 
opt. = 0.017528 + 0.073126 

lk, 
l-O.3366 cos f3-0.9416477 sin B 

COB 8 - 0.3?66/ 

+ 0.14?476 sin 0 + 0.046624 Sill 28 ' 

+ o.oi6430 sin 39, 

- 

= gi ’ 

. 

EC = -; [q,(@)*2(q] loge ’ - O*“““,~;~ : 1 y::z;77 sin g ’ . 
- 0.002224 - 0.067498 cos 0 - C.012162 co9 28 -0.006608 CO9 30 
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- o.oolo8og3 cot-$@ -t 0.00206070 tan$+Q + 0.060763 sin 0 

+ 0.034462 Sit-l 28 + 0.019823 Sin 38, 

where 

*,(@I = 2y,/sin 8, l),'(e) = y,'(x) -p,(S) cot 8, 

and similarly for I#,, 9,'. 

Example 2. First N.A.C.A. Centre Line. 

The equations to the first series of centre 15nes sug- 
gested by the N.A.C.A.= are 

Y, = Y, = $ (2PX -x2) for 0 4x-6 p 

m 
= Y, = 

(1-p)" (' 
- 2p + 2px - x2) for p < x < 1. 

Hence 

ay, dY; -= -x),- = 
ax dx r,z) (p a - x). 

. 
The maximum c3qber occus,at x = ps and (yc),,, = m. The centre 
line of such an aerofoil as N.A.C.A.2412, for example, belongs to 
this series with m = 0.02, p = 0.4 (and the fairing is 12 pcrccnt 
thick.) 

In the notation of sg 

2m m 
a, = -, a2 = -;;~d p a3 = c4 = 0, 

P 

m(1-2.p) 2nP m 
bo = 

(,-p)" p bl = (,-p)" 9 b2 = - (1-p)" ' b3 
= b4=C. 

Write 

m m m(1-2P) 
xrx = - - 

Pa (,-p)" = p"( ,-p)a * 

Then 

c1 
= ZXPM, c2 = -7Ilf, C) = c4 = 0. 

Also/ 
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Aleo 

&Y, dY, - 
--- = 2xM'(p-XX), 
dqt Ifa 

zf,,w -%,W = *a e fY,(X) - Y,(X)) = - 
2%M# 

1 
----&- (P -x)a, 

1-2x 

+,w -*,w = Y,‘(X) - Y,‘(X) - 
2x(1-x) 

[Y,(X) - Y2(X)l 

=lm(p--x)' 2+ 
(f--2X)(P-) 

' . [ . 
,I 2x(.1*) _ 

Further 

+ P*; 

hence 

2 s~.II-‘P*, sin e 
L 

8, = 
SF~ 8, 

1 
= a&-p)“, cotQf3, = =sin, 

1 . ‘: toe e 
1 2P 

~331 28, = 2(,-2pj 5i.n e,; sin 38, = (3-16p+1kpa) sin i,, 

When we make these substitutions in §9 and write 

m 
2N= . 

(1 - P)" 
+ I@@,, 

we find the following results. 

nO 
= @6in 8, - (1 - 2p)e, - spaI 

*1 = 2N-(1 - 2p)M Sb 8, 

A, = " P(1 
3 

- P) M e5Jl 8, 

B = IT + M[npa +,(l - 2p)eq -+(3 - 2P) Sin e,] 

'MO = 
MsinB, 

3 

‘h/ 
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Gi = - 2M(PX) log, 
p+x(1--2p)-$ sin 8, sin e 

Ipxl 
+ 2N sin 0, 

E,(e) = 
2M(prx)’ 

logs_ 
p+x(1-2p)+ sin 8, sin 8 

I -sine IT-I, 

+ M[np2 + (i-+.p)e, -+ Sin f3,] -N COS 0, 

EC(O) = M[np2 + ( I--2P)i, 'L $(1+2P) SiXI o,] -N, 

EC’(e) = -M(px)2+ 
I 

(7--2x)(Lm) 

2x( l-x) 
1 

lOG, 
P+x(~-2p)-$ sin 8, sin e 

i I-1 

. - $pM Sin 8, COt+G+-&(l--p)M Sin 8, tSII+b+N Sin 8 . 

'- 
Nxamole z. Second N.A.C.A. Centre Line. ' 

The equations to th$ second series of,centre lines sug- 
gested by the N.A.C.A.ee7 are 

yc = y1 = K[m2(3 - m)x - 3mxa + x3] for 0 6 x 6 m 1 s 
= y2 = JQg(l-- - 

-. 
x) for-m-6 x;< 1, - I 

<- , 

Hence 

dYl - = K[m2(3 - m) - 6pur'+ 3x2]-. 
dx 

.- 
: I 

dX 

These centre lines were designed to make it easy to bring the 
maximum camber further forward than usual. The maximum value of, 

$2 
occurs for a value p, say, of x less than m; the values 
m are given in Ref. 7 for p = 0.05, 0.10, 0.15, 0.20, 0.25, 

together with the corresponding values of 6K (denoted by kl) for 
a value 0.3 of CIopt. (with ao = 271). A revised version of 
this table is given-below; it contains values of ,m9 values of 
maximum camber as multiples of K9 and values of K both for 

camber and for CLopt,= 0.3~ where CLopt, is given by 

.‘. 

. Table/ 

, 

*In Refs. (6) and (7) 'k or i!' k' 
6 ' 

is utritten for K. 
6 

,_ 
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!Cablo 1. 

I / MY,),,,, 
K 

/ K for(yJmax, 5 T? %%? * 
= 0.02 0 

= 2n 

0.05 j 0.058082 0.00018562' 
0.00177233 -I . 

