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1 IITRCDUCTICON

The results of recent experiments1’2 at supersonic speeds on wings of
small aspect ratio, with unswept trailing edges and streamwise tips, have shown
that slender thin-wing theory® may be considerably in error in its predictions
of 1ift and pitching moment, The present caleulations of the 1ift slope and
aerodynamic centre of cropped delta planforms according to supersonic
linearised theory were undertaken to illustrate onc sourcc of the discrepancies,

A number of authors3 by have used supersonic lincarised theory to study
the propertics of croppwd delta wings when ihe influence of one tip is not
fclt by the other, Ve accept the same restriction and make usc of their work.
Only the case of subsonic leading cdges is considercd here, in view of the
intended comparison with slender theory,  Thus we obtain the properties of
any given wing for a range of Mach numbers between that for which the tips no
longer interfere and that for which the leading edge becomes sonic,  The
results of the caloulations are prescnted in tubles and charts, Charts of
lift-slope and aerodynamic cenbre po 1t10n for a 3-paramcter family of wings
have previously becn prepared by Stanbrookd, The wide intervals between
sucecessive curves necessitated by the range of planforms considered make it
impossible to extract the information now required from these charts,

The theory used makes the usual essumptions of small disturbances,
negligible viscous effects and flow separation from the trailing edge only, It
is known that the {low past a small aspect ratio wing at incidence usually
separates from & highly swept leading edge or from a side edge, For an
urwarped wing there is a small range of incidence about zero in which the flow
is little affected by leading edge separation; this range is very small if the
wing is thin, the leading edge sharp and the Mach nunber of the flow normal to
the leadlng edge is small; it increases with thickness, edge angle and Mach
number normsl to the leading edge; and, in general ternﬁ, it is greater for a
wing with a round leading edge,  Thus, although the present results are less
Wlde]j aprlicable than those obtained from linearised theory for planforms of
higher aspect ratio, they provide reasonable estimates for the 1ift ard the
position of the ﬂentre of pressure near zero incidence for a thin {lat wing,
vimilarly, 1l e sharp-edged wing is sco warped ithat at some incidence its leading
edge is an attachment line and separation ahead of the trailing cdge is avoided,
there is again a smell range of incidence about this "attachment incidence® in
which leading cdge separation has little cffect, The size of the range then
depends on the warp distribution as well, The prosent rosults can also be
used lor the slope of the 1ift curve and the position of the aerodynamic centre
in this range for a warped wing, A simple treatment by slender body theory of
the scparated flow past planforms with oontinuously curved leading edges is
given in Ref, 6: no theorctical treatment of the Flow with leadvno edge separa-
tion is yet known which would cnsble us to calculate the cffect of varying
Mach number,

The 1ift and pitching moment of a wing are affected also by its finite
thickness, This effect cannot be calculated by a thin-wing theory of attached
flow, since such a theory excludes any interaction between lifting and thickness
effects, Clender-body theory sllows an estimate to be made of the shift of
acrodynanic centre due to thickness and the loss of 1iflt due o a non-zero base
arca for a slender, pointed wing with unswept trailing edge.

*Slender thin-wing theory uses simultaneously the asswnptions of slender
body theory and of thin wing theory, 1t is the limiting form of slender body
theory for vanishing thickness and camber eand the limiting form of supersonic
linearised tneory for vanishing (4,



Por wings with diamond cross-sections these effects have been calculated
by E.C, laskell (unpublished)., He finds a 10% loss of 1lift when the trailing
edge thickness is 30% of the span, For a delta wing of aspect ratio one,

12% biconvex centre section, (the subject of low-speed tests7) the aerodynamic
centre is calculated to be 2,6% of the root chord further aft than it would be
on a thin wing, The experimental rcsults at small incidence confirm this
difference,

Having briefly indicated the deficiencies of the proposed model of the
flow, we go on to outline the theoretical treatment of it and to discuss the
results,

