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SUMARY

This Note is concerned with a machine, known as SPADA, which has been
designed for the purpose of analysing recorded G.W. vibrations. The theory
underlying cencepts such as frequency and amplitude distribution may be
found scattered in the appropriate text-bocks or the relevant technical
Jiterature, but the absence of a comprehensive account dealing with the
application of somc of these theories to the analysis of recorded vibrations
has led to widely diverging apprcaches. In describing the functioning of
SPADA it is necessary tc state in applied form some elementary concepts
relevant to the analysis; particularly the spectral density, the probability
distribution of amplitude and the sampling error are discussed. SPADA will
be used both as a research instrument and as a fecility available for the
anelysis of vibraticns recorded by the G.#. industry and other establishments.
Its use, however, is not restricted to vibration amalysis. SPADA will, within
its limitations, analyse any parameter which can be recorded on magnetic tape.
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1 INTRODUCT ION

An empirical vibration~time function is completely defined by its
oscillogramme y(t). PFor most theoretical and experimental purpcses however,
the graphical form is unsuitsble, and a mathematical description of y(t) is
required. There are various numerical methods by which this can be achieved,
the most relevant being the Fourier intesral, If, however, y(t) is a compli-
cated function having many maxime and minima, and particularly when a large
number of such functions must be dealt with, the need for data reduction
equipment arises. This situation has existed for some {iime in the field of
environmental vibrations, and different types of analyscrs have been devised
or improvised by various workers.

A vibration anulyser hod previously been develeoped at R.ALE.
This machine has now cutlived its usefulness as a research tool for wwo reascns.
Increased kmowledse of envirommental vibrations and of their simulation demands
o more advanced approach to vibration analysis, and alsc, the machine is now
wearing out, hoving becn in use daily since the time of its introduction five
years ago.

Two years age, a new vibration analyser was designed at R.A.E. which hes
been manufactured by Rivlin Instruments, Camberley and which has recently been
delivered. This machine is known as SPADA which is short for SPectral density
and Amplitude Distribution Analyser.

This Note gives some of the background relevant to the analysis of

samples of recorded environmentel vibrations, and describes the way in which
the various forms of analysis are accomplished by SPADA.

2 THE PURPOSE OF SPADA

Although cur imperfect knowlcdge of envirommental vibrations justifies
the demand for more and better vibration data, the relatively few vibration
recordings that are made already tax the resources availeable for analysis.

An snalysis of a vibration recording lasting 30 seconds, using the previous
R.A.E. vibration analyser, took 1 or 2 man-days to yield the equivalent sine
wave spectrum of the vibration. This estimate includes, of course, all ancill-
ary work such as editing and duplicating of the tape, calibraticn, determining
the recording frequency response, analysis proper ?Which takes cnly a few
minutes), developing the paper, and finally presenting the data as a corrected
gpectrum. Although SPADA will not reduce greatly the overall time of vibraticn
enalysis, 1t will however give mere data for a given amount of time spent.
Moreover, SPADA will describe an empirical vibration-time function in mathe-
matical forms which can be used dircctly for theoretical studies, for the design
of test gear and for the formulaticn of various types of test specifiication.

There are two vibration characieristics which are of prime interest in
this context. One is the spectral density of a vibration time function and
the other is the probability distribution of the vibration amplitude. The
former characteristic tells us how the quadratic centent of vibration is dis-
tributed over the frequency range, and the latter, with the help of the former,
will indicate important structural features of the vibration such as periodic
elements, nen-stationary properties and cther patterns.

SPADA plots directly the spectral density and the amplitude distributicn
of signals recorded on magnelic tope. The degree of frequency rescolution and
the signal sampling time are contreolloble within such limits as are needed to
cover a wide field of research on vibration and accoustic noise.



3 BASIC PERFORMANCE CHARACTERISTICS OF SPADA

A front view of SPADA is shown in Fig.1. The machine accepts loops
of magnetic tape 2,0 cm long which are cut and spliced on a special device
(Fige2). The signal toc be analysed is amplitude modulated upan such a loop
by the Tape Duplicator (Fig.3), normally at a tape speed of 16 cm/s., Stan-
dard % in. wide tepe of instrument quality is used.

The method of analysing the spectral density and the amplitude distri=
bution is described in paragraphs L3 and 5.2 respectively. Both the spec-
tral density and the amplitude distribution are plotted with ink on 10 in.
wide paper by an x - y servo controlled recorder. The spectral density is
plotted on co~ordinates which are approximately logarithmic, and the smpli-
tude distribution is plotted on linear co-ordinates.

The performance ranges of SPADA are as follows:~

(1) Standard frequency range of analysis

10 ¢/s to 10 Ko/s. The frequency range may be extended beyond the
above limits by duplicating the signal on the tape loop at the appropriate
tape speed.

(ii) Prequency resolution

The analysing filters may be adjusted tc the following values of
relative effective bandwidth: ée:t‘f = 2500, 1245%, 6% and 3%. Information

about filters will be found in paragraph l..l.

(iii) Stendard amplitude range

Three times RMS amplitude in each the positive and negative direction
of amplitude. The effective amplitude range may, if necessary, be further
extended with a proportional increase of the noise to signal ratio.

(iv) Amplitude resclution

A maximm of 16 points per RMS amplitude in the amplitude distribution
plot, giving a total of 96 points over the standard amplitude range of six
times the RMS amplitude.