107.75 .I 58.39 
0.10 ' 

j 
0.125744 . . 11.2846 . 8.5962 

0.15 0.202682 2.8856 2.65327' 
0.20 0.290309 

0.0069310 j 
0.018a371 

0.25 0.391344 0.0421270 j 
1.06173 1.10400 
0.474755 0.53713 

, I. 
The centre line of such an aerofoil as N.A.C.A.23012, for example, 
belongs to this series, with K and m chosen to make r - 
&&Es~==,O~O;~ p~r~,~~15tlj~,~.*~fr%~:30), the 12 at the end 

For the centre lines of this series, in the notation of §g 

a/K =, m2(3 -m), a/K = ,- Trn, y/K = 1, a4 = 0, 

be/X = m3, b,,& = -m", b, = b3 = d, = 0 

C,b = 3m2, c 2h = - 3m, c3/R = I, c4 = 0, 

X, = m, 

= 3(x--)2, 

i [$,(e) -+,(e)l = 2 (x-m)“, 
sin 0 

i [q,!(e) -*,1(e)] i ;x -ml” 3 - (‘z;fLy) , 
[ I 

and proceed& as in the previous example we obtain the following 
recults. 

A$ =-m"+ 2 (8ma -8m+ 3)- 
9 sin 8, 

(1 - 2m) 
$87~ _ 

sin 
A/K = -- 381 (1 - 2m) + 8, (4ma -4m+ 3) 

2x 2Tc 

24ID' + 2~3 + 5) 
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3e1 CM/B - - 
0 32 l5 

- Em) - 
SLn 0, 

(i6m3 - 8m2 - 14m + 15) 
32 

Lo.&. = 1' A alopt . = A,++ A 1' 

gi 3(x7Q)a m+x(l-2m)-$ sLn D eti 0 
E - 

K n 
log, 

Ix-4 

3 sin 0 

4n' 
[20,(1-2m)L sin 0, - 9, co9 O] 

‘1 
gc + CL a2 gi+ 6 -+-L. CL 

H 
\ 

aO 24 
--$-A 1 

I 
cot jj e 

-g 2-L 
( > cio 2n 

CL tan * 0 

k,- 2(=lJ 
log, 

m+x(l-2.m)- Q ain 0, sin B 

K n sin 0 lx-4 

0 
+m3--1 n (ma -3m+ 1) + 

5sin0, 
(I-2m) 

an 

CDS 0 ’ 
+ 4n [3@,(l*m) - sin O,] -Lh co9 20. 

0n 

EC(O) 
3 m3 -2 (ema - 4m+ I)- 

sin 3, 

K 
(8ma + lam- 3) 

an 



- 33 - 

~,‘W (x-1” 
a - 

[ 

(1-2x)(x-m)" 
3- log, 

m+x( lyan)-& ain 0, sin 

K x =(1--x) _ p-4 

sin 8, 
2Tc 

Pa .2 ootz61 + (1-3~)~ tan +.0] 

sin 8 
-- [3Bl(l-2rn)-2 sin 9,--m, cos e] 

w 

where 
L 

2 ,*1 =. , 
Q sin-' It?", sin 8, = 2r&-m)", 1' > 

and values of t+ and sin 8 are given in the table below for+he 
same posLtions of'maximum ceder as in Table 1, together with the 
values of d,/K use-a in finding the last column of Table 1. ' 

P 01 * sin 0, d,/K 

0.05 
I 

I 
0.486791 6.467797 

0.10 0.724981 0.663121 
b. 0051375 
0.034899 

0.15 
I 

0.933983- 0.803995 o. 113068 
0.20 1.138032 
0.25 1.351737 

ExamFLe 4. Third N.A.C.A. Centre Line. 

The equatigns to the third series of centre l.in~s suggested 
by the N.A.C.A.? are 

y;,-,= ‘y, 1 x[( x-a)3-B(l-m)3x+m3x+m3] for 0 6 x < m 

= 
y2 

= K[B(x-m)3-B(i-in)"x+zi-m~]for m 6 x 6 1. 
." 

Hence 

dy, - = K[3(X -ID)' - B(1-m)' -m3] 
cix ) 

ay2 - = K[yB(x -m)" - B(1 - m,'-d-j. 
ax 

These centre lines are somewhat similar to the former ones 
over the forward portion, but are designed to have reflex curvature 
over the rear portion. As a consequence the constants may be so 
chosen that CM, = 0. The maximum camber occurs between x = o 
aa x=m; if it occurs at x = Pq 'then 

_ B(1 -ml” = s(m- p)” --m”. 
r , P&c/ 

*In Ref. 7 is written for K and k2/k, for B. 
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For a given value of p it is possible to choose m and 
B so that C!fiiin = 0; K Is then determined by the amount of cember 
or by the value of C!L~~Z;. A table of values of m and B 
(denoted by "z/k,) is given in Ref. 7 for Cf,f, = o and p = 0.10, 
0.15, 0.20, 0.25, together with the corresponding values of 6K 
(denoted by k,) for Qopt.= 0.3 (with a, = 2%). 

The centre line of such an aerofoil as N.A.C.A.23112, for 
example, belongs to this series, with C$J~ = 0, (yc)max.~ 0.02 Ed 
P = 9.75. 

The derivation of the formulae giving the properties of 
these centre Lines is very similar to that in the preceding example: 
we shall be content simply to write out the answers in nlgebraic 
form for general values of the constants m, B, K, without entering 
into any numerical computation. In particular we shall not solve 
the equation CnJo = o; by substituting the value of B given nbove 
in terms of m and p into the formula for CrddK below,the 
equation is found ss a relation between m nna P, rind my be 
solved for m by Newton's method for my specified value of p; 
alternatively, m, B rind p may all be tabulated against 8,. 

With 

t3, = -'Q 
2sin m, sFn‘B 1 

= 2& 1 - mp, 

3s before, ond with 

A = 1-B, 

the formulae are 3s follows. 

