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Measurements have been made of the pitching, rolling and yawing moments 
of inertia of the Avro 70713 aircraft using the spring constrained oscillation 
method. Satisfaotory results were obtained for the empty aircraft, but some 
interference effects tvere observed when the fuel tank eras partially filled, 
These were traced to the presence of a resonant frequency of fuel motion in 
the tank which lay close to the aircraft oscillation frequency. Attempts to 
measure the orientation of the principal inertia axes were unsuccesful 
because the measuring frequency lay close to the frequency of one of the 
natural rolling modes of the equipment. 

The inertia measurements are compared with estimates which had been 
made from the weight schedule of the aircraft. Dynamic flight measurements 
of the lateral derivative nv, which had been analysed using these estimated 
inertias, showed a discrepancy with steady state flight measurements. This 
discrepancy was largely resolved whe., ,- the measured moments of inertia were 
used in the analysis. 
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The measurement of an aircraft's aerodynamic derivatives in flight 
forms an important branch of flight testing, allowing earlier wind tunnel 
measurements and estimates to be checked, and buildin up a body of full 
scale data which may be used in future designs. One method' of making these 
measurements, which is both rapid and easy to use, lies in the analysis of 
suitable dynamic flight manoeuvres, but the accuracy which may be obtained by 
this method depends to a large extent on the precision with which the aircraft's 
moments of inertia are known. In recent Plight measurements2 made at the 
R.A.E. on the A.vro 707B aircraft, a discrepancy -v?as found between the value 
of the lateral derivative nv as measured in straight sideslipping tests, 
and the value which lni*ifbs calculated from measurements of the period of the 
lateral oscillaticn. The measurements made from the sideslipping tests 
depended on a very direct and accurate method of measuring the ,aircraft's 
rudder power, that of towed wing tip parachutes, so they were thought to be 
reliable. The discrepancy oould therefore arise, either from a genuine 
diff'erence between the value of the derivative in the static and dynamic 
cases 9 or from errors in the values of the aircraft's moments of inertia 
used in analysing the oscillatory tests. These had been estimated3 from the 
aircraft weight schedule, Equipment for actually measuring the rolling and 
yawing moments of inertia of the full sib;e aircraft was not available at 
the 1i.A.E. when the original flight tests were made, so that no data, other 
than the inertia estimates by the design firm, were available. Equipment far 
measuring the moments of inertia about all three axes, following cl sely the 
methods developed st the Cornell Aero Laborator J& and the N.A.C.A.59 , has -E 
since been built and has been used in the present tests. 

The techniques whioh were originally used in aircraft moment of inertia 
mcas~emc~nt;7rB9Y9~0911 3’12 were almost direct adaptations of olassical 
laboratory methods, such as the compound pendulum and the bifilar suspension, 
which had originaily been developed for measuring the moment of inertia of 
much smaller masses. Some success was achieved with these methods, but the 
handling, dili'icultics associated with larger and heavier aircraft, coupled 
with an inlicrent limitation in the accuracy of the pendulum method, due to 
the large corrections for axis transfcr5 1 d to the search for an alternative 
technique. 49F & A suitable method was found 9J9 in the simple oscillatory system 
formed by pivoting the aircraft about a knife edge fulcrum, or suspending it 
from a single torsionless cable, and constraining it by coil springs. The 
equipment which is needed for thi s method is relatively simple and inexpensive, 
only one overhead support point being required, and the corrections for axis 
transfer are comparatively small. 

The methods used in the present measurements followed closely those 
described in the N.A.G.A. references 5 and 6, and no difficulties were 
experienced in using the equipncnt to measure the moments of inertia of the 
emjAy aircraft, Measurements made with the fuel tank full or partly filled 
were less satisfactory due to interference caused by fuel sloshing. 
Attempts BCre made to measure6 the orientation of the aircraft's principle 
inertia axes but these were unsatisfactory because of interference between 
the various modes of rolling oscillation. 

The measurements of the aircraft's inertia showed that the discrepancy 
between the two values of nv obtained by different flight test methods oould 
be largely accounted for by errors in the moment of inertia estimates. 
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2.1 Ideas-wenent of the centre of ~avi-tt~~J~i$.i me.z.mr-_u__ .-a YL . * 

The position of the aircraft's centre of gravity was found by measuring 
the ground reactions of the main wheels and nose wheel on separate weighbridges. 
These measurements were made with the longitudinal axis of the aircraft inolined 
at various attitudes to the horizontal between 10° nose up and 7' nose down, 
The attitude variation was obtained by altering the height of the nose wheel 
weighbridge, The method of analysis to determine both the longitudinal and 
the vertical position of the centre of gravity is shown in 5'ig.l. 

With the fuel tank only p‘artly full the longitudinal position of the 
aircraft's oentre of gravity varied slightly xLth attitude as fuel ran to the 
front or back of the tank, but for the squat shape of tank fitted to this air- 
craft the effect was small enough to be neglected. 