(v) Integration time (sampling time)

Continuously variable from appreximately 0.1 sec to 15 sec true time,
Integration is performed between two fixed limits t 1 and t2 which may be

adjusted independently. The sampling error is discussed in paragraph L.Z2.

4 THE ANALYSIS OF THE SPECTRAL DENSITY

ot The concept of a spectral density and its moving average

t
If y(t) /2 denotes a vibration time function recorded over a period
&4
'b2 -t 4 then from what is knewn as the "Pourier Integral Energy Identity",

follows the equality (see Appendix 1)
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intervel £, f,+af. 0‘2(1‘) has, thus, the character of a density the

dimension of which is (dimension of y)z/c.p.s. A simple dimensional analysis
will reveal that the spectral density is propertional to the power density of
the vibration if y stands for the velocity of the vibration. It is, however,
no longer true to speak of ¢2({) as a power spectrum if, as it is more cf'ten
the case, y denctes the acceleration of the vibration.

2

/
Given o‘g(f) , the mean square amplitude \yRMS> ! 2 in any band
1

Af = f2 - T 4 B2y be cbtained by summing the right hand side of the above

equality from f1 to f2

T
, 5 t2 f2 2 )
’ _ \
KM:S) / / = ] o (f)ar .
RS
r
2 i . .
o“(f) will have an average value g~ / in the band f2 - I y which must satisfy
f“l
the equality
b ) 5 I
0'2/(1’—;)—3[ //
2 1 B RIS
:f’1 t1 i1
f

P

2
This average value o‘2 / of the spectral density in the band f2 - fJf may be
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2
casily determined by, say, passing the vibration y(t) / through a filter of

ty b f
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known bandwidth Af, and measuring the mean square output (YRIvIS> / / +» Then
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If this process is repeated at frequency intervals Af through the
entire frequency range, a moving average plct 0‘2(3’;‘) AP of the spectral
density may be obtained. SPADA analyses essentially by this methed the
spectral density. The curve oo(f) pp haS, thus, the charscter of a double

average, being a mean over the time period t2 -t 4 88 well as a mean over
a frequency band of width Af,

The desired resolution with respect to time may be effected by the
choice of the time interval ty, = t,, and the desired resolution of frequency

detail may be obtained by the choice of bandwidth &4f, This aspect will be
dealt with in the next paragraph L.2 where the sampling error is discussed.

he2 The sampling error

When inferring the population value of a statistic from data taken from
a sample, an error, the so-called sampling erron is inevitable, This sampling
error is also committed when estimating the population value of the spectral
density of a vibraticon from measurements on a sample of vibration lasting
t, = t, seconds. (This sampling error should not be confused with the error
trzmat ig due to any inaccuracies of the equipment contained in SPADA, The
latter type of error is additional to the sampling errcr.) A measure for
the sampling error is the standard deviation of the sampling distribution of
the statistic under consideration, which is termed the standard error of the
statistic. The standard error is thus a measure of the variability obtained
when measuring a statistic (in our case the spectral density) on a number of
samples taken frocm the same population. The sanpling errcr depends on the
sample size and decreases with increasing sample size,

Por the case of 2 vibration time function which has the characteristic
of randem noise it can be shown (see Appendix 2) that the standard error,

when determining the spectral density of a vibration from a sample of size n,
is

€

sﬂ%i %
n

which is a sufficiently close apprcximaticon within the relevaent range of
vibration analysis.

The sample size n is defined here as

n.—.TAf‘

where T = t2 -t 4= duration of vibration, or sample length

AP Tardurt Adl Tatme Sruacdtoatred hvy +he analvadine £491+ter or sanmle



The taking of a sample of a vibration time functicn may thus be con-
ceived in simplified form as cutting cut a block fram the spectral density~
time function whose rectangular base is defined by two quantities, frequency
bandwidth of analysing filter and time over which the squared smplitude is
integrated, (see Figlk).

It is sound practice te snalyse vibrations with a sampling errcr which
is equal or less than the error inherent in the vibraticn measuring, trens-
mitting and recording process. Therefore, that combination of T and af
should be chosen for analysis which ensures this condition. It is suggested
that for general snalysis work the standard error of the spectral density
should not be greater than

S € 4O f-1/3 % .

There is generally less freedem in cheoosing Af than in chocsing T.
If, for example, Af is mede tco small then the analyser is forced te lock
into irrelevant frequency details which missile equipment is unlikely to
see, apart from the fact that the sample length T will have to be correspond~-
ingly increased, which may reduce the number of vibration samples that can be
transmitted through cne telemetry channel.

It is, therefore, recosmended that, unless dictated otherwise, the
relative bandwidth cf analysis is adjusted te appreximately

_obe o =1/3

which fixes the sample length T for all frequencies at a value of abcut two
seccnds.

Le3 The principle of deriving the spectral density with SPADA

Unless the bandwidth of the analysing filter is made infinitesimally small
the spectral density o4f) itself cannot be cbtained. A moving average

o‘z(f), however, can be measured, and as leng as the conditions of the standard
error discussed in paragraph .2 (and in Appendix 2) are fulfilled, :)Z(f) may

. . 2
be regarded from a practical point of view as syncnymous with ¢ (). In the
Coslowing tre malificaticn "moving averaze" of the spectral density is therefore
dropped for the sake of brevity.

