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observed cumilative frequency distributions of gust loads on aircraft.

It has been shown that the function 15 useful for fatiing to

The present paper makes availoble tables of this function and desecribes
briefly the methods by which they were computed and prepared.

The function and i1ts logarithm are tabulated for the values:-
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INTRODUCTION

In a previous paper1 an expression 1s derived for use in describing fre-
gquency distributions of gust loads observed on aircraft for both uniform and
variable conditions,

It 1s found that the simple conditions leading to a Rayleigh dastrabution
are seldom satisfied in practice, and the paper describes an extension of the
simple theory which leads to an expression which satisfactorily fits the majority
of cobserved gust dastributions. The function deraived for the cumulative distra-

n
bution 1is S S 4 K /Z. where K 1a the modified Bessel function.
2n~1(n_1), a n \g n

This expression contains two parameters, one, n, determining the shape of
the distribution and the other, a, its scale.

From the fatted distribution certain properties of the varizble such as
the root-mean~square value and characteristic frequency (1.e. the nunber of
"zero crossings" per unit time or distance) are easily deduced. It is often
required to examine how these properties, or the parameters of the distrabution
themselves, vary over a wide range of conditions. This necessitates a good deal
of curve fitting, and it 1s therefore desirable to have tables of the function
readily available. Existing tables are not always adequate or convenaent.

Experaience in faitting the function has shown that for moderate to large
values of n, (greater than say about 5) the shape of the distribution changes
comparatively slowly with n and fatting to an observed dastribution is usually
possible with an integrael value of n. For this purpese calculations can be made

using tables of Kh(x), or i1n some cases of ann(x), prepared by the British

Association for the Jdvencement of Sciencez. For smaller values of n, the tables
for integral n are not always adequate., Fortunately when n is half an odd integer,
Kh(x) reduces to an exponential term multiplaed by a polynomal in x, and existing

tables can be supplemented in this way. However, in all these cases, some further
computation is necessary, and it was therefore considered to be worthwhile to
prepare tables of the required function over the necessary range.

It 1s canvenient for our purpcse to write

k (x) = —_— K (x) (1)

P N n-1)t

This function satisfies the condition kn(o) = 1, as 15 necessary for a

cumulative frequency distraibution, and also satisfies the recurrence relationi-

2

kn(x) = knm1(x) + L n-il n-2 kn-Z(x) * (2)



DESCRIPTION OF THE T.BLES

The tables give the value of kn(x) to five sagnificent faigures and its

logaritlm to the base 10 to five decimal places for n =% (%) 6 (1) 10 and
X =041 (O.‘l) 20.0. The first column of the table gaves the value of x and the
next two colums the value of kn(x) in floating point form. The final colum

gives the mantissa of the logarithm to the base 10 of kn(x). Thus the last two
columns give the complete logarithm, since the exponent of the floating point
nunber 18 also the characteristic of the lcgaritim.

The logarithms will often be found convenient for interpolation purposes
as over much of the tabulated range linear interpolation between them will give
adequate accuracy. The logarithms are also useful when it is required tc fit a
ratio of obzserved frequencies.

METHCD OF COMRUTATION

The tables 'have been computed on a "Mercury" electronic computer. The
methods employed were as follows. For n egual to half an odd integer, the values
of kn(x) for n = 3 and n = 1% werc first computed internally by the machine from

the formulae

{l
[61]

k%(x) x

(1 +x)e™ .

k‘l—;—(x)

The successive values for n = 2%, 3%, 43 and 55 werc then determined from
the recurrence relation (2).

For integral n, values of kn(x) are based on the Bratish issociation
tabulation2 of K1(x) and Kz(x). Values of these functions were punched to

seven significant figures on the input tape, two tapes being punched indepen-
dently and compared to reduce the chance of error. Values of k1(x) and kz(x)

were computed from

k(x) = =K, (x)
2
k,(x) = "? K,(x)

and the rccurrence relation (2) wes then used to determine kn(x) for integral
values of n from 3 to 10, I'or all values of kn(x) the logarithm to the base 10
was elso computed by the machine.
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Finally the teleprinter output was reproduced directly, thus avoiding any

copying errors and saving conslderable time.

author
Bullen, N,I.
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Title, ete
The combination of statistical dastributions of random
loads.
L.R.C. 25,175, March 1363,
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Cambridge University Press.
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0e04781
0e04025
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0e02360
De0I471
0.90537
0.89538
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oe82701
0,81418
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0e78735
©e77337
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Oe74432
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c.71384
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0.66560
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0.63181
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Os 354205
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Oef041I5
ce48479
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3+5396,
3.4218,
2e3081,
21986,
2¢0G32,

