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SUMMARY

The method for calculating the unsteady pressure force acting on the
high pressure end of a shock tube after the rupture of the diaphragm is
set out, The mathematical development, using a solution due to Riemann, is
taken from Courant and Friedrichs?!, For air or hydrogen (y = //5) a simple
closed expression for the pressure is obtained, and the first and second
integrals of this with respect to time are given, It is shown how these
permit one to estimate the recoil of a typical dynamical system, Calculated
pressures are found to be in good agreement with a set of experimental
results,
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1 INTRODUCTION

When the diaphragm in a shock tube is ruptured, the high pressure
section is subjected to an unbalanced force due to the pressure acting on
the closed end, and will, if not rigidly mounted, be displaced a distance
backwerds., The purpose of the present note is to show how this displacement
may be estimated., It depends primarily on

(i) the magnitude of the pressure force, and the time for which it acts,

(i) the mass of the driving end of the tube, and the retarding forces
in the system.

The dynamical equations for a typicel system are set out in section 2,
and it is seen that the displacement depends on the way the pressure on the
closed end varies with time; +the solution for this is given in section 3 and
its first and second integrals with respect to time in section 4. FPressures
calculated by the formula of section 3 are compared with a set of experimental
values in section 5 and good agreement is found.

2 DYNAMICS OF THE SYSTEM

In the design of a shock tube installation, constraints may be introduced
to resist displacement due to the unsteady load in a variety of ways. The
retarding force may be constant, a function of t, x, dx/dt, or of a combination
of these. It may be necessery to oconsider two or more components, and in the
scheme proposed for the R.A,E, 6 inch High Pressure Shock Tube, shown diagremma-
tically in Fig.1, the reterding force R, (acting on the high-pressure chamber N, )
is due, for example, to a precompressed spring of very high hysteresis and sc
nay be regarded as constant, and is of such magnitude that during the
recoiling motion, the two masses M, and M, of the high-pressure chamber and of the
buffer block separate. To describe the mOtion fully, it is convenient to intro-
duce the force of reaction between the two masses, X. Then the equations of
motion for each component of the system are .1

dx
M, ——— = X-pM2g

N

(1)

M, —= = p(t) A=R~X

A

where A is the cross sectional area and p the pressure on the end of the tube.
For X » 0, i.e. before separation, Xy =%, and the equations may be combined

to give
de
(Mg +My) =5-= p(t) A-R=~pl, g (1)
2 2
dt
but when X = O, i.e., at and after the time t, such that

p(t1)A+pM2g~R.~=0, (1b)

the displacements xy and %, of the masses M1 and M2 become distinct, and the two

equations must be used, with X = 0.



The integration of the equation of motion (1) is straightforward,
although if p(t) and R are not given as simple functions of t or x, it may
have to be done numerically, In the remainder of this note, an
expression is obtained for p/p, as a function of t/t_, where p is the initial

pressure in the driver and to is the time that elapses between the rupture of

the diephragm and the arrival of the head of the expansion fan at the closed
end of the high pressure chamber. (For t = tos P = po.)

This expression is then integrated to give the functions
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which represent the contributions of the unsteady pressure to the velocity and

displacement of the tube, for the case where the expanding gas in the high
pressure chamber has the constent specific heat.ratio ¥ = 1e4.

Ht
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3 VARTATION OF FRESSURE AT THE CLOSED END (F THE HIGH PRESSURE CHAMBER

The pressure-time history at the closed end of the tube is found from a
solution for the reflection at a rigid wall of the centred rarefaction weve
travelling upstreem from the diaphragm. This is given in seotion 82 of
Courant ard Friedrichs?, and outlined here.

The equations of motion and continuity of a one-dimensional unsteady
isentropic flow may be written in the form

28, 2 .dx___ -
r o= TSI tU = const. along a line G - ute
(3)
2a . dx
s = yoq- = const., along & line 9 - w4~ e

The r and s characteristics are indiceted in Pig.2. r is constant throughout
the region unaffected by the reflection, in which region the flow is a "simple
wave', At the end wall u = 0, so tnat 2t axny time t Yuell = Swall and, with

the notation of Fig,2, Ty =84, T, =8, etc.

Within the region of interaction, by (3)

x 2t O _ gy O
38 = (u + a) o8 ? ar = (u 8-) or . (z")



Thus, eliminating x and putting u and e in terms of r and s, we obtain

2

o t A 3t ot _
3r 98 T T + 8 ar+as"0 (5)
where
+ 1
M= By 6)

The solution of this equation which satisfies the boundary conditions imposed
by the initial centred nature of the incidert wave, and by the reflection at
the wall is*

+ 8

- A
t(r, s) = % <——9-———-9> F(1 =N A3 15 =) (7)

T+ 8
where

(x, =) (s, = &)
(ro - so) (r + 8)

(8)

y
' is the hypergoemetric function, defined by

a.b ala + 1) b(b +1) 2
G it 2* T g(e + 1) 23 Bt eee

Fla, bj c3 2) = 1+

and to is the time at which the incident wave first meets the end of the tube.