The principle of spectral density analysis is simple. The vibration to
be analysed is fed through a filter of known centre frequency and bandwidth
Af. The output of the filter is first squared, then integrated over a pericd
T, and finally divided by both T and Af. This process yields the spectral
density in the frequency range Af. It will be noted that only passive networks
are needed, If this procedure is repeated for adjacent frequency bands Af, or
if the frequency range is slowly scanned, & plot of spectral density against
frequency may be cbtained.

Mthough SPADA conforms to this basic principle of spectral density
analysis, it does not explore the frequency range in the original time scale.
In SPADA the centre frequency of the analysing filter is kept constant and the
tape locp bearing the signal to be analysed is replayed at a changing tape speed.

-7 -



The tape speed~time function is so arranged that during one revalution of

the tape the frequency being locked at is shifted by one quarter of the
relative bandwidth of the analysing filter, and that any change of bandwidth
will automatically adjust the speed function to its correct characteristic.
This process of inverse scanning which has also been used on the previous
R.AE. vibration analyser achieves much the same end as if the filter centre
frequency were swept through the desired freguency range and the tape loop
replayed at a constant speed. This reversal of duties, however, reduces con-
siderably the complexity and the volume of the necessary electronic gear.
Particularly the analysing filter becomes a simple fixed parallel - T network,
only narrow band mmplification is reeded and hum can be entirely avoided,

The tape play back speed of SPADA falls monotonically from 160 to 16 am/s (see
Fige5)s This 10 : 4 speed ratic is equivalent to a frequency scan from £ to
10fs In order to cover the frequency renge from 10 c/s to 10 Kc/s three
filters are necessary which have their centre frequencics tuned to 100 c¢/s,

1 Ke/s end 10 Ko/s respectively.

Fige6 shows in diagramatic form the sequence of main events leading to
the spectral density plot., (For key to Fig.6 see Appendix 5).
T
The vibration sample y(t) / is duplicated at the speed v on a loop L of

o]

magnetic tape., This loop is tronsferred to SPADA and replayed at a speed V
which decreases according to Fige5 from 10v j:“c; v. The magnetic replay head
Tv,

H, sees the time tronsformed signal Y(t) / which is fed into the filter
4]

I of fixed centre :f‘r;quency F‘o and relative bandwidth 8. The output of this
P Iv/V

2
filter ¥(t) / / which contains only frequency components within the

F1 o)

band F2 -1 ’ is then squared by the squarer Sq and integrated., The intcgra-
tor I receives the signal to start and to stop integrotion from a pulse p.
Two holes punched mto the tape loop, anc at the begimning and the other at the
end of the recorded vibration sample, permit some light fram the bulb B to
pass to the photocell Ph which generates the required pulse p. The integral

Tv FQ
/" Yz(t) / dt
o] F1

is multiplied first by the time transformed and inverse time base V/Tv in
the multiplier M,, and then multiplied again by the inverse of the relative

2
1 B fg
bandwidth 1/ in the second multiplier M2 which yields a voltage C 1 0‘2 /
T 1:‘1
proportional to the average of the spectral density of y{(%) / in the original
v F o]
frequency band £d = fz - f1, where £ = 7 o .

-8 -



wor case of presentation the spectral density is plotted by the rcecorder
R on a log - log scale., 'The ocutput of M? is, thcrefore, modificd by the

logarithmic shaper Lg. The logarithmic frequency function for the rccorder
is obtained from the shoper Sh. Both shapers, Lg and Sh, are servos using
suitably distorted feedbacks., Both the multiplier M1 and. the shaper Sh
receive a signal which is proportional to the pley back tape speed V, and
which is derived from the tape speed programming unit Pr, a servo which
generates alse the speed characteristic shown in Fig.b. Fig?' shows a
specimen record of wn analysed specetral density.

L.y  Technical aspects of speetral density analysis

Some difficulties arise in practice which requirc devartures from the
prirciple of spectral density snalysis as outlined in paragraph 4.2, and which
are due io non-linearities and other shortcomings in the physical properties
of practical equipment. Two problems are prominent. The first is comnnected
with the fact vhat the frequency resolution of o magnetic tape head decreascs
when the wavelength of the signal on the tape deecreases with signal frequency,
end approaches the width of the gap of the magnet., To compensate for the
resulting deficiency of the tape heads in frequency response, cerrccting net-
works have been interposcd which make use of the voltage proportional to the
ploy back tape speed V which is availeble from the progromming wunit Pr (of
Fige6). The overall frequency response of SPADA, with the deliberate 1lift in
the third dccade, is shown in Fig.8. The cther problem is the filter whose
respouse cannct be made to appreximate a rectangular shape without causing
ccherence, @ phencmencen which may lead to a significant intcraction of the
signal to be analysed with itsclf. In order to aveid ccherence® at all costs,
simple parallel - T nctworks have been used as filters. The three filters arc
built as plug-in units sc that filter circuit changes may casily be made in
the future. The squared frequency response of SPADA's present filters is shewn
in I"ig,9. The deviation from the 'ideal'! respense is apparent from the super-
posed equivalent rectangle which possesses the same area but a wider bhandwidtih.
This bandwidth may be considered aos the effective bandwidth 6eff of the filter,

and is for SPADA's filters given by

5ﬁ3ff = 1.5 X 5 .