The measured positions o P the centre of gravity are shown in Table I. 

The position CC the centre of Gravity of the aircraft with the under- 
carriage retracted could not be measured directly, but its estimated position, 
based on the known weight of the undercarriage and the measurements with the 
undercarriage doxn, is shown in Table 2. 

The accuracy of the determination of the longitudinal centre of gravity 
?ocition is believed to be xi-thin ?0.25", P and that of the vertical centre of 
grcr,vity position, within ~0,5uo 

2.2 Iteasurement of the moment of inertia in oitch -*I SL Ij P_._--I._*.~~--.-~-.--~~-~ .s.‘yN_ UY ‘~.%z.T..?b.!xw. PU 

Pigs.2 and 5 show the general arrangement of the aircraft on the rig 
used t'or measuring the moment of inertia in pitch. An axis of oscillation 
~Ja.ndk~ to the aircraft 's pitching axis was established by suFporti.ng the 
aircraft on knife edges at the two rear jacking points. The nose of the 
aircraft rested in a wooden cradle which was suspended on six vertical coil 
springs, these forming the elastic element of the oscillatory system. The 
knife edge supports at the rear and the spring support at the nose were 
carried on standard aircraft servioeing jacks, but heavier jacks than are 
usual for this class of aircraft were used in order to eliminate rocking of 
the supports which had occurred during previous tests. The knife edges and 
sprin,n,s were similar to those used in previously reported'3 RAE, tests. 

The motion of the aircraft was measured by a spring constrained rate 
gyro,mountcd in the fuselage of the aircraft, which registered on a continuous 
trace galvanometer recorder. The specially calibrated time bnse of this 
recorder provided the timing reference for measuring the period of the rig's 
oscillation. 

The equxtion of ifiOtiOn of the aircraft for small amplitude oscillations 
about the knife edge supports, (and assuwing that the aircraft and its contents 
may be treated as a rigid bod;r), is given by:- 

The first term on the right hand side of this equation represents the 
restoring moment provided by the coil springs, while the second term takes 
account of the varying moment of the aircraft's weight about the knife edges 
for smali angular displacements. 



By solution of equation (I) a relationship may be established between the 
period of oscillation of the rig and its moment of inertia about the knife 
edge support:- 

I = - w 11 
>( > 

,E 2 
yknife edge YY27r * (2) 

The moment of inertia measured in this way includes, of course, the 
moment of inertia of the measuring equipment as well as that of the aircraft. 
It is also referred to an axis passing through the knife edge supports, whereas 
the mcment of inertia used in evaluating the aerodynamic derivatives from 
flight teats is that about an axis through the aircraft's centre of gravity. 
These effects must be accounted for by corrections to the measured values of 
the moment of inertia. Small corrections must also be made for the effect of 
the mass of the air surrounding the aircraft, which is set in motion by the 
oscillation, ("additional mass effect"), and for the bouyancy of the aircraft. 
These corrections are shown in the following expression:- 

I = I 
yC.G. yknife edge 

The correction for the moment 
includes the inertia of those 

-1 V? 
Y equipment - EJ ( > 

- + up z2 
Y 

-1 
Y ad&mass l (3) 

of inertia of the experimental equipment 
parts of the rig, such as the cradles, which 

moved with the aircraft, and the inertia contribution due to one third of the 
true mass of the constraining springs. This assumption follows from the 
theory of heavy springs. It was found that the more complicated effects 
arising from the inertia of the springs, such as those described in Ref.17, 
could be ignored under the conditions of these tests. 

The data contained in the standard rcferencesj5J16 to additional mass 

corrections did not oover the present case of the hiyhly tapered delta shape 
of wing. It was found however, that the data given 18 for the less tapered 
shapes varied in the way which might have been expected from the moment of 
inertia of thin laminae, and this feature was used to extrapolate the existing 
data to the values of taper of the delta wing. Sinoe the correotion was, in 
any case fairly small, the accuracy of the experiment would not be appreciably 
affected by errors in this assumption, but model test data would have been 
more satisfactory. 

2.3 Meaaurcmcnt of the moment of inertia in roll -- -- .I -- 

Figs.3 and 6 show the general arrangement of the aircraft on the rig 
used for measuring the moment of inertia in roll. The equipment was very 
similar in principle to that used for measuring the moment of inertia in 
pitch, but in this case there mere no jacking points on the fuselage fore and 
aft centre line which could be used to form a rolling axis. The aircraft was 
therefore mounted in a cradle, with the fuselage supported on bulky wooden 
formcrs which coincided with the position of load bearing frames in the 
fuselage structure. This cradle was supported, in turn, on a pair of knife 
ed,-cs below the fuselage centre line so that the whole assembly of cradle 
and aircraft was free to rotate about a longitudinal axis some way below the 
aircraft. The rolling constraint was applied by bunches of four coil springs 
which stretched between the floor and a strong point on each wing at about 
the mid span position. 
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A relationship, similar to that at (2) fcr the pitching inertia, may be 
obtained relating the period of oscillation of the rig to the rolling inertia 
about the knife edge axis:- 

