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"direct" problcm of the calcmlation of the velocity distribution
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gsections and Part IT for combered sections, Parts IIT ané IV
are concerned with the "inverse" problem of designing an
nerofoil with a specified velocity distribution, Pnrt III for
gymnetricnl sections end Part IV for the cnmber—line, DPart V
discusses the chordwise position of the penk velocity, and also

the theoretical CIrrnnge of low-drag nerofoils, Aerofoils with
hinged flops form the subject of Part VI.
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Approximate Two~Dimensional Aerofoil Theory
Part I. Velocity Disiributions for Symmetrical Aerofoils,

53, Goldstein, F,R.S.,
of the Aerodynamice Divisinn,. N.P,L,

14th May, 1942,

1, Introduction

In these notes we shall be concerned with irrotetionsl
two—dimensionel flow past serofoils, with the estabvlishment of
aimple methods and formulae for finding useful informestion ebout a
given merofoil, and with the inverse problem of establishing
methods and formulee useful in designing en amerofoil with glven
properties,

The ususl, theory of thin aerofoils ms presented, for
example, by Glavert™, is in fect a theory of eerofoils of zero
thickness ond smoll camber at small 1ift coefflcients, In these
notes the npproximntions npplied reguire only that the thickness
rnd comber sanll not be too leorge; 14he errors with vorious
thicknesses, cnmbers nnd 1lift coefficients will be illustrnted by
comperisons with numericrlly tccurnte results derived from on
exnct theory,

part from the reports on the exeoct theory by
Theodorsen™ nnd by Theodorsen annd Gorrick® the only peapers in
which thickness lo considered appenr to be & pnper by Jeffreys?
end o recent note by SqQuire®; reference to these papers will
be nnde lotex,

The results in these notes mey be obtnined by several
methods; we here deduce them nll from the results of the exnct
theory ESee Referonces 2 ond %),

In this first part we ere concerned with the velocity
distribution (ond therefore, bechuse of Bernmoulli's equction,
with the pressure distribution) at the surfnce of a given
sympetriconl rerofoil, Teter notes will deal with camberad
aerofolls, with the iInverse problem of the design of nerofoils
for given velocity distributions, with calculations of moments,
and with numerical comporisons of this theory with accurnte
results from the exrct theory.

When/
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When applled to find the properties of a given aerofoll,
the theory is spggially designed to be applied to aerofoils with
ordinetes glven by algebraical formulae, or which can be fitted
to such formulame, It mny olso be spplied if the ordinotes are
given numericelly only (though the Ffitting of algebraicnl formulne,
if possible, 1s recommended), It is not meant to_be applied to
gerofoils derived by eimple conformnl transformations from &
circle,

In this first pert the requisite formulne are obtained
in three different forms, We have, first, Fourier series
conjugote to Fourler series for given functions, These Fourler
serles are summed nnd the sums expressed genernlly by means of
integrals, ¥innlly the sums are ovalurted in finite ternms, with
the occurrence of simple functions only, for a wide variety of
coses in which the nerofoil ordinnte 1s given by algebraical
formulaey these eveluntions in finite terms moy, for example, be
carried out if, with the nerofoil chord divided into any number
of segments, in ench segmont the ordinate y is o polynomisl of
any degree %p (including, of course, n polynominl in x) or
in (1 = =x)? , where =x is the distnnce in fractions of the chord
from the lending edges in nddition nn elliptic nose mny be fitted,
if desired, up to any distonce back from the lending edge, and
the troiling edge may be rounded off by o oircle, an ellipse or @
hyperbola up to any distence from the trailing edge, Moreover the
same mothemntlcol methods will avail to provide results, i1f required,
for certonin other types of formuloe, In this woy results in finite
terms moy be obtained for praocticnlly every nerofoil for which
formulae have eveT been proposed, For o nunber of definite
aerofoils (NACA 0012, NACA 16—012, Olark Y fairing, BQH 1260,
EQH 1250, EQH 1240) these formulne in finite terms nre set out
as examples., For one aerofoil (EQH 1260), 0ll the computations
are ocorried through, and the results compnred with numericnlly
accurate results from the exnct theory, with a wholly sctisfactory
measure of agreement. :

Finnlly, 1t should be remarked that the results of the
approximnte theory of these notes noy be used ps a kind of first

approximation in exnct colculrtions of numericnlly accurnte
results,

2, Exoct Theory and Nomenclature

Ag usurl we denote the 1ift coefficient by O, and the
geometrical incidence by &, We denote by =B the theoretical
no—1ift ongle, by U the velocity of tho undisturbed stream, by
q the fluid veloclty at a point on the nerofoil surface, by =x the
dilstonce in fractions of the chord from the lending edge (mensured
along the chord), by y +the ordinnte in froctions of the chord,

According to the exnct theory, if*

¢, = o, sin (« + 8) , e (1)
then
q opz \ 2 ¢ C1,
— = Fe)| {1 —— sin(b+e-—B)+—-L-cos(e+a—ﬁ)-:.+~——-————-
U n,? L4y} snnafg]
cee (2)
where/

*If the experimentgl no~1ift ongle is not squal 4o its theoretilca’l
valueitor if in any other respect (1) does not hold, we must

substltute sin {« + B) for Op/n, in the first two terms of
equniion (2).



where

x = 28 cosh by, = 28 cosh ¢ cos8 ©

, vereen(3)
y = 28 sinh$ sin 6

£(6) == — B STY(8) {1+ ct(t)oot 3t + o(t) ~ 0 ~ e(0)]at,
o i (8)

P denotes that the "principal value" of the integral is {o be tnken,
and the desk denotes a derivativoe,

ol%1¢q 4 1(0))
[1 + ('@}»1(8))2]%[ainha b o+ Bin? 9}%"

F(e) = ,;.;.:(5)

and o,

[¥] = — /% [9(t) — e () (t)]as. e i(6)

21  ~-n

0 18 positive on the upper surface and negntive on the lower surfoces
1t is zero at the leanding edge md #n at the trailing edge, When
the Xutta~Joukowski condition is sntisfied nt a sharp trailing edge,
or the trailing edge, if rfu?ded, is n stngnation point, the thenreti—
cael value of 8, is 8naelY

. 1s the value of ¢ at the leading edge, © = o,

Equations %%) define 4% end 6 at any point of the aerofoil, and
define ¥ o function of 6, Equation (4) is an integral equation
for e. The value of B is the value of ¢ ~t 6 = +,

The cholce of & and 1s tn some extent nrbitrary, but
they are always chosen so that wheﬁ gacond powers of the thiockness
nre neglected e may always tnke cosh ¢L = 1, 40 = 1,

3. Flrst Approximntion for an Aerofoil of Small Thickness.

To begir with neglect second powers of the thickness, and
therefore second and higher powers and products of ¢, ¥t, &, =&!,.

Then )
X o 'ﬁ'(1""003 e), y = % ain 6 ereees ()
[¥] = 0o (Bay) = —— /T ¢(t)at, ceeee.(8)
2% =T .
1
£(0) = ~—7P JSTP(t) cot ¥(t —e)at. veeern(9)
2T -7
Also
F(O) 2% 2o () |
otn o] . veees(10)

and 1f we mlso neglect (GL/no)B and the product of Cp/no with
e, et, or Op, we. have
YT /
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q 1+ Co + £'(2) ¢ o
- e sin 8 + (e — B) cos @ + & cos 0 + L[
4] |sin @] 8o 2“}
‘ < Oy, oy,
= 1+ C +e'(8) + (e ~p) cot @ + — cot 6 + == cosco 8, (11)
: Qg 2n
The theoretical value of g, 1s approzximately 2ﬁecd.
4. Symmetrical Aerofoil at Zero Incidence, §<f
For a symmetrical aerofoil at zero incidence
/U = 1+ g, cevee (12)
where g = GCo + e'(8) + ¢ cot 8, ceene (13)

For a symmetrical serofoil ¢ a1s even in 6 and ¢ is odd, and if

cc

'q) = E 0 cos3 l’le, e s b o (14)
n=90

then (cf. Appendix, TLemma (5)).

8

e = % C, sinmng., veens (15)
n=1 *

Hence (Appendix, Lemma (1))
o

2y = P 8in® = (C —4Cu)sine + £ %(C
n=2

p—q = Cp4q)oin ns. " (16)

Since ¢ cin ® is zero at o and x° its FPourier sine series may be
differentiated term—by—term, so if we vwrite

y(x) = (o), eenes {17)
then
oG
2£1(8) = (0o — %C) cos &8 + 7 %n(Cnr_ n+1) cos ns. (18)
- n=2
Now by Lemma (3) (Appendix),
. [£4]
e 8in 6 = £0, + L0, cos'® —-nzz %(On_1~— On+1) cos n8, (19)

and ¢ Fourier cosine series may be differentiated term—by—term, so

d

gsin® = G sin 9 + — (e sin 9)
de
fo,e]
= (Cp — 3Cz) sin.8 + nﬁz %n(onm1- n+1) sin nd, (20)

and/
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and g sin 6 has a Fourier series conjugate 1o that for 2£1(8).
Hence (Appendix, Lemma (6)),

1
2 €in 0 7 £r{+t)dt
P

gSinG = = ’ XY (21)
7 cos & — cos &
. *
Oel L
LeCeo 2§ £1(t)at
g = ——17
.On cos § ~cog 1t e
) 1 1 yr(g)dg
@ —=—~P/f . ceeet.(22)

= ° I-x

The same result may also be obtained au followse, By Lemma {i;,

Appendix, .
Jot & p(t) sin o 1w (%) sin b
g ==——7DP [ dt, e'(9) ==~~2P f ¥ dt.
n Y cos & — cos t ® © cos 8 -—cog t
ceese (23)
Also
1 T
CO = —f ‘Eﬂ)(t)dt. swe s w (24‘)
T 0 '
Hence '
1 s at
g = Co+ et +gcot® = ——7P { {—~ ¢(t) cos ©
i cos 6 — cos %
+ 9(t) cos t + P'(t) sanm t + y(t) cos 8}
- 1 7 at d 2 T £r(t)at
= ~=DPf — [y(t) sin t] = ——P

i 0 cos O — cos t dt T cos & — cos t.

veere (22 bis)

5. A Betier Approximation for a Symmetrical Aerofoil at Zero
Incidence,

It will be noticed that ih approximating to F(®) in (10)
oL¥]

[einh® ¢ + sin? o)t

wag/

¥*Phe formula ¢/U- = 1 + g, where

' v (£)aE
~~ = P fi..'{.....(..._)._....

n ° £-x

€

for the velocity distribution due to & symmetrical aerofoil at zero
incidence hos been obtained independently by Squire® by the method of
sources, From this formula he deduces the conjugate relation between
the Pourier series for g sin & and 2f'(®) in (18) and (20), and
proposes the usce of the series in calculations to find the values of
f(e) for a given g,



was replaced by
1 + Cp
ISJﬂ 8|’

When sin 6 i3 small this 18 not a good approximationy a much better
gapproximation ig obtained by weplacing the above expression by

1+ Co + $00 %

(4% + san3 o)%’

which is eguivalent to maltaplying our previous expression for ¢/U,
namely, 1+ g by

(1 + %Co?)|oin 6]

veaes {25)
{($® + san? 0)F
Our approximate farmulas for ¢/U is now
aQ (1 + $0o?)|sin o
- = ' " J (1 + g) PR (26)
U ($? + sin? e)%

where g is given by (22), ¢ is found as..2y cosec @ (see (7)),
and 0O, is given by (24).

Op 'may be found by numericcl integration of the values of
iﬂ In mony cases, however, sn cnalytical cvaluation of the integral
(24) is possible, and in preparction we noce that

1 T2 om f(t) 1 4 y(&)ag
Co = *-{nnp(‘t)d‘ﬁ = ""g at = —‘J — (27)
T i3 gin t 4 g1~ &)

6. Svmmet;ical Aerofoil ot Non—Fero Lifts,

| If CL/ao is omnll, and we neglect ite squore and its
products with £, e!' ond Co, then from (11) it follows that

q/U = 1+gs+gL LR (28)
where
and is the g of §4, being glven by (22), and
C C - ¢ 1 1
g, = L cot © ¢ L cosec O = —é-cot 10 + CL - =~ — | cot 6,
27 2R 2R Do 2%
Ao (30)

A better approximation is again obtained by multiplying

the answers s0 found by (25), 5nd then our approximnte formula for
U becomes

/v /



w— 7 —
(1 + %Co®)|oin 8| (1 + )
1 +
(.q)a + Sin'? e)d‘% gS gIl .

4
g

(1 + 3Co®)|sin o]

L B
(1 + $Co®)Cp 1 4 o0s 8], 651)
(42 + sin? 9)?