A& = 
3m, 

-+I$ t- ( ama - 
1 

am+ 3) - 
gh sin 0, 

(I-2m) 
an 8% . 

I 

AI/K = -; (xB + hB,)(r-2m) + 
A sin 8, 

( 4m2 - 4m+ 3) 
2n 

A2/K = $ (nB + he,) - A sU " (16m3 - 241i12 + 2JIl + 3) 

a/K = -+ 12m) + 

an 

3?&, 
Am" - - (ama ’ -_ 12ml+-5) 

an 

+ 
A Sirl8, 

(ama 
8x 

3 

- 26m + 13) 

%fofi = 2 (xB+Ae,)( 5-8m) - 
A sin0, 

( 1613”--8n~14m+ 15 ) 
32 
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!I&=- Jh(x¶)2 

E A 
log, 

m+x(l-2m)-& sin 6, sin tl 

Ix-ml 
3 sin 8 

4a 
[2(7~B+XB,)(1-2m)--h sin 8,-(nB+V3,) cos 01 

EC,- 2X(x-m)" m+x(1-2m)+ sin 0, sin 8 

K 71. sin e 
log, 

lx-m] _ ' 

+ Am3 A01 -- (3m2-3m+l) 
n 

5h sFn 
+ 5 

cos 8 
(l-2111) + 

0n 4X 
[3(nB+he,)(i7m)-k sin e,] 

nB+he, 
co9 20 

an 

3he, 
5-12m)+hmS -- (8ma-4m+l) 

8~ 

h sine, 
(8m2 + lam - 3) 

8x 
E y(e), = -?.(~-m)~ -3 _ (I--2x)(x~m)'~ log m+x(l-2m)+ sin 8, sin 9 

E 'IL 2x(1-x) J 
e IX - ml 

A sin 8 
' [ma cot 3Ss+ (~-m)~ tan $Q] 

2n 

sin e 
- - [3(nB+Xe1)(i-2m)-2h sin 0,-2(lrB+he,) co8 01. 

4% 

Example 5. Cubic and Parabolic Centre~Xines. 

We conclude with a particularly simple example, in which 
the Fourier series terminate and no.integrati.ons are required. 
If Yc is a cubic in x, then since it vanishes at x = o and at 
x= 1 we may write2 

YC 
= hx(1 -x)(1 - Lx), 

and for a parabolic centre line A = 0. In terms of 9 

Y, = 1.h sin2 S(i -3x +3x co9 e). 
4 

Also/ 
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Also \ 

dye = h[1--2(h+l)x + 3hxa-J -91) cos 8 + Lh co9 26, 
cix 

= ;-hh + h(r 
8 

SO 

A, = :kh, A, 
8 

= h(r-$I), A, = Lh, 
8 

B =: i:(4 - 3h), CM = 
0 

; (7A - 8). 

Ilopt. = h(l --$h), OC,pt, = 'ti+ Q (1 - $A) k 
8 

gi 
I h(l -%A) sin 0 + $hsi.n 28, 

gc + FL = h(l-$h) sin e + $dlsin2e 

+ -& (t+;)CLdh(,+X) -jco:&T?$-/$ CL tan'e‘ 

Also 

'c#c = 2yc cosec e = -$ h(l -4h)sin e + 6 1usin 28, 

so 

EC = -&h(l - 4~) cos e -LT&COS 28, 
8 

&C' = $h(l - 4-h) sin c? + lNlsin 28. 
4 

When CL = CLopt 
9 

Graphs of g, + gL ,for CL = CLo&,= 0.2 and a0 = 5.5' are shown 
in Fig. 1 for h = 0.9, 0.6, 0 and. :l.O. For other values of 
CLopt. the shapes of the graphs would be unaltered, since when 
CL = CL0pt.t is proportional to CLopt.; for other values of 

a,, (gc + gL) CLopt, is altered only by a small 

multiple of tan Q 9, so the S'lapes of the graphs would be sub- 
stantially altered only near the trailing edge. Some numerical 

valueti/ 
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values for these centre lines are given in the table below, wherein 
denotes the value of x 

2 Qr, 
at the position of maximum camber. 

and @ are proportional to the amount of camber for a given 

Tsble 3. . 

ValEes for I percent camber Percentage 
A X h %o fl(radians) PO CL0 t"$mb,"&f8z = 5.5 

0.9'0.35039 0.06417 -0,0107 0.0104 0.60 1.93 
0.6 0.40456 0.05481 -0.0204 0.0151 0.86 , 1.77 

0 0.5 0.04 -o.o314 0.02 1.14 1.70 
-1.0 0.57735 0.02598 -0.0383 0.0227 1.30 1.75 

shape of centre 
is proportional 

vary much with 

line. The amount of camber for a given CIlopt. 

to CLopt. the amount required does not 

A for the %ues here considered, especially for 
the last three values. - Cblo increases fnirly rapidly with x0. 

From Fig. I we can see that if WC wish the maximum values 
of q/U on both surfaces of s wing to be fairly far back from the 
leading edge, then with the centre lines for which h = 0.9 and 
h = 0.6 the fsiring would hove to be such that gs has a sharp 
grndient and a f-r-back maximum. The middle of the range of 

-values for which the maximum of a/v is fairly fnr brick from 
e lending edge on both surfnces will be higher thnn ~~~~~ for . 

any of these centre lines unless the gradient of g, is greater 
thnn the grndient of gc + go in Fig. I, rind there will be n 
tendency to flatness in the find curves of q/U on both surfaces, 
due. to the negntlve gradient of g, + go on the lower ;X$f'$E,d 
the mcrease of lift on the upper surfnce. Moreover, 
pare the centre lines for h. = o and h = -1.0, we see that over 
the middle of the wing chord the gsndient of gc + gL is greater 
for h=-1.0 thanfor h=o, so in the find curves of q/U 
for the wing we might easily have flatter curves with A = -1.0 
thnn.with A = o. Lastljr we might note thnt if (q/U)mnx. for 
the fciring nlone at CL = o occurs about mid-chord, we Should 
expect to achieve the Lowest ('J/U)msx, for a cambered wing which 
hns one of these centre lines by taking X = o, but that we might 
easily. do OS well or better,with n positive 
the fniring at CJ, = o 

A if '(~I/J)~,,. for 
OCCUTS f'uzther back than mid-char , and 

with a negotive A if i'i occurs further forward. 
, 

11. rJwnerica1 Example (JKQH .1250/4050). Snd Comparisons with 
JWnericn1l.v Accudte Results. 