1.0918,
TeB944,
I.B8008,
I.7109,
teb6248,

Te5423,
Ied632,
1.38%6,
Te3153s
Ie2462,

I01803,
141173,
1eC572s
140000,

9¢4548,

840357»
8.4418,
79731,
75257,
7a1016,

6e 6900,
62168,
520544,
5-6108’
5e2852,

449768,
46848,
4¢ 4085,
4e X473,
30001,

306666,
3e 4460,
32377
300410,
208555,

26803,
245155,
242600,
2¢2135,
340756,

1690457,
Ie&234,

107084,
16002,
1a4985,

-
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-2
-2

=z

=3
-2
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=2

-2
—3
-2
-2

~z

~2
=3
-2
-3
-3

-~z
-2
s
-2
~-3

log

0e 40476
0.28411
0e26326
©e34216
0e.33082

0s290029%
0027746
De25546

0e23323
oe.21080

0e.I8816
0.16532
CeXyg227
OeIlgO3
0«09 560

c.071g8
0e0 4817
Ce02417
04C0000

0.57565

OeQS5EIZ
0e02644
0.90157
0s87655%
O.85136

oe.82601
oe 800350
0e77484

C«74902
0.72306

0.69695%
0.67069
Caf4429
01778
OergI08

0056426
Ce53731
Cs51023
ces8302
0e45568

0e42822
Oe 40063
0e27202
Ce24509
Cel31713

oe28907%
0e26068
0e23258
0e20417
CeI7565
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ISe0

ky(x)
I+4029,
T«3I31,
1.2287,
Ie¢X495,
1.0751,

1.00513,
9+2930,
27858,
fe2079,
7460680,

Te1621,
6.6382,
Ge2442,
53283,
5'4394:

5«0752,
407344,
4e4156,
4eIX75,
38387,

3.c781,
23346,
3eI071,
3'89463
2.6961,

205107,
23377,
241762,
202506,
r.8850,

I¢7539;,
16316,
I1.5176,
TedIXd,
Te2I23,

12200,
I+I341,
I.0540,
0e7940,
00996,

Bet532,
7¢6515,
Tea29Y 5,

6.7705,
6.2858,

Sef350,
54157,
5e0258,
4. 663 4,
4e3265,
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-3
=3

=3
-3

=3
-3
-3
-3
-3

-3
-3
-3

3
~3

-3

-

-3
-4

-4
~4
-4
~4
-4
-4
-4
~4
-4
~4

log

QeI 4702
0e11828
0.08044
Ce06049
0e0O3TAA

0,00229
0e07303
0e94363
0e0I 4273

0.85504
0.22531
Ce 79548
0.76556
Ce73555

O«70545
0e67526
0e 64499,
0e58418

055366
0e 52305
0e49235
Oe 46158
0e43073

0e39980
0.26879
0e33771

0e30654
Ow27531

0e24400
0e21262
0.1%116
0s14964
0.11804

0008637
0405464
0.02283
089096
0.05902

0e02702
0e89495
0.862802
083062
079326

0476604
073305
Qe 70121
0.66370
0.63614
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x

I5el
I5e2
IS5«2
I5e4

I5¢5

I54 6
ISe?7
1548
I5¢G
1640

16,1
1642
163
16.4
1645

16e6
I6n7
16,8
1€ec
I7:0

T7e1
172
I73
I7e5%

17«6
I7e7
1708

I70
18.0

I8.1
1842
18e3
18-4
1805

18.6
1807
18.8
1809
TG.0

IQelX
IQe2
1943
19«4

IGae 5

1046
IOe7
19.8
IG.0
2040

k()
420134,
37225,
324522,
3+20I,
2.9678,

27512,
24 53501,
203634,
2.1901,
2402973,

1.8800,
Te7415,
1.6130,
I.4938,
13833,

1+.2808,
1.18357,
I.0076,
I.0159,
94019,

8s7002,
8.0500,
74476,
6.8895,
6e2726,

5'8938:
5+4504,
500399,
446598,
443079,

3+0822,
346808,
3’40183
31437,
20049,

246839,
244796,
2.2905,
2e1157,
140541,

18046,
I.6664,
T.5387,
Ied206,
Ie31II4,

I.2106,
Te1174,
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De5172,
8.7822,
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0.60351
0. 57083
0. 53809
0e 50529
047244