5 THE ANALYSIS OF TIE AMPLITUDE DISTRIBUTION

5¢1 The ccncept of a probebility density of the amplitudce

t

2
When deeling with an empirical vibration-time function y(t) / such
’
b
as a recorded sample of envirommentol vibration of duration tz -t s One may

want to kmow for what froction of the time the amplitudc y has exceceded a
certain magnitude Vse If, soy, the time function is availoble in graphical

Torm one may draw a line parallel to the time axis through 5 and measurc the
t
2

cumulative time Z‘ci for which the amplitude remained abeve Vie This process

&

*Coherence is fully discussed in Rof,1,



may be repeated for yj = yi + Ay, yielding the corresponding cumilative time

b Y i
Z t,j' Subtracting z ti - z tj we obtain the cumulative time Z At during
%
) t t, %y
©
which the amplitude remained in this interval Ay. Thercfore ——— ) At
2%
&y

denotes the proportion of time P(y, y + Ay) which the amplitude y has spent
in the interval Ay. It will be noted that P depends both on y and on the
gize of the interval Ay, In order to remove the effect of Ay we take the
average over this interval Ay and get

t, %

Py, y +8y) _ = _ 1 Vaw o —1 - 7 At

Ay = Py T th-t15 Ay T -t Ay
%

1 1

which assumes the character of a density indicating the proportion of ampli-

scconds
dimension of amplitude

tude dwell per amplitude interval, and having the dimension

If the oscillogramme is explored in this manner over the entire recorded
amplitude range a histogram p(y) by representing a moving average of the distri-

bution of the amplitude y is obtained.

As Ay tends to zerc the histogram gocs over to the smooth curve of what
is also known as the probability density of the amplitude (see Appendix 5) :

t, t, ¥=oo
.- . 1 At 1 dt
P(.V) = lim P(Y) = lim = L= - a3 .
Ay=0 Ay Ay= 0 tg t_1 8y t2 t1 dy
t"] t1 F==co

Analogously to the analysis of the spectral density the process outlined before
will not give the probability density p(y) itself but a moving average p(y) by

instead, for the amplitude intervel Ay cennct be made infinitesimally small in
practice.

SPADA analyses a moving average of the amplitude distribution employing
a principle which is essentially as described asbove. The signal to be analysed



however, is recerded on a tape loop (it is in fact the some locp from which
the spectral density is derived), and played back into a circuit which sees
sequentially the signal in adjacent amplitude intervals of size dy. The
desired resolution is aehieved by assigning a suitable value to Ay.

The usefulness of the amplitude distribution lies in the fact that its
shape is very sensitive to the character of the vibration~time function which
is not easily revealed by the spectral density. Amplitude distributions of
some elementary time functions worked out in Appendix 4 and plotted in Fig.10
will show this property.

5.2 The method of deriving the amplitude distribution with SPADA

The principle of amplitude distribution analysis adopted for SPADA is
shown in schematic form in Fig.11. (Fer key to Fig.11 see Appendix 6.)

t

2
A vibration sample y(t) / is recorded on a loop L of magnetic tape at

i

the speed v = 16 em/s. The loop is transferred to SPADA, played back at the
some speed, and the RMS value r of the replayed signal is mcasured by the RMB
meter B, Having measured r, whose value is necded to calibrate the amplitude
distribution plot, the loop is replayed continuously at the constant speed v,
The two holes punched into the tape loop L, onc at the beginning and the other
at the end of the recorded vibration sample, permit light from the bulb B to
pass to the photocell Ph, which generates pulses p. These pulses enter into
the staircase generator St which produces a voltage 7y which is, starting from

zero, increased in steps of Ay at cvery revolution of the tape loop L. This
t

2
voltage y, is added to the replaycd signal y(%) / by the nctwork A, and fed

2

into the cathode ray tube Ce The face of this tube is blackened except for a
t

2
fixed, smell slot Ay through whioh y; + y(t) / may be seen by the photoeell

5y

Ph,z. th generatcs pulses Whose durations At are proportional to the varying
t

2
times for whioh y, + y(t) / is visible in the slot Ay. The magnitude of eaoh
t y
pulse, however, depends en the velocity with which the light spot happens to
travel across the slot, 4 sccondary pulse gencrator P amplifies and clips the
primary pulses, end renders them suitable for sumation by the integrator I

which is triggered by the pulse p to start and terminate integration. The
integrated voltage is first multiplied by 4/Ay in the multiplier M,, then multi-

plied by the inverse vibration sample length rt-—:l_-—,c- in the second multiplier
2 1
MQ, and finally fed into the y~axis of the recorder R, In order to obtain the

normalised presentation of the emplitude distribution the x-axis of the reccorder
receives a transformed amplitude z; (in multiples of the RMS amplitude) which

w1t e



ranges from -3 o +3, zs is cbtaincd by mmltiplying the y-shift voltage Yi»

generated by the staircase generator St, with the inverse 4/r of the RMS
value, the latter having been determined at the beginning of the analysis.

Normally only the positive half of the amplitude distribution is
plotted from z = O to z = +3. The negative half, however, mey be added if
80 desired, The amplitude distribution is plotted in normalised form on a
doubly linear scale so that kurtesis and any skew with respcet to a theoreti-
cal distribution may easily be determined.