Computations have been carried out by all three 
npproximste methods for EQ.H.1250/4050, rind the results compnred with 
ench other Land with numerically nccurnte results obtained from the 
exnct theory. For this nerofoil the equations to the fniring nre 

YU = 0.12 (x -x')% for 0 6 x 6 0.5' 

5 0.06 - 0.12 (x-0.5)" - 0.535 (x-0.5)" 

+ 0.609 (x-0.5)" for 0.5 < x & 0.9653726 

=i {0.0006260362 (I-X) + 0.044389956 (I-x)~)+ 

for 0.9653726 4 x 6 I, 

I 
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and the equation to the centre line is 

YC = 0.16x(1 -x). 

Values of Co, g,, E , Ed* 
thereto, together WL h the accurate and the three approximate .! 

were given in Part I and an aaaenawn 

values of c&J for the symmetrical aerofoil, both for CL = 0 
and for CL = 0.4, CL/sin cl = 4.8. 

For the cambered aerofoil, on the approximate theory, 

A0 = 0, A, = 0.16, A, = o, 

8 I 0.08 radians = 4.580, aTo = -0.04x = -0.1257, 

and with a0 = 4.8, 

CLopt, = 0.4354, dopt, = 0.0107 radians = o.61°, 

gc + gIl = 0.16 sin f3 + (0.1837441 CL - 0.08) cot + @ 

- 0.0245892 CL tan 3 8. 

Also 

9, = 0.08 Ski. 8, EC = -0.08 ~0.9 a, Ect = 0.08 sin 8. 

For Approximation I, 

s/u = 1 + g, + go + %. 

For Approximation II, 

q/u = 
1.005039 1 sin 81 

& 
('IE," + sin2 a)'" 

1.005039 ls5.11 81 

= (JI 2 
J& 

+ sin2 e)a 

(1 + es + g, + by) 

1.005039 
(1 + g,) 2 2s 

($2 + sina a)* 

% %A - 009 e + - -o.oa(c0e e + cos 28) , 
4.8 27c 

/ 
For Approximation III, 

% 

s/v = (4J 
sin (e + E- a) 

+cL CL cos (e + c - f3) + - 
co 

, 
a 0 27co 

with 
ecO = 1.10560, a0 = 4.8, p = 0.08 radians. 

Accurate/ 
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Accurate values of 9, +', E, ~1 and of' q/U for 
CL = 0.2, 0.6, 1.0 for this aerofoil are given in Table 49 and 
approximate values in Table 5. The results are exhibited 
graphically in Figs. z - 7, ana, sh0,ul.d be compared with the 
results for the symmetrical aerofoil E&H 1250. Approximation III 
is again the best, and is, on the whole, quite good; but whereas 
for the symmetrical aerofoil the errors in Approximation III are 
quite smell, for the cambered aerofoil they are quite perceptible. 
The most significant errors are probably those over the middle of 
the chord on the upper surface at CL = 0.2 and 0.6. Actually 
4 percent is rather 3 high c-mber for cn neropkne wing (though 
not unduly high for n section of nn airscrew blade), and it appears 
probable that the sddltionnl errors due to the camber increase, as 
the camber increnses, at lG.nst as fast as the square of the cambers 
so they would still be quite smnl> for an cerofoil of more "normal" 
camber. 

The errors in Approximation III over the middle of the 
chord on the upper surface at CL = 0.2 rind CL = 0.6 are due 
partly to errors in ~9, for which 't is difficult to compensate 
ensily, and partly to on error in E 
for which it\ is 

e 0, due to an error in Co, 
easy to compensate. (On the upper surface the 

errors hove the snme sign) We see from Part I, equations (5) rind 
(6), that‘ Co is an npproximntion to 

WI =.;J r*(t) - Ewv(t)lat; 

we neglected the second te& in the integrnnd, which depends on 
squares of the thickness and camber, and substituted oux approximate 
value for JI. We obtain 3 better approximation to Co if, still 
usmg our approximate values for $, +f, sp E', we retain the second 
term in the integrnnd, and SO odd 

-[El+'] =: -1 f” E(t)+‘(t)dt = L 1” &*(t)*(t)at = [ELI] 
2% -n 2% 3 

to 0uT previous value of Co. The result is that-all our values of 
q/U on Approximation III should be multiplie? by 

i - [&$'I = * 1 + [E'lj]. 