2 THEQRY

The simplest approach to the calculation of the 1lifting properties of a
cropped delta wing by supersonic linearised theory is through the super-
position of conical velocity fields, The basic solution is that for the
uncropped flat delta wing at incidence and this applies forward of the Mach
cones from the leading edge tips (ABDC in Fig,1). This solution implies a
load distribution, constant along each ray through the wing apex, which
extends beyond the wing tip and must therefore be cancelled, The cancella-
tion is carried out by introducing an clemcntary solution which produces
constant load over the region between a ray from the apex and the tip edge,
on the outboard side of the tip; and produces zero load forward of the ray
through the apex and zero downwash inboard of the tip (sce Fig,1)., This
elementary solution is conical: its vertex is the intcerscction of the ray
through the apex and the tip edge. By integration ol these clementary
conical solutions, a solution is formed whiclhi cancels by superposition the
load produced by the basic solution at points off the planform but leaves the
dovmwash on the wing unchanged, The load distribution induced on the wing
by these elementary solutions modifies the basic solution everywhere behind
the Mach lines BD and CD from the leading edge tips, the effects of the two
tips being additive in the region behind both Mach lines, The construction
of the cancellation solution in this way is no longer possible as soon as the
influence of the port tip is felt by the starboard tip; since then the load
distribution off the wing which is to be cancelled is no longer constant along
rays through the wing apex, Although there is no difficulty of principle
involved in carrying the solution past this point by using highcer order
conical fields the work involved would be extensive and the solution along
these lincs has not been constructed,

The solution for the case of non-interfering tips has been lound, by
CohenB, for both supersonic and subsonic leading edges,  She uses the
method outlined above and obtains expressions for overall 1ift and pitching
moment as integrals of algebraic functions. These can be expressed in
terms of incomplete elliptic integrals of the third kind, but it is more
convenient for calculation purposes to evaluate them dircetly by numerical
integration, In this way the results of the present paper, which are for
subsonic leading edges only, have been found, Details of the calculation
are given in the Appendix, The results appear in Tables 1 and 2, The
independent variables chosen for this tabulstion are such that linear
interpolation in both dircctions introduces errors not exceeding 1% of the
tabulated function, Iowever, they do not show the changes in 1ift slope
and aerodynamic centre which occur as a given wing is teken through a range
of Mach number, These are shown in FPigs.2 and 3, in the form of plots
against B cot A for each of a range of values of the taper ratio, A,

A similar derivation from conical field theory has becn used by
Gillesht to calculate the load distribution over a cropped delta wing at five
Mach numbers between that at which the tips last interferc and that for
which the lcading cdge is sonic, Thesc calculations have now been slightly



extended so that at each Mach number the load has been calculated on a wing
continued rearward until its tips interfere, The load distribution on a
shorter wing is obviously the same as that on the forward part of the longer
wing, The isobars of the load distribution are sketched in Fig,L for four
values of B cot A, In each casge the pressure has heen scaled to be unity
along the centre~line of the fore part of the wing, These load distributions
have been integrated graphically to obtain the total 1ift and moment in a
number of cases, The results agrec always to within 2% with the values
found from Cohen's farmulac, This is the greatest accuracy to be expected
fram the grephical integration, so the two methods can be taken to be in
agreement,

The same case of non-interfering tips can also be dealt with by
vvard's method®; an extension? of this method seems to permit the calcula-
tion of the proverties of some wings with interfering tips,  This has not
been attempted for the present paper as the complications introduced resemble
those fourd if we proceed to higher order conical fields,

Sirce this work was carried out, the authors have learnt of detailed
charts10 Por the 1ift cocfficients of cropped delta and other planforms with
supersonic trailing odges, 4t the points of exact comparison avallable,
the rosults agree with the present values to within 17, Ref,10 does not
provide cerodynamic centre data,

5 DISCUSSION

Sirce these calculations were undertaken to throw light on the
differences hetween cxperimental results ard slender thin-wing theory for the
gothic* planform, it is appropriate to discuss brielly how far they do so.

Inspection of Pigs,2 and 3 shows that, in general torms, the lifting
properties of cropped delta wings with subsonic leading edges do vary
considerably with Mach number,  Thus therc is only a small range of Mach
number within which slender thin-wing theory is reliable,  This is obviously
cxpliceble in terms of the distributions of lifting pressure illustrated in
Fig. 4, These are calculated by supcrsonic thin-wing theory; according to
slender theory the same type of distribution would be found ahead of the kink
in the leading edge but with no 1ift behind it,  Such a disparity between
the results of the btwo theorics might well be cxpected on a planform which is
so obviouzly not "smooth" in the sense required by slender body theory,
4Lrpdn din general terms, it would be expected that the propertics of a planform
like tho gothic with a continuously curved leading cdge would change less
rapidly with Mach number than thosc of a similar croppcd delta,  However, the
crperimental results of Ref,1 show that the 1ift slope and acrodynamic centre
position at Ps/c = 0,252 and above arc very diffcrent from those calculated for
a thin wing in attached flow at Bs/c = O, It is this discrcpancy which we
wish to czplain,