Provision is olso made to analyse the amplitude distribution between
two frequency limits f2 - f 1 by inserting one of the three filters used in
the spectral density analysis between the tape head H2 and the adding network

4, and adjusting the playback tape speed accordingly by means of the tape
speed programme unit Pr. Fig.12 shows a specimen record cf an snalysed ampli-
tude distribution.

5«5 Technical aspects of amplitude distribution analysis

The photo-electric method of extracting the time function y{t) in the
interval 4y has been preferred to an all-electronic solution on the grounds
of expediency and basic simplicity. The slot on the tube face is inherently
stable, and the signal cut-off is clean with the chosen configuration of slot
width, cathode ray spot dismeter and distance betwsen tube face and photocell.

fnothexr method, however, was censidered involving a "slot" which is
represented by a metal ribbon stretching across the inner side of the tube
face and acting as a collector for the electron beam, This attractive solu-
tion, however, was no further pursued in view of the extra development time
needed,

The width of the slot in SP/DA's cathode ray tube is 6 mm which
corresponds normally to an amplitude interval of

Jomc

regerdless of the shape of the amplitude distribution. This standard resclu-
tion of 96 readings over an amplitude range of 6 Ypug ey, of course, be
altered if sc desired.

6 SUPPORTING DESIGN FEATURES

A rapid check whether or not SP/DA is functioning correctly is made by
analysing a tape loop prepared for this purpose which contains a sample of
"white noise", that is random noise with a frequency independent spectral
density function. Both the spectral density and the amplitude distribution
sector may thus be tested. In additicn there is provided e built-in meter
with a loose lead that can be plugged intc varicus Jjacks mounted on the front
panels, These jacks are comnected teo vital circuit points required to be in
balance or to have certain potentials.

Interlocks are provided tc the extent that SPAD.L will not start analysis
unless the necessary operating sequence has been campleted, and the serves have
reached zero. On completion of analysis, which is indicated by a light, SP/DA
comes to rest. Pressing a reset button returns the machine to the "start
analysis" condition.



7 PROFOSED WORKING PROGRANMME

SPADA is primorily a rescarch instrument. Some problems which will be
studied with its help are concerned with the detailed nature of vibration ond
acoustic envirenments. We do not lmow today whether we are justified in
treating environmental flight vibrations as a randam process. Quite likely,
significant elements of non-randamess or even periodicity may play a role.

Tt may also be that randomnmess is associated with certain frequency bands
only. Other problems to be investigated are concerned with the distribution
of vibration energy throughout a missile and with the non-stationary character
of flight vibrations which both have a vitol influence on any vibraticn test
specification. SPAD. will assist in determining the extent to which vibration
similation, and if necessary programming, with present type of test gear is
successful.

In crder te be sble to draw general conclusions a large number of
envirommental records need be cnalysed. fAmong special studies such as
mentioned before it is intended to use the machine for the routine analysis
of environmental recordings made by both R.A.E. and various G.W. design
authorities. The analysed data will, it is hoped, provide the basis for a
refined and comprechensive survey of the vibration and accustic enviromments
cocurring under different conditions of G.W. use. The success of this under-
taking will, however, depend on the co-operation of G.W. contracters,
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APPENDIX 1

Ir y(t) represents a vibration time function then the Fourier Integral
Tdentity states that

e} =]

y(t) = fa(w) cos wt dw + j[b(w) gin wt dw
= '/‘c(w) cos [wt + ¢(w)] aw

where o(w) = W/az(w) + bz(w) is the frequency distribution of y(t), and

400
alw) = i— jy(t) cos wt dt
- 00
+00
pw) = 7-1; /y(t) sin wt dt .
- 00

From the Fourier Integral Energy Identity follows that

+ co o0

f yz(t) at = f cz(w) dw = total quadratic content of y(t) .

- 00 Q

!

If y(t) = 0, except for ty <t < t,, as is the case with a vibration sample of

duration t, - t 4 then likewise

2
2
alw) = 71— / y(t) cos wt dt
t
t)
b(w) = % / y(t) sin wt at
£
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tZ
/ becomes

t

and the total quaedratic content of y(t)

1
t2 o0
f v2(t) at = = f 2w) aw .
t o

1

leads to the mean square of y(t)

tz
Division by tz -t 1 / taken over the
2

entire period JGZ - t1. Substituting 2x df for dw, we get

t
2 5 00 o0
1 2 21 2
T / y(t) at = T [c(f)df = /o‘z(f)di‘
1 & 2 1
¢ o
1
t.?_
where c‘z(f) is the spectral density of y(t) in terms of mean square
1

amplitude per unit bandwidth as a function of frequency f.

The relationship between the Fourier frequency distribution and the
spectral density follows from the above eguation

o(f) = 2 -2--2-—1- o(f) .
t

2
The spectral density of a signal y(t) / may be measured directly with
2
a passive system consisting of filters followed by a squarer and an integrator.

When attempting to determine directly the frequency distribution c(w), however,
an active system will be needed which generates pairs of orthogonal frequency

components.,



APPENDIX 2

The standard error of the mean square value of a white noise passing
through a linear single degree of freedem system (or through a filter feedback
network such as used in SPADA) of bandwidth Aw is given by (see also Ref.3)

2
5, = 100\ng % (1)

where N =T Aw = size of the noise sample
T = time over which the squared output of the filter is integrated

C = correction factor.