($® + sin® e)%l 2% 8o I

(1 +gs) x

the positive sign beaing taken on the upper csurfoce and the negotive
sign on the lower surface. (Note that, 6 Dbeing positive on the
upper surfoce nnd negntive on the lower surfnce, ¢ 1is odd, ¢!
even, gy even ond gy cdd,) :

7. A Closer Approximntion ot High Tifis,

The cssumption that Cp/ae is small is quite distinct from
the assumption of small thicknessy for large values of Cr for
which the approximations of §6 are not setisfactory we may revert to
the original cxpressions (2) rnd (5), simplifying them to the

Tormula ‘

.L -
q eG°(1 + ¢gt) Cy? ¥ Cy, GLe-CO
- = - T || 1 === sin(8 + &) + -= cos(6 + &) + ———o|,
u ‘ (15)2 + sin® 8)2 302 89 . 2T

seves (32)

§ being negative on the lower surface, with ¢ even, € o0dd and
et even,

1o use (32) we require & and e!' separatelys we shall
calculate them for the upper surface (0 positive), Wote that
if we intend to use (32) 2nd calculate €, €' we do not calculate g,

Yince y(x} = f£{o) = %p(9) sin 6, ‘1t follows from (a31)

that
2 sin 8 T £(4)dt
< £. = — —=———e= P
' T ° sin t(coe' 8 — cos 1)

g . 8in 8 > f’ y(&)dg (33)
- o= - | I 33

en °© &(1 = &)(g — x) -

. and/

*Jeffreys® obtained a formula for the fluird velocity ot a point on
the surface of any 2erofoil which is equivalent to

q (1 + Co)(1 + ¢t) (_3L
— i .:L.
U (1 + v'3)%(9? + sin? 6% sna(1 + co)f’

(though it is not quite in tais form), where ¢ is /(22 sin 8),
and if

{siﬁ (€ + 8 +¢e) +

2]
v = £ (0 cos ng + D, sin ne)
n=0
then
N o)
e = n§1 (C, sin ne — D cos nd).

The Fourier series for e was not surmeq,

A
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and

) gin § = 2xé(1- x)%, vevee (38)
80 |
By _ .
g = —-x (1 X) P {1 y(g) : . rren s (35)
R (1 = &)(& —x)

8. Bemarks on the Formulece,

In the following sections we shall show how to eyaluate
g Coy, &, &' 4n finite terms when, the chord being divided into
any number of segments, in each segment the ordinate y is given by
an algebreic formula of very general type, Before we become immersed
in the details of these cnlculations, however, we may make some
remarks on the formulae already obtained,

We have three different approximate formulae for ¢/U,

nomely (28), (31) and (32), Formula (31) is more accurate but
harder to use thon (28), ond (32) more accurate but harder to use
than (31), To use (285 we require g onlyy to use (31) we require

besides ¢, which is easily calculated os 2y cosec 8) g and Cos
to use (32) we require ¢, e' end Co, but not g, Thus, although
in the following sections we shall exhibit farmuloe for all the three
functions g, & end ', it should be remembered that we shall

never need to calculate all three; we shall calculate either g only
or e ond ¢!,

In computing g or €& or &' +three methods ore appafent1Y:
oven to us} we way use the Fourier serles, the integral, or the
formiloe of the following sections. In ell cases it is thoroughly

recommerided that the formileeof the ®nllowing sections be used
wherever poesible,

The Tourier series look charcmingly simple, but their use
in computotion is definitely not recoumended nnless ey termincte,
which is the case if, and only i€, y is eqal to xF(71 —x
multiplied by a pblynomial in x, In any other cose to evaluate |
for example, we should have to sum & Fourler garieswith coefflciante ~;
order 1/n®, and tne summation would heve to be carried out with
considerable accuracy for small values of sin @, 8&ince wehave to

divide the sum by sin 8, or at any rate by (wb + sin® )%, where
$? is small,

i
The integrals are improper integrals, but mey be changed
into proper integrals by the use of Lemma (7), Appendix, and then
nsed for computation, PFor example, from (22) and Lemma (7),

' 2 m £1(8) - £'(%)
gs = - :
T ,c08 O — ¢co8 %

at, cerre (36)

where y i1s £(8), If y is given numerically only, we must
find numerically a smooth set of values of f'(0) which integrate
to yy it is, in fact, necessary to find f"(8) also, since at

t = 8 the integrend is given by

o) — £ (%) - £"(8)
lim ———— S .
t-8 cos 8 — cos £ sin 6

The/
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t
The use of the integrals for computantion is not recommended if
suitable algebraic formulee con be fitted to the ordinate, and use
mode of the results of the following sections,
9, Results for Aerofozrls with Ordinctes Given by Algebraicol
Formuloe,

In this section we shall exhibit formulae in closed form
for gz, Cp, e and e' when the serofoil ordinates are given by
elgebraical formulae of counsiderable generality, We consider five
different algebraical representations of-the ordinates, which among
them include as special cases practically every formula so far pro—
posed for aerofoill ordinates, and we then explain briefly how results

-relatave to many other algebralcol representctlons may be written
down at sight,

To exhibit the algebraical repreaentations of the a dinntes
and the resulting formulse for gg, and e' we introduce
four algebraical functions of x @ ylﬁx }, a polyngomial in x=
without 2 constant term; yo(x), 2 polynomicl in x%¥ with 4 constant

term; vys(x),- the ordlnate of o hyperbola through = = 13
.y¢(x3, the ordinate of cn ellipse through x = 0. Specifically.
2N
ya(x) = & a#Y?
n=1
va(x) = Xn/z

nfO

4

ys(x)= {C(1 — %) + D(1 — x)z}%

€1
\ vo(x) = (hx — Bx?®) (0 ¢ x < A/B)
) -

M ond m core any positive intcgers whatever, 4, B, C¢, D and
n, <ore any positive numbers, ond the bn and remaining &y, are

any real numbers, (If the term of highest dégree in yi or ¥
is en odd power of =x%, we gimply put a,y = 0 or bpy =
If A/B < i, we olso write
1
yalx) = (Bx® —ax)¥ (4/B < x < 9
Ve «define the symbole I, j, J Dby the equeatlons
Xo fy, ()08 /
Ly (25 Xy %3) = 2) —
K Xl - é - X v
Xz y2(8)dg
ja (Xa, Xp) = N
X, &(1— &)

J1/



X £)ag
dy (Xi X1y Xg) = X%(1 “‘X)% PJ : yl(
’ Xy (1 —g)(& — =)

(with © < X< 1, 0 < X, € 1), and similarly for Is, I,
Jay dzs Jasy J2s Jazs Ja.

Cagse I,
Let the aerofoil ordinate be given by
v o= yo(x) (0 € x < 1),
Then from (22), (27) and (35)

1

g = —— I, (x5 0, 1)
s
A
.1 4
Co = = ji (0, 1)
i
e = —=7J5 (x3 0, 1).
T
Cage IT,
Let the aerofoil ordinate be given by
¥y = yalx) (0 < x < X)
vy = ya(x) (X1 € x € 1),
Then
1
8 = —— Ly f(x; Ay X3) + Ip (x5 Xay 1)}
7
-1 .
Co = = {j1 (0, X1) + j2 (X1, 1)}
T
1
e = == {Jy (x5 0, X4) + Ja (%3 Xy, 1)}.
7
Case TIT,
Tet v o= yi.{x) (o € x <€ X,)
= ya(x) (X € x < Xp)
vy o= ya(x) (X3 € x < 1).
Then
1
g = —— {I, (x; o, L) + Ty (33 Xap Xa) t Ta (x5 Xp5,7 1))
TE —



i - 11 -

1
Co = = {3y fo, X1} + jo (X1, Xa) + js (X5, 1)}
T

. N
E s ,— = {Jl (X; 0, Xl) + Jp (X; Xl, Xg) + Ja (3{; Kz, T)}.

s
Case IV, N
Let ¥y = ya (%) 0 < x< Xy, (€A/B)
Then ‘ ‘
1 - h )
gS = - {I:_.,(K; 0, Xl) + IB (X; Xl’ 1)}
ﬂ
1 - -
Co = = {ja (0, Xa) *+ J, (Xu, 1)}
T
. .
e = —— {7y (x5 0, X4) + Tz (x5 Xa, 1)},
T
Case V.
~ Let y = vya(x) 0< x< Xy (€ 4/B)
= yal(x) Xy € x € X,
= ys(x) Xz € x € 1.
Then
1
gy = —~—{I4 (x5 0, Xy) + Is (x; X3, Xg) + Iz (%3 Xgp 1)}
m
1 -
Co = — {Ja (0; Xe) + Jg (X4y Xa2) + 35 (X2, 1)} '
n

1 )
— = {7, (x5 0, Xg) + Jo (x3 X4, Xz) + J5 (x3 X2, 1)},
s

™
1l

Thus to obtain formulae for these five general cases, we
require formulae for the I, Jj, and J3 since we wish also t0o be
able to calculate e'(8), we shall also exhibit formulae for
aJ/ae. The necegsary mathematice is contained in the lemmas in the
Appendix, and we have merely to make the correct substitutions in the
formulae contained therein.

It is convenient to enlarge our notation slightly by
welting .

b/



o Jai ~
= se =
e 2y1 cosec x%(1 —-x)%’
_ Ja
¥a = x5( 1 —-x)%'
) Y eeene (37)
¥ ,
b x%(1-— x)%
_ Ya
vo = x3(1 - %)
Then ’
1 — 2X
@1'(8) = yl'(x)  — yl(x)t TEEE (33)
2x(1 — x)

and similarly for ¢5'(8), Vs'(8), b.'(8),
We may note that in case II, for example,
P = by Pt o= P! (0 € x € Xy)
Y= Pay ' = gt (X2 € x < 1)
and similarly in other cases,
In considering formulae for the I, 3, J and  dJ/de

it is convenient to commence with the formulae for I, (xj Xy X2),
Ja (Xir Xa), etC'. Since

2m—2 %‘Il
ya'(z) = T (dn+ )by, 3,
n=
by substituting M = m—1, c¢p = (41 + 1)bp+z in Temma 12 we
find that
, X - Xg
T2(%; Xay Xa) = ya'{x) log,
! X - Xl
N I
(m£1 (i \b l’“—--l\- 1 AB~ *ox°
— an + 1 " " )log;
n=0 = - 2n+1 e X1§ + 7y
m—2 2m-2n—2 1 + 2n + 2
+ o2 3 bt onto (.37 - x,¥7)
n=0 r=1 r
. . I
Similerly, on putting ¢ 6, ¢, = by for n>o0, M = n

in Lemmas 12 and 14, we Find thot

Ja/



( ) ( ) 1 — Xz (m"'"'l ) 1 + XQ%
ja(Xyy X5) = = ya2(1) log =+ 2( L D log
* © 1T —~ X n=0 an+1 © 1+ X;é

Xa iiond) er - Xlr n

+ by log, —— Z Z b
© X. r=1 T g=rt+1 28
1
m—1 XgT 7 —-Xlr—% n
- I L boa_yy
=1 T — g=pdq oo
: x = X3 .
Ja(xs Xyp Xz} = $5(0) log,
X T Ay
i
2 (m;1 . n+l) 4 Xo® + xé
T = 08, I
x~(1 — x)* n=0 an+e* L TRe }{1*3 + x°
2 2 S
¥ \* ar—1 1 + Xz~ 1—-%; !
+ 2( T by, ) 1lod, ———= —= ye(1)log, :
1 — X n=0 1 + .- 1—%q
A
' 1 = XV Xa 1, =3
- [ 10;;L -—_ —-x% (1 - x)}* % Bﬂxn
X X_I n=0 -
where
2 Xg X, m -2 X, ~X S m
B = I by b,., + I by b ’
n T=1 T =p+n+a 2O =1 r—% =rip+z 2971
and*
d ’ x—lg =1
Eg Ja(x3%1,%a) = $5'(8) log, \ L 2n+1xn“é
N
1 — 2% m1 i Ko =+x*
- ——— % Db 2 1og —
2x(1—x) n=o } © x, TixE
L 3
1 (m—‘l ) 1+X;3‘a ( 1—Xz '
+ 2( £ b log — yal1) log, -
2( 1=x) n=g 8+ © 1+X1% © 1—X1j
bo Lz m-2 n . Je (Xz2) v2(X1)
t —log, —+ I B x + -
2X X1 n=0 n X—Xa X—Xq
where
2Zm~2n—2 I + 2n 1
o4 Yy _ 2
By = Z — % (X5® ) — %B,,
n T p r+2n+t2 n
with B, 2s above for 0 € n € m~— 3 ond Bm—a = 0, ¢
The/

*Perms underlined in formulne for 4J/d8 may be omitted, since, y
being continuous, they concel in the calculation of ¢gt,



The values of I, (x; X, 1), etc. are now found from the
above formulae by putting X, = 1; these values are required only
in Cases II and IV, in which oases5 the ordinate vanishing at the

trailing edge, we shall have yg(1) = o, With ya(1) = o we
find that
i) = () 20, ~Zm (T (i) 08,
Ia(x3X,1 = x) log, —~—{ L 2n+1)b X 0g
2\Xy iy Ya e ]X—Xll neo 2n+1 e X;éﬂc%?
m~2 pn 2m—2n~2 x + 2n + 2 3
+ L X z braonse (17 %)
n=0 =1 T
( ) (ID:"‘I ) 2 m1, 1—X1 m
32(X1,1) = 2( % b 1log - by log. Xy — & T b
’ n=0 ant1 © 1+X,_T]2“ o r=1 r s=r+1 26
m- 1 — Xir_% m
- % ——— % b,
=1 r—3% s=p+r 2 1’
_ L
(x1%2,1) = $a(6) log, —— L (T by 0g, —pe
Jdg x1X;,1 = P8 log % g, T L
i © | 2%y | x%'(1—-x)‘3?“ n=q 2%¥1 e X1‘°*+X%
X % (m—'! ) 2 f 1—X 3
+ 22— Z b log ++ by log, X3
1 n=0 2n+1 e 1+X1-% ‘\ x e
I3
o G CIE) LI
n=0
mrn—2 X, T il mn—2 1-X1r_% m
where B = z z b, ¥ £ z [P
n =1 r s=rintz 2o r=1 1 —4% s=rtntz °° 17
and
a 1=~X { m—1 k
— Ja(x3Xy,1) = v3'(8)log, ————= — 2/ % (rl-f-%)bzn_l_1xII ®
as | 2%, | (n—:o
1 ~ 2% m--1 1+xF
o 2n+1xn+% 1og, 3
2x(1—x) n—o X,,2+x2
1 (m—1 ) 2 by
+—={ Z b log, =———g = —- log Xq
1=x n=0 2FF1TTUCC Ly E 0 oex
=2 n_ ¥a(X1)
+ I B X
n=0 X=Xy
2m—2n—2 1 + 2n ( ‘LI' 1
where £, = % —_—) 1 —X;%7) - 4B
n -p 7 r+ent2 = n?

with the values of B, as in Jp (%3 X;, 1) for o <n {m— 3
and B = 0,

In/



In Cases IT end IV, with y2(1) = 0, +the serofoil will
have i%- sharp trailing edge,. The expression for ye(x) will contain
1 = x% ins a factor; 1% may have 41— x asg a factor, and if so,

m—1
L by will be zero, and the ternme in jo{Xe, 1), Ja(x; X4, 1)
n=0 :

end dJz(xy X,, 1)/40 containing this expression will be zero.