I 
";knife edge 

leading, vrith simil,~ corrections 
expression for the Rollins ncment 
the aircraft5 centre of Lravityz- 

= 

to 
Of 

those Per the pitching inertia, to an 
inertia about a longitudinal axis through 

l- I -r = I 7 -‘I _ /iv ‘ 
"C.G. xknifc edge "equipment \ 

-g + up 
> 

2; - Ix 
add mass (5) 

2.4- hlcasuroment of the moment of inortiu in yaw . .x. I-.x-sal ~.szx.-~~--~~ c.. -.zP_--*cI ,a .-**_. --..~-.~~*~A.kXZE..~ 

In the bifilar suspension system v;hich has been used in the past for 
n!tacurinb the moment of inertia in YCLiV, the yawing rastoring moments were 
inhsruntly sui;plied by the suspensicn itself. In the present tests this 
syntcr; xj;Lc discarded in favour of a single torsionloss suspension cable and 
the yawing constraint was supplied by horizontal coil springs attached to the 
noso and tail of the aircraft. Apart from the advantage of requiring only 
one overhead sup ,ort, this system could be easily adapted to 
inclination of the principal inertia axes by the U.A,C,.A.' 

measuring the 
method. 

PigsJ+ and 7 show the general arrnngemcnt of the aircraft in position 
on the rig. The aircraft was suspended from a single point at the crane 
hook by a four wire sling. Since the useful flyin?; life of this aircraft 
had ended, the sling could be attached directly to lugs bolted onto the 
aircraft in the most convenient positions. In other instances it might be 
neccss,ary to build a cradle j2 to distribute the leads to suitable strong 
points on the aircraft, while maintaining the sling attachments in their 
proper positions. 

Experiment showed that the form of suspension adopted was virtually 
torsionless, 2nd that the upper end of the jib of the 20 ton Coles crane could 
be treated as a fixed point :;ihcn the aircraft v:as moving through small 
amplitudes. The height of the hanger roof was only just sufficient to allow 
the crane jib to be elevated to the minimum angle for the weight of the 
aircraft, and difficulties might occur in testing heavier aircraft in this 
situation. The relationship between the period of oscillation of the rig 
and the yai&ng moment of inertia about the suspension axis is obtained in 
a similar manner to that for the other axes:- 

0 
2 

=z suspension 
z CzLf & . (6) 

&cause the aircraft nas suspended from a single point, the experi- 
mental yawing axis necessarily passed through the aircraft's centre of gravity. 
The oxis tr- ansfor corrections needed for the pitching and rolling inertia 
mcasurc?mcnts wcrc therefore unnecessary here. Small corrections were made 
for sM.itional mass effects and for the inertia of the experimental 
cquiyment in the manner previously described:- 
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I = 5 
-1 

"C.G. suspension 'equipment - 5 add mass 
(7) 

The position of the aircraft's centre of gravity varied with fuel 
loadink and it ma3 necessary to make slight adjustments to the geometry of 
the lifting sling in order to maintain the aircraft's longitudinal axis in 
a horizontal attitude. A simple system of remote indicating lamps operated 
by a mercury level switch was used when levelling the aircraft. 

2.5 8ka,surement of the inclination of the p@ncipal axes of inertia 

The method of meas 
r 

ing the orientation of the principal inertia axes 
proposed by the M.:\.C.A. used a simple modification of the yawing 
equipment described in the previous section. It relies on measuring the 
inLri;ially induced rolling motion which occur s when the yawing axis of the 
test does not coincide with the yawing principal inertia axis. One method 
of making thi:; measurement would be to vary the attitude of the airoraft on 
the rig until there was zero rolling motion accompanying the yawing 
osciilctions, The teat yawing axis would then lie along the principal inertia 
axis, A simpler method used in Ref.6, which avoids the need to vary the 
itircraft attitude, lies in placing the no3c and tail restraining springs at 
dif'fcrent heighta, This leads to rolling moments being produced by the 
springs during the yawing oocillations, and these moments can be made to 
either oppose or reinforce the inertially induced moments by adjusting the 
relative heights of the oprings. The advantagos of a null method may be 
obtained by measuring the amplitude of the rolling motion at various spring 
positions, and interpolating for the position at which the rolling moments 
due to the springs exactly balance those due to the inertia effects. The 
relationship which then exists between the various parameters i3 derived in 
Ref.6. 

The success of the method depends on the precise measurement of the 
rolling motion which results from the spring and inertial moments, 
Unfortunately it was found that it was impossible, in the present tests, to 
set u2 the yawing oscillation without at the Same time stimulating the roll- 
ing natural frequencies of the equipment. AS one of these frequencies lay 
very close to that of the yawing oscillation, it proved impossible to 
separate the rolling motion which it was desired to measure from that due t0 
excitation of the rolling natural modes. These cffccts are discussed in 
Section 3.4. 