"

The square root in (1) has the familiar appearance of the standard errcr of
the variance.

Putting

Aw = 2x £

|

where f = centre frequency of filter in cepess of the recording time scale
8 = relative bandwidth of filter

we can write

N = 2nT £ = 2nn

where n = Tfd s (2)

a dimensionless quantity, is the characteristic sample size.

With this notation, the standard error of the mean square value passing
through the filter becomes

5, = 22x¢ % (3)

C2 - 1. 1 l:__e-va_. 29 e“Z“nsinzﬂn\ﬁg—{l . (1)

For small values of &, such as used by SPADA, the term containing sin2
becomes small compared with unity, and (}) reduces to

2 1 —-270
G~1—2'1tn<1~e > .
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C '}s now a function of the characteristic sample size n alone, and tends to
unity for large n. The percentage error when taking C as unity is

and is plotted in Fige.13 against the characteristic sample size n. For values
of n > 8 the percentage error by which the standard error of the mean square
value 1s overestimated becomes less than 4% The simplified expression for
the standard error of the mean square value (from (;‘;?

s x 22 g (5)

is, therefore, sufficiently accurate for general vibration work.

For a given 7, the standard error Se is determined by the bandwidth £6

of the filter. ©OSince SPADA derives the mean square per unit frequency band
(or spectral density) at frequency f by dividing through f0 the mean square
value passed by the filter, the percentage standard error associated with the
spectral density at the frequency f is also Se, for reasons of proportionality.

The standard error of the spectral density at the frequency £ is, using
(2) ana (5)

g . 365 _ _56.5

-

e vYn T fo

o™

. (6)

~O

By putting a limit cn the tolersble standerd error Se the minimum

sample size n  of noise required for analysis becomes (from (6))

2
n, = A ' S (5—-5-§> . (7)
e

The minimum permissible time duration of a sample of noise, consistent
with the tolerable stendard error, follows from (7)

n
Ty = fLoé (8)
where fL = lowest frequency which is of in‘ceresi:
8 = relative snalysing bandwidth appropriate to the frequency range

in question.

To may, of course, be shortened by making 6 larger. This, however, is not

advissble for general vibraticn analysis. The & of the analysing filter
should be comparable tc the & of the dynamic responses of the equipment
which is exposed to the vibration. As a guide, the relationship

.-.17...



Appendix 2
& » i‘“1/3 (9)

is suggested (this is equivalent to Af = £2/3 as proposed in SP 32).

Analysing with a § >> fd/ 5 will inevitably result in a loss of frequency

detail, and making & << f‘-1/ 3 forces the analyser to look for frequency details
which are unlikely to be seen by tne vibrated equipment (apart from unnecess-
arily increasing the analysis time).

(9) is shown in Pige 1, and the O-steps used by SPADA to approximate (9)
are superposed. These steps correspond approximately to the mid-points of §
in each analysis band.

The standard error of analysis should not excecd the standard error
associated with the process of sensing, transmitting, tapc recording and play-
ing back of noisec data. The standard error of recorded vibrations tends to
decrease with increasing frequency in the normal operating range. At 30 /c/ s
its value is estimated to be of the crder of 15% and at 1000 ¢/s sbout 5%

It is, therefore, rccommended that for general vibration analysis work
the standard error of the spectral density is limited to

S, < 40 V3 g, (10)

~
o

This function is shown in Fig.15.

Using (7), (8), (9) and (10) we can find the minimum permissible time
duration of a vibration recording (sample of vibration) which will not exceed
the condition (10)

56, 5° 3190

T o= -
1600 723 ¢ ¢ =1/3

o 5 5 2 seconds .
Se 8

To happens not to be dependent on frequency.



APTREIDIX 3

An ideal magnetic recording head, when energised with a signal voltage

y(t) = ¥, sin 2x £t

produces a time varying magnetic field of strength

$(t) = a ¥y, sin 2r £t

which is imprinted in the tape as a permanent mognetic field, verying with
tape distance according to

&(¢) = by sin 5=

where 4 = vt = distance by which the tape has travelled

v = recording tape speed

I

2 = wave length of f in terms of distance on tape.

M=t

It

If (&) is played back at the tape speed V the play back frequency of
the signal is changed to

f = pf (11)

where p = tape speed ratio.

On play back 2(4) is transformed into 2(t)

o(t) = by, sin 2t Ft .

&(t) produces in the play back head an FMF which is proportional to - %% .

The veoltage~time function generated by the magnetic head is
¥(t) = eF y, cos 2x Pt

wherce ¢ i1s a machine constant.
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The amplitude of the replayed signal is, thus

I, =cFy, - {12)

The record-playback frequency response follows, using (12),

o

cFy
(o]
= ::.GF ™

R = 2
¥, Yo

Let y(t) now be the recorded time function of a complex or a random (noise)
signal voltage having a spectral density o4f). Consider a frequency band
f2 - f 42 which is so small that the spectral density within this band may

be regarded as constant. If the playback tape speed is made p-times the
recording tape speed, then this frequency band is, according to (1),
widened on playback by the factor p, and its frequency limits are now

F = pf’1

s

G

The mean square voltage of the replayed signal,is, of course, affected by
the record-playback frequency response, and it is, within the limits
P, =F

2 1?

