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An expression is indicated for the estimation of the drag
coefficient of two-dimensional aerofoil sections at subsonic speeds up to

the c¢raitical Mach number.

Calculations for the 12% thick R.A.E.103 section indicate a rise
of about 10% in the value of the profile drag coefficient between low speeds
and the critical Mach number, for the same Reynolds number and transition
position. The predicted drag variation is in good agreement with

measurement.
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List of Symbols

c serofoil chord

CD profile drag coefficient

M Mach number

Re Reynolds number
T absolute temperature
u velocity

Xy ¥ Cartesian co-ordinates

v ratic of specifiic heats
3] boundary-layer momentum thickness
v kinematic viscosity

Suffices:

oo free stream condition

o stagnation condition

T trailing edge condition

t conditions at boundary-layer transitaon point
1,3 upper and lower surface conditions

1. Introduction

The classical assumption that the drag coefficient of an aerofoil
section at a constant incidence 1s insensative to compressibility effects
below the critical Mach number has recently been called in gquestion. Such
doubt has in turn led to the suspicion that increases in profile drag
coefficient with increasing Mach number might have contributed to the
increases of drag coefficient exhibited by a number of particular aircraft.
The object of the present study is to check whether, and tc what extent,
sub-critical drag variations can be predicted by modern boundary-layer
theory for the simple case of a two-dimensional aerofozl.

The drag of a two-dimensional section can be expressed as the
sum of the skin-friction drag, and of the form drag which is generated by
the modification of the pressure distrabution brought about by the
boundary-layer displacement effect. The effect of compressibility on the
structure of the boundary layer can be shown to be assoclated in general
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- 3 =

with a reduction of the skin friction drag coefficient (see, e.g., Ref.1).
On the other hand the pressure coefficients tend to be numerically increased
by 1ncrease of Mach number, and the loss of pressure recovery accentuated,
indicating a progressively larger form drag coefficient. Moreover, at a
given Reynolds number, the increase of Mach number itsell and the effect of
the more pronounced adverse pressure gradrents could be expected i1n many
cases to lead to an increase in the boundary-layer displacement thickness
and a further increase in form drag. Thus the total drag coefficient as
determined by a balance between components which have a Mach-number
dependence of opposite sign. In the case of a particular section, therefore,
there 1s no clear indication from these considerations as to whether the
drag coefficient is likely to increase or decrease with increase of Mach
nuuber, and if 1t does remain constant this cannot be regarded as anything
but forturtous.

In derivang the variation of profile drag coefficient for a
constant laf't coefficient as drstinct from constant incidence, the position
1s complicated further by the effect of Mach number on lif't-curve slope.
Thus, for a given lift coefficient, the incidence would be reduced with
increasing Mach number with a consequent effect on the pressure
distribution and in turn on both factors that influence the balance on
profile drag.

In the light of thas situation, it would seem highly desirable to
drive a method of calculating profile drag for compressable sub-critical
flow that can be applied readily teo specaific section shapes or pressure
distributions at specific conditions of Reynolds number, transition position,
etc., as a supplement to existing methods for incompressible flow. OUbviously
the two-dimensional profile drag is only the farst step to the drag estimates
needed for accurate performance calculations on modern swept=-wing alrcraft
(more complete methods are urgently required, for example, for estimating
the effect of sweep itself on profile drag) but 1t 1s a very important one.
Moreover, the method to be selected should also form the basis for a
systematic investigation of the influence of such factors as section shape
and pressure AQistribution on the variation of profile drag below the
critical Mach number,

For low-speed flow standard methods exist for the estimatrion of
the drag of two-dimensional sections, one of the most simple to apply being
that presented in Ref.2. The method is based on that proposed originally by
Squire and Young3 in which an appeal was made to the fundamental result that
in subsonic flow the momentum thickness of the wake tends to a constant value
far downstream, this value being proportional to the total drag of the
sectron. The asymptotic wake momentum thickness was then related to
conditions at the trailing edge by an approximate integration along the wake
of the momentum-integral equation. Thus the drag coefficient could be
expressed i1n terms of the product of the boundary-layer momentum thickness
at the trailing edge and a power of the local velocity at the edge of the
boundary layer. In the formulation of Ref'.2 it emerges that this product is
of the appropriate form to be given directly by an available method for the
computation of the beoundary-layer development. This is fortunate since the
estimated drag is then relatively insensitave to the precise values of either
the velocaity or the momentum thickness at the trailing edge. Thus the
potential-flow pressure distribution can be used wlthout incurring any great
embarrassment on account of the rear stagnation point.