Since at very small 1ift coefficients it is impossible to determine CL/a
and Gm/CL with any accuracy from the cxperimental points and at large 1ift

coeflicients there is much uncertainty ebout the effects of leading edge
separation, we shall compare theory and experiment for GL = 0,1, As indicated

above, it is sufficient to consider the results for Ps/c = 0,252, corresponding
to M = 1,42 and 8/c = 0,25, We consider the "transition free" values, a quite
arbitrary choice since the cffects of fixing boundary layer transition on 1ift

and moment were found to be small ard not systematic with Mach number,

*The gothic planform has its leading cdges formed by parsbolic arcs,
The vertices of the paraboles are at the wing tips, which are streamwise, and



The experimental value of CL/h is 1.535 and the slender thin-wing

theory calculation gives mA/2 or 1,178, so that the experimental value is 30%
above the calculated one, The cropped delta wing with the same ratio of
span to length and the same aspect ratio has a taper ratio of 1/3. Its
calculated 1ift is the same by slender thin-wing theory, but, by the present
celculations, at M = 1,42 it has a CL/b of 1,375, i.c. 17% ebove the slender

t@in—wing theory value, Since the effects of Mach number on the gothic
wing are likely to be less than on the cropped delta, this leaves at least
13% to be accounted for. In Ref.6 it is suggested that the expression

C, = nA af2 +1.|.u.2

includes the non-linear 1ift due to leading edge separation, according to
slender theory, The experimental evidence of Ref,2 fits this expression at
M =1, For the present planform it predicts an inorement of 0.275 (i.e., 23%

of the slender thin-wing attached-flow value) in CL/d for C, = 0.1,

Inorease of Mach number above M = 1 reduces non-linear 1ift rapidly (see
Refs.2), so0 that a contributioen to CL/d from leading edge separation

of 15-20% of the slender thin-wing theory value may be expected. It is thus
possible to see how the value of CL/d calculated for a limitingly slender

wing in attached flow can be augmented to the experimental value; or, indeed,
sufficiently above it to allow for the loss of 1lift due to boundary layer
thickness,

The experimental centre of pressure at M = 1,42, C_ = 0,1, transition

L
free, is at 56,7% of the oentre-line chord from the apex., According to
slender thin-wing theory it should be 10%o further forward at 46.7%. It is
less easy to choose an "equivalent" cropped delta wing than it was for the
1lift alone, This is because the A = 0,75, s/c = 0,25 cropped delta
considered above has its centre of pressure at M = 1,0 at L4h.L%, while it is
a wing with N = 0,3 which has the same centre of pressure at M = 1,0 as the
gothic, However, all these possible "equivalent" oropped delta wings have
centres of pressure sbout 8%c further forward at M = 1,0 than at M = 1,42,
50 we can expect a difference of not more than 8%c on the gothic., Calcula-
tions supplementing those of Ref.6 for the effect of leading edge separation
on oentre of pressure position show a rearward shift of about 4%c between

CL = 0 and CL = 0,1, according to slender theory, The effect of Mach

number must again be to reduce this, Since the wing tested has a sharp
trailing edge, its f'inite thickness has no effect on the 1ift, according to
slender body theory. However, it does affect the centre of pressure by an
amount calculable by the method of Maskell mentioned in the Introduction.
For the wing tested the centre of pressure is calculated to be 2,5% further
back than for the flat wing of the same planform, This figure from slender
body theory is also likely to be reduced by the effects of Mach number sinoce
for large enough Mach numbers strip-theory becomes applicable and this
predicts a forward shift of centre of pressure due to thickness, Thus we
have once again produced corrections to the slender thin-wing celculation,
which are known to be individually over-estimated and which together more
than account for the discrepancy between the calculated and experimental
values,

The lifting properties of the gothic planform have been calculated by
Squire11 using the not-so-slender theory of Adams and Sears12. It is of
interest that his calculated results for the lift-slope and aerodynamio



The above discussion mokes it clear that the problem of predicting the
1ift and moment of slender wings at supersonic speeds is not likely to be
solved easily: attached flow theory must be modified to account for leading
edge separation, thin wing theory must be modified to account for finite wing
thickness and slender theories must all be modified to account for Mach
number variations, The present paper shows the importance of the last of
these for the attached flow past a particular family of planforms without
thickness,

LIOT OF SYLDCIS

b8 aspect ratio

c length of wing

CL 1ift cocefficient

Cp pressure cocfiicient

B complete elliptic integral of sccond kind (Legendre)
h distance of acrodynamic centre from apex

L basic 1lift

AL additional 1ift

M Mach number

Mb basic moment about apex

AL additional moment about apex
m B cot A

g dynamic pressure (Fp V2)

e semi-span

« incidence

B N I\IZ -1

A taper ratio

A lcading cdge sweep angle
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APPINDIX