0» 43953
0440656
Oe37354
0e34047
020734

De27416
Oe24092
0.20764
OsI7430
O« 14001

0e10747
0.07398
Ce04044
0.00685
0eQ732%

0039353
o.cos58o
o0.l7202
0.23810¢
ce80432

Ce77040
0e73643
Oe70242
0-66837
0a63427

0e60012
056594
Oe53I712
0e49744
0e463172

0e42877
0«39437
035994
032546
0629094

0-25638
0e22178
0.18714
OeI5247
CeIl775

0«03300
0.04820
0e01337
0.97851
e 4360
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Ge3
OCe4
0«5

0.6
Qa7
0.8
O«eG
I+.0

Ie1
Ie+2
1.3
1.4
1.5

I.5

Ie7
I.8

Ie9
2.0

2e1
2¢3
2e3
2+ 4

3.5

2.6
2.7

k51(1)
2
9+9944,
9.9778,
9.3502,
9.9116,
9.861213,

g.8025,
9+7325,
9.6534,
9. 5627,
9.4636,

93557
92393,
9.1148,
8.9827,
8.8435,

8.6977,

845458,
8.3883,

8s2257,
8.0585,

708873v
747136,
75348,
73544,
Te1720,

6.9880,
6.8028,
6.6169,
6.4308,
6.2447,

6.0592,
58744,
5¢6909,
55089,
53286,

52505,
49747
4.8014,
4.6309,
4+4634,

4+2990,
41379,
3.9802,
3.8261,
346756,

3.5388,
33858,
32467,
31114,
2.9800,

-1
-1
-I
-1

-1
-1
-I
-1
-1

=1
-1
-1
-1
=i

-1
-I
-1
=1
-1

-1
=1
=1
4
-1

-1
=1
=1
-X
e §

-1
-I
-1
-1
-1

-1
-1
-1
-I
-1

-1
-1
-1
=1
-I

-1
-1
=I
-1
=1

log

0.99976
099904
0.99783
0.99614
0099398

0499134
0.988232
098464
0.98058
0.97606

0.97108
0.,96564
095975

0.95341
0.94663

9.93941
Ce93175
0e92367
0e9IS5I7
0.906236

0.89693
o0e88720
0.87707
0.86635¢
0.85564

0+84435
o.83269
0s82066
0.80826

0479551

0.78241
ce76897
0e75513
0e74106
0473662

0.71185%
°¢69676
0.68137
0.66567
064967

0.63337
0061678
0459991
0.58276
0.56533

0e54763
Qe 52966
Oej1II44
049296
Ced47422
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k. {x)

>z
3.8536.
3.72390,
3.6094,

204937
2.3818,

242738,
3.1695,
3.0690,
19721,
1.8789,

I.7892,
£+7039,
I.6202,
I.5407,
e 4644,

1.3913,
13313,
Ie2543,
1.1901,
I.1288,

1.0702,
I1.0I42,
9.6077,
9.0980,
8.6121,

8.1490,
7.7080,
7.2881,
6.8887,
6.5088,

641477,
58047,
504789,
51697,
48763,

445981,
43343,
4.0844,
38477,
346237,

3.4116,
jeallo0,
3.0213,
248420,
2.6725,

3.512%,
2.3614,
2.,2187,
2.0842,
I.9573,

-I
=1
-1
-1

-1
g 3
-1
=1
~1

b ¢
i
-I
-1

-1
-1
-1
e 4
-z

=1
-2
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=2
-2
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-2