Before we pass on to consider I,, etc, we may also note tnat

if in the expression for ys(x) we have byy = 0, then
o1 1 1 1
nts =z

and the first two terms in I, (x; ¥, Xz), for example, become

2 % N
X - Xg ng + x* f\
ya'(x) {log, — 2 log, —y—%
X = X K 5+ x%
— kN

Xl"?'? + X‘%‘ Xg"% + X< )

= ya2'(x){ log, — - — log, — % T (s

]xe—Xlz IXEB-'.'KZIJ

with corresponding cimplifications in other cases,

We ndw proceed to find I, (xy 0, X.), etc, by substituting

m = M, b = 0, by = 8, for n»i1, X = 0 and replacing
Xz by X, in I (%3 %, ng etc, In this way we find that
i 1
I x—X | -1 1 X, #+x®
Ty(x30,X;) = yi'(x) log, —— — (& (an+1)a T 2)log g
€ % n=9 2n+1 e <5
M2 222 r + 2n + 2
n=¢ =1 I
[V—1 ‘ 1
31(0,X,) = —~y1(1) log, (%) + 2( T &, . )log, (1 + X1*)
n=0
’ s 1‘
M=t X5 M -1 X5 2 N
-~ Z z B,q — L z B s
r=1 T S=r+{ °° r=1 T — % S=r+1 2e—1
L1
’ | %=X, | 2 - M n+d Xy Z+x?
Ja(x30,%1) = ¢2(8) log - (2 a,,x *)log
° x x%( —=x)% n=0 ent ¢ xk
A
! x \2 M1 1
= (202 &, )%g, (1#KaF)=ya(1) log, (1)
=X =0
i 1 M3
“12(1 ""'X)g L Anxn,
n=90
] T
) , Mn—p 2 M. Y- L,TF  H
where = I —_— z a,  + X Z a,_.
& = r S=rint2 28, r=1 T ~ % s=r+nt+2 2817

and/



....16_

and
d ( X) '( ) ! |X—X1§ -1 ( L)a n___%_
— J1(x30,X1) = $1'(8)log - L (nt+s X
de T ° x n=9 21
-%- ~
1 — 2x D bk X R+x
- Loa xR log
2x(1-x) n=0 2t ©  x¥
1 ( M1 1
F———t2( % @, . log (1#X:%)~y1(1)log (1—Hs)
2( 1=x) n=0
M2 n y1(X.)
N A X b ———
n=0 X - Xl
2M—2n—2
whgere o, = % x *en a X 3T . EW)
=1 " r+an+2 °F ““n?
with A, as sbove for o< n <M —3 and 4, , = o,
The values of Iy (x; o, 1), etc. are now found by putiing
X3 = 1 in the immediately preceding formulaej these vnlues are
required in Case I only, in which crse, the ordinate venishing .ot the
trailing edge, we have yi(1) = o, With y.(1) = o we find that
) 1
1—x M1 i 1 + %<
I.(x50,1) = ya'(x) log, — 5 '(2n+1)a2n+1x 2‘)“‘loge 1
X n=9 X&
M2 n 2M2n—2 r + 2n + 2
+ ¥ X z e ’
n=0 =1 T TYent2
( ) (M—-! ) M=t 1 M M= M
J1(oy1) = 2( % = log, 2 — & - © a _— I 2 o,
n=g 201 @ r=¢ 1 s=r+1 °° r=q p—k s=pby 251
kS
1~x 2 R i 1+x=
T, (xt0,1) = (9, (8) log -~ (2 a_, ¥ log
a{ e 4 _x‘%( 1—-3:)"13 =0 2n+1 e x%' ..
2
X \* M : A M3
+2{—) (2 a )1og,2~x2'(1-‘x)é“ 5 A _x°
1—x =0 2n+1 € n=s B !
o . n—2 1 M Mn—2 4 M
where = ry = b a,. + L. X a
n =1 I g=rin+2 2B Ir=1 I'—'%- gaxr+n+2 2617
and

‘ : a/as /



d 1=x M1 i
— J,(x30,1) = wl'(e) log ———— T (n+%)a2n+1x E
ae X n=o
iz ] %
1 — 2x M1 1 1+x=
n+k:
-———— % a X 2 log
2% ( ‘I—'X) n=0 2n+ e &
1 (M~1 2 n
+——(Z & ) log. 2 + ¥ « ¥
+ ’
1~x n=¢ o071 e n=0
2M—2n~2 r°+ 2n
where “n. = )} T Siamas r-gAn

I'=1 r

and A_  has the same values os in Jy (%3 0, 1) for o< n < m— 3,
with E c. .

In Cose T, with y,(1) = o0, the aerofo1l will have &
.sharp troniling edge,  If the expression for y.(x) contnins
M1
1 —x as a Inctor, 2 a2n+, will be zero, and thercfore so will

n=0
the terms contfining this expression in 3, (0, 1), J.(%; 0, 1) «nd
ads (x3 0, 1)/de.

If agp = ¢ in the expression for y,.(x), then
=1 ] m—1 1
nhs 5 paats
ya{x) = T a X, vo'(x) = % 3$ (2n+ 1)a xT F
n=p 401 =0 an+1
and the first two terms in I. (%; ¢, X;), for exomple, become
N EN
{— !X —Xt, X:_E + x= ]
ya'(x) § log, ~————— =2 log, a 1
x bl {
J
i 1
= yi' (%) {log, |x —Xi| ~ 2 2 log (X:% + x¥)},

with corresponding saimplifications in other cases,

(21) Tumming next to Iz (x3 Xz, 1), etc.,, we sce from Lemma
21) thct

A

To(x;X2, 1) = 2vD cinh™' [D(1 —-XB)/C]%
’ (1==)[ 142D( 1=K )/C ]+ 1~Xat2y5( Xz ) 7a (x)/C
(X)lobo
|x — Xg|
js(Xa,1) = = 2vD sann ' [D(1 — XB,/G]%
2= +aD( 1Ky )/ CHays (Xa) (C+D) E/C

+ (0+D)FLog,
Xo

I3/



A A
1—x\* Z 2~Xa+2D(1~Xg)/C + 2y5(X5)(C+D)%/0
Js(xyXa,1) = — \—] (C+D)% log, "

X -3

(1=x) [ 1+2D( 1=K, ) /0 I+ 1=Ko+2ys (X2 )ys (%)/C
= = %l

+ ¢3(9)1039
and
(o) amaeD( 1K, ) /Orays (Xa) (D) B/0

1o
2x © p.0

a
— J3(x3Xz,1) =
ae

(1“%)[1+ED(1*X3L/C]+1"x3+3y5(Xz)ys(xl/c
FEEX

+'¢5’(9)1089

Ys(xz)

X"'Xg

Pinelly, from TLemme (46) it follows that

BX, /A )+X 3+ 2y, ( Xy A
I,(%;0,X;) = -2w/Bsin_1(BXl/A)%‘_y4,(x)logex(1"2 /8) 2ya (X Jm (2

EEETR
— 4 ¥ for x < A/B
= —pvBain (BL/A)* +
¥al¥a) for x = A/B
A
) — %, — BJC:LX""'AX:. <
=~ —2vBsin ' (BX/h)*+2y.'(x)tan —_——
Ax—BXax for = » &/B
" A — 2Bx
where y,'(x) = for x < 4/D
2y4(x)
T 2Bx —~ A
= ~~— for x >4/,
2y4 (x)

and from Temmas (17), (18) end (19) 1t £ollows that

1
- 1 1 14X =2BX, /A+2ya (X, ) (A~B)E /A
1a(0,%1) = 2vBein ™" (BRy/A)F+(4~B)*1og, —— =

1 - Xl
for A 2 B
1
— 1 1 _, [ BX—AX, \®
= 2vBsin 1(BX:L/A Yo—=2 (B4 )*ten 1(:—%}}—5) for A <3
—~ Ba,

Js/



<x 3 s 14X, —2BX, /A+2y., (X, ) (A=B)Z/a
) (4~B)*log,

Ju(xy0,Xy) = [—
1—-x 1 — X

— $4(6) 10k, x( 172BX1/‘°’_)+X1+ZY4(X1 Yya(x)/A
|x - Xil
for A ¢ B, x< A/B,

(x ¥ (Bxl-—A'xl)%‘
- —2 —-——)(H)%tan- Z
1"'1 A - BX];_

x(1=2BXy /B ) +X t2y, (Xy )74 (x)/A

'X—Xl

for 4 < B, x € 4/B,
1

x \? v BXAx
2 o [ (BA)F tant| ——

g BEa A%y
+ 29,(8)tan” | ——————) for A < B, x ¥ A/B,
.AX"'BX;_X
and
3 1
d (A—B) 14Xy —2BX, /A+2y4 (X, ) (A-B)=/A
— Je(x30,%,) = log,
e 2(1=x) 1 =X
x(1=2BX, /A )+X +2y. (X )ya(x)/8  yao(Xy)
~ e *(8) log, +
'X - -X].I X - X1

for A > B, %< A/B,
(30)% <BX1—-AX1>%
= - pan™d | ——=

1-—X A"""BX:_

x( 12BX, /A VX vy (X )ya(x)/A N va(Xs)

— P,1(8) 1089
lx — X | x = X,

for A< B, x<A/B

_ (p-p)% o __1<BX1-1&X1>%+ B ya(%)
1 =X A - BX, vao(Xs) x2-X%

for A< B, x = A/B

L
2 = tan | me——— 2‘¢4'(8)‘t3n
1 =-x 4 — BX, Ax~BX,x
Fa(Xs)

for A < B, x> 4/B.
x =X ) The/




The formulae for the I, 3, J &and dJ/d8 required
for the five general caseg previously listed have now all been set
out, These five general cascs include practically all aerofoils for
whose ordinztes formulae have been proposed, but the mathematical
results alresdy obtained enable us to write down, if we wish, formulae
for the I, etc. relative to other cases, There is no abeo lute need,
Tor example, in proposing formulae for the ordinates, to reesirict the
nunber of segments of the chord to two or three, In Case III for
example, instead of writing

¥y = ya(x) ' X, € x € X%,
y = ys(x) X, < x< 1,
we may write
y = y;‘_;(X) Xy € X< Xg,
2mM, 5
y = yelx) = n§0 e X I, < z < X5,
y = YG(K) X3 ‘g X < 1.

Then in the expression for g4 in Case IIT, we change Iy (x; Xa, 1)
into TIs(x} X5, 1) and add — Is (x; X, Xsi/n, wheré the formula

for Is (x; X3, Xs) is obbtained from that for I, (xy X, X2) by
chenging m into m;, bn into c¢n, X; into X; and X; into

Xzy end similar remarks apply to the expessions for Gy, & and gt,
There is, in fact, no theoretical difficulty in increasing the number
of segments in each of which the ardinate is represcnted by a
different algebraical expression, but the labour of computing definite
numerical results increases with the number of segments, :

Another change that may easily be made is the use %i 8 poly—
nomial in (1 — x)¥ instesd of the polynomial ya(x) in x¥ in
Cases II, III, IV and V, For simplicity let ws suppose that yz; 1is
replaced by

2m
velx) = & bn(1—x)n/2,
n=0"

the symbols m and by being kept unchonged from those used in
ya(%). _ Then we must reploce Iy (x5 Xyp Xz), Ja (¥, Xa),

Jo {x3 %1, Xz} by, say, Ie (x3 X, ijs Jo (Xay Xa)y Je (x5 X1, Xo)
respectively, and it follows irom Lemma (20), Appendix, bthat

Ie (Xi X1y Xs) = Iz (41— Z3} t — X, 1 %a)
Jo (le Xz) = Ja {1 =~ Xay, 1 — Xq)
Jg (X; Xl! Xg) = —'Jg (1—3? 1'_X2, 1—X1)

and  ddg (xy Xy, X2)/38 is obtained from 43, (x3 X, X2)/d6 by
chonging x into 1 —x, X; into 1 — X5, X into 1 — X,
ond leaving the sign unchenged,

In the same way we may suppose the troiling edge rounded
off by an elliptic or o carcular arc instead of a hyperbolic arc,
i.e.y, ys(x) reploced by

A
yo(x) = {B(1 —=z) —P(1 — x)?}%,

Then/



Then "Iy (X3} Xay 1), Ja(Xzy 1), J3 (x3 Xg, 1) must be replaced by
Ip (x3 Xzy 1), Js ¢ 2 1§, Jn (%3 X, 1?, where from Lemma (20)
it follows that we obtain Iy (X5 Xss 15, Jv (Xag 1), Jv (X} Xay 1)
and A, (x5 Xz, 1)/d8 from I, (x3 0, X1)y 3e (0, %),

Js (x3/ 9, X,) and a7, (x3 o, X,)/38, respectively, by replacing

A and B by E and F, x by 1—x and X; by 1-—1X5, and
changing the sign in the case of J, 1leaving it unchanged for the

* other quantities,

The formmlae of this section therefore cover a very wide
variety of cases, It is exactly on account of this very considerable
generality that the formulae probably appear quite repulsively
complicated to many who are not mathematiciane by nature or training,
and definite, limited faormulae for a number of speclal aerofoils have
therefore been set out in the next sectiomn,

Before we leave the formulae of this section, however, a
word or two ghould be said about the occurrence of infinities,

Clearly infinities will not occur except possibly at
Ol 1’ Xl! XQ!