The,/
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The final expression given in Ref.2 for the estimation of the drag
coefficient is of a convenient form for the investigation of scale effect and
the position of the transition point on each surface, the latter appearing
explicitly. In the present note an expression is derived which represents
the equivalent form for compressible flow®. The expression involves simple
quadratures of flow parameters round the section and wotld appear to be in a
form which would lend itself readily to computer techniques.

In deriving the expression for the drag in subsonic compressible
flow use will be made of the Stewartson -Illingworth transformation’?s12. This
transformation is rigorous for laminar flow under condations of unit Prandtl
number, viscosity proportional to temperature and zero heat transfer. TFor
turbulent flow, however, 1t 1s not rigorous but depends on an assumption
ahout the effect of compressibility on the turbulent shear stresses 4, For
the turbu%ent boundary layer an alternative transformstion has been deraved
by Spence!! on the basis of the Mintermediate enthalpy" method. At the
higher Mach numbers the latter transformation appears to give better results
than the Stewartson-Illingworth transformation, but at subsonic speeds the
differences are likely to be negligible. Thus there seems 1ittle to be
gained by the use of the transformation due to Spence, particularly as it
could not be applied to the wake and the methods of treating the boundary
layer and wake would then lack consistency. For these reasons the use of
the Stewartson-Illingworth transformation throughout 1s felt to be gjustified.

Ze Analysis

It is a fundamental result that in subsonic flow the total drag of
the section appears as a momentum loss in the wake at infinity downstreanm
(see, e.g., Wbods5). This 1s expressed analytically as

& eee (1)

where CD is the drag coefficient, ¢ the aerofoil chord and 0., the

asymptotic momentum thickness of the wake. If a second relation can now be
derived between 6, and known conditions on the section, the formal
elimination of ©Ox will represent a solution for CD.

The result obtained by the approximate integration of the
momentun-integral equation along the wake an ancompressible flow will be
quoted here without proof,. (For the dermvation see, e.g., Thwaltesz.)
It is found that

I
2

6 = (op, + GT")(E> , vee (2)

Where/

The method of Squire and Young was 1tself extended to compressible flow by
Young and Winterbottom* but aside from being easier to apply the present
method is based on more modern boundary-layer technigues.
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where eTi and BT2 are the momentum thicknesses of each boundary layer
at separation, and ugp 1s the velocity at the edge of the layer, see Fig.d1.

Bquation (2} 1s valad so long as the trailling edge is sharp and premature
separation does not take place. In compressible flow the equivalent
relation 1s given by (see Appendix)

7 5
2 g

% = (o +eT2)(z—T->Q (%) . oo (3)

oo

Alternatively equation (3) may be written as

(3 () e

the summation referring to the upper and lower surfaces of the aerofoil,

8@
i~

An appeal is now made to boundary-layer theory for the
determlngtlon of Op. For the laminar boundary layer upstream of transition
Thwaites® gives an expression for 6 1in incompressible flow of the form

X
8 = 045 v/ wdx , eee (5)
o
and for the turbulent boundary layer in incompressible flow we have from
Spence

g 3
5 35
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+ 0.0106 vsf Wax , ees (6)
X

where the subscript + indicates conditions at the transition point.
Hence, if 6t 1s determined from equation {5), the value of 6 at the

trailing edge, 6 is given by

T,

¢

: 2 X : /°
BTU‘T = {O-l..'jvut./. 'LJLEdX} + 00106 v f wax . ... (7)

o] x't

Applying again the Stewartson-Illingworth transformation (see Appendix), we
obtain the corresponding expression in compressible flow:-

PR TT-
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Substituting now for 6, 1n terms of Cy (equations (1), (4)) we have
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Alternatively equation (10) may be written in terms of the local Mach number
on the seption: -

4

L[‘m[%ﬁ:/( ) (£)43)]

5
0-02429 / T, )
o (?) [

. (o) ()] -

3./

ol

t

C



3. Example

Equation (11) has been used to estimate the variation of drag
coefficient wath Mach number for an RAE 103 section of 12% thickness—-chord
ratio, at zero incidence. The potential-flow pressure distributions were
derived by the method of Weber? extended to compressible flow as indicated
in Ref'.10, Calculations have been made of the drag coefficient over the
Mach number range O < M, < 0.75 assuming that the transition point lies

(a) at the leading edge, and (b) at 10% chord on each surface.

