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DUMIMARY

In the calculation of coumpressible fluld flows 1t is assumed
that the fluid, particularly sir, has the properties of a perfect gas
with constant specific heats. This essumption is adequsate when the
range of temperatures under consideration is not unduly wide, and the
numerical results of the simplified theory are sufficiently accurate,
provided that a correct value for the ratic of specific heats, s 18
gelected. Flow functions are sufficiently compliceted to warrant the
yreparation of detailed tables, and 1f such tables are to be of practical
use, theoy ought to be prepared for a range of wvalues of the ratio of
specific heats, whach, for example for sir at low pressures varies from
14399 at GO0°F. abse to 1.281 at 6400°F, abs., or from 1.398 at 600°F. abs.
to 1.245 at LB00°F, abs. for combustion gases resulting from the
combustion of hydrocarben fucls. In actual practice most flow functions
for air are calculated uander the assumption of one specific value for vy,
irrespective of the range of temperaturcs; in most cases the value

Y = 1.400
18 used for comvenicnce, when dealing with air.

On the other hand, with increasing Mach numbers in the study
of aerodynamice phencmena, or both Mach numbers and stagnation temperatures
1n gas turbine problems, the errcr committed by stipulating constant
gpecific heats increases and becomes zignificant. This paper containg
an introductory analysis of this error in relation to the fundamental
temperature - Mach number rclationsmp for the steady and adiasbatic flow
of air. I% 1s shown that the variation of speciiic heats, or their
ratio, s with temperature, can be easaly taken into account in
calculations il they are based on existing tables of the thermodynamic
properties of air., Skeleton tables of the tomperature variation with
Mach number and stagnation temperature are given and the deviation from
the equation stipulating constant specific heats, namelyi=

18 analyscd.
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It ig found that the error commitied by adopting this equetion,
gonerelly inereases with lnercaping stagnntion temperatura T, 3 its
depondonce on the Mach number of thoe flow is moxw unexpooted, in thet it
is found that it oxhibits e maxlmm in tho nolghbourhood of M = 2.0,

The maximum crror in calculating T for a given M  in the abovo egquation
mey reach 370°F at T, = 5C00°F abss with M =2 2.2, If tho valus

Y = 4,400 1s used, thon all errors in T arxu nogetive, the more scourote
veluo boing higher than thet calewlatod from the constent specific hests
cgquation and incroasing with stegnation temporaturc. If ths valus

Y = 1,308 is used thon, as expocted, tho orrors arc bilgger for the lowor
range of stagnation temporatures, but smaller for the range of stagnation
torporaturcs from 3000 to 5000°F, abss In tho lowor range of stegnation
tomporatures the error is positive, but for highor stagnation tauperaturs,
the sipn of tho orror doponds on the Mach nuibor. The distribution of
orrers is given in Fig, 5,

(1) Introduction

Present-day calculations of compressible fluid flow functions
are almost exclusively based on the agsumption that the working fluid is
a perfect gas whose specific heasts and isentropic index Y = cg/c * are
constant. The equaticns encountered in the calculations are uf%iciently
complicated to warrant the preparation of sUitable tables or diagrams.
Such aids to calcoulation have been published by Jamison and Mordell (3)%,
Keenan and Kaye (5), Emmons (2) and Dailey and Wood (1), Some functions
were also caloulated by Kestin ana Oppenheim (7).

There is at present no general agreement as to the best value
to be agsigned to the isentropic index, y , which appears in all flow
functions, when the assumption of constant apecific heats is made. In
the case, which is most importaont in practical applications, namely for
air, values such as

14405 1,403 {10)  1.400 1.39%  eto.
are cncountered, preference being given to the rounded off value of 1.400.

In actual fact, if the working fluid is assumed to obey the
perfect gas law, it can be shown that the two specific heats, cp and
c¢v and their ratio, y , are dependent on temperature*x. The nature cof
this dependence and the mathematical expressions for the relevant
functions are best derived from spectroscopic data. Such data are now
available (5) (12) and it scems appropriate to assess with their aid the
error committed in the caleculation of the flow of compressible fluids,
when the sssumption of constant specific heats is mades It will be shown
that the error is sufficiently great to Justify the caloulation of new
tables, which would take into account the variation of the 1sentropic
index, ¥ , wath temperature.