Since y eand y' must be supposed continuous at X,
ond Xz in all coses, there are no infinities in g, e or e!' at
these points; moreover in the dJ/ﬁe the terms underlined cancel
and mey therofore be omitted,

At x = 0 and x = 1 the J vmish in all cases,
i,e,., ¢ = 8 at the lsading and trnailing edges, as it should since
it 18 an odd periocdic function of 6,

Cn the other hand we find that the approximnte methods of
this note mnke g and e' logarithmically infinite when x -0
u%;ess the coefficient of x in the expansion of y in powers of
X% near the nose vanishes, If this coefficient is aj, then
g > like (ag/m) log, x ond e! o like (aa/zngloge X,
Similarly if the coeffidéient of 1 —~ x in the expansion of y in
powers of (1 — x)¥ nenr the tail is ay!', then when x -1,

2o like (ag'/n) log, (1 —x) ond e' o like

?agﬁ/zn) logg (1 = x).#

10, Specinl Examples,

Por the ordinates of symmetrical aerofoils the following
formulae have been proposed,

The N.A.C.A, have published two types of formulaej one,
of which the N.A,C.A,0012 is an example, is of the form®

y = alx% + 0oX + Q4X® 4+ 0,%% + agxt (0 € x< 1)}

and ihe other, of which the N,A,C,A,0012-63 is an exemple, is of the
form

1
y = 83X° + 0X + 8,%% + 8g%° (0 € x € X3)
= bO +b2X+b4x2+bexa (X]_ € x< 1)0
I have fitted o formule of the latter type to the N.A.C.A, 16 series

R, C, Pankhurst hes fitted formulae,hitherto unpublished, to
the Olark Y series, The formula for the thickness distribution
is of the form v/

Bl mle ey deve e — sl R R ey d e e e Wt My AP PRAP BN Sy Gk S WY EES S AN e =

xThese logarithmic infinities arise from discontinuities in

', for example if &, # o,'$’ changes abru?tly at the leading
edg; from -—gaz; on the lower surface to +52, on the upper
surface,

I Now R, & M. 2130



vy o= alx% + a3x% 2 + agx® /B + g.,x7 /2 (o0« x< X,)
= bo + begx + bg,xz + b5x3 (Xl € x < 1).

Formulee used in this country for "laminor-flow" aerofoils have been
of the form

b
vy = (Ax — Bx?)" (0 € x < X,)
= bo + ng + bq'Xz + baxs + bsxé (X—_j_ £ x4 1)
(sometimes with bs = 9), br, if the trailing edge has been

rounded off in such o way as to leave the curvature everywhere con—
tinuous,

'y t
vy = (Ax — Bx®)* (0 € x € %)
= by + bgx *+ b.;,xa + bs}{a + bax{"" (Xl € x< XQ)
i
= [0(1 —=x) + D(1 — x)?]7 (Za € x < 1),

In addition Lock and Preston® have proposed o formula
y = kx%(1 —x)(1 + )b —»bx)%

as an approximation to Prof. Piercy's first series of ocerofoils, and
Duncan*® has proposed the genernl formulo -

y = 21— 1)£(x)
where f(x) is a‘polynomial in x,

All these exomples except the last two ore covered explicitly
by the genernl formulee of §9, For the formulae of Lock ond Preston
the necessory integrations con be carried out and the results expressed
in terms of simple functions by using methods similar to those used
in Lemmn (16), Appendix; wuntil the formulne &re required in practice
it is not consadered necessary to set them out, especinlly as the
snewers moy 2180 be obinined as approximations to results obtained by
gimple conformal transformntions. In the coase of Duncon's aerpfoils
the leading edge radius is finite only when n = %, and Duncan's
formula is then & specinl example of Case I of §g, (The necessary
integrals may be expressed in terms of simple functions for certein
other special volues of n, but not for o general value,)

In the crses of the N,A,C.A, nerofnils ond the Clark Y ~
series, the formulae as sct out lecve a finmite thickness at the
treiling edge, In wonufacture the trniling edge may be rounded off
or "rndiused"; strictly spealting this rounding of £ should be token
into account in the daoleculations, perticularly of & and e!'y  but
it is surely sufficiently ceccurcte simply tn omit, without considering
tho details of the rounding off, all terms contnining as a factor the
or@incte at the trailing edge; this procedure will be adopted,

We shall now set out numerical formulae for certain specinl
aerofoils in order to exhibit the nnture of such formuls. With
the approximations of the methnds used in this note,-g, ¥, &, e}
are 2ll proportional to the thickncss; the numbers in the following
exemples cre nll for nerofoils 12 per cent thick,

Actual numerical computctions of g, or of & and !
cre much facilitnted by using the specially prepered results
tebuleted in Teble 1,

L4
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Example 1, N, A.C.A.0012.

The egquation to the aerofoil is
y = O°17814x%¥0'07560x-— 0°21096x%% + 0+17058%® — 0+06090x*
80

y'*\: 0,08907x7%'—-0°07560 — 0%42192% + 0°51174%% — 0,24360%3
This serofoil is a specinl example of Case I of the preceding section,

and

1 ) 1 1
gg = —— I, (xp 0y 1)y G == J1 (o, 1), e =——J; (x3 0, 1)
T T i
where
1
) =X 4 1+x= 3 4
Ti(x50,1) = y'(x) leg, —— — - log, —5 + 284 + — 84 + — 2
. o x~ Xz 2 3

+ (384 + 28g5)x + 42g%%

with &y = 0°17814, &, = =-0,21096, 8 = 0°17058,
8g = —0*06090, .

(
The formulae for jy (o, 1), J, (x3 0, 1), and
ad, (x3 o0, 1)/80 may be similarly written out in full, and numerical
values inserted, In this way we find that

vy (x) N 1—%X  0°17814 1+x%
g = - 0g + 5 log H—ET + 0°0787021 — 0°1241218%
S ) ¢ x TXZ © x

+ 0%0775403%%,

Co = 0709985,
i
. $(6) 1—X  e°35628 1+x% x \Z
£ = - log + log, =—g— — 00786081 [~—
T © x ﬁ(1-ﬂ)% © x7F mx
1 X '
+ x®(1—x)=(0°0252197 — 0°0193851x%),
$1(6) 1—X 0-17814x% 1+x% 0°039%040
e! == log, + log, —1— — + 070445483
m x  w(1=x) x# 1—x

— 0°0892095x% + 0°0581552%%,

where, as always,

(6) = 2y y(x)

v sin &  x%(1 — x)¥

P(8) = 7m) — ol yx) o pi(x) - e ).
sin? 6 2x(1 — x) :



Example 2, N.A.C A.16—012.

The ordinates of this serofoil appear to be well fitted
by the formulae

1
¥y = yi(x) = 0°11876%% — 0°02871X — 0°00492%x% — 0°067128%"

(0 € x € 0°5)

= y3(x) = 0°06 — 0°1476(x — 0°5)2 — o=1752(x ---0-5)7(0.5 < x< %.
= 0,0450 + 0°0162x + 0°1152%% — 0*1752%° /
Hence
yut(x) = 0-05938%X F — 0402871 — 0°00984% — 0°201384%?
ya'{x) = 040162 + 0°2304%x — 0°5256%2,

This aerofoil is a spe cial example of Case II of the preceding section,
80

1
g = —— {Iy (X3 0, Xy) + Iy (XS X1y 1)}9
i
;
Co = = {31 (0, o)+ Ja (o, 1)},
3
1
e = == {Jy (x5 0, Xa) + Tz (x3 X1y N},
i

with the following numerical values:

M = 3, @ = 0°11876, @&z = &as = @, &z = =—0°02871,
ag = —0*00492, a4 = ~—0°067128,
m = 3, byupey = O Dbo = 0°0450, bz = 0°0162,
by, = o0©*1152, bg = =—0°1752,
X, = or5,

When we write out the general formulee in full, 2s in
Example 1, and insert numerical values (see Table 1 for
-1

1 1
~ log, X1, — log, (1 + X, ®) ete.), we find that
T

it
vt (x) |x=~0+5]  0-11876 xE+007071068
gy = ———— log + — log -
5 T © X TX= @ Xz
¥at(x) 1 —x
— —— logG + 0*0356485 + 0°1157031x,
T |z—0+5]
Co = 0°09893,



14(8) |x—0°5] 0-23752 x%+0* 7071068
£ = = log, r T logg T
T p'4 (1= )= w2
1 £
b, (6) 1 —~ X z \* 1—x \°
- 1oge - — 0°0444054 {—— | + 0+0099286 |~
R | z—0°5] 1—% X

2, 1
—0°03856772%(1 — x)¥

3 1
Pa ' (6) [x=0°5| 0-11876x%% X¥40+7071068
et = — log, + log, -
T X ‘i'C(‘i - X) X X<
P, 1(0) 1 — % 090222027 0°0049643
— - log, - -
m | x—~0<5] 1 — X x

+ 0,0103323 + C*0771354X,

where %4(6), $1'(0) are connected with yi(=), y.'(x), and
v2(8), $2'(8) with yq(x), 2'(x) in the samec way as P(8),
P#(0) were comnccted with y(x{, y'(z) in the preceding example,

Example 3, Clark ¥ Fairume, 42 per cent thick,

For ¢ 12 per cont thick fairing of s Clark Y aerofoil the
formulae suggested by Ponkhurst become

1 ]
v = v.(xY = x%(0°1621728 — 0*1348548% — 0-2947560%% + 0°5z52112x")

0 £ X € 03311

= yo{x) = 00379188 + 0+1426932%x — 0°2583216%? + 0°0868380x°
0.3317 € X € 1,
Thus
v (x) = i-%(0'0810364 - 0*2022822x — 0°73689500x% + 1°8382392%%)
val(x) = 0°9426932 — 0+5166432% + 0°2606940x3,

This symmetrical acrofoil is snother apccanl exmmple of Cnse II of
the preccding section, with the additional simplification that in
ya(x) we have a,, = 0, 80

3 3 1
n+i n—7
o o= oyalx), T o(n+dey,x t o= yat(x),
n=0 e
: (1)
noo 20t

The numericcl volues t0 be inserted in the formulace of
Cage IT are

1/



......26-—.

M = 4, 8,, = 0, &3 = 071621728, 05 = —0+1348548,
as © =—0*2947560, Qg = D*5252112,

m o= 3, by, = 0, b = 040379188, by = 0°1426932,
by = =—0*2583216, bg = 00868980,

Ly = 0°33.7, Xlé' = 045759340, y. (1) = 0°2577732,

from which vnlues we f£ind thnt

ya'(x) 2 ,
gg = —~— {log, |x — 0*3317| — 2 log, (z¥ + 0°5759340)]
"
L Y2t (x) 1= %
- log, + 0+1621868+0°1402039%—0"6739922%7
n . |==~0+35317
Co = wv°0G656
$2(9) i
e = - {log, |¥—0°3317] — 2 log, (¥*+0°5759340)]}
$2(0) 1 - x [ x\* 1%
— log, —~ 0*1077105 | ——| + 040133195 | ——
T | z—0°3317 \i~% \ X
S 4
+ x%(1 — x)%{0-12427358 + 0-1925692x},
P:'(6) 1
gl = — {log, |x—0+3317] — 2 log, (¥®w0'5759340)}
T
ba'(8) 1—x 0°0538553  0°0066597
T | x~0°3317] 1—x X

+ 01245241 + 0°1681931X — 0°48142304%,

Example 4, EQI Y1260,

For this cerofoarl

_:|=.
= yo(x) = (p*0122—0*010x%)* 0 x¢& 0°6

ed
!

i

ya(x)

]

l

0»06~o-085(x—0-6)2—1-4252%(Xrﬂ-6)3+1'787152§(x—o-6)4}
84569475~2°G834%X+6°342416X35°712x5+1°7871527%%

0*6 € X € 0*9760155

ti

3.
ys(x) = {0°000873882(1—=x)+0°079607407(1—x)?}*

079760155 € X < 1.