o) F,

2 _ A 2 .
Y£ o‘[R(f)dF

1 F'i

The spectral density 0‘2, being a constant, mag preceed the integral sign.
Tnserting the frequency function proper for R4(f), we dbtain

»

‘. /
4
If Fo denotes the centre frequency, and if F2 and F 1 gtand for the

upper and lower limits of the effective bandwidth of the analysing filter, then

"
2 Fy
22
_ 020‘2/ A = 9—3§—<F3-F3>
L

d
Fy o= Fo( - 2>
¢ -_ 0 .§.
12 = I‘o<1 + 2>

where & = effective relative bandwidth of analysing filter, and we get

F‘z ,
2 2 2.5 )
24
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5
Since Fz is a constant and Py is very small, we can simplify
. % a 28 .
*4

The mean square output of the analysing filter is proportional to the
SPADA, by its design, corrects for

specctral density of the recorded neise signal.
the variation in actual bandwidth of the analysing filter which is)asscciated
The

with a constant relative bondwidth (or, if one likes, o constaont Q).
setting of the relative bandwidth iz a question cf apprepriate gain calibra=-

tion.



The amplitude cf a vibration-time function y(%t) observed cver the
peried t1 <t < t2 dwells in the interval y, y + dy for a cumdative time

L dt. The proporticn of time for which the amplitude is confined within the
band y, y + dy is, therefore,

Y
1
p(y) dy = = ) at
t, - t, >
T

where p(y) is called the prcbability density of the amplitude, and is

2 I
1 1 at
o) - (t, - &) dy Z/dt Tty -ty 2_1_&5 '
b Ty TETE

It is easy to see that the area under the curve p(y) inust be unity,
fer

+00 400 t2

: i T
/p(y)ﬁy=t2__t1f Zdy dy = 1
-0 -0 't1

meaning that it is certain that the amplitude y is at all times between the
1imits =0 = ¥ = 40 .

It is frequently mcre convenient te woerk with the normalised prcbability
density of the amplitude

) = iy ) B
t2-t1 dz

in which the instantanecus auplitude y is replaced by standar% units z, that

2
i
is, v is expressed in multiples z of the RMS value r of y(t)/ . Thus
%
y = T 2
and +
r o= e fyz(t)d”c .
2 1 "
1



Appendix A
In the following the amplitude distributions of same elementary
functions are derived (see also Fig.10).
(1) Sine wave

Function ¥y = sin wt

Inverse function t = % are sin y

a | 1
dy '
wyl - y2
Normalising the amplitude

Yy = rz; dy = r dz

we get

dat 1

—— e

dz“_i_—zz
w3
r

If the range of observation is conveniently chosen, say,

on
t, = t, =T =%, then

dt at
Zdz = 23y

because the sine wave cresses twice in this range through any interval

1

z, z + dz (ory,y+dy),where--3_—szs-r-_-(or—*lsys1).

Thus, the normalised amplitude distribution of a sine wave becomes

b oo d—2 1
I 1 _ 2 < - 52
o 2
r by
Since the RMS of a sine wave of unit amplitude is
V2

we get

—23—
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It is quickly verified that the area under this normalised probability density
is unity

+'\‘/-2 +2
j p(Z) dz = g_: [ dz
J 2
) Ao Ne- @
which becemes, since
/ dx .0x
—— = grc sin =+ C
[‘2 P a
Ja = X
2
/p(z)dz = i—[arcsin‘l-arosm(ﬂ)] = 1 .
2

The total \/probability of the normalised amplitude z being between the limits
-V2 and #/2 is unity (this cerrespends to the amplitude y being between the
limits ~1 and +1).

(ii) Zriangular wave or saw tooth

(The argument is restricted to such waves as have equal pcsitive and
negative maximum excursions and nc direct componen’c.)

From Fig,16(a) follcws that the value of the function y = £(t) is in

the
a
Range
1 dtl ~
I y = a ‘t/ ; i&y = a
o
I
1 2 at T
II y=1~g~a‘t/ H a’? :‘é‘*‘a
2 a
b
1 : a %
11T y:b_-,ll“c/ ; 3y = b 5
2 it
L
2
T
1 l at noL
b
Normalising the amplitude
y = rz; dy = r dz
Range
at
I a—z'" = Ia
at T \
II }dzj = r (2 - %)
|dt| _ -5
III 1321 = r(b 2/



Appendix L

dat
Iv la}-!: I'(T"‘b) .

From Fig.16(a) follows that over the range t,
positive excursion:

a oot L LT
dz = +I‘2 -—I‘2.