3 RXXL,TS -=___I 

The meaauremcnts of moment of inertia given in this note are referred 
to an axis system through the centre of gravity, having the longitudinal 
axis parallel to the aircraft datum line and the other two axes forming the 
usual mutually perpendicular system. 

Attempts to measure the orientation of the principal inertia axe5 
during these tests were unsuccesful, but it is believed that the longitudinal 
principal axis lay very nearly parallel to the aircraft datum line. The 
results given should therefore correspond very closely to the values Of 
the: principal moments of inertia of the aircraft. 

In using these results in studies of flight dynamics it will normally 
be necesnary to convert them to the wind body axis system appropriate to 
the flight condition. The necessary relationship3 are given in Ref.14. 
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3.1 Moment of inertia in--pit& 

Measurements of the pitching moment of inertia for various under- 
carriage positions and with various quantities of fuel are shown in Table 3. 
The moment of inertia for the empty aircraft with the undercarriage up is 
15,109 slug-feet2. The probable error of this measurement, calculated in 
the error analysis of Table 6, is 2310 slug-feet2 (i.e. $2$). 

The variation of the measured moment of inertia with different 
quantities of fuel was within the probable error of measurement for the 
empty aircraft. 
45 slug-feet2. 

The expectedjp increase in inertia due to full fuel was 
In practice all the measurements with fuel were slightly 

lower than that for the empty aircr,aft, and this may be partly accounted 
for by the assumption, made when calculating the axis transfer from the 
measuring to the reference axes, that the fuel behaved as a frozen solid. 
It is known that the frozen solid analogy is incorrect18,'9 for motion con- 
sisting predominantly of rotation, but it was thought to be reasonably 
accurate for translational m&ion, such as that considered in the axis 
transfer. The small overall effect of fuel load on the ;itching moment of 
inertia arises from the proximity of the ritching reference axis to the centre 
of the tank, and from the squat shape of the tank, (a mean length : depth 
ratio of about unity), 

The measured increase in pitching moment of inertia due to lowering 
the undercarriage was 305 slug-fect2, a change of 2,/5. This increase again 
lay within the probable error of measurement, so that the discrepsnoy 
between it and the estimated increase, 18 slug-feet2, is not unreasonable. 

3.2 Moment of inertia in roll -F-U----- 

Measurements of the rolling moment of inertia for various under- 
carriage positions and with various quantities of fuel are shown in Table 4. 
The moment of inertia of the empty aircraft with the underc,arriage up is 
4247 slug-feet2. The probable error of this measurement, calculated in 
the error analysis of Table 6, is 2132 slug-fect2, (i.e. 53%). 

The variation in the roiling moment of inertia with quantity of fuel 
was expected to be small, as in the pitching case, since the rolling axis 
passed close to the centre of the fuel tank. The actual measurements again 
gave values for the inertia at intermediate fuel states which were smaller 
than those for the empty aircraft, but in this case the discrepancies were 
much larger th:&n those of the pitching measurements. For one case, 
-I.57 gallons, the discrepancy was 'l3,%; much l,arger than could reasonably be 
accounted for by experimental error; 
discrepancy of 35; 

while for 70 gallons of fuel the 
was larger than would be expected fron the probable 

error of measurement. Examination of the actual records for the tests at 
157 gallons revealed the probable reason for this. The time history 
reproduced in Fig.8a shows a marked beating effect, such as that which 
might occur if a resonant frequency for fuel motion in the tank lay close 
to the natural frequency of the aircraft on the inertia rig. This effect 
was investigated more closely by removing one of the four constraining 
springs on either side of the rig, so that the period of the aircraft 
oscillation was increased from 1.0 seconds to about 4.25 seconds. As 
may be seen from Fig.&, the beating effect became more severe. 

Calculation of the lowest resonant frequency of this quantity of fuel 
in the tank, using the relationshiply:- 

(8) 
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gave a value of 1.2 seconds, and there can thus be little doubt that the 
observed phenomena was due to fuel resonance effects. 

A similar effect could not be detected on the records for the tests 
with only 70 &.lons of fuel, but the fuel resonant frequency of 1.4 seconds 
in this case would have been further removed from that of the aircraf't 
rolling oscillation, and a smaller mass of fuel was involved. The effects 
may, nevertheless, have been sufficiently important to cause part, at least, 
of the measured discrepancy. 

It is not considered that the fuel resonant effects encountered here 
are of direct significance in relation to the flight measurements, since the 
aircraft oscillatory frequencies and the translational motion of the fuel 
tank in flight would be quite different. Fuel motion effects are, of course, 
sometimes important in aircraft dynamics and with this particular aircraft 
they were noticeable in the longitudinal plane, follo$Ting abrupt disturbances 
such as those due to extending the air brakes. 

