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SUMMARY

An approximate analysis is developed, based on the concept of the
incomplete tension field, for investigating the load-diffusion characteris-

tics of a cylinder with very thin skin reinforced with stringers.
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1 INTRODUCTION

When a concentratoed axial load is dilfTused into a cylinder with very
thin skin reinforced with stringers, the shears dcveloped in the skin will
cause buvckling at a low stress., After the skin has buckled, its shcar
carrying ability changcs and depends to an increasing cxtent on the trensfer
of tension loads along the direction of the buckles, i.c., a tenslon field
develops. An assessment of the strength of the structurc and the rate of
load diffusion must thercfors take account of the buckled state of the skin.
After buckling, the stress at any point in the cylinder will vary in a non-
linear manncr with the applied load, although the structure may be everywhere
elastic. A rigorous determination of the varying stress pattern is out of
the question, but an approximate solution may be found by using the concept
of the incomplete tension field. A pure tersion field would exirt in a strip
between stringers if the skin carried no compressive stresces, and the
behaviour of such an idealised skin may be accurately predicted., The actual
behavicur of the skin may then be estimated by introducing an empirical
tension field factor which depends on the degree to which the pure tension
field conditicns have developed.

2 LIST OF SYMBCLS

E = Youngs modulug

G = shear modulus

R = radius of cylinder

t = skin thickness

a = frame pitch

b = stringer pitch

b! = circumferential distance between stringers
A = section area of stringer

n = number of equally spaced stringers

X, ¥ = Cartesian axes in plane of adjacent stringers, x measurcd along

stringer-dirsction

U, v = displacemcnts associated with x,y

a = angle that pure tension fleld waves make with stringer
X, Y = Cartesian co~ordinates making angle a with x,y

U,V = displacements associated with X, Y

Sx’ey’ys = direct strains and shear strain associated with x,y

Yyy = shear strain asscciated with X4,Y

oy = direct stress in pure tension field

T = shear stress adjacent to stringer in pure tension field
Gh,s = stress normal to stringer in pure tension field

Gﬁ,s = stress parallel to stringer in purc tension ficld
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k = tension field factor
. = actual panel stress normal to stringer
T = actual shear stress in panel adjacent to stringer

= actual shear strain in panel adjacent to stringer

o’ = actual direct stress in panel measured parallel to
P stringer

t! = component of © with pre-buckling characteristics

Top = value of v to cause buckling

Sx,cr = value of €y to cause buckling

Topp defined by equation (24)

non-dimensional terms defined by equation (17)

il

N, = radially directed loading/unit length on a stringer
M = bending moment in stringer due to Nr

L; = tensile stringer load to left of scationm

L; = tensile stringer load to right of station m

3 PURE TENSION FIELD IN A STRIP

The analysis is given here for a pure teomsion field in a longitudinal
strip in a cylinder. The edges of the strip, where in practicc the stringers
would be, are assumed to be under a uniform compressive strain. Thc curvature
of the sheet is introduced by regarding the strip as an initially flat strip
under a uniform lateral compressive strain, which will depend on the stringer
pitch and the cylinder radius. The problem is now to determine the stress
pattern in the strip when subjected to a uniform shear strain. The notation
is shown in Fig.1.

With reference axes Ox, Oy the displacements are given by

e
n

Yy + Xe
k) X } (1)
yay »

<
1

It is convenient to relate these displacements to axes 0X, OY parallel
and normal to the direction (at present unknown) of the tension field waves.
Thus

U = vecosa+ Vv sina
} (2)

V = v cosag ~1u sina

and x = Xcosa=Y sina
} (3)

y = Y cos a+ X sin a.



From equations (1), (2) and (3) the strains referred to the X,Y axes are
given by

Yyy =Yg ©OS 20, + (sy - 8x> sin 2a

LEIC Iy sin 20 + $e_ (1 = cos 2a) + ze_ (1 + cos 2a) > (%)
aX 5 N p:d

v — sin 20 + .8 (1 + COB 2@) + 5o (1 - CO08 2@)

YA 2¥g 2%y Cos 204 .

s

Now these strains are principal strairs, so that the angle a may be
determined from the condition that Yyy is zero, whoence

tan 20 = T . (5)
7

'he strcss along the direction of the waves is given in terms of €. s

Sy’Ys by climinating o from equations (4) and (5). Thus
o = 5
X & T X )
— 2~%
/ 2 8
= D { \sy + Cy} + {Ys + fay - 8X> z :} . (6)
- - J \ - J
Similarly, the strain normal to thc tension field waves is given by
._'»
’ ) / K 2'\2
ov 4 \ i< ; \
oY S R P 8y' j
N y/ L N / .

which is necessarily negative becauss e, and ay arc negative.