Thus
0*006 — 0*01x%

Ye’(x) = (x)
v yo'(x)/



yo' (%) = =— 249834 + 12°68483% — 17+143%2 + 7°14861%°
0°0004%6941 + 0+079607107(1 — x)

3'() = - .
Yo R o (2)

This cerofoil is n sppcial exoample of Czse V of the preceding section,
with A/B > 1, so that x < A/B for oll =z,

4 The numericrl vrlueg reguired ~re
X; = 06, X, = 0+9760155, A = 0+*012, B = 0+010, A — 2BX; = 0,

—_ L e
28in” (BX,/A)% = 4n, (A—B)7 = 07044721, ya{Xs) = 0-06, 2y4(X:)/A = 10,

n = 4” b2n+-] = O’ bO = 0“5694T5’ b2 = -2-9834, b4 = 6.342416“’
bg = — 5°T14, bg = 1°7871527
C = ©0+000873882, D = 0°079607107, D = 0°2821473,
' L
D(1-X3) — D(1=X,)] %
——— = 2+1848907, &inh ———— = 1*1825745,
C C
i
2vD sinh — = 0'6673204, y:,(Xz) = 0'0085703195
C
2ys (Xs) A
———— = 18°698907, ys(0) = (C+D)? = 0°2836917.
C .

With these mumerical values the fommulae of Case V become, with

f = 0°0239845 + 5°3697814(1 — %) + 18°698907ys(x)
and X, = 0°3760155 a& above,
vo'(x) 10y.70°6  ya'(x) x~Xg ¥s ' (%) f
L8y = T log, - log, - log,
g | x—~0+61 5t X—0'6 T | %Xz |
~ 0*6051406 + 1+3776452% — 0*8556133%"
Cob = 0°10277,
va(0) ) 10y.+0¢6 o (0) x~X, bs (0) f
e = — log - log. - 0g
T ® Jx—o-6!, R ° |x—0-6 T © 2, |
a kY
X\ 1~m\2
— C*0147752 |—— + 0304934 | ——]
\ =% x /
2 5 -
—~ x*(1=x}%(0*3014979 — 0*2139033%),
pat(8)  toyators  yXe) s | 9s'(8) t
gt = log — - 1080 - 1038
i €| z~0-6| T X—0¢6 T | %X |

0°0073876 0°1522067
- 7357 - ’ — 0%2379744+0°9691966X—0"6417100%2,

| - x x Exenple/




— 00 =
Example 5. EQH 1250,

Tor this aerofoil

1
¥ = yux) = ovq2{x=2)" 0§ x<€ 0°5
= ya(%) = 0°06=0°12(x~075)%=0+535(x—0°5)3+0°609(x~0"5)* ]
= 0°1349395-0"58575%+1 596x°~1°*753x%+¢*609x"
0°5 € Xx £ 0°9653726
1
= y5{(x) = {0°0006260362(1—x)+0°044389956(1—x)3}*?
0¢9653726 ¢ ® € 1.
This sercfoil is amother special example of Case V of the
preceding section, bub we now have A = B = 0°0144, In
consequence
Y« = 0-06 sin 6, Y, = 0°12, it = o,
and
) 1 — 2%
yat(x) = o006 — T = 0°12 cot 8,
(1 — %)%
Also
ya'(x) = — 0-58575 +-3%192x — 5°259x%® + 2°436%%,
0°0003130981 + 0°044389956(1 — x)
ys'(x) = - .
vs (%) ‘

Qther numerica} values required zre

X, = 0*5y X5 = 079653726, 2 sinfﬂ(BXg/h)é ,
Y.‘!\XL) = 0°06, Byx(Xi)/A = 8°%4

m =4, b4y =0, Do = 0°1349375, bp = —0°58575, by = 1°596,

bg = ~1°753, bg = 0°609,

C = 0°0006260362, D = 0°044389956, VD = 0°2106892,
' ) ¥
D{ 1—Xs) : —y [P(=x )7
—————— = 2°4553036, sinh = |-————] = 1{+231330%,
C . C

D 1-x,3]F
ovD sinh ] [ (1)

== 0°51885639
|

vs(Xz) = 0°0086547156, 2y5(Xz)/C = 27°649250, ys(0) = (C+D)

15/

¢

L
o= 04212167



1T we now write

f = 0°0346274 + 5°9106072(1 — x) + 277649250y, (x)
and X, = 09653726 as above, we Tind that for this aerofoil
¥a'(x) 8*3ya+0'5  yo'(x) X,
gy = ——— log, - log,
T fx~0-5| T X—0°5
yat{x) t
= = log, ———— —0°2074402+0°5146391x~0°3608512%"?,
n Ix_Xn
Co = 0°10039,
0*12 Be3y,+0°5 $2(9) b o
£ = ———— 1oge - loge
o |x~0°5 | " X—0*5
‘ i
4s(8) ¢ x \2 1\
- logy, ——— — 0-0013092 | —] + 0°1973894 |——
s fx—Xz| 1~ X

N L
— x%(1 — x)2(0°1033661 — 0°0902128x),

021(6) X—Xga s 1(89) i 0* 0005046
g! = —Wloge - 0g, —
T X—0°*5 T | =Xz | 1 —x
6+0586947
- — 0*0577508+0°3661666%—0*2706384%%2,
X
where 8.3y4(x) = 0+5 8in 8,

Bxample 6, FQH 1240,

For this =zerofoil

¥y = ya(z) = (0‘0183—0'0225xa)% 0 x<€ 0°4
= y2(x) = 0706—0°1875(x—0"4)2+0-02083(x—0*4)3+0°03240(x—0"4)*
= 0'02949632+0°151704&—0'18139233—0°o31c1x3+0'03240x4}
0*4 £ X € 0°9640731
= Ya(x) = {0'000536980(1~x)+0°027022625(1~m)2}%

0.9640731 € X € 1.
This aeroforl is a third special ezample of Case Y of the
preceding section, but in this example A4/B = 0°8, and we have
gomewhat different formulae according as x S:O.B' (The limiting
valucs as x - 0+8 are the same for the two &octs of formulae. )

. The form above defines ya(x) only for 0 < x < 0°8,
For 0°8< x< 1 we define yi(x) by

A
ve(x) = (o0-0225%x® — 0+018%)"=,

Then/



Pl -

Then
0%009 — 0-0225%
v'(x) = 0€.x < 08
¥a(x)
0*0225% — 0°009
= 08 < x € 1,
¥a(x)
ya'(x) = 04151704 — 0+362784% — 0°09303%® + 0°12960%3

04000268490 + 0+027022625(1 — %)

ya'(x) = = ,

ya(x)
X, = 04, Xz = 0°96407351, A = 0°018, B = 0+0225, 2 sin H(TX./A)® - i,

(B-4)% = 0-06708204, A — 2BX, = 0, ys(Xs) = 0°06, 2ys(X;)/A = 628,

m = 4, b2n+1 = 0, g = 0°02949632, by = 0151704, b, = —0°181392,

bg = —0°03101, bg = 0°03240, }
C = 0000536980, D = o0-°027022625, vD = 041643856,

. +
D(1—X3) —y [P(1X2)1"
—_— = 1,8079615, sinh —————l = 1*1053569,
¢ ¢ |
A,

—_ D( 1'—X2) = )

2vD sinh W |———— = 0°3634095,
C

3
¥s(Xz) = 0°0073601, 2y5(X5)/C = 27+412939, ys(0) = (C+D}* = 0-1660104.

Hence, with !

£ = 0°0359269 + 4°6159230(1,— x) + 27412939y (%)
and X, = 0°9640731 as above, we find thaet for x < 0°8,
. Uyt (x) L 6+6ystoss  ya'(x) 1. |FE | ys'(x) Jog 4
5T g Se fz~0e4| T G x—0'4, i ® |xXq|
+ 00244118 + 0°0008327x — 0°*0232696X%,
Co = 0°09920,
Y 6 byat0e4  $2(0) x—Xg Pz (9) f
C T 108 {x—0°4]| T 1ok w=0va|  m 108 | x—Xs |
‘ x G 1—x \F
+ 040168853 | —— | + 0°1274775 |\ ——
1% X

+ x5 4-x) [ 0- 0022173 + 0-0058174%],



¢4!(8) 6°éy4+0'4 1])2‘(9) x—=Xa ] 'tl?s!(e) h if
el = ——— log, - log, - 08¢
o |x—0-4] T x~0-4‘ T by
0*0084427 0+*0637388
+ - + 0°0336914 + 0°0021413% — 0°0174523%%,
1 —X X
For x > o0-8,
)
6‘63]'4 + 04
log
® Jx = ov4]
must be replaced by
1
— 0*8\*
— 2 tan 1 ——1,
x
and as x - 0°8 | .
66y, + 0°4
va'(x) log, > —0*15
[x = 04
6°éy4 + 0*4
$2(8) log, >0,
|x = o4l
G.éyé + 0.4. 1
bat(0) log, > —0-15.

X — 0°4]
1. Calculated Results and Comperisons for EQH 1260,

Ag an illustration the computations have been carried eut
by all three approximate methods for EQH 1260, and the results com—
pared with each other and with numerically accurate resulis obtained
from the exact theory, Other results and comparisons will be set
out in later reports,

Tableg 2 contsins some numeriecally sccurate results for
this aerofoil” ; Table 3 shows the computeiion of go, and of
g + 8 for C;. = 0,4, C./sina = 4,41 Table 4 ihe values of
a’U from the formula (31); ~Table 5 the computation ofe 3
Table 6 the compulaition of £ty ond Table 7 the values of q/U from
the formula (32). An attempt to exhibit graphically comparisons of
these three sets of approximete values of ¢/U with the accurate
values has been mede in Figs, 1, 2 and 3, but in some ways the com—
parison lg clearar from the tables, The results eppear wholly
satisfactory. Probably the only noteworthy discrepancy is that
at ¢, = 0 the approximate values #re slightly lower than the
accur&te values round about the bump in the curve near x = 0.7}
1t 1s wteresting to note thot in the same region the values
mezgured by Page and Wolker*: nre lower than the calculated
values, tnd thére is some renson to believe that, nt any rote for
anerofoils of this thickness or less, the regions in which

*Vnlues of q/U ot CL = 0 in Tnble 2 dilffer somewhnt from vnlues
published by Fnge nnd Wnlker*:s this 1lntter set of values was the
result of some preliminary calculationc only.



values coleuloted by the opproximnte method will differ perceptibly
from accurnte values will be included in the regions in which
experimentnl vnlues might be expected to differ perceptibly from
theoreticol values,

12, Summery.

Three formulaoe, of increasing cccuracy end complexity, are
given Tor finding the velocity at the surface of a symmetricol
aerofoil,

Computations required in uam ng ony one of these formulce
may be carried out by any one of three methods: PFourier series,
integration, or the uge of the analytical results of §3,  These
analytical results apply when, with the aerofoil chord divided into
any number of segments, in,each segment the ordinate y is a poly—
nomial of any degree in x% (ancluding, of course, a polynomial in
x) or in (1 — x)¥, where x is the distance in fractions of the
chord from the leading edge; in addition an elliptilc nose may be
Titted up to any distance back from the leading edge, and the treailing
e ge may be rounded off by a circle, ellipse or hyperbola up to any
distance from %he trai%ing edge. The Fourier series should be used
when y 158 x3(1 — x)7 multiplied by 2 polynomial in x, saince
the Fourier secries then terminate; in all other coges (except those
derived by simple conformal transformations, to which the present
theory should not be topplied ot all) it is recommended that formulae
vbe fitted to y of the type used in §9, 1f possible, and use made
of the annlyticol results,

Definrte numericnl formulae cre set out, as examples, for
N,A.C,A.0012, N.A.C,A,16-012, & Clark Y fairing, EQH 1260,
EQH 1250 and EQH 1240, The computatione ere carried out for
EQH 1260 and the results compared with accurate results from the
exnct theory; the agreement is wholly satisfactory.

Appendix,
Lemma 1,
. foce] oQ
sin 6 nzo A cos ne = (4 -%A2) sin 0 + niz %(Anrq *—An+1) sin ne,
Lemmn 2,
o5] [04]
cos 8 nio A cos md = FA, + (4 + HA3) cos 6 + nEz —;\;(An_1 + An+1)cosna
Lemmo 3,
. & o0
sin 6 nE1 B, sin no = 4B, + 4B, cos @ ”’niz %(Bn_{—Bn+1) cos né,
Lemma 4,
cQ

il

[a5]
cos 8 ¥ B, si ; . 1 .
oo Pn n nd 1R, sin @ nE ”(B&—r + BHIT) sin ne.

Lemna/



w0

Lemma 5, If '

£(8) = n£1 (A, cos n8 + B, sin ng)
and 50 "
glo) = % (An sin ne — B cos nd),
=1
then?
1 %
£(o) = — [ {elo +t) — g6 — t)} cot $tas
2%
1 T ]
= ~— P [ g(t) cot H(t — 0)at,
2T -t
and
1 x
g(8) = —— [ {£(6 + t) —£(6 —t)} cot Htdt
on ©
1 7 .
= P._Tl; £f(t) cot &(t — 0)dt,

where P denotes that the principal values of the integral is to
be token,

Lemma 6, If in Lemma (5) f(8) is even and g(e) is ocdd, so
that By, = 0 and

fee] 4]
() = = A cos ne, g(g) = & A, sin ne,
n=1t n=1
then . '
1 7 1 7
£f(8) =— P2 [ g(t)eot 3(t-0)at = — P [ g(~t)cot(—ht—30)at
2% R . 2T ~m
@
= =P [ g(t) cot (t + 9)dt
27 R
1 T
= ~-P [ g(t){cot #(t — 8) + cot 3(t + 9)}at
4T —m
1 n g(t) sin t
m == P at
27 -7 C0B 8§ — ¢cos t
1 1 g{t) sin t .
= —P [ - at.
T o ¢08 B — cos t
Similorly
sin @ T £(t)
g{s) = - P { dt.
T co8 8§ — cos t

Lemma/



Lemms 7,
B2 at 1 sin (8 — 9;)
£ bf cos 8 — cos t ) sin @ 1oge sin (8 + 98;)
T at
P J = @,

co8 6 — cos t

(See Reference 1, pp. 92, 93).