For n cnmberea nerofoil, on our opproximnte theory, 

[&+‘I = [ES’&,‘1 + [EC’iC’ls 

f%Z~~C~;$"' 
&I,$) hove been found, o numerical value for 

1s easily found by numerical integration by the 
since only one or two significant figures mill be 

required. PO:. EQH 1250 

[ES$y] = -0.0014; 

also from the values of E~,+~( above, 

[Ec*CI] L -; 6” 0.0064 COS’ t at = - 0.0032, 

so for E&H. 1250/4050 

. I:+,‘1 = - 0.0046. ’ 
If/ 
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If we multiply our previous results on Approximation 111 
by 1.0046 we considerably reduce the errors over the middle of the 
chord on the upper surface at CL = 0.2 and 0.6 at the cost of 
rather increasing them elsewhere on the upper surface, and also Over 
the middle of the chord on the lower surface - i.e. wc make the 
errors rather more nearly equal on the two surfaces. on the whole 
we make the results rather worse at CL = 1.0. It is suggested 
that this factor 1 - [E+(] might be included for safety if we are 
finding the maximum suction, but it is emphasised that, since 
squares and products of the thickness and camber are neglected 
elsewhere, it is purely for safety that this factor might be 
included; it is not logical to include it and the results RI- 
nhtainea cre not necessarily more accurate. 

The ~01ocity distribution on the lower surface at 

'the-nose on the lower surface is, in fact, &ill present at 
(!L 1 0.6 (at x e 0,163) and disappears only between CL = 0.62 
and 0~ = 0.63; at CL = 0.66 n maximur~~ near the nose on the 
upper surface makes its apponrance. Thus if we define the 
"favourable" range of CL-values cs the mnge for which there 
is no meximum of a/o ncnr the nose on either sur~?occ, then for II) 
this nerofoil the rnngc would be only 0.~63 to 0.66.' (From the 
procticfll point of view the definition of the "fovournble" ra 

"a is, of course, orbitmry; with n perfectly occurnt: surface t e 
mcximuD of 9/o near the nose onlthe lower surface would probably 
not lead to tmnsition at CL = 0.6 but on the other hnnd the 
effect of any waviness of the surfnc~ nes$ the position of thct 
maximum would he especiclly unfnvournblc.) 

The middle of the "fcvournble" rnnge is therefore nt 
on the other hcnd the lowest vclue of 

%r=b%~48&faces,nnmely (danc-lx 
1.277, is obtained when CL = 0.33. 

12. SuJlnarv. 

The formulne of Pert I are extended to cnmbered nerofoils, 
three fornulce, of increasing accurncy ond complexity, being given 
for the velocity nt the surfnce of c cnnbered nerofoil. 

The connection r,ith the Vortex-sheet" theory af infinitely 
thin cerofoils is set out. In pnrticulcr, the usual formulae for 
the no-lift cngle nnd the moment nt zero lift ore correct if account 
is tnken of the thickness, 
These foruulce ore, 

so long os the thickness is not too large. 
however ; given and used in somewhat different 

forms from the usual ones. Simple formulne ore clso given for the 
aoptimum' lift coefficient and incidence, defined PS the lift 
coefficient Lsnd incidence nt which, on a theory neglecting 
squares of the comber, there is no infinity at the lending edge in 
the velocity distribution for nn infinitely thin nerofoil of the 
shcpe of the given centre line. 

In cnlculations of the velocity rt the surface the 
contributions from the thickness and the comber can, to n lnrge 
extent, be cal'culoted sopcrately. In the cnlculetions of the 
contribution fron the cnnber we mcy, just cs in c::lcul?.?ting the 
contribution fron the thickness by the nethods of Part I, use 
l?ourier series, numcricnl integmtion, or oertcin nnnlyticcl 
results. The Fourier series terminate, and should be used, when 
the ordinate yc of the centre'line is c 
distnnce x 

singl'e polynonicl in the 
along the chord from the lec.ding edge over the IThole 

chord; otherlvise it is recommended thnt the nnalyticnl results be 
used whenever possible. It is shown how nnolyticcl results nny be 
obtni?~efl whc.n, vlith the chord divided into any number of segments, 

YT,/ 
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Yc is n polynonicl in x of my degree in each of the segments; 
the results cre set out explicitly when those ore two segnents in 
ench of which yc is n cum-tic in x; it oppears thnt, npart 
fron centre lihes designed to give specified land distributions 
along the chord c-t the "optmum" lift coefficient, all the centre 
lines for which fomuloe hove so fcr been proposed are included cs 
special cases. As exonples, forraulae arc set out for the centre 
line of n Clnrk Y nezcofoil cccording to Pankhuzst~s fornulne, for 
three series of N.A.C.A centre lines, nnd for cubic ond parnbolic 
centre lines. The properties of cubic centre lines ore briefly 
discussed. The results on each of the npproxinate theories me 
conpnred with ench other nnd &ith occurote results for EQH 1250/4050; 
the agreenent, while not newly as good ns that for the syrmetrical 
aerofoil, is not unsatisfactory considering the fcirly lnrge amount 
of ember. A snnll refinement is suggested which, while not logicnl 
and not necessnrily lending to more nccurntc results, my be inserted 
for safety if the naxinum suction be sought, 

Appendix. 

Lennn 1. 

1 - co9 2nt 
= 2{sin t + sin 3-t +... + sin(2n - l)t}, 

sin t 

and 

co9 t - cos(2 n + l)t 
= 2{sin 2t + sin 4t +... + sin 2nt]. 

sin t 
Jenm 2. Let 

x = *(l - cos 0) and y(x 

where .~ 

w 

.  * 4 

) sin OS :) = &qJ(B 

9(e) = C Dn sin ne (o < e < TC), 
n=g 

Also let 

F(B) = ; = 
w 
C A, cos nC (o < B 6 n). 

n=o 

Then n 
Dn = " 6 $(t) sin nt dt, 

x 

28 
F(0) = sin e) = q’(s) + qJ cot es 

sin 0 d3 

A, = L 6" F(t)dt, ‘A, = 1 
76 

x [*F(t) 00s nt dt. 