Along the edges of the strip the stress ¢, may be rcsolved into a
shear stress and a direct stress normal to the Cdges. Thus,

T, = Oy sina cosoa
et ey
- img, s - (7)
o / \2 2
{Y +(e_=-¢ )
- s \ x y/



and 5

O'n,s = O—X sin o
_ ) i
s -2 (e -¢)
= -::E 2g__ + = X £ :\[T . (8

[ (e)T

Across the strip the stress oy may be resolved into the shear stress

Ty and a direct stress Gb s parallel to the cdges, where
3

2
cb’s = 0y cos a

2
Y + sx(ex -ey)

2 / QW%
o (o)

%.1 Range of validity of the equations

(9)

H

1B |2e +
: x

The equations presented so far are based on the tacit assumption that a
tension field exists. If, however, thc longitudinal edge strain is large and
negative (i.e. compressive) and the shear strain y, small, it is possible

that compressive strains exist everywhere so that a tension field does not
develop. The criterion for the existence of a tension field is that Oys given

by equation (6) is positive; if €y and sy arec both negative, this reduces to
72 > he g, o (10)
s xY
If a tension field does not exist

2
Yg < 4€xsy

and

3.2 Expression for &y

There are three components contributing to ey, first, that due to the

curvature of the sheet, second, that due to radial displacements of the
stringers and, third, that due to circumferential displacements of the
stringers. Of these three components that due to the curvature is probably
the most important and it is the only component which is independent of the
applied loading.

If there are n stringers equally spaced around the circumfercnce of the
cylinder, the curved length of skin between stringers is given by

271R
n

'b'

and the "flat" distance bctween stringers is given by

-6 -



Sn’/
so that
=53
Ey,ourve ~ n2 * (11)

In what follows it will be assumed that this component of ¢ is the

4
only one that is significant: that due to redial displacement being virtually
prevented by the rigidity of the stringers, and that duc to circumferential
displacement being virtually prevented by the rigidity and closcness of the
frames,

3.3  3Bpecial cases

Consider now some special cascs of pureo tension Lields which exhibit the
type of non-linear stress-strain relationship.

In a few problems the term -cy will be scnsibly constant and large in
comparison with Yo and Ty will be large in compsrison with €0 Consider

thercfore the limiting casc in which

"2 <L
Yy €
and (12)
e, = 0.
Substituting in cquations (7) and (8) and omitting fterms of higher
order gives

5 IEAC
Eey - \2€y> ,
and L (13)
ALY . f
Eey \QSy/ ?

or, regarding T, 88 the indcpendent variable,

/ (12)

and

9,8 <;E§_{;ﬁ/3

~g
y

e

Fquation (14) is uscful in showing the typc of non-linear behaviour
existing in a purc tension field in an initially curved strip with simple

- -



boundary conditions. The restriction on the range of validity of equation
(14), embodied in equation (12), is equivalent to the fact that the angle a
must be small, When

Yo >> 8 = €y (15)

the wave angle o tends to x and equations (7) and (8) reduce to the results
for a simple Wagner tension field, namely

T

and

3

g
n

i

";:EYS }
:'XEYS-

(16)

In practice the variation of y_ and o, with 7_ varies betwecen the
w [+

limiting conditions represented by equations (14) and (16).

3«4 Use of non-dimensional parameters

The assumption was made in Para.3.2 that ey was constant and given by

equation (11). This being so, it is convenient to introduce the non-
dimensional parameters:

- >
T, = TS/(—Eey) = 03 n TS/E

- \ 2

Y = v/(-ey) = 03n7yy

s, = ef(-e) = O3nc > (17)
X X y - X

o = o /J(-Be ) = 043 n’c /B

n,s ~  1n,s y n,s

5 = o N-e) = 03n°c. /B .

P,8s P,s y e p,

Equations (7), (8) and (9) then assume the simpler forms:

- _ 1= _ X ' 18
Ty T Avg 1 2 R (18)
Yy +t1 +e }
L's T 7 )
?i + 2(1 + Ex)
c-)‘ =1 i) - -1- (19)
n,s J_Z - 2 2 2
e (5]
-2 - -
_ g * Zex(1 + ex)

- 55, + =5 (20)

D,S x _ - \g 5
{f+ (1 5f]

and the condition for the existence of a tension field is that

~2 -
YS > —){-SX .