Lemma 8, For cny q, ond a,
m-1 ) mn m m ( ) m
I X LI & q. %X I r a,—(1—x L a
n=9 r=y BT r=1 b S=r © - r=1 rir
3
= —zx{(1—x) Anxn,
n=0
=2 m ( )
where A = z z a 0o« nEm=-3),
n r="1 tr s=rint? 8
end if A = o,
1
A, —4A, = 121 8pni gy (1 < n<m~—2),
m
Lemmo 9. If £(2) = % angn,
n=9
then
£(&)~f(x) m1 o T . =1 p T n
= L X Lo 8pppeqs = X6 L By X s
& — X n=¢ =0 =0 n=0
whence
xs £(&)ax X g m=t , mn Xaltxy T
/] ——— = 1(x) log, L oxT Doa.
Xy & — X X~X4q n=0 =1 r
ond
x; £(&)acE =X n Xi—x,T m
—_—— == f(1) loge - L m—— Q-
X, 1 -2¢ 1—x4 =1 r 8=r
Also
xz £(&)ag X3 m Xy =Xy T
——=aologe-——+ i a, —
Xl é X4 =1 r

Hence/



Hence
X2 f(z)ag xgy 1 x
) E ] =P b — —— b 2(2)ac
Y A A
X=Xz X 5 X
= £(x) log, — xf£(1) log, — (1—x)a; log, —
X=Xq 1—X1 X3
+ m-2—1 . m;n a XpT—x, ¥ m z %Y m
= = T+ ———me—— = X F mme———= 2
n=0 =1 r =1 T g=r S
m Xgr—Xl
— (1—=x) = a,
=1 T
| XXz 1-x5 X3
= £(x) log, — x(1) log, — (1~x)a, log, —
X=X3 1—X1 X1
-3 n
—-x(1—x) = A X,
n=0
(by Lemma (8)), where
rn—2 xp* — X:Lr m
Ay = I L ag (0 € n < m=~-3),
r=1 T s=r+n+2
ond if Am-—z = 0 ‘then
11 ot — xy T
ne1 " A0 F L Brinsg (1 <ngm— 2},
=1 T
Lemma 10,
dg 1 N 1
e = -7 {10ge (& ~x) — 2 log, (&® + x®)}
g2(& — x) x3
80
Py
Xz ag 1 } X=Xa Xa® + x
PJ - = —-% loge - loge 3 = Iy
Xz &F(E — ) xz | *x xF o+ xh
and
Xaq é—gdé XBS 1 X
J = PJ =gt az
X1 &= x X (o gH(ew)
3,5
PR T | X—Xo Xo 24X
= 2(xy%—x,%)+x" log, — 2 log, — )%
' =304 xl’é“-l-x"aj

Lernma/



Lemma 11,
1
If F(&) = I Dbt
=0
RE) & .
& g m =1 —t—1 1
then = bx'+ 5 % L b .&F 7 (by Lemme (9)),
£ E—x n=0 =0 r=0
g0
z, F(&)AE XX, X" +x” |
J? = PEx){ log ~ 2 log, ~—7T—%
Xn £ —-X X—Xq xl%ﬂé‘f
— 1
* m21 x' mgn brin Xar-a_‘xlxhé: (by Lemma (10))
n=0 r=1 A ¥ !
r B
and
1
Xa F(’g)dé X 'H'XB% m Xar-ﬁ-"xlr—% o
/ = = F(1) { log, — 2 log, 7|~ I - Z by
Xy 1€ 1% 1+x, 2 =1 r -3 g=r
1
xo D(£)aE  n x5 T -, T
f ——= T b, \
X4 b1 =0 r—%
Hence -
xa F(g)ag X—Xg Xz%"'x% )
x(1—=x) P f = F(x) { log ~ 2 log, =5
x, &(1=g)(&—x) X—X3 X, 2HX j
- 2 1+X32-
— xP(1) {log, — 2 log, <
1=, 1+x4 2
— 2(1=x)bo (x, * — x %)
1 1 1 Loy .
L le‘-g_xlr—‘g ? Xar‘-‘g‘-xlzbd IZ::I b
+ Z x° ¥ b -x 278 _
n=o r=1 rm L — %. =1 r — '?3" s=r -
A
n 2, TF - xir—%
- (1—%) T b, —
r=1 T — %
1A
5 T~Xp Xp %=
= F(x) ¢log, — 2 log, =15
l .o ] X1?+X2

L
1—3(3 1+X321 —.
-~ xP(1) log, ~ 2 log, - = 2(1—x)b0(x1_%—x2 2)
1—X4 1+.X121
=3 n
—x(1—x) ¥ Bx (by Lemno (8)),
n=90

where/



where
-2 xgr'% - xlr-% m
B, = z > by {0 n<mn-3)
n =1 r—% s=rin+2
and if Bm—e = 0 then
mrn—1 2 TF _ g T8
B — B = z b 2 1
T—1 n T+n+1 (1< n<€m=—2),
r=1 r -
2
Lemma 12,
2M
It elz) = 3 .oEY?,
, — -
then by Lemmas (9) and (11),
—t 1
xp g(g)ag , —X g 4 n—t xa%'kx_z-
P/ = =/(x) log, ~2( 2 ¢, X *) log, =47
Xs & —X . ) ~Xq n=0 c ' X, E+xE
L 1
M1 !/ oli-2n x52F = x, 77 )
+ I X I «c
n::o\ r=1 LFen $r /
and
z. g(&)ag ) XXz
x(1—=x) P f ~~ = g(x) log,
Xy &) (&) XXq
]
( M n—'i"a") X32+X
-2{ % ¢, _.X log, —
n=90 en—1 © x1%+x%
! [
( M ) 1 + SCQ% ( S 1 = X
+ x{2 I c, _.) log ~———r — g(1) log_ -
{ n=0 °% © 4+ x,7 €1 =-x
M
-1 i Xz 3
- (1~x) 20_1(;:1 By %)tco log, — —x(1—x) % Cnxn,
X4 n=0
where
1
M—n—2 xgr—-—xlr M M—n—2 X z—xlr—% I%:/I
0, = Z Z C,a T z Cnr
B pey r  s=pintz 2% p=y r—% =p+nt2 20
(e ¢ n ¢ M~ 3)
and, if CM—Z = o0, then
ir 4r
2M—2n—2 X2 — Xy . )
Cpmy = Cp = z Coponta T (1< ng« 2).
r=1 L

Also/



Also
xp 8(&)as Xz 1 1
= glZ) {~+ —14a&
xy &(1=E) %, & 1
kN
()1 =X ( M ) 1+x° Xa
== gl1 g +2(ZF ¢, . )log + ¢ log, —
® 4=, n=o %1 © iy, B ¢ x,
1 -1
+ 20_1(X1-§ - xa 2)
1
M1 xT=x, T M N1 xgr'?—xlr'%‘ M
- I z Che ™ & z c .
r=1 r 82141 28 r=1 r— S=141 281
21 n/
- 2
{Note that if g(&) = n:f, °2%” ", we have the same.formulae
with ¢, = 04}
Lemma 13,
2M
If g(x) = I ¢ xp/z
I

(s in Temma

M
Z

g(x) n=0

c

(12)}), then

xn—-1

an—1

Hi

*

C_q Xy

xl'%' + x‘%

=

(e~ t) T o, 2

X=X n=0

xl% M1 1 M

x(x—x,)

g(xs) _

+

| =+

g C2n+1

X_Xl n=0

—t
C_ ¥z <

X
X~=¥4 nN=0

X

Con

M~—1 22 11—

#r

X=X 1

S D
n=0

by

c Xy
=0 r+a2n+2

bid

(by the use of the first formula of Lemma (9)),

Temmo 14,

If
g0 that
and if dJd
where

x = (1 —cos8) = sin® 49,
d d
— = 2 —nF—,
as dx
3 X d
_ x%(1 —-x)% p J 2 g(&)ag ’
x; &(1 — g — x)
21
g(z) = 5 oY?
n=—1 '

as/



L =39~

as in Lemmas (12) and (13), then if we use the result of Temma (12),
differentinte straightforwardly, eand use Lemma (13) end the value

of Cp—~1 — Cp from Lemma (12), we find after some rearrengement that

aJ 1 — 2 X—Xa
— = ({g'(x) - g(x) ) log,
de 2x(1—x) X=X,
M‘ 3.2 1 — 2X M XQ%—'!'X%
—2¢{ % (n—-;%-)czn_,lxn_ 7% e — % can__1xn_%— log, 1%
n=0 2x(1~x) n=0 ©Y %, PR
' L
1 ( g ) 1+x5% (1) 1—Xg
+o——y2(Z c, _.)log — g{1) log
2(1=x) | n=0 VTP qux.% © 4z,
1 Co Xg -1 1 M—2
+ =4~ log, — % 20_1(37.1 2%, 2)y + I ynxn
X[ 2 X n=0
e(zz)  a&(xy)
+ - ’
}{.b'Xa Z—'Xl
where
2V—2n—2 r+on N L
Yn 7 2 T Cypyonto (2™, ) — %"cn (0 < n<m—2)
r=1 T
and Cp has the value given in Lerma {(12), with Corp = O
Lemma 15,
1
BE
Let T =
A - BZ
and, for x < A/B, let
Bx &
X = Y
A — Bx
Phen for x < 4/B,
dt 1 - 7
= 0 tanh -
Bx—(A-Bx)t?® VB(Ax—Bx®)%E X
1 X+t
= log, —
N
2/B(Ax-Bx2)3 o &
1 X247 2+2XT
= log
2VB(AX~—BX2)%? € x2 — g2
1 oy
’ A(x+E)—2Bxz+2 (Ax~-Bx?)F(AZ-BE?)?
= ]Og .
ovB(Ax—Bx?)? ° * Alx = &)

Samilarly/



Similarly
ae\E
drt 1 — BEx—AZ
= — tan ————1) for x> A/B
Bx —(A-Bx)t?®  vB(Bx*—4x)® Ax—BIx
1 BE \°
o | — for x = A/B,
Bx \A — BZ
Lemma 16,
i
Let £(g) = (4F — BE?)” "0 £-&€ A/B
L
= (B&? — AE)® £ ¥ A/B,
and let =x; be < A/B., Then |
x, £1(g)ag X; A -— 2B g
R
0 -y o a(az-BEA)E & —x
Ta [ 2 A — 2Bx
=—+vBP [ + ar,
6 1+1?  Bx{A-Bx)z®
A TR A
where ¢ = — (i.,e,, & = -— gin® 4t where =t =
B 1 + 12
Ex
Bé 2 Bx]_ %—
T = ; Ty o= [ ———] .
A = BE L — Bx,
Since
T4 2471 - . - A
! = 2 tan gy = 2 sin | (Bx./A)%,
6 1 4+ TB
it now follows from Lemma {15) that

¥

x, £1(&)ag — 1 x(A—2Bx, ) +Ax,+2£(x, (2
—————— = — 2vB sin  (Bx,/A)*—£'(x) log, —
é: - X B Al\x - Xll
for x < A/B,
— L Bxl
= — 2vB sin ' (Bx,/4)% + for x = A/B
£(xy)
B A\ &
. L — K XKy
= ~2vB sin | (Bxy/h)F+raf!(x) tan || —————
AX"‘BX_'LX
for x > A/B,
A — 2Bx
where ' (x) = ——— for x < 4/B
2T (x)
2Bx —~ A
= — for x > A/B.
2f(x)

tan +t),

Lemma/



Lemma 17,
- i 2 xy  F(E)ag
Tet § = x*(1+—=x)*.? [ ,
° (1) (&%)
where f(Z) hee the ssme values as in Lemme (16) and x4 < A/B.
Then

N

1 X /1 % 1=y
J = —g———07T f + - )f(é)dé-
x{1—x)= © e S .
By methods similar to those used in Temm2 (16) we find that
e ’ . - x
x, £(&)ac x, (Lg~Be?)
———— = P f ¢
© &-x © Z-z
1
1 — /BX:L\E }1(1\1—2}3}{1)+AX1+2f(X1)f(X)
= f(x,) + — (h—2Bx)sin k—-—-) —f(x)log,e
VB Lo L{x — x|

for x € A/B,

X =
1 —_ (BK;_ % ____I(Bxlx"‘ﬂxl \g
fxy) + — (4—23Bx)szn '\~ +2f({x)tan

VB \1 \z~Bx, x }

Il

¥ -

for x » 4/B.