Hence/ 
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Hence if 

?J(6) = q(n) = 0, i.e.,if y/x+ -90 as X -9 0 and y/(1 -x)*+ 0 

as x-91, 
, 

then 

A, = ; 6" *(t) cot t at 

2 ?t cos2 t 
A, = - 

di 
*l(t) CO8 t + q(t) at 

n . 05.n t , 

= f $" +(t){sin t f :z't")at = i { q(t) cosec t at, 

ana for n > 2 

An = i 6" {q'(t) +9(t) cot t) cos nt at 

= fh I n sin nt + co9 nt cot t) at 

=I it 6" q(t) In - I) stu nt + cosq~~; 'It at 
x . 

I (n - l)D, + i 6" %(t) cos 2yt at. 

It follows from Lemma I that for n > I 

A - 2n 2A0 = (2n - l)D,, - 2D,, - 2D zn-4 - - *-* ZD 4 - 2D2 

and 

A 2n+l -A, = 2d,n+q - 2”2n-, - 2D2,g - *-- ID:, - 2D,. 

Lemma 3. If 

X zz & (1 - cos (3) 

then 

p = ; (3 -4COS8+cOS20) - 

x3 = ; (IO- 15 cos 0 f 6 co3 28 - cos 39) 

x4 = -I- (35 - 56 co8 '3 f 28 cos 29 - 0 cos 30 + cos 40) 
128 

ana/ 



and 

- 43 - I. 

iG$g 

i 
cos n8 - 2n.cbs (n-l)0 + 

2n( 2n-1) 
co9 (n-2)8+ . . . 

2! 

+ (--ly 
2n(2n--1) . . . (2r1-8+1) 

008 (n-s)e + . . . . 
s! 

2n(2n-1) . . . (n+2) 2n(2n+) . . . (n+l) 
cos e + 

(n-l)! 
4 . 

n! I 

Lemma 4. Let 
L 

co8 nt 
qp,) = p de’ oos e 

- ooa’t 
at, 

, 
where 
taken. 

P dengtes that the principal value of the integral is to be 
Then 

Io(e,) sFn 8 = log, 
+I 4-1~3 - e,l 

sin -g(e + 8,) .’ 

ana 
. 

SO 

e1 

;! 

COB 6 
I,(e,) = -P l- I at 

c0s"e - CO6 t 
J ' 

= - 8, + Io(e,) cos 8, 

, 

I,(e,) sin e = ~08 e log 
sin 3-1s - e,I 

e.sin +(:o +-8,) 
I- 8, sin 8. 

8, 2 cos t 006 n-t 

,I = P d at ' 
cos e - cos t 

Also 

lni-q(el) + Irrtce 

s 
z -P de' 2 

2 

co8 nt 

i 

00s e 
1 - at 

00s 6 - CO8 t I I 

- - sin ne, 
n 

+ 2 In(e,) cos 8, 

SO 

I,,(e,) sin 8 = -” sin ne, 
n 

sin 8 + 21n(e,) sin 8 co8 e . 

= 

. . 
- I,,(e,) Fin 8. 

. 

*Cf. Ref. 2, p.9. 92, 93. 

Hence/ 
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Hence 

sin 12(0,) sin 0 = co9 20 loge 3++-Q, 1 
sin +@+a,) 

-0, sin 28-z sh Qi, sin 0 

13(0,) sbl CJ = cos 30 loge 
sin ?pQ, 1 

sin si( 0+cl, ) 
- 9, sin 30 

1 * - sin 23, Sri21 0 - 2 sin 6, s.irl-29 

14(S,) sin 0 = cos 40 loge 
sin w-q _ o so 4. 
sti $-(o+o,) ' 

sin sin 
-2 i 38, sin I3 + 

23, 

3 2 
Stil228+Sin8, 

and for n > 2 

I,(@, ) win a = cos nt3 log, 
sin -:r[e-Q,[ 

sin $(Q+o,) 
-B, SFnnG 

k2 sin (n-s-l)Q, 
-2 E: sin (s+1)0. 

s=o n&3-~ 

V'e may also note "chat 

sin -gp-i3,~ 1 - CO6 0 , CO6 0 -sin 0, sin9 
= , 

sin &( 3+0, ) co9 0 - CO8 0,1 
, 

an6 that 

sin ne 
= 2 ~0s (n-l)0 + 2 cos (n-3)3 + 2 cos (n-5)8 + . . . , 

sin 0 

the last term being I- or 2 co8 Q according a9 n is 0da Or even. 

pma 5. 

tan-&Q co8 Q = Sin 9 - ttXl$Q, 

- tan->Q ~q,n Lt) = 2 sin e - Sin 20 - tan&O, 

t,,29 CO6 39 = 2 SFn e -2 s&y29+ sin 31) - t2n40, 

0~0 .Por any positive integral n, 

(-1 y-1 tan$JJ 008 nB = 2 sin 0 - 2 sin 2~9 + 2 ~52-1 3l-... 

C (-1)n2 sin (n-i)e f (-l)n-' sin nf? iv 

- tm.$fO. ' 

1ammn 6 ./' 
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Aemma 5. 

cos n0, - co9 ne 
m 

co9 8, 
1 for n=i, 

- co5 e 

z 2 ,cos 8+2 co6 8, for n=2, 

z 2 cos 28+4 co8 8 cos 0,+2 cos 28,+1 for n=3 

= 2 cos 38 + 4 cos 20 cos e,+4 cos e(c03 ,2e,++) 

+ 2 c0S SO;+2 co8 e, for n=g 

=I 2 ~0s (n--1)e+4 ~0s (yM)e cos 8, 

t 4 cos (n-3)e [COS 2e,t;?;--] < 

+ 4 cos‘(n-4)e,[cos 30, + cos e,] 

-k . ..+400s(n--r)B[00s(r--7)i3.tcos('r-3)e,+...]+... 

+ 2 cos (n-i)e, + 2'006 (?3)e, + . . . 

for any positive intepl n, the Last term-in the coefficient of 
4 cos (n-r)0 being B or cos 8, according as r is odd-or even, 
and the Jast term independent of 8 being 1 or 2 cos 8, 
according as n is odd or even. 