The increase in the rolling moment of inertia due to lowering the 
undercarriage was measured at two different fuel states. The results, of 
468 slug-feet* for the empty aircraft and 516 slug-feet* for the 70 gallon 
condition, were reasonably consistent and agreed fairly well with the 
estimated increase of 44.6 slug-feet2. These values reprcscnt an increase in 
the rolling inerti a of about 12,; due to lowering the undercarriage. 

3.3 Moment of inertia in yaw -&a. SSP ma ..?-z.eIc-- - 

Eeasurements of the yawing moment of inertia for the aircraft with 
various undcrcarriagc positions and quantities of futil are shown in Table 5. 
The moment of inertia of the empty aircraft with the undercarriage up was 
19,720 slug-fee& The probable error of this measurement shown in the 
error analysis of Table 6 is 2297 slug-fc&,*, (i,e. kl.5,~). 

As in the previous cases the expected increase in the moment of 
inertia due to fuel was small, but the actual measurements shovlted unsystematic 
variations similar to those found in the $.tching and rolling cases. With 
70 gallon:: of fuel, the measured moment of inertia rose by I$, while with 157 
gallons and 217 gallons it fell by .2.5,& and I.?$ respectively. These changes 
arc rather larger than the expected variation due to errors in measurement. 

Similarly, the measured increase in inertia due to lowering the 
undcrcarriagc 

.!z 
30 slug-feet2, was much smaller than the estimated value of 

360 slug-rcct . This measurement, in contrast to those in the pitching and 
rolling cases, was obtained from tests with the fuel tank partially filled, 
so that some of the errors which appear to be inherent in the partially full 
tests may have contributed to the discrepancy. The estimated increase in 
yawing inertia duo to lowering the undercarriage represents about 2% of the 
total inertia, 

3.4 _Measurement of the inclination of the ~c-j....cipaL axes __L____m--...--xsU s-yI .- ~z.v~..ea.~s.u s--1___ 

The difficulties which were encountered in trying to measure the 
orientation of the principal axes have been outlined in section 2.5. The 
type of suspension used in the present tests, consisting of a four wire 
sling suspended from a crane hook lowered some way below the jib, allowed 
two natural modes of osciilation in the rolling plane. These are shown in 
Figo9. The first consisted. predominantly of a pendulum like motion, 
ccntered on the crane jib and having a period of 2.7 seconds, The second was 
a rocking motion which involved little sideways movement of the aircraft 
and had a period of I.4 seconds. it will be seen that the longer of these 
periods, that of the pendulum motion, coincided with the period of the 
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natural yawing oscillations. The rolling motion vhioh resulted from the 
oombined effects of these natural modes with the rolling moments produced 
by the yawing springs is shown in Fig.10. The higher frcquenoy rocking 
mode is very apparant. 

In future tests it is hoped to overcome these difficulties by 
varying the proportions and stiffncssc s of the rig 80 that the various 
natural frequencies are well separated, or by dosigning a suspension that 
eliminates some of the natural modes entirely. 

4 COM.P.ARISO~J.OF MEASURED AXD ESTIMATED NOMFXTS 03 INERTIA -a-- . ---.P~.am- w-e--=m_P 

E&imates of the pitching, rolling and yawing moments of inertia 
were made by the dosign firm from the aircraft weight schedule3, and these 
values had been used in analysing the flight measurements2. Recently it 
has become apparent that the original estimation procedure tended to give 
values for the inertias which were too large, and new estimates by the 
firm2O, based on a revised procedure have been produced. Both sets of 
values are compared in Table 7 with the results of the measurements. 

As had been anticipated, the discrepancies between the measurements 
and the ori@nal estimates were quite large; Fi!$ in the case of the 
pitohing inertia, &,6 in the rolling case and 16); for the yawing inertia. 
The discrcpunci~s between the measurements and the revised estimates were 
much smaller for the pitching (1,3$b) and yawing (3/‘;) inertias, but the 
rcviscd estimate for the rolling inertia was now some 10)); below the 
measured value, 

5 FLIGHT MEASUREMENTS OF TIlE AERODYHAMX DERIVATIVE nv USING 
QEASURED-INERTIA VAL?%%- 

~P-LILp --e-v 
-s-- --._u 

In the flight measurements described in Ref.2 the lateral derivative, 
nv, was measured by two independent methods. The first relied on measurements 

of the rudder angle needed to trim straight sidoslips and depended on a 
knowledge of the aircraft's rudder power, This had been reliably established 
in another part of the experiment. These were essentially steady state 
measurements. The second method relied on a theoretical relationship whioh 
had been established21 between the period of the aircraft's lateral 
oscillation and various aerodynamic and inertial paramcters:- 

276 % T=-T -iv---* 
?r_--- c 

V+tE$ T- 
lc ic IA ) 

(9) 

One of the predominant aerodynamic parameters in this relationship 
is the lateral derivative n v, 30 that provided the equally important 

inertial properties, iC, iA and iE have been accurately established, values 

of nv may be oalculatod from measurements of the oscillatory period. 