L THE INCOMPLETE TEN3TIOM FIELD

The analysis so far is based on the assumption of a pure tcnsion
field. Trom a practical standpoint it is convenicnt to assume that the
shear strcss 7 can be divided into a pure tension fiecld paort Ty and a
simple shear part t' wherc

T = kvt

s (1-k)7 } (21)

For a oylinder under pure torsion (i.c. e, = 0 bofore buckling) Kuhn

i

and Tl

and Grif flth give the following empirical formula Tor the fraction k (valid
Tor © 27 )
cr

1 - l \
k = tanh /o 5+ 300 35 log”1o( )]

L. Ter
where Top is the shear stress at the onset of buckling., In the present
problem, the strain €y is not nocessarily zero bcfore buckling and it is

preferable to define k by

- A F' 70 62 / fo\
k = tanh | <o 300 Rb/\ log, . , (22)
L Cl" /

where Topp inocludes (albeit in an cmpirical way) the offcct ol longitudinal

strains on initial buckling., Now the interaction curve for initial buckling
of a curved strip under shear and longiltudinal compression is given approxi-
mately by

2 €
/2N By
T +€ = 1 (23)
Ner/ X,Cr

and accordingly Tolp will bo defined by
L

4
-
«

Teff’ _ ( / + X B (210
T N L KT x
cr er/ x,cr
so that at the onset of buckling Tope = Top and k = 0, Grapns {or determining
Top and By op OFC reproduced from Ref.2 and shown in Figs.2 and 3, A graph
2

for determining k has been reproduoed {rom Ref.1 in Fig.h. Equation (19) is,
of course, only valid for « ofr 2 Tope When Torp < Top the skin has not

buckled and k is zero.

o Shear stress-strain rclation

From cquations (7) and (21) the actual shear strain v is related to
the actual shear stress 7 by the approximate equation

1

T kel
G kys

-2
i

i

(1=%)s/C + kY



which may be written in thc non-dimensional form:

Y

il

2:5 7(4-k) + k&s
} (25)

i

where ¥ Y/('Sy) .

Equation (25) has been plotted in Fig.5 for various values of &_, for
the particular casc in which x

t = 02 in, )

a = 2L in,

b = 6 in. > (26)
R = 60 in.

n o= 30 x 10° 1/in® . |

This stress-strain rclationship cannot be expected to be vory reliable
in the region of small ¥ and large ncgative EX (corresponding to a highly

buckled skin) for the tension-field approach will underestimate the shear
stiffness of the skin., Accordingly it is suggested that the linear relation-
ship represented by the linc OA be used in this rcgion. From a practical
standpoint this particular region is not important.

L.2 Actual stress normal to stringer

The actual direct pancl stress normal to the stringers is given
approximately by

O‘n = kU‘n’s . (27)

4.3 Actual stress parallel to stringer

The actual direct pancl stress measured parallcel to the stringers is
given approximately by

c. = ko + (1-k) Ee_ . 28
b p,s * (1K) Ee (28)

This equation shows that in a well doveloped tension field (k » 1) Gb
will be tensile despite the fact that e, may be negative, Such tonsions in

the skin must be equilibrated by compressions in the stringers, a point
discussed in detall in Section 5. It will be noted that across any section
of the cylinder thc total compressive load in the stringers may excced tho
total applied compressive load.

4.4 Radial loading on the stringers

The component of direct stross normal to a stringer and in the planc of
adjacent stringers is given by equation (27). Now successive planes between
adjacent stringers meet at an angle 2n/n, and the skin in each plane therefore
exerts a radially directed distributed loading on each of the adjaccnt

stringers given by
. [mkt
B 7 ( n > Gh,s ()

and the total radially directed loading on a stringer will bc the sum of two
such terms. Although such a loading is not in itself large, its offect on the

- 10 =



bending stresses in the stringers is not negligible. Tor example, if the
term ¢ S remained sensibly constant over a number of sitringer and frame

3
pitches, the stringers are effectively clamped at each framc (fron symmctry)

and the maximum bending moment in each stringer occurs at the frames and is
given by

2
/n_a” kb
Moo= (\ o /O“H,S . (30)

5 APPLICATION 0 REINKFORCED CYLINDER

The analysis so far detcrmines, in an cpproximate manner, the sheet
stresses in a long strip in terms of the cdpe displacements. In aprlying
these results to panels bounded by stringers and frames it is necessary to
make further assumptions, namcly

(1) the stress distribution in cach pancl is constani,

(i1)  the stress distribution depends only on the average strains in
cach panel, and hence only on the corner displacements of the panel,

(1ii) direct forces in the stringors vary linearly between frames,

(iv) discontinuities in 0, acToss a framc arc transmitted via the

framc equally to the adjacent stringers which maintain longitudinal
equilibrium,

(v) discontinuities in o across a stringer are transwitted via the

lateral rigidity of the stringers to the frames, but no account is
taken of the resulting change in frame strain,

With thesc assumptions in mind it is appropriate to consider tho
equilibrium position of a typical station O surrounded by four pancls. The
skin thickncsses and stringer arcas may vary from panel to panel but are
assumed constant in cach pancl. The numboring of the surrounding eight
stations is shown in Fig.6.