-2
-3
“2
-2
-2

-3
-2
-2
-2
-2

-3
-2
=23
-2
at”-

“2
-2
-2
-2
=2

log

0+45524
0.43601
0.41654
0.39684
0.37691

0.35675
033636
0.3!576
025494
0.27390

0025266
0e23131
0.20956
0.18771
00!6566

C+14343
0412100
0.07559
0.05261

0.02945%
0.00612
0.98262
0+95895
0s93511

C.9ILLO
0.88694
0.86262
0.83814
0.81350

0e78871
0.76378
0.73869
Ce71346
0.68809

0.66258
0.63693
0.61113
0.58521
0e55915

0653296
Qe 50664
0e48019
0e45363
0e42692

0440010
0+37316
0e34611
031893
0.29164



I0sI
I10.2
I0.3
I10e4
16.§

10.6
I10.7
I0.8
10.9
II.0

IlaI
Il.2
Ile3
IT.4
IIe5

II.6
11.7
I1.8
Il1e9Q
I2.0

I3.1
I2e62
I2+3
I2.4
I245

12,6
I2.7
I2.8
129
I3.0

I3.1
I3e2
I3«3
I3¢4
I3+5

13.6
137
13.8

139
I4.0

I4e¢1
I4¢2
I43
144
1405

1406
147
1408
I4.¢C

k51(1)
2
1.8375,
Ee7347,
1.6184,
1.5183,
1042340,

!‘33531
I.2517,
Ie1731,
1.0991,
1.0296,

9.6431,
G.0292,
8‘45253
79109,
74033,

6.9250,
6.4770,
6.05638,
546626,
5+2930,

429465,
46217,
43175,
40324,
3'7655s

3'5!551
3.2816,
7.0626,

2.8577,
2.6660,

2'4867’
2.3191,
2.1624,
240159,
1.8790,

I.75%2,
1.6317,
I.5201I,
I.4160,
1.3187,

I.2280,
Ie1433,
1.0642,
93051,
9.2176,

8.5765,
7.9787,
724215,
6.9022,
6.4183,

-2
-2
-3
-2
-3

-2
-2
-2
-2
=2

-3
-3
-3
-3
-3

-3
-3
-3
=3

=3
3
-3
-3
=3

-3
-3
-3
=3
=3

=3
-3
-3
=3
-3

-3
-3
-3
-3
-3

-3
-3
-3
-4
~4

-4
-4
-4
-4
-4

log

0.26423
0.23671
Oe20909G
0.18135
0-!5350

0.I12554
0.09748
o.06g32
0a04I05
o.01269

0.98422
0.95565
0.926g99
0.8g9822
0.86937

0.84042
0.81137
v.78224
Q. 75301
0e72370

0.69430
0066481
0.63523
0.60557
0.57582

¢ 54599
0.51608
0. 48609
0+45601
0.42586

0¢39563
0.36532
0+33493
0e30447
0e27393

Ca24332
0.21264
0.18188
O I5IOS
0.I2015

0.08918
0.05814
0.02704
0e99586
0.96462

0493331
0«90193
0.87049
0.83899
0.80742
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I5¢3
IS.4
I5-5

I5.6
I5¢7
I5e8
I59
16.0

16.1
16.2
1643
16,4
1645

16.6
1647
16.8
16.9
I7.0

17«1
17«2
173
I7+4
I7«5

I17.6
177
17.8
179
18.0

18.1
1842
1843
1844
18.5

18.6
18.7
18.8
1349
I9.0

I9s1
1ga.2
19«3
10«4
19«5

Ig.6
197
I9.8
I0.9
2040

k5 4(x)
5.9674,
35474,
5+1563,
47930,
44529,

441373,
38433,
3+5698,
33154,
3.0787,

2.8585,

2.6537,
2.4633,
3.2862,
2.1216,

I1.9686,
1.8264,
1.6943,
Ie5715,
14575,

1.3516,
1.2532,
1.1618,

1.0770,
9.9828,

9.2520,
8‘5736’
79442,
7+3601,
6.8:82,

643155,
548493,
5'41693
5.0159,
446442,

4'2995v
39800,
3'6839r
344094,
3.1551,

229193,
2.7012,
24990,
243117,
2.1382,

1.9776,
108288,
1.6911,
1‘56363
1+4456,

~4
-4
-4
-4
~4

-4
-4
~4
~4
~4

-4
-4
-4
-4
-4

-4
-4
~4
-4
-4

-4
-4
-4
=4
-5

=5
-5
=5
=5
=5

=S5
=35
=35
5
-5

-5
3
=5
=3
=5

=5
-5
=5
=5
=5

=5
=5
=5
=5
=5

log

0e77579
0.74409
0.713234
0.680353
0.64864

0.61670
0.58471
0e552635

C+53054
0.48836

D.45614
0+42385
0e39X5IX
Oe3591II
0.32666

029416
0.26160
0.228g99
0e19632
0.16361

0.130824
0.0¢9802
0.06515%
0.03223
%2.99925

0.966273
C«33317
0.30005
0.86688
0.83367

0.80041
0.76710
973375

0e70035
0.666091

0.63342
059388
0.566731
0-53268
0.49902

046531
043156
0.39776
0436393
0e33005

0.29613
Oe26217
022817

0+19413
0«16005



x

Oel
Qa2
Oe3
O.S

Oeb
Ca?
0e8
Gl

I.C

Iel
I1e2
Ie3
Te4

Ief

Tebf
Is7
I.8
1.0

2«0

28I
2e2
23
2e4
205§

366
27
248
2¢0Q
30

3e1
3e2
3+3
3e4

38

kG(x)

949950,
99800,
9eC551,
940204,
9+8760,

g« 8220,
97587,
Ge 6863,
9+ 6050,
9e 5153,

9e 4171,
9312,
9e1976,
90769,
8¢6495,

848156,
846759,
8s5306,
8.3802’
Be2252,

8.0660,
75030,
77367,
75675,
73950,

Te2232,
7204609,
6e8703,
6e €929,
6.5150,

6+3370,
6e1591,
5'98181
5+8054,
5.6301.