Hence also , 
1. 

cos ie, - co8 ne 
stn 8, = 

cos 8, - CO8 8 
sin 8, for n=l 

3 2 cos e 0ii2 8, + sin 28, for n=2 ,, 'I 
= > 2 cos 28 sin 8, + 2 cos 8 sin 20, t sin 38, for n=3 

= 2 cos 38 sin 8, + 2 ~0.53 28 SF~ 20, + f cos e sin 38, + sin 48, 

for n=4 _ . . 

= 2 cos (n-l)8 sin 8, + 2 cos (n--2)8 sin 28,+2 cos(,n-3)Osi.u301+... 

+ 2 00s (n-T)@ sin r0,+...+2 cos,e,sin (n-l),@, + sin M, 
. . 

for any positive integral n. 

Lemma 7_. 

cosec 8 = +(cot+e t tan$e), 

00t 8 = +(cot$e -tan&e), 

cos 28 
= -$-(cot~s + +l~,6) - 2 sin 8, 

sin 8 ** 

cos 38 
= 5( cot+ e - tan&O) - 2 sin 20, 

sin0 

' cos 48 
= *(cot%@ + tan@) - 2 sin 3e - 2 sin 8, 

sin 13 ana/ 
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and for any positive integral m 

cos Ill9 
=I -~[oot~e+(-l)m tan-$0]--2 sin (m-1)0-2 sin (m-3)4-..., 

sin 8 

the last term being -2 sin 20 or -2 sin 0 according as m is 
0aa or even. 

Lemma 8. It follows from Lemmas 6 and 7 that“ 

sin 0, cos n0, - co8 n0 
E 

sin 8 CO6 0 - co9 0 
$ sin .@,(cot+f3 f t.an+e) for n=l 

1 

x2 oot&(* sin 26, + sin 9,) + tan89(-2 sin 20, - sin 0,) for n=2 

= cot~(-~SSn3B,+Sin29,tSLnBi) t tan~~(~S~3@,"5in291+S~~,) 

- 4 sin 9 sin 0, for n=3 

= cotQB(+ sin 40, + sin 30, f sin 20, + sin 0,) 

+ tanQ6(4 sin 49, - sin 39, f sin 29, - sin 9,) 

-44in0sin29, - 4 sin 29 sin 0, for n=4 

‘; cot& B[$ sin n9, + sin (n--1)9, f sin (1M)E3,+...+Sin2f3, + sin By 

+ tan&[*sFn nQ~-ein(lrl)9,+sin(n-2)0,-...+(-l)nsin29, 

+ (-l)n+' sin B,] . 

- 4 sin B[sin (n-2)0, + sin (n-4)9,+...] 

- 4 sin 2B[sin (n--3)0, + sin (n-5)0,+...] 

- .,. 

- 4 SLn rB[si!n (n-r-7)6, + sin'(n-~-3)9,+,.-l 

- . . . 

- 4 sin (n-3)a sin 29, - 4 sin (n-2)0 sin O,, 

for any integral n > 2, the last term in the coeffxient of 
- 4 sin r9 being sin 20, or sin 0, according as n5 is odd 
or even. 

Lemma. It follows from Lemma 7 that 

cos me cot 0 = 
cos (m+l)9 + cos (m-7)9 

2 sin 0 

= ~{cot&O+(1)~+' tar&+xin mB--2sin(m-2)+2sin(nr-4)+..., 

so 

[l + (-l)mt' cos m3]cot 9 = $[I + (-i)m+']cot & 0 

+ (-l)m[sin mO + 2 sin (m-2)8 + 2 xi3 (IIF~)~...], 

the/ 
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the last term being 2 sin 6 or 2 sin 26 according R& 
or even. Thus we have 

cot 8 = $(00-b&6 - tan&s) 

(1 + COB a) cot B = cotif? e - en 8, 

.‘( 1 - 009 2a) ~0% e = sin 28, 

(1 f cos 3e) cot 0 = cot&e - sin 3e - 2 sin 6, 

(1 - cos 40) cot e = sin 40 + 2 sin 26, 

and so on. 
. . 

Lemia lo. If 

the’n 

x 4 -$(7-c0se) c sina -$e, 

~ 
COB 9 = -1 - 2x, 

co9 28 = ,-ix+ 8X2, 

co838 =‘1-18~+48xa - 32X3, 

and for any integral n 

n 
00s n6 = C amXn, 

a=0 

where 
~ 

a ‘= l,al = 
na(na-1 “) 

0 
- 2na, a2 = 28. t 

2! 1.3 

m is’ odd 

. . 

Also 
1. 

sin e = 2x-+, - xl”, 

. . 

n~(na-la)(nL22)(n2-3z)...[na-(&)a] 
am = (4)m 

m! 1.3.5.~7: . ..’ (2nrl) 
.r , 

sin 28 
= 2-4x, 

* . s5.n e 

. L  

sin 38 
= 3 - 16x i- 16x8, 

ain 8 



rind for my integrnl n, 

sin n.6 n-1 
--a = 
sin 0 

c bmxn, 
G-0 

where 

@. 

1. 

2, 

3. 

5. 

6. 

7. 