Similarly
Kl \.:1-.
x, f(g)de 4—2B _JBxi =
—— o —f(x,) — sin \ —— )
0 1 - g '\/B \\A !J
] A ‘
1 A 3+x, )—2Bxy+2f(x, ) (L—=B)*
+(4—B)* log, (L > B)
L1 — %) .
7 2 *
1\1""23 L= /Bxl - , X — le"'.f'l:’.'l\ " .
L = =f(xy) ~ —— sin \) e(E) Y ten —-———-——J (A € B),
/ '\/Ij S, ' A Bxi/
Ny
/andf
- kX
Xq f( (;)dg iy —1 /BX;}_ <
—~——— = (%) + — gin ' |—— .
0 g "\/:B __'\ J.h‘a &
Hence for 4L » D, x < A/L,
2 L
/x B " A 1+xq )—2Bxy 2T (x, ) (4=B) 7
J = N (J:.\"":B)a lOge
1—% A1~ xmg)
T(x) x(A—2DBx, Y+ax, ol (x, ) £(x), -~
- e l0g
i \ ]
X_}( 1—3{.)2 e 0 ! X - Xll

and/



Table 1,

209 l ! {
?]"" X = s:'l_n?-gze x2 x3 i xl+ %2 ! x'i’" = sjn?- x3/ 2 x5/ 2 x7/ 2 i x9/ 2
L - ——— 2 |
o 0 0 0 o 0 o 0 0 0 ] o} 20
1 | 0.00515583 | 0,00003789 | 0.00C00023 | 0.C0O00C00 |0.00000000 | 0.07845910 | 0,C00L8298 |0.00000297 | 0.00000002 | 0.00000000 | 19
2 | 0s0254717L | 0,00052887 | 0,000011655| 0,0000C036 | 0.00CO0001 | 0.156434465| 0.00382822 |0.00009368 | 0.0000022% |0,00000006 | 18
3 | 0.0544967L | 0,00296989 | 0.00016185 | 0.00000882 |0, 00000048 | 0,23344536 | 0.01272201 |0.00069331 ! 0,00003778 |0,00000206 | 17
i | 0.09549150 | 0,00911863 | 0,00087075 | 0,00008315 |0, 0000079% | 0.30901699 {0.0295G550 |0.G028178L | 0.00026908 0,000025695} 16
5 | Oa146L4L661 | 0.02144661 | 0,00314078 | 0.00045595 |0,00006736 | 0.38268343 | 0.05604265 | 0.00820726 | 0,0012019% | 0,000176027 ¢ 15
6 | 0.20610737 | 0604248025 | 0,00875549 | 0.00180457 |0.0003715L ;1 0.45399050 | 0.09357079 |0:01928563 | 0,00%97491 | 0,00081926 | 1L
7 1 0-27300475 | 0,07453159 | 0.02034748 | 0,00555496 |0.C0L51653 1 0.52249856 | 0,1L2641,59 |0.03894265 |0.C1063153 |0,00290246 | 13
8 10,34549150 1 0,11956438 | 0.04123938 | 0,014247855{0,00492251 ; 0.58778525  0,20307481 |0,07016062 |0.02,23990 {0,00837468 | 12
9 0042178277 017790070 | 0, 07503545 0o03164866 0.01334886 | 0,6L944805 | 0.273925995,: 0.11553725 | 0.CL673163 |0,02055416 | 1l
10 [ 0,50000000 | 0, 25000000 | 0.12500000 |0.0625000C }0,03125000 |0.70710678 | 0.35355339 | 0,17677670 10.08338835 |0,04439,17 | 10
11 [ 0.57821723 | 0.33432517 | 0.19331336 |0.111780005| 0, 064633125 0. 76040597 | 0.43967983 |0.25,23046 | 0.12700043 {0,08,99818 | 9
12 |0.65450850 | 0,42838137 | 0.28037925 | 0.18351060 {0,12010925 | 0.80901699 | 0.52950850 |0,34656781 | C,22683158 0.148163195, 8
13 | 0.72699525 | 052852202 | 0.384,23305 | 0.27933560 |0.20307566 | 0,85264016 | 0.61986535 |0.45063916 | C.32761253 Ce2381727551 7
U | 0.79389263 | 0.63026550 | 0,500353135| 0. 39723460 |0,31536162 | 0.8910C652 | 0.70736351 |0.56157067 | 0.4L582682 10.35393862 1 6
15 |0.85355339 | 0.72855339 | 0.62185922"| 0,53075004 10.45305764 | 0.92387953 | 0.78858051 |0.67300557 | 0.57452300 |0.59038606 i 5
16 | 0.90450850 { 0,81813562 | 0. 74001062 | 0.66934590 {0,60542905 10,95105652 | 0.86023870 | 0,77809321 | 0, 70579192 |0.636538578 | A
17 | 0.94550326 | 0,89397642 | 0,84525762 | 0,7991938) ,0.75564C38 10,97256992 | 0.91937893 | 0,86927578 | 0.821503085) 0,77712205 | 3
18 | 0.97552826 | 0,95165538 | 0.92836672 | 0.90564797 10.88348518 |0,9876883, | 0.96351789 |0, 239938925] 0,916935698 |0.8944079L | 2
19 | 0.993847 | 0.987726235| 0. 58164596 | 0,97560312 !0.96a597a7 0.99691733 ou99018048 | 0. 58466140 | O. 9,861987 0. 97259566 %
20 1 - 1 1 1 1 1
1o 2 | awd | e | @ | Gt | @¥R| @Y @T? ) a2 209
! , 3

—_ 2 -



Psble 1 (Contd.)

208

: -
1 x\?Z l1-2 1. 2x 2cosg
~— | % ° = cosec} xL x'%(lf-X)'% ——) = tanpg -y - = cot § X (1=)E = Ssing | £3/2 (1) -
w = 2cosecHi \1-x 237 (1-%)= 2x(1-x) sin0
0 o= oo o0 O ©Q 0 0 o0 20
1 | 12,745L948 152.42,7638g(12. 7845064 | 0.0787017 €,3137515 0.0782172 0. 000,815 80.720722 19
2 6.3924532 40.8634582] 6.4721360{ 0.1583844 3,0776835 0.1545085 0.0037811 19.919186 13
3 | 4.2836576 18.3497222} },)053785] 0.24L0C788 1.9626105 0,2269952 0.0123705 8, 64,60L2 17
L | 3.2360680 10.4721360] 3.4026032 0,32,9197 1.3763819 0.2938926 0.02806,2 4.683282 16
5 2,6131259 6,828,271 2,828,271 0.5112136 1. 0000000 0.353553L 0.0517767 2.8281,27 15
6 2,2026893 4.8518400] 2.4721360] 0.5095254 0. 7265425 0. 4.04.5C85 0.0833722 1.796112 14
7 1.9138809 3.6629399! 2.2446525| 0,6128008 0,5095254. 0.141,55033 0.1216245 1.143708 13
8 1.7013016 2.8944272] 2.10292L1 | 0.7265425 0.321,9197 0, 4755283 0.1642910 0.683282 12
9 1.5397690 2.3708887 2,0249303| 0.85L0807 0,158384L 0,48384,2 0.2082950 0.320717 17
10 Lo 442136 2, 0000000 2 1 0 0.5 0.25 0 10
11 1. 3150870 1.7294538] 2.0243303| 1.1708496 -0.15838L4, 0.4938L.2 0.2855492 -0, 320717 9
12 1,2360680 1,5278640} 2,102924L) 1.3763819 -0.3202197 0.4755283 0.3112373 -0.£83282 8
13 1.1728277 1.3755248] 2.2446525( 1.6318517 =0, 5095254 0.2455033 0.3238788 ~1.143708 Y
1 1,1223262 1,2596162% 2.5721360] 1.9626105 ~0,7265425 0.L04,5085 0.3211363 -1.796112 6
15 1,0823922 1,1715729 2.8281,271 1 2.4142136 -1,0000000 0.353553L. 0.3017767 -2.828427 5
16 1.0514622 1,1055728| 3.4026032| 3.0776835 -1.3763819 0.2938926 0, 265828, -1, 683282 L
17 1,0284152 1.05763781 L.4053785| 4.1652998 =1.9626105 0.2269952 0.21L6247 -8.646042 %
18 1,0124651 1.0250856¢ 6.4721360) 6.3137515 -3,0776835 0. 1545085 0.150727L ~-19,919186 2
19 1,0030922 1.0061940{ 12, 78,9064 | 12.7062Q47 ~£.3137515 0,0782172 0.0777357 ~80,720722 1
20 1 1 - oQ 0 1 -y 0 Q - 00 C
L. 1-x 1-2% 1 1- 2% 2co®
L(l—-x)"'% (l-x)"l :xf'r12" (l-x)":lﬁ' (—-—) = cotiB| - e 2w COR x%(l-x)ﬁz%sjne 1:12'(1--::{)3 /2 = - i?f
= ae0 g7 x 2x5(1-x)F 2x(1-x)  sin% {r
Table 1/

—Lir—



Table 1 (Contd.)

208 s 5 1 1 . 1 1 1-x

sing = 2x2(1-x)Z sin®% = Lbx(l-x) | = cottg | - log, =2 - loge X ~ logg wm—

T l-x 27 T T T %
0 0 0 O ¢ - 00 ~ O +00 20
1| 0.0789451 0, 1564345 0. 0244717 2.0222552 | ~0,8101553 -1,6203106 | 1.6182,51 19
21 0,1603587 0. 3090170 0.095L915 . 1, 0048647 | ~0.5905025 -1,1810049 | 1.1731184 | 18
3 | 0, 269006 0. 45329905 0. 2061074, 0.6629280 | ~0.L630795 -0,9261590 | 0,9083215 17
L | 0.3416408 0.5877853 0. 3454915 0.4898285 | «0,3738101 =0, 7476202 | 0.7156735 16
5| 0u4483415 0.7071068 0.5 0.3842340 | ~0.3057516 | ~0.6115033 | 0,5610598 | 15
6| 0.5718538 0. 8090170 0.6545085 0.3123592 | ~0,2513626 =0, 3727252 | 0.4292570 | 14
7 0.7187097 0, 8910065 0.7938926 0.2597173 | -0, 2066255 -~0.4132509 | 0,3117624. 13
8| 0,8980560 0.9510564 C. 9045085 0.2190580 | -0,1691478 ~0.3382957 | 0.2033735 12
9 1,123190k 0.9876883 0.9755283 0.1863155 | -0,1373929 =0.2747857 | 0.1004137 11
10| 1.4342136 1 1 0.1591548 | ~0.1103178 =0, 2206356 0 10
11| 1.8028379 0, 9876883 0.9755283 0.1359312 | -0.0871860 =0.17L3720 | =0.1004137 9
12| 2.3416408 0, 9510565 0. 9045085 0.1156328 | -0, 0674611 ~0.1349222 | «0.2035735 8
13| 3.1231697 0,8910065 0.7938926 0.C975303 | ~0. 0507412 -0,1014885 | ~0.311762L. | 7
it 5.3230211 0, 8090170 0. 6545085 0,0810935 | =0, 0367341, «0, OTELEE2 | =0.1292570 6
15| 6,3086401 0, 7071068 0.5 0.0553211 | =0.0252017 | -0.050L035 | -0.5610993 5
16| 9.9595931 0.5877853 0. 3454915 0,0517126 | ~0.015973L | ~0.0319L67 | ~0.7156735 4
17| 17.8427179 0. 14539905 0.206107i, 0.0382097 | -0, 0089187 ~0,0178375 | -0.9083215 3
181 LO,3603612 0. 3090170 0.0954915 0.0252077 | =0.003%L32 -0,0078865 | ~1,173138L 1 2
19]161,9468670 0.1564345 0,024,717 C. 0125258 | ~0.0009827 -0.0019655 | -1.6183L51 1
20 0, 0 0 0 0 0 - 00 0
(1-x)Z . . 1 1 s 11 1 x | 209
sind = 2x%(1-x)Z | sin?s = 4x(l~x) | = tonde | - Lloge{1=x)2 | = Yoge(l=x)] -~ logg =— | ——-

X 27 - s 7 s I-x{ ¢

Toble 1/



Table 1 (Contd.)