The average shear strain and the average longitudinal strain in cach
of thc four pancls is then expressed in terms of the u-displaccments of the
surrounding stations:

v, = (u3 +uy - ug - uo)/Zb s Y, = (u2 *ug-ug - uﬂ)/2b (1)
1
T3 = (u5 +ug - ug - u7)/2b s, = (uo + Uy -y - ug)/2b
and
e = (u3 rug -y - u5)/2a b
ey, 2 = (u1 +uy - ug - uo)/Qa L -
32
©x,3 ° (uo *ug - ug - u6)/2a
e T (u,l tug - u - u7)/?a )



and the average strains in the stringers are given by

8X,)+3 = (u3 - l-l)/a ’ 8‘.&,32 = (uz - u3>/‘3
ex,50 = (4 = ug)/e e,01 = (0= u)/a (33)
8x,67 = (u7 ol u6)/a N ex,78 = (u8 - u7)/a

The shear stress in ecach panel can now be expressed in terms of the
u-displacements by virtue of cquations (31) and (25). Thec pancl stress o,

can likewisc be expressed in tcrms of the u~displacements by virtue of
equations (28), (20), (31) and (32).

In considering the cquilibrium of the (typical) station O, it is
convenient to regard the surrounding 8 stations as fixed, Turther, it is
important to distinguish between the stringer loads on cither side of a
frame for these will generally differ in order to cquilibrate differences
in Gf across a frame,

Let thercfore,

L; = tensile stringer load to loft of stationm

+
m

L tensile stringer load to right of stationm

Equilibrium of the stringer'ga then yields

+

15 1) = b (g, - ) ()

in which, for simplicity, it is assumed that the skin thicknesses in the
various panels are the same. The extcnsion to differing thicknesses is
straightforward.

Equilibrium of the stringer'BT yields

+ = -— -
L, =L, = at (12 Th) . (35)
Now
%(L; + L0> = average load in stringer'§6
= AEGX,5O . (36)
Similarly, \
1if ¢+ - -
5 Lo + L1/ = AESx,O1 . (37)

(Variation in stringer section may be readily accommodated in the analysis.)
Eliminating L; from equations (34) and (36) gives
l -
L, = AEGX,5O - 7 at (T1 13) . (38)

- 12 -



Similarly, from equations (35) and (37),

+ o 1 -
LO = A}JSX,O'] + 5 at (T2 T

The differcnce in the loads L; and L; must be cquated to the difference

in the tensile loads in the skin, 'Thus

/ b

f—LZ:v}bt(@‘ + - O

P,2 Obsh' p:1 P:B/ ' (40>

Equation (40) determines ug in teims of Ugs Ups seeses Uge Repecated

applications of cquation (/0) sufficc to solve problems associated with load
diffusion into thin-walled rcinforced cylinders. The cquations arc, of
course, non-lincar and nccessitate the use of high powered computer mcthods.

6 CONCLUSIONS

A simplificd and approximatc analysis has been preacnted for investigat-
ing the axial load-diffusion bchaviour of a cylinder with very thin skin
reinforeced with stringers., The thin skin bucklecs at a low stress and the
transfer of load between stringers is thereafter effccted primarily by
tension fields, The initial curvature of the skin betwoen stringers causcs a
cortain slackness in the tension field, and this results in non-linear
elastic bchaviour of the skin. Because of this non-linearity the solution of
the governing cquations presents considerable difficulty. In addition to
deriving these equations the Note draws attention to the bending stresses
induced in the stringers by radial loads resulting from tension fields in
adjacent, non-planar skin penels,
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(@). CYLINDER SHOWING GENERAL NOTATION.

(b). NOTATION FOR TENSION FIELD STRIP BETWEEN STRINGERS.

FIG.I@ab. FIGURES SHOWING NOTATION.
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FIG.5. NON-DIMENSIONAL SHEAR STRESS-STRAIN RELATION.
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FIG.6. NUMBERING OF PANELS AND STATIONS.
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