T. Theodoreon 

R. IT. Jr,cobs, 
I(. E. Wrard rind . 
R. M. Pinkorton 

3. I?. Jnoobs 2nd 
W. C. clny 

E. N. Jr:cobs r!nd 
R. I't. Pinkerton 

na-ia ( ll+a)(.r13-2~) 

b, = n, b, E - 2n -----, b, = 2% ------f-, 
1.3 2r 3.5 

n(na-la)(na~a)(n~-3a)...(na--ma) 
bm 

= 

----_ 
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I uppi- Surface 

---------:--------:----------*----__--- 
I.olTer Surface 

x 
~-. 

o-:054 
0.0230 
0.0524 
0.0931 
0.1439 
0.2039 
0.2714 
0.3448 
0.4222 
0.5017 
0.5811 
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0.7315 
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0.8574 
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1 .oooQ 

Y 

0.1185 
0.1310 
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O.l9?3 
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0.1991 
0.2000 
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0.1918 

g-1 2: , 
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QFO247 
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‘v 1, 

__--- 

_--- 
E 

-__ 
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tl-~;~~ 
019048 
0.9456 
0:9755 
0.9938 
I. 0000 

,---- 
w 

a-- 

0.1185 
0.1059 
0.0938 
0.0823 
0.0717 
0.0623 
0.0543 
0.0479 
0.0432 
0.0404 
0.0395 
O.&.O! 
0.04Q3 
0.0388 
0.0353 
0.0305 
0.0251 
0.0202 
0.0170 
0.0173 
0.0247 

-- I-- -- 

.C-----. 
7 

l-f' 
i .--L-, 
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0.0798 
0.0790 
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0.0638 
0.0556 
0.0460 
0.0354 
0.0239 
0.0117 

-0.0007 
Q-0043 
0.0036 
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0.0272 
0.0337 
0.0339 
0.0273 
0.0111 
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-0.0781 
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I, _ 

-0.0812j -0.0086 
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I 

-0.0816 
-0.0801 
-0.0767 / 

-0.0718 
-0.0653 
-0.0577 
-0.0492 
-0.0402 
-0.0310 
-0.0224 
-0.0155 
-0.0106 
-0.0067 
-0.0021 
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0.0132 
0.0252 
0.0406 
0.0598 

: 0.0818 

a.ca37 
-0.0157 
-0.0267 
'-0.0365 
-0.0449 
-0.0517 
-0.%63 
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-8.0508 I 
,a.0367 
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Table 4 ;Contmued). 

Aerofoil EQH 125OhO50 Accurate Results. 

Values of Q& for Ci$%tn (a + a) 5 4..8 

Upper Surface 
---------. 
. = 0.2 .J 
_-I 

$3; 

017657 
0.9286 
1.0237 
1.0395 
1.1389 
1.1771 
1.2063 
1.2281. 
1.2453 

,1.2600. 
1.2551 
1.2248 
1.1734 
1.1076. 
1.0338 
0.9547 
0.8663 
0.7217 

-)0.5498 

_-_---- 
:L = 0.6 

0.4712 
1.1562 
1.23?2 
1.2529 
1.2690 
11.2837 
1.2961 

-1.3058 
1.3115 
I,3131 
1.3125 

-1.3108 
.1.2896, 
1.2432 
1.1760 
I.0948 
1.0046 
0.9056 
0.7865 
0.5695 

:-)I.5413 

:L = 1.0 

1.8Ok4 

: -6’;;; . 
1:5717 

-1.5079 
1.4708 
1.4458 
1.4266 
1.4085 
I.3897 
1.3711 
1.3527 
1.3152 
1.2529 
1.1704 
1.0740 
0.9680 
0.8496 
0.7002 * 
0.4fl7 

:-12.5324 

T 
--e-_____ 

:L = 0.2 
w--L--,  

0.8532 

2% 
1.2309 
1.1652 
1.1176 
1.0819 
1.0552 
1.0360 
1.0235 
1.0200 
1.0256 
1.0267 
1.0174 
0.9981 
0.9722 
0.9433 
0.9149 

.o.a914 
o.a59t 
0.5493 

-I-- --------v 

:L = 0.6 
- - - - - - - - -  

:-)0.1+712 
0.6349 
0.8717 
0.9298 
0.9462 
0.9495 
0.9486 
0.9474 
0.9kao 
0.9515 
0.9614 
0.9788 
0.9917 
0.9942 
0.9m 
0.9741 
0.9599 
0.9504 
0.9578 
1.0362 
1.5413 

:L = I.0 
-------- 

;- l-.8064 
I ,- 0.1878 

Q.4061 
0.6188 
0.7181 
0;7729 
0.8072 
0.8318. ’ 
0.8523 g 
0.8719 I 
0.8953 . 
0.9246 
0.9LP2 
0.9637 
0.9689 
0:9691 
0.9698 
0.9796 
1.0182 
l.j774, 

' 2.524 

Theoreticd vdue of CI/Sin (CC + P) = 6.9467; p = 0.0804 radians. . 
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x 
--- 

!.O 

0.0062 
0.0245 
0.0545 
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0.1464 
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0.2730 
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0.4218 
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0.5782 
0.6545 
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~-~;;~ 
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0.9455 
0.9755 
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C 

5 Table 

Results accorhn~ to Amroximate Theory. 
1 

----mm. 
V 

WEJO QJOE+X KQ803 
0.1325 0.0790 -0*0774 
0.1447 0.0761 -0.0728 
0.3563 0.0713 -0.0662 
0.1670 0.06&7. -0.0570 
0.1766 0.0566 -0.0478 
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0.1.913 0.0363 -0.0230 
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Upper Surface 
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I - - - - -  
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---, 
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.-------, 
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0.0589 
0.0694 
0.0788 
0.0872 
0.~946 
0.1016 
0.1101 
0.1232 
0.11279 
0.2195 
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irdeof q/u for the Lover Surface for CI/sin(a + P) = 4.8. 
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T.&he 5 Continued. 

Aercfoll~ 1250/4050 @sub accordi~ to Approxx&e Theoq. 

Values of q/l3 for the Upper Surface for Q/sin (a + p) = 4.3. 

Apprcximatmn I . 
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Theoretical value of CI/si.n(a + P) = 2*eCo = 6.9467; p = 0.08 rations. 
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