Slight adjustments to the estimated and measured values of the 
moment s of inertia were necessary to make them representative of the 
condition of the aircraft during the flight tests, and these adjusted 
values are shown in Table 8. 

Values of nv obtained from the two flight test methods, but using 
the earlier estimated values of the moments of inertia, are compared in Pi.g.ll y 
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The difference between them is rather larger than could be accounted for 
by purely cxperimcntal inaccuracies. Revised calculations of nv, using 
the same oscillatory data, but substituting the measured values for the 
inertias are shown in Fig.12. Here the agreement is muoh improved and the 
discrepanoies, at least at low lift coefficients, are probably wholly 
aocounted for by experimental inaocuracies. At the higher lift coeff'ioients 
the discrepancits may bc partly due to the effects of flow separation. 

6 CONCLUSIONS 

The moments of inertia of the Avro 707B aircraft about the pitohing, 
rolling and yawing axes have been measured by the spring constrained 
osoillation method. The measured inertias for the empty aircraft with the 
undercarriage up, (and the probable errors in these measurements) were:- 

moment of inertia in pitch: 15,109 (e310) slug-fed2 
moment of inertia in roll : 4,247 (932) slug-feet' 
moment of inertia in yaw : 19,720 (2297) slug-feet*. 

The methods used in the present tests proved to be simple to operate 
and fairly reliable for the empty airoraft, but severe interference effects 
due to fuel sloshing were enoountered in some of the rolling tests. Other 
unexplained variations in the measured invrtias with different quantities of 
fuel suggested that oare was needed in aocepting the results of measurements 
with the fuel tank oompletsly or partially full. 

It was not possible to measure the orientation of the principal 
inertia axes by the method which had originally been proposed because of 
interference between the various possible natural modes of oscillation of 
the aircraft on the rig. R'edesign of the equipment would be needed to 
eliminate these effects. 

Differences whioh had occurred between values of the lateral 
derivative n for this aircraft when measured in flight by two different 
methods, onevdynamic and the other steady state, oould now be largely 
attributed to errors in the estimates of the airoraf't inertia which were used 
in the former. This underlines the importanoe of moment of inertia 
measurements. 

Symbol Unit 

c x' ey9 cz lb &/foot 

e feet/scc2 

h h 
x' Y, 

feet 

hf foot 

LIS'T OF SYMBOLS --PPP" 

Definition 

Spring stiffness for springs used in 
the rolling, pituhing and yawing tests. 

Acceleration due to gravity. 

Height of oentre of gravity of airoraft 
and equipment above rolling and yawing 
knife edges. 

Depth of fuel in the fuel tank. 
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(Contsd) S%5OLS 

si!s 

Ix, 1 9 Iz Y 

%A9 icp iE 

4 e d2, x' y' 

b 

e 

n v 

P 

S 

T 

u 

v 

W 

w w 
x' Y 

z z 
x' Y 

0 

P 

iJ.2 

9% 

Unit __L:.. 

slug-feet2 

feet 

feet 

sets 

feet 

sets 

feet3 

feet/set 

lb wt 

lb wt 

feet 

radians 

slugs/cubic foot 

radians/set 

Definition 

Moments of inertia about 
pitching and yawing axes 
section 3. 

the rolling, 
defined in 

Non dimensional inertia coefficients, 
see Ref.21. 

Arm of the constraining springs used 
in rolling,pitching and yawing tests. 

Non dimensional aerodynamic derivative 
of rolling moment due to sideslip. 

half-length of the fuel tank. 

Non dimensional aerodynamic derivative 
of yawing moment due to sideslip. 

Period of oscillation of the aircraft 
on the inertia rig. 

Aircraft semispan. 

Period of the aircraft lateral oscillation 
in flight. 

Total volume of the aircraft. 

Aircraft true airspeed. 

Weight of the aircraft. 

Weight of the aircraft and attached 
equipment ducing inertia tests. 

Distance from the rolling and yawing 
knife edges to the aircraft centre of 
,gravity. 

Attitude of the aircraft on the pitching 
rig. 

Air density. 

Relative density of the aircraft, see 
Ref.21. 

Lowest angular frequency of fuel 
oscillations. 