Se4562,
5-2840’
51136,
402454,
4+7796,

4e6162,
44556,
422978,
427430,
35912,

38427,
36975,
345557,
304174,
3-2825,

-1
-1
-1
-1
~-I

=1
~I
-1
-1
=1

-1
-1
-1
=1
-1
-3
~I
-1
-1
-1

~1I
=1
-1
=X
b §

-I
-3
=1
=1
-1

i
-1I
=1
=1
=1

=-I
-I
-1
-1
~-I

=1
-1
-I
-3
=1

-I
-1
-1
-1
-3

log

0.99978
0e09913
009803
0+99653
0e09458

009220
©+98939
0+08616
0+08250
0e07842

Ce07392
ceg6900
0.06368
CeC5794
Cec 5180

Ceg4525
0e03831
003098
Ceg232%
0eQISI

0090666
0.89779
0¢88856

0.87895%
0.868g9¢

0+.85867
ce 84800
0.823698
0,82561
0.81301

0. 80188
0s78052
0.77683
06761383
0a75051

073689
0e722906
0e70873
Cef0420
0+67939

0.66429
o.64890
0e633324
0e61731
vefOrII

0e58464
0e 56791
055003

0e53369
Oes51627

X
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S5e2
53
Se 4
55

5¢6
57
5¢8
5e¢
6.0

o1
Ge2
6.3
6a4
6e3

6.6
Ge?
6.8
69
70

Tl
Te2
72
7e4

75

746
77
7¢8
TeQ
8.0

8e1
Se2
8.3
8.4
Bas

8e 6
8e7
8.8
8.0

90

QeI
Qe 2
9+3
9e 4
Q9«5

9«6
97
9.8
9eg
IO 0O

- 27 -

k6(x)
31512,
30235,
248994,
2.7788,
3.6619.

25486,
204388,
243326,
22200,
21307,

200349,
140425,
T«8535,
147677,
106851’

1.6056,
105293.
144559
1«3855,
103179’

Ia2531,
IsIQgTO,
TeT1315,
140745,
I.0201,

96800,
9e¢1823,
8e706g,
Be2531,
7.8201,

74072,
70137,
6.6387,
62816,

50417,

5-6184,
53100,
5e0186,
4-7408,
404770,

442266,
3'989°s
3'76363
325499,
33473,

3¢1553,
249736,
2-8014,
2.6386,

24845,

log

Ce29848
o.28051
0e.46230
044386
Oes25I9

0s40630
ce28718
0.26782
ce34829
0e32853

0.30855
0.28837
0.26799

Ce24740
0e22662

0.20565
018449
076313
ce4160
0.1198€E

0e09798
007590
0.05365
0e03I22
c.00863

0468587
0e06205
0e03986
001662
0e8g322

0. 86966
0e84555
0e83208
0.76807
077391

0e74061
Ce72517
Ce70058
0e67585
cef£500Q9

0.62560
0.60086

0e57560
Ce55021
0s52469

0s 49905
0e47328
0e44738
Ce42137
Oe30523



kt(x)

243387,
2.2009.
240707,
L0477,
108315.

17218,
306183,
I.5206,
T1+4283,
Ie3416,

T«2597,
1.182%,
1.1098,
10413,
907683,

91613,
8. 5902,
8-0528,
725475
70723,

646256,
642059,
5e8113,
5+ 4411,
5205932,

4.7666,
4e 4601,
41725,
300026,
36495,

Se4I22,
3+1897,
2e9812,
2.7858,
2e6027,

2e 4312,
242706,
201203,
19795
18473,

Ie7245,
1-6092’
Ie¢50I4,
14006,
103063,

Ten2131,
I.1358,
1.0588,
948689,
9'19739

log

0,26898
0034261
0e31612

0.28953
0026281

023599
0.20906

0.18202

0e15487
oo12763
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It has been shown that the function _KL is userul for ritting
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to observed cumulative frequency distributions of gusat loads on alrcruft,

The present paper rakes avafilable tables of this function and
describes briefly the methods by which they were ¢ omputed and prepered,
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It has been shomn that the function
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The function and its logaritim are tabulated for the wmlues:-
x = 0,1(0,1)20

n = (4 6{(1) 10 .

The function and its logarithm are tabulated for the values:- The function and itg logaritim are tabulated for the values:=-
X = 0.,1{0,1)20 = 0,1(0.1)20

n = (&) 6{1) 10 . n = & 6(1)10 .
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