At a2 constant Reynolds number (Fig.2) the drag coefficient varies
little at low subsonic speeds - increasing by about 2% from M, =0 to
M, = 0°6. At higher subsonic speeds, however, the drag coefficient increases
more rapidly reaching, at a Mach number of 0«75, a value some 10% above 1ts
level at low speeds.

The drag of the 12%thick RAE 103 section has been determined
experimentally in tests in the W.P.L. 20 in. x 8 in, wind tunnel by the
wake-traverse method®. The stagnation pressure of +the tunnel 1s held
constant giving an increase of Reynolds number with Mach number (Fig.3).
Transition was fixed on the model by a roughness band (320 grode carborundum)
extending from the leading cdge to 8% chord. Usaing the shadowgraph technigue
the transition poant was found to lie just downstream of the end of the
roughness band. The measured drag coefficients are shown in Faig.3 in
comparison with the values predicted from equataon (11) with the appropriate
Reymolds number varaation. It 1s seen that the drag level and the variation
of Cp with Mach number are in agreement with the theory to wathain about 2%
of the value of Cp (zssuming transition at 10% chord). The cratical Mach
number of the section i1s just under 0«75 but the tests indicated that the
onset of shock-wave drag does not occcur below a Mach number of about (-78.

16

Also shown 1in Fig.3 1s the variation of Cp expected in view of
the Reynolds number variation alone. These values have been computed using
the expression for Cp given in Rel'.2, which 1s valad for incompressible flow,
and the compressible-flow pressure distribution. The difference between these
values and those indicated by equation (11) 1s thus a measure of the effect of
compressibility.

An amportant feature of the present method i1s the implication
that the potential-flow pressure distribution can be used in the estimation
of the viscous drag. A check on this point has been made by computing the
value of Cp from equation (11) using the measured pressure distributions.
Fig.h 11lustrates the results of this exercise. The values obtained 1n this
way are seen to be in agreement with the msasured values of Cp to withan

a fraction of a percenﬁ*, ané andeed within the accuracy to which the drags
can be measured. The 2% by which the v.lues of Cp were underestimated by

the predictions made on the basis of the invascid pressure distrabutions is
thus an 1ndication of the error involved 1a ignoring the precise deteils of
the pressure distribution as 1t 2s affecled by the growth of the boundary

layer./

*
The tests were carried out in the tumnel fitted with slotied walls, the slot
configuration being appropriate to negligible tunnel 1nterference%5.

*Thas order of accuracy is probably fortuitous. In view of the nature of the
assumptions made 1n the method, one would not normally expect an accuracy of
better than about 2%.
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layer. On this evidence it would seem, therefore, that the use of a higher
approximation to the pressure distribution can lead to a measurable
improvenent in the predicted values of Op. Nevertheless calculations based
on the potential-flow pressure distribution yield drag estimates which would
be sufficiently reliable for most purposes.

L. Concluding Remarks

A simple expression is indicated for the estimation of the profile
drag of a two-dimensional aerofoil section at subsonic speeds. The expression
has been derived from that given by Thwaites for incompressible flow by the
application of the Stewartson-Illingworth transformation. The method is valdid
for any sharp-trailang-edge section so long as (a) significant boundary-layer
separation does not occur ahead of the trailing edge, and (b) the flow is
shock-free.

The method is illustrated by some calculations for an RAE 103 section
of 12% thickness-chord ratio. For this aerofoil it is seen that at a constant
Reynolds number the drag coefficient remains nearly constant at low subsonic
speeds but exhibits a fairly rapid increase between Mach numbers of 0-6 and
0+75 (which is approximately equal to the critical Mach number), when the
value of Cp 1s some 10% above its level at low speeds.

Some calculations are alsc presented for the same section assuming
a Reynolds-number varigtion with Mach number appropriate to constant
stagnation pressure. The indicated variation of Cp with Mach number is
seen to be in good agreement with wind-tummel measurements.

That a substantial increase of profile—~drag coefficient with Mach
number, below the critical Mach number, has been predicted and accurately
reproduced in experiments on a two-dimensional aerofeil under conditions
where movements of the transition point were effectively suppressed is highly
significant. In view of the importance of this result and the simplicaty of
the method of drag estimation, 1t would seem that the method could be of
immediate value in performance estimates. Moreover, further research 1s clearly
Justified to study the effects of section shape, pressure distribution, etc.,
and also to calculate skin-friction drag explicitly in order to elucidate more
precisely the reasons for the Mach number effect.
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APPEND IX

Compressibility Transformations

(See, e.g., Refs.11, 12, 14)
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