-- 
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TAELEI --a 

Messurcd centre of~~vj..~sitions, Undercarria~own c-w. a- --I__yun_.".--_o_Iu~z e.- 

Fuel Aircraft 
weight Gallons Ib 

---- Fs.e 1. me- 

O I 7376 
I -  c .---- .+----  

157 1 8647 

217 9134- 
(Full) 

1 Aocuracyf 215 lb 

Lcngitudinal 
C of G 

position 
inches A.0.D 

106.7" 

.- 
t-0.25" 

- - - - -A  

Vertical 
C of G 

position 
inches below 

fuselage datum 

3.3" 
- -  r  , - . . .?*-,s---  

3.0" 
-=I 

2.2" I 

Calculated centre ofSE-xy>ypositions. Undercarria~ D*wI_.ULrPm-I.. *_ _ .Lpm* .c..cT... .* __p -..-_Y.* 

Fuel Airoraft 
Gallons wei&t 

lb 

w m+.--- 

- - . - - I -  
t  

PU.E.LIW 

O I 7376 

157 1 0647 
I=-- - -_d_ =- 

217 9134 
(Pull) 

Accuracy I 215 lb 
--i. s .a---, t -a- -s. .%- 

Longitudinal 
C of G 

position 
A.O.D. 

-mu-*-I 
104.8" 

Vertical 
C of G 

position 
below fuselage 

datum 
c-a--w-PUB 

i .I" 
-au_1 .- 

1.2" 
-Y---m 

0.5" 

- -  

-+0,5" 
--a . w -  - - -  
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Analysis of pitching moment of inertia measurements 

----“+------ --- 
f, 19,068 i 4058';' 15,010 

-s----.-L .I-- f , I 
1 

i: Fuel treatec? as s? frozen mass 
I Probable error 

2310 



i?nal:piis of' rollir33 m0mcn-t of inertia measurements .----II 

- - -- l_l 
I 

En of I of 
Crzd1.e 

about knife 
edges 

Slug/f-t;2 

Zoment of 
inertia of ikasurcd moment 

Period af' of in2rtia of 
oscillation sircz&%+ cradle -I - 

seos 

I 

about the ICCfe 
edges . Slvg/& 

Rlomcrrt of 
inertia of 

aircraft about 
reference axes 

slug/ft2 
I 

Veight 
of 

aircraft 
lb 

Additional 
mass ard? 
entrclgped 

air 

lhder- 
carriage 
position 

fIXiS 

transfer 
air craft 

about knife 
edges 

Slu$ft2 
-a ,-L.--p-- 

7376 
--- 

7376 

4715 - -.- 
4247 ---1- 
4612 :I 

0 

0 

DOW.tl 

U P  

--A-.----- 

0.999 I 6774- 6335 II 
-! 

(1 
-- - ---- --J----_ -_I_ 

Down 7942 1 .OS4 I 
I, 

I 
*1 1931** 70 

70 7942 4096 i 0.998 I 6284 

157 3711 I 0.992* 1 8447 

9134 ll I I1 
I 

^_I ---.--,,-I---. 

Probable error 

217 2676** 

': Fuel sloshing made this de$ermination uzreliable (see section 3.2) 
k-'k fiel treated as a frozen mass 



,nclNsis_of-~~~~~rnoment of insrtia meesurements 

Undercsrri3ge equipment about 

- - -.-- 

-- -_I 
*obable error 



TABLX 6 -- 

Error annlgsis 

Source of error 

I Peri of oscillation 
I-- --- ..--- -.--- - 

I Spring consknt 

I Spring arm 

I Weight of rircrzft 

I Vertical height of C.G. 

Longitudinal position of C.G. 
-- --x 

.-___D____p_------%-..3m 
tionrl In,zss 

Sacs I +0.002 I 2 127 I 2 o.ooy 

ft; I +0.015 I +- 42 

lb Ii:25 I +I1 1225 

ft I 20.04 I 2 4 I + 0.04 

ft I 20.02 I - + 35 j - 

lb I +5 I 240 I +-2 

ft IIto.05 I neg I + 0.05 

slug/ft2 1 I + 50 

Probable error = 

* Only c?pplies to empty drcraft 

2132 + 297 



Source ' hircrzft Centre of 
Of weight gravity 

data position 

Present 1 9240 Id 105.6 tests I ins A.O.D. 

Estimates 
from Ref. 9290 lb 105.1 

20 ins h.0.D. 
-.-1-1 

Estimates 
from Rrif.3 
(2s used 
in Ref.2) 

J. 

9290 lb 105.1 
ins A.O.D. 

‘I Moment of inertia 
-xPx--* 

Pitching 
-_*=s- SW 

15,390 
Slugs/ft2 

--a-- 

15,650 
Slugs/ft2 

18,990 
Slugs/ft2 

Rolling 1 Yawing 

4790 19,790 
Slugs/ft2 Slugs/ft2 

4280 19,180 
Slugs/ft2 Slugs/ft2 

.?-..-a- -  ----7 

- t  

_ni 

4980 22,860 
Slugs/ft2 Slugs/ft2 

TABLE 8 ____L- 

t Coinpn~ison of c s imates ____D__---.x usec_lbn reducing the --a 
fli&t rxasurcmcnts of Ref.2 with revised - --_I__ - ------PC----- 

vnluos based- resent tests -x- - - c-e - F.zs--- 

-- 

Source 
of 

&ita 
---i 

Estimates 
bzsed on Hcf.3 
(3s used in 
Ref.2) 

~r*;--av rr____ 
Present 
tests 

-______mx_ 

Aircrnft 
woight 

..a---- ~~~z.se 

8700 lb 
(hnlf fuel 

--w 

- - - I -  

- .  