DETATLS OF LIMT AMD MOMONT CALCULATION

Cohen in Ref, 3 gives expressions for the 1ift and moment about the apex
of a wing with straight subsonic or supersonic leading edge, strcamwise tip
and straight supersonic trailing edge, The expressions are obtained as the
sum of two terms, one due to the besic delta solution and the other due to
the cancelling solution as described in section 2, In all these, we take
the limiting case appropriate to zero trailing edge sweep and cbtain:

Eﬁa _ 4:32 =1
= (sin™ (4=A) + (1=MVA(2-R))

qu
(1-}\)2%3( 1—~m2)
- ks c 1 3 11
- <? sin” (4=2) + (1-A)VR(2-N) + (1-7)7 cosh” 7—x)
2 2 -
3(1=)\) EQQ1~m%)

for the 1ift and moment arising from the basic delta solution; and
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1
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for the additional 1if+t and moment due to the cancelling solution, Hlere A
is the taper ratio, m = P cot A, A is the leading cdgc swecp, s is the semi-

. ..1[ 2y ., s
span, ¢ is the length, E(V1-m ) is the complcte elliptic integral of the

. . 2 . .
second kind of modulus”™\[4-m . By the substitution

22 - g - K(Z—h)uz

the limits of integration in the expressious for AL and AV arc made 0 and 1

and the integrands arc transformed into {unctions which bchave like polynomials
at the end points, Standard Gaussicn integration formulac can then be used to
evaluate AL and AV,

-10 -



Appendix

For the present calculations, the ten-point Gaussian formula was used
and the work carried out on DEUCE using the T,I,P., (Bristol Tebuler
Interpretive Programme),

The Prandtl-Glauert rule for thin wings implies that it is sufficient
to calculate the properties of a two-parameter system of cropped delta wings,
It tells us that, if the spanwise dimensions of the wing and Mach cone are
multiplied by a factor, then the 1ift coefficient is multiplied by the same
factor and the serodynamic centre is unaltered, Thus the calculated

acC
quantities %"Eéé and %-are functions of the paremeters B cot A and Ae/Bs

for each example, only.

- 19 -



TABLE 1

&
Values of~% Sa for cropped delta wings
A
Bs 0 0.k 0.8 1,2 1,6 2,0
B cot A

0 1,571 1. 571 1e 571 10 571 10571 1,571
0,05 1,563 1, 602 1,621 1. 628 1,625 1,613
0,10 10 5406 1,622 1,661 1,676 1,670 1,648
0.15 1.523 1,635 1,693 10716 14 710 14679
0. 20 14495 1,642 1.719 1. 750 1o 745 1,706
0. 30 1elt33 1,643 1.755 1. 804 1, 801 1,752
O.M) 1. 365 1. 632 1-776 1c82+3 10811-5 10789
0,50 1.297 1,613 1. 737 10871 1,880 1, 820
0. 60 1,234 1. 590 1, 790 1, 891 1,906 1,845
0. 70 1,167 1, 5604 1,788 1, 90U 1,927 1,865
0,80 1,108 1. 537 1, 782 1.913 1o 9l 1,882
G, 90 1,052 1. 509 1. 774 1. 918 10 957 1, 897
1,00 1 1. 482 1,76k 1, 921 1. 967 1. 909

Distance of uerodynamic centre of cropped delts wing, measured from

TABLE 2

apex in

terms of length h/c

Ae
Ps 0 Oe & 0.8 1,2 1.6 2,0
B cot A

0 0, 667 0, 667 0. 667 0. 667 0. 667 0,667
0,05 0. 657 0, 662 0. 653 0, 642 0, 630 0. 615
0.10 0. 667 0.657 0. 644 0, 621 0.598 0,573
0,15 0,667 0, 652 0,629 0, 602 0.572 0.537
0,20 0,667 0, 648 0,619 0.586 O, 549 0. 507
0, 30 0,667 | 0,639 | 0,601 0,559 0s513 | 0,460
0, 4O 0,667 0,632 0,586 0. 538 0. 4,85 0. 4,26
0.50 0,657 0, 621, 0.573 0. 520 0. L6, 0. LOO
0. 60 0. 667 0, 618 0, 562 0. 506 O 48 0. 381
0. 70 0. 667 0, 611 0,552 0. 495 0, 435 0. 366
0, 80 0,667 0. 606 0. 543 0. 1,86 0,425 0, 354
0. 90 0,667 0. 600 0. 536 0. 478 0. 417 0. 345
1,00 0. 667 0. 595 0,529 0. 471 0,410 0. 337

- 1D -



ELEMENTARY CANCELLATION SOLUTION PRODUCES

CONSTANT LOAD OVER REGION [/ /]
AND ZERO ODOWNWASH TO THE LEFT of CE.

FIG. I. NOTATION.
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