Thus, the normalised probsbility density of the emplitude becomes

- ’c1 =T, and for the period of

Pl
o1 :
_ 2 _¢
P*T‘z/ ’
2=0

Similarly, we have for the period of negative excursion

dt T T
Z I = r<b--2- + (T =b) = rs

and

The probability density of amplitude of the triangular wave does,
therefore, not depend on z. The RMS of this wave having unit amplitude is
simply derived from gecmetrical considerations. The RMS of the total wave

must be equal to that cf each triangle in the ranges I to IV. Taking that
of Range I, we have

a a
r:/%ffz(t)dtz ;%ftzdt=?1-3— .
) 0
Inserting this value into the expression for p
z=43
P = S 0.289/ .
GE zz==V3

To verify that the area under this normalised probsbility density is
unity we solve

+3 3
1 1
d f— e——— d. = e— W/- { = 1 »
/. p dz 7 f z o7 (V3 + V3)
-3 -Y3

- OF -
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(iii) Square wave

Prom the square wave of Fig,16(b) Tollows that the valuc of the time
function y = g(t) is in the

Range g%
I vy = 1/
o)
% = coaty = 1
T
Ir A = 1/
T
2
’(_1_2 = oo abt ¥y a =1 .
dy

Normalising the amplitude, we have

y o= T2 dy = rdz .
The RMS of the above square wave is r = 1, so that
Range
at
I ‘a‘g = wat &z = 1
dt
II la-z- = coatz =<1 |,

From Fig.16(b) follows further that over the range t2 - t1 =T, and
for the period of positive excursion we have

Va ...
dz T ldzl 7 *

Similarly, for the period of negative excursion

dz“‘dz"oo *

The probability density of amplitude of the square wave of Fig.16(b) is
therefore

P = = cwatz = =land z = +1 s

elscwhere p = O.

- 26 -
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(iv) Random noise

The probability density of the amplitude of random noise i3 not derived
here a;s this subject is well treated in the relevant text-books (see also
Refoz [ )

The amplitude distribution of randam noise is the familiar Normal
Distribution which is, in our normalised notation,

2
_Z_  z=too
2

Z= =00

p(z) =

-

It will be noted that in contrast to the former three distributions the
probability density of the amplitude of theoretical random noise is not cut
off at finite amplitudes.
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APPRIDIX 5
KEY TO PICURE 6

1light bulb

constants

filter

centre frequency of f{ilter
limits of filter bandwidth

frequency in originzl time scale

limits of filter bandwidth in criginal time scale

recording tape head
playback tape head
integrator

tape loop
logarithmic shaper
multipliers
photocell

tape specd programming unit

pulse for integrater start and discherge, triggered Ly perferations

punched in tape leop

servo centrolled x - y recorder
shaper

squarer

real time

duration cof signal sample in real time
recording tape speed (16 cam/s)
playback tape speed (10v = v)
amplitude of signal to be onalysed
emplitude of time transformed signal
relative bandwidth of filter

spectral density of y(t)
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APPENDIX 6

EKEY 70 IMIGURE 11

Adding network

light bulb

cathode ray tube, face blackened except for slot Ay

RMS - meter

recording tape head
playback tape head
integrator

tape loop

multipliers

secondary pulse generator
photecells

tape specd preogramming unit

vulse for integrator start ond discharge, triggered by perferations

punched in tape loop

serve controlled x - ¥ recorder
stalrcase generator

time

time limits of signal sample
recording tope speed

omplitude of signal t¢ be analysed

magnitude of y « shift

anplitude of signal tc be analysed in standard units

magnitude of z - shift

- 29



- o . . - e
i i G Sad
- : . Sy o

5

. con e i \ e

o

*

SR

Ll

e
.
A

. . .
. , : .

e
-
-
- o
e -
- . . -
- -
- . o
- -
0 -

o
S

o

e
=

o

- .

e




¥320dS OO 3dV.L TOld




e

L - S

a0
.wwé&.&m &M “mww . vmmw
o - o

r ‘

\v:,kmm@iu«m.,& . o — T
. mwﬁ . . ...

J\z@w. i .

g - e
. o
.

e e

- . .

el
. M»m&&&z

S
.

- S
S

e
e

o

..

e

o
S Ul e

-

.
.

. o
.. - o

. : e
Sa
\ &wﬁ

@m«eﬂ% o

-
.

Lo

S
=
o
S

el
el
-

B

e
-

e
e
e

o
e
.
o
o S
L
.

iy

o

i o

-
.
.

.
S

o
.
e

o

e

.
.

.

-

..
e
.. . %w& é%w&fﬁ? 2

%

...
.
o \xcm

.
.

e S o
e
S

- @mM: o

DUPLICATOR

FIG.3.



"IIdNVS 3SION V 40 OSNINVIW VIISAHd 3HL 'v°Old

IVl Ol
IVNOILAOdOAd 3ZIS 3INdWVS

'NOILONNS
ALISN3Q VvAd1O3dS

~— XLISN3d vd1D3dS

"3TdINVYS  3ISION
DUSINILOVAVHD 3HL
SINIS3ad3ad INNTO0A SlHL



200 ¢

(»

160
150
Elo
~>
:D.. 100
w
[a
n
[r1}
[V
2 L
T
3
) 0
T 4
g 30
20
(ol o
O 1 | ] L 1
o 02 04 06 o8 1.0

(4

FIG. 5. NORMALISED TAPE SPEED
TIME FUNCTION.



z <
& o
o > 1
9 < R } T Y -'8—
4 o
Tv Tv Ty
T T v
7~ v/ v yz(t)/F"]vu‘ /sz(t)/th - f;z(t)/FZu CRtfa g/
t ) d -— — +Log(e
v A A 2 A T d A srvo L 2 *-09 A )
F -~ Sq' » » M, >~ Mz > Lg -
— %
- 2
C,& 4 -
o - [} G (;)s
F kv R
ON
vk, Log-Logq SCALE
13 Leg v §-+09
> > - Sh >
v \'
=Log f

FOR KEY TO THIS FIGQURE
SEE APPENDIX 5.
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