1

~Lloge( Le)

I

o

D O~ VWA £ o i

=
O

11

o) = (=
BLELREELR

0

0. 240430
0. Q62636
0, 0667850
0. 0857133
0,1031407
0, 1191472
0.13%38025
0,1471675
0.1592952
0, 1702321
0, 1800184,
0,1886839
0,1962736
0,2027981
0.20828,1
0.2127491
0.2162075
0.2186701
0, 2201446
0,2206356

EIl.oge [14- (1-x )%]

A

1

T

~logy

0.8341963
0.6367661
0.5298645
0.459523L
0.4088923
0. 3705098
C. 340,260
0. 3163153
0.2966881
0, 2805499
0, 267204
0,2561500
0, 24,770178
0.2395322
0.2334858
0.2287225
0.,2251262
0,2226133
0,2211273
0, 2206356,
1+(1-x)2

(1 - x)%

1 )x0.5] |1 4 1 x5+0,70710678 1
~Logg |x=0.5] [-Loge=———= | ~loge(x2+0.70710678) ~log, . ~log, [x-0.6|
b ™ X T T xZ 1A
-C. 2206356 co ~0.1103178 00 -0.1626008 20
~,2215788 | 1.3957318 ~0, 0768214, 0.7333309 ~0,1658835 19
-0.2366090 | 0.9443959 =", OL67004. 0.5438021 ~0,1758557 18
-0.2573697 | 0.6€87893 ~0.0105786 0.44,35709 ~0,1929106 17
-0,2880967 | 0.4555235 0.005091L . 0.3789015 -0,2177783 16
-0.3309534 | 0,2805499 0. 0273699 0.3331215 -0, 2516693 15
-0,389733L. | 0,1129418 0. Q475045 0.2989071 -0, 2965619 1.
~0,4719982 |-0.0587473 0.0657926 0.2724181 -0, 3558098 13
-0.59%4,57 {-0.2561500 0.0822529 0. 2514077 -0.4355819 iz
-0,8111380 [«0.5353523 0, 0970680 0,234,609 =0. 5490056 11
e - o0 0.1103178 0, 2206356 -0.7329356 10
-0, 8111380 |~ 6367660 0.1220938 042092798 ~1.2150561 a
-0.584057 [=-0.4595235 0,132 £68 0.1599279 -0, 926090, 8
-0,4719982 1-0,3705097 0.1414963 0.1922405 -0.6568560 7
~0,389703). |=0,3163152 | 0.1492313 0.185965) -~0,5221717 &
-C.330953). |=0,2805499 0.155712L 0.1809141 ~0.4367788 5
-0.2880967 |-0.2561500 0. 1609727 0.1769461 -0.3734883 L
-0.2573697 |=0. 2395322 0.1650380 0.1739557 -0, 338288 3
~0.236609C {=0,2237225 0.1679282 0.,171871L -0.31175%96 2
=0.2245768 |~0,2226133 0, 1696568 G. 1706395 -0, 2966012 1
=0,2206356 1-0,2206356 0,1702321 0.17o§321 -0.251664), 0
1 1 |==0.5] {1 1 1 (1-x)7+0.70710678 | 1 208
~logg |x~0.50 -loge -loge [(l-x)2+0.707106?8] ~logg - —-—{ =log, f~0.4] | werm
i T L= A b4 (1=x)Z T T

Table 2/
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Table 3 (Contd.)

EQH 1260.  Approximatc Theory., Computation of g and of g + gL,
- = jw]

C
7
200 1+gs+g for C.=0C.4, =L
. ¥,H () y2' (x) | 73'(x) (5) (6) (7) @) |1+ PR iy
" Upper Surfacc | Lower Surface
— — e - -
11 '0.5782 0.0C363 +0. 00153( -0, 28217 1.27599 0.92L€3 0.77520 =0, 09462 | 1.1273 1.1774 1.0773
12 10,6545 —0,000912 -0.02C63|-0.28218 0,983L7 0.56489 0,78028 ~0.06992 | 1.1529 1.1903 1.1355
13 10,7270] =0.02166 =0, C75L8[ ~C, 28220 0.71127 0.214.3L 0. 78784 ~0.05581 | 1.1673 1.1924 1.1422
1 |0,7939] =0.03415 «0,24095 1«0, 28221, 0,57155 ~0,01993 C. 79977 ~0,05070 | 1.1527 1.1653 - 1,1401
15 | 048536 | =0.04663 -0,2C062| -0.286233 0.4,7954 -0,23166 0. 32031 -0,05261 | 1,1102 1.1093 1.1110
16 |0,9045| =0,05890 -0.25538{-0.28256 0.41370 «0. 46120 0. 86004 =0, 05906 | 1.04665 1.0298 1.0635
17 {0.9455| —~0.07CL3 =0, 27317 =0.23334. 0. 36587 ~0,77250 0. 96460 -0, 06747 | 0.96905 0.9309 1.0072
18 1049755 =0.08025 -0, 237001 =0,28701 0.33269 «2,11591 2, 05568 =0, 07546 | 0,8806 0.8068 0. 9543 g
19 10,9938 -0,08701 ~0,29217{-0.3199L 0.31293 ~0.98522 0.58273 -0,08109 | 0.7903 - 0.62325 0.9573 1
i -0, 014751 : =
20 1 ~0a 08941, -0,29329 -Emm-s?——+.. 0. 30635 -0, 82571 7.336048(1-x)%4.. -0,08311| 0.7352 -0 00 !
1-x)Z2 =0
\ .
= 0
1 10y, (%) + C.6 1 x - 0,9760155
Colum (5) = =~ log, . Colum (6) = - log, .
‘ T iX d 0.6' k14 X - 0.6
1 0,0239845 + 5,369781(1~x) + 18.6989C7 y3(x)
Colum (7) = - logg : . )
T lx - 0.9760155]
Colum (8) = = 0.6051406 + 1.3776462% = 0.8556133x%,

Table &/
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Table by

DeH 1260, ¢/U caloulated from the formula
2
(1 + 3Cy ) Jsingf ( | )
T e - (1l + gg +
. (2 4 §in20)% B
(1 + 465°) [sin8 ] (s g oS 10,2) /1 oosd
2 g mmam e (1 4 ga) X mem— momg [ b —— ],
(42 + sinf0)2 TR v sin?e)? \em o
200 U for Gy = 0, 3 =rC” ing = L.,
. C]/U for CL =0 q/ —...1.3... by ° I/SJ: bl
T Upper Surface Lower Surface
0 0 1,4185 () 1,385
% g.gggg 1.7124 . 0.1012 Cp = 0.10277,
QL5 1, 5060 0,585 16 2 = 1.00528,
3 1.0788 1.3901 , 0.7675 1+ 200% = 1.005
L 1,091 1.3220 0.86083 Theoretical voaluc of
5 1, 0976 ' 1.2773 0.9179 Cr/sin = 2neS0 = 6,9633.
6 1,1015 1.2456 009574 '
7 1,104 1,2219 0,9870 ¢ =, for 2084
3 1,1072 1.2035 1,0109 = 0,1,2,44,11.
9 1,1105 1.1893 1,0318
10 1,1155 1.1790 1,0519 = Yo for 200/5
12 1,128 1,178 1.0749 = 12,13,..,18.
12 1, 14905 1.1863 1.1118
13 | 1,1619 1.1869 1.1369 = {3 for 200/n
U | 1.1460 1.1586 1,133k = 19,20
15 1.1028 1.10195 1,037
16 1.0392 1.0225 1,0559 (See Table 54)
17 0, 9616 0.9237 0, 9995
18 | 0.8721 0,79905 0,952
19 Oe 7731 0.6097 0.93645
20 | 0 (=) 0.9266 0,9266

Toble 5/
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T&ble él
EQH 1260, Corputation of € on Approximate Theory.

200 ( ) i
— | £

- Y, B ¥3 b

0.569,75 0.283692 | 0.30413 K
0 O, 10951{-5 sramgat gy FOQ | srmempemeet, o WG romegmeent g ¢ 2 0Q 0
Xz xZ w2

1 0. 10960 7. 0LA9Y. 3,60477 3,84330 0. 0001

2 0.20977 3.2372, 1,79140 1.873875 0, 0002

3 0.11007 1,87148 1,18230 1,19863 0. 0003

L 0. 11050 1.14869 0.87361 0, 84948 0, 0005

5 0.11110 0,71125 0,68k53 0.63328 .0, 0007

5 0,11189 0.43805 0, 55756 0.48579 0. 0010

8 0.11426 0,18000 0. 39159 0.30003 0,0023

9 0.11601 0.13612 0,33347 0,239465 0. 003
10 0.11332 0,1215, 0,28523 0,192365 . 0052
11 0.12142 0.12145 0424409 0,15488 0, 0083
12 0,12565 0.12520 0. 20822 0,1240% 0. 0L
13 0.13163 0.12615 0.1763k 0.09739 0, 02505
L 0.14037 0,121 0, 14754 0.07204 0.0375
15 0415361 0.10973 0,12117 0, 04838 0, Q82
16 0.17591 0,093215 0.09680 0. 02169 0, 0541
17 0,21610 0.073725 0. 07425 «0, 01099 0,053k
18 0, 302863 0,05378; 0, 053785 =0, 05942 Q, OlL5
19 0. 57870 0, 036838 0, 0370y ~0,17073 0, 0266

0,0h721 . 0,CC12 0,014775
20 """"'“"'";""“ vy =00 -“-a—v:ri.. « = 0O (Y 02956 - ----—-_-‘-—-"!' oo ==L 0
(1=x)z = (L-x)Z (1-x)Z

el

x\? 1ex\ 2 '
Columm (4) = =0,0147752 (—-»-) + 0,304,130 (——-) w2 (1) (0. 3015979=0,2133035% )«
. Jex

x
l 10y)+(X) + O¢6
Values of = log, ===ir—me—m——m, etc,, as in Table 3,

T !x - 0.6‘

Table 6/



Table 6,

EQH 1260, Corputation of £ ' on Approximate Theory.
208 '
————— N U ]
o YL Y2 P3' (&) et
-0.284738 ~-0,218L6 =0, 152207
0 0 ——— = 1,206962+,, = = e ¢ 0000540+, = ~00 — e D,2k53624,, = w0 | 0,000C
X X x
1 0. 00072 ~47.41123 -23,04175 -21»965085 C. 00055
2 0, 00145 -12,64634 -5.79552 ~6.44191 0. 0007
3 0. 00231 =5 01186 -2,60202 -2,93783 0, 0009
4 0.003%25 ~3.50325 =1.48458 -1.75337 10,0012
5 0. 00437 -2,18221 -0, 96768 ~1,15779 0. 001
6 0. 00574 ~1.35289 -0,68725 -0,81326 0,0026
7 0,00746 =0, 7911, -0,51852 ~0,53889 0.0038-
8 0. 00971 ~0,43083 =0.20939 ~0.43156 0.0058
g 0,01273 -0, 16813 ~0, 33490 =0,31699 0.0090
10 0,01690 =0, 03324 =0,28216 ~0,23299 0, 0146
11 0,02286 +0, 02076 =-0,24351 -0,17286 0.0259
12 0,03170 +0, (2005 ~0,21453 ~0. 13246 0,054L8
13 0.00L541 -C, 01121 -0,19235 ~0, 108956 0.0773
S 0a 06704 =0, 0529% ~0, 17505 ~0,13055 0,0772
15 0,10718 ~0, 09089 -0,16116 ~0,12700 0. 0555
16 0.18322 -0,11703 ~0,11933 ~0,13197 0.,018%
17 Ca 35369 ~0,12847 ~0.13762 -0,13181 ~0.0289
18 0.05137 -0,12147 -~0,12147 _ =0,35109 =0, 0850
19 3,56677 =0, 01,983 ~0, 08605 -1.25183 =0 1445
0. 022361 0, 0006 ~0,C07388
20 - 0,0670824.0 = 00 |mmeme = 0147204 ee = oo 0 e = 0, 062695+.. = -v0|-0,1838
et 1= 1-x
0.0073876  0.1522067 ,
Colum (4) = = - - 0.257974) + 0.9691966% ~ 0.6417100x"
l-x X -
1 lOyl’_(x) + 0.6
Values of = loge , etc., as in Table 3.

T

Table 7/
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Table Z »

EQH 1260, a/U calculated from the forrula
: °C°(1+ ') . cI? Cr, CLe'"co
U = e | [ Lesaes 1830 (B + € ) & == 003(04E) + mwmmm
(¢2+sin29)2 832 E " 2n
s}
with €, ¢' from Tables 5, 6. 300 = 1,1082),
206 . @/U for C, = Ouly "8, = C:/gind =
e 1 g/U for Cf, 20 o = G/ bl
T , Upper Surface Lower Surface.
0 0 1,5009 (~) -1.5009
1 0, 9085 1.7595 0, 0500
2 1,056 1.5279 0. 5547
3 1,0707 1.4030 0. 7456
L 1,0913 1.3297 0, 84308
5 1,0975 1,2817 0.9043
6 1,101 1,2476 0, 9461
7 1,145 1.2221 0.9778
3 1,1076 1,2023 1,0037
9 1,1111 1,1868 1,0263
10 1.1166 1,1756 1,040,
1l 1. 12695 1,1708 1.0738
12 1,153k 1.1829 1.1
13 1.1667 1,1806 1.1431
1 177 1,449 1, A1
15 1,0989 1,0782 11,1105
16 1,0299 0.9899 1.0615
17 C, %93 0,8353 1.005L
18 0,8612 0, 7601 0.9553
19 0. 7672 00,5712 0.9568
20 0 (=) 1.0242 1,0242

]
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Accurate.

- 5

Ci+k Coz)/s'n 9/

X q’,u = (v,.z-i- 5’?5 B)i rd ,
Ce (jre' - e ith approx. valuze of € and e,
O 419 = g aneaR I (91, with oppr

('+ge)

10

095

0-9

085

0.2

o3

04 05 xfc 06

g /U for EQH 1260 sk C; =0
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-8 . l l T ' j

l. '———""—ACCUI"abG
i TTme===lrgg + q_
u

16 X gfus= —‘L"‘L'T‘:';sz,i::; d Cirgs+qy) ]
Cro 1 - o .
\ © gfUue ¢-2+’;ifa2)9)§’( ) Sin(6+e)+ c'; cos (6+e)+&§" ]w:bh Qp=Cy/Nex,

and wibh approximate valuge of e and e'.

o8

06

qlU_For EQH 1260, Upper Surfece, ok € =04 with C; /sino = 44,
04 [ 1 | | |

o oy 02 03 0.4 05 xfc 06 0.7 o8 09
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‘SA

~———Accurete.

—===—iligg+qgl

x and @ ps iNn Fia.2 with 8 negative on the lower surface,
Gs even ond g odd, € odd and &'even.

o2

Surface, ab € =04, with C_ /enoc=4 4.

g/U for EGH 1260, Lower
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