At the end of the tube r = s = 28/(Y ~ 1), where a is the local speed of sound
at time t; thus by (7) a and t are comected by

s \M
t(a) = % <-;f> P(1 =% M 15 =3) (9)
h
where , .:a_ 2
(-3)
X = a ’ (10)
cx
o

a,, being the initial speed of sound in the undisturbed driver,

*This mey be verified by assuming a solution of the form
t <ro + s0>7‘
o—— = t—————— nl
to hnd T + 8 E(Y) ]

in which case a second-order linear equation is obtained for F which may be
solved in series, A fuller account is given by Steketeela



The hypergeometric function reduces to a polynomial. of degree A ~ 1
when A is a positive integer. This is so whenever y is of the form
(2n + 3)/ §2n + 1), as is the case for polyatomic gases. Thus for a monatomic

gas (¥ = 3 we should have F = 1 + 2x, while for hydrogen or air which are
diatomic, (Y = 7/5), we have the quadratlc expression

F(-2, 3; 15 = y) = 1 + 6y + 65° (11)

(€1 )
Y ‘1
. . a 2\ - (2
The pressure is given in terms of the speed of sound by o = > = .
(o] o)

The last three equations ensble us to write the pressure-time history at
the end of the tube as

O<t<t° R P = p 1

-5 ~3 /7 (12)
bet s _ 3N ameNT i

o ’ t, 8 P, h.po Py

4 INTEGRALS OF PRESSURE WITH RESPECT TO TIME

o]

The integrals defined by equation (2) which give the contributions of

the unsteady pressure to the velocity and displacement of the system may now be
calculated, using (12). The first is

t t t
For 0 < T <1 f(Tb-) = T
o ) )
and for %1;_ . 1 S (13)
O
L XL &1
t P
16 f{— = - 15 (5~ -39 o
&) v @) -6

From this the second integral, defined by

@ - [®®



2
is found as LN . 1<_12_>
s tounc as g(to 2\,
for 0 < 7;§- < 1 s and
° S (14)
~5/1 ~3/1 =t !
o) 2@ 1) ) 2
tO 8 PO 8 PO h’ [o] l‘- (o)
3 5/7
+§<..12.> +.2_<_1?_> - 26
8\p LO \p, 5

t
fort>1.
(o)

P/Py» £ and g ere tabulated for t/t > 1 in Table 1 and plotted in
Figs.3 and 4.

5 CQVPARISON (F THEORETICAL AND EXPERIMENTAL VARTATTONS CFf PRESSURE WITH TINE

Fig.5 compares pressures calculated from equation 12 with measurements
(unpublished) made at the closed end of the R,AE., 6 inch High Pressure Shock
Tube, for a particuler operating condition with hydrogen driver at 2,300 p.s.is
and 290°K, The experimental results were obtained with an SIM PZ 14 pressure
transducer.,

The experimental value of to was 7.0 milliseconds. This agrees with the

time that would be calculated for the head of the expansion fan to travel the
20 £t from the diaphragm to the closed end of the high pressure chamber,
assuming that it moves at the speed of sound in hydrogen at 290°K, namely
4270 feet per second.

After that, there is extremely good agreement between experiment and
theory, at least up to times between 35 and 4O milliseconds after rupture of
the diaphragm, when the pressure has dropped below 100 p.seis (compared with
the initial value of 2,300 p.Seis).

For times in excess of 40 milliseconds, the experimental results drop
below the theoretical curve. The reason for this is not yet undergtooc?. ;5 it
may be fundsmental, or arise from experimental error, or be a combination
of both.

However, with the exception of the long drawn out "tail" of the theoreti-
cal estimate (note that Fig.5covers only the region up to t/to = 8 of Fige3)

the comparison would indicate that the theoretical formulse of this note may
be applied with fair confidemce to the calculation of the recoil of a shock
tube.
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TABLE 1

£
Valuesof-PBo-,-{;, f and g

P 4

- wle f

Po 1:o &
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0, 075 3469
s 06 4194 1e725 5359
0. 05 Le 67
0. O 5.336 14780 7o 34k
0, 02 8.123 1.859 1245
0.013 10,65 1, 9064 17409
0,012 11,20 1.9103 18,13
0, 010 12,58 149213 20,89
0 009 13,46 149296 22,59
0, 008 14453 149384 25464
0. 007 15.84 1. 9485 27+19
0. 006 17451 149593 30446
0s 005 19423 1. 9714 34482
0, 00k 22,84 149854 40,99
0. 003 27465 2, 0020 50, 56
0002 36426 2,0230 67489
Os o 570 914- 2. 05314- 11201

- 40 =~

WT.2078.C. P 486.K3 ~ Printed in England






HIGH PRESSURE CHAMBER
MASS M,, DISPLACEMENT X,—=

BUFFER BLOCHK
AREA = A

MASS M,

P /
?\ -y - DISPLACEMENT X ,—»
/

- X

R
C e
/ RAILS
777777 ///7//////7// SIS

FRICTIONAL FORCE = U M, g
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