. )  

I  

c- = 

I  

c_r*____ 

Centre of 
gravity 
position 

=-m=as-- r 

102.8 

m----e-- 

102.7 

-- -_~ 

Moment of incr-tic --=---7 

Yawing 

23,600 
Slug/ft2 

Rolling 1 

4500 
Slug/ft2 

4250 ’ 
Slug/f t2 

-pn_.m 
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g?Qw 2 

EGble of misccllcneous data 

_Pitchinuipmcnt 

C 
Y' 

Spring stiffness used in pitching test 6993 .O lb wt/foot 

h Height of centre of gravity above knife edge 0.65* feet 
Y' 

cY' 
Moncnt 33x1 of constrnining springs 16.0 feet 

Weight of nose cradle 290.25 lb wt 

Weight of constraining springs 98 lb mt 

Rolling equ 

c 
X’ 

Spring stiffness used in rolling tests 

h X’ 
Height of centre of gmvity ltbovc knife edges 

e X’ 
Moment am of constraining springs 

Weight of cradle 

Weight of constrnining springs 

Yk:& cquipmnt 

C 2' Spring stiffness used in yawingtests 

e 25' Monent arm of constrcining springs 

Weight of constraining springs 

7055 

2.8* 

6.42 

526 

IQ9 

926 

10.37 

12 

lb &foot 

root 

rect 

l.b wt 

lb wt 

lb wt/foot 

feet 

lb wt 

* Vmies with fuel load and undercarriage position 
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THE HORIZONTAL DISTANCE h OF THE CENTRE OF GRAVITY 

FROM THE C.G. ORIGIN, 0, MAY BE FOUND BY THE USUAL 

WEIGHING PROCEEDURES TO DETERMiNE THE NOSE WHEEL 

AND MAIN WHEEL REACTIONS, RcJ AND R,, 

THE CO-ORDINATES X AND If OF THE C, OF G WITH RESPECT 

TO THE C.G. ORIGIN MAY BE EXPRESSED IN TERMS OF h AND 

THE AIRCRAFT ATTITUDE 8 :- 

x = h SEC 8 + t tan 9 

IF MEASUREMENTS OF h ARE MADE FOR A NUMBER OF 

DIFFERENT ATTITUDES 8, THE SLOPE OF THE PLOT OF 

h SEC 0 AGAINST ton 6 IS E AND THE ORDINATE AT 

e-o IS x. 

FIG. I. DETERMINATION OF THE CENTRE OF 
GRAVITY POSITION. 













W 
I 

W 
z 



PENDULUM 
MODE 

---- I 

I 

ROCKING 
MODE 

I I\ 

I 

‘\ I\ 
’ \ I \ I \ 

FIG. 9. MODES OF AIRCRAFT ROLLING OSCILLATIONS 
WHEN SUSPENDED ON THE YAWING RIG. 



RATE OF ROLL c 
4 

RATE OF YAW 

-- I SE+- 

FIG. IO. TIME HISTORY OF ROLLING AND YAWING MOTIONS WHEN 
MEASURING THE INCLINATION OF THE PRINCIPAL AXES. 
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FIG. I I. n, FROM LATERAL OSCILLATIONS 
USING ESTIMATED MOMENTS OF INERTIA. 
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0.04 

0.02 

, 

FLIGHT FROM FLIGHT 

0 04 0.2 0.3 o-4 O-5 0.6 

FIG. 12. n, FROM LATERAL OSCILLATIONS 
USING MEASURED MOMENTS OF INERTIA. 
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The inertia neasurerlents are canpared with estinates which had been 
nade Ircn the weight schedule of the aircraft. Dynanic flight ileasurenents 
of the lateral derivative I-+,, which had been analysed using these estinated 

inertias, showed a discrepancy with steady state flight neasurenents. This 
discregmCy was largely resolved when the necsured rlonents of inertia were 
used in the analysis. 

The inertia ncasurments are ccnpared with estirates v;hich had been The inertia nensumxents are conpxed with esticates v,hiCh had been 
nade frcn the l,reight schedule of the aircraft. Dynmic flight neosurments mde frm the weight schedule of the aircraft. Dynanic flight neasurments 
of the lateral derivative nv, vihich had been analysed using these estfwted of the lateral derivative nv, vihich had been analysed using these estimated 

incrtias, showed a discrepancy with steady state flight neasurenents. This inertias, showed a discrepancy with stenQ state flight necsuremnts. This 
discrepancy was largely resolved when the nensured nonents of inertia were discrepancy was largely resolved vihen the rleosured nonents of inel-tla were 
used in the analysis. used in the annlysis. 
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