It is evident that it is impossible to survey the whole fleld
of compressible fiuid flow in a sangle paper; on the other hend, 1% will
he appreciated that in most cases the calculaticn begins with the

evaluation/
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* A list of symbols is given on p.6

* Figures in brackets refer to the bibliography given on p.7
#oee refe 11 Dy 123 or ref. L p.100.



evaluatron cf' the stream temperature, T , for a given lach number, M ,
and stagnation temperature, Ty o ALl other quantities are then easily
deduced. Consequently, in this paper we shall analyse thc method of
caleulating T for given values of T, and W from the data for air,
which have been tabulated by Keenan and Kaye (5)» The results will be
subsequently compared with the constant specific heat equation

T 1
- - - it i, ol T A N S S » LI ] (1 )
Ty 1oy Yom Ay

2

whose derivation can be found in a number of standard text~booksx.

(2) Assumptions and basic equations

It will be a2ssumed thot the working fluid s a perfect gas, mo
that its specific heats, their retio, the enthalpy and internal energy
are functions of temperature zlone. These functions have been tabulated
for air and several combustion gases in ref.5. Approximate methods
for combustion gases were given in ref.6t and also in refs. 5 and 8. The
variration of the ratio of specific heats, 7 , for air is given in Fig.l.

It is well known that no simple mathematical expression can be
designed to fat these data accurately, sc that it is necessary to meke
use of tables.

From Fige.t 1t 13 seen that the value of v for air varies
from 1.399 at 600°F. abs. to 1.281 at 6L00°F, abs., morcover, the rate
of change of ¥ with tempersture, whach 1s plotted in Fig.2, 1s seen to
be small at the lower and higher c¢nds of the range. It is largest an
the vicinity of 1000°F, abs.

The variation of 7Y for geses resulting from the combustion
of hydrocarbon fuels 1is very much the same as for air (6), and the
ronge of values is from 1.398 at 600°F, abs. to 1.245 at 4L500°F. abs.
for fuels containing about 415 per cent carbon by weight and depending
on the air/fucl ratio.

This type of temperaturs dependence suggesta that the deviation
from eguation (1§Pw111 be largest in the middle of the temperature range
and that it will tend to decrease both for very high and for very low
temperatures.

In order to derive the equivalent of equation (1) for the case
with variasble specific heats, we can proceed ag follows. The velocity
of flow 1s given by the energy equation

2
"v = 2(ho"'h) a0 (2)
which does not stipulate any specific thermodynamic properties of the

working fluid. The velocity of sound is giaven by

a® = YRT voe (3)

the equation being valid for perfect gases with constant or variable
specific heats. In the above equations h h and ¥ =are tabulated
functions of temperature.

o ¥

Consequently/
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Consequently, we obtain for the Mach number:
W=V 2/s2

2(hg = h) W)

¥RT

If in this equation M and h, are given, and it 1s desired to find T ,
1t is necessary to proceed by trial and error, since h and Y also
depend on T. Alternatively, it 1s possible to employ a graphical methed
by seeking the point of intersection of the two functions

T, = AR Y, = hy-h e (5)
of which the farst can easily be calculated in terms of h with M as
parameter, and the second is a straight line in terms of h , with h, aa
parameter. 1t would, therefore, be fairly simple to devise a suitable
geometric construction, as e.g. in Fig.3. Neither of these methods seems
to be suitable for practical calculations and 1t appears +%hat 1t is best
to proceed as outlined in the following section.

(3) Temperature - lach number tables

It will be noticed that equation (1) represents a function of
two varasbles, the temperature ratio T/T_ and the Mach number M , and
its tabulation present no difficulty for Sne value of Y « It has been
%ointed out earlier that it is neccssary to adjust the value of Yy to the

erperature rangc unde ati
taggcs %or vhan uSugaiﬁegogﬁl%frqgéogéegg Ehat, consequently, a set of

When the varialion of specific heats with temperature is taken
into account, as in equation (4), there are stall only three variables
to consider; they cease, however, to be dimcnsionless. The variables are

M T, and T
since hy is a function of T, and ¥ and h are functioms of T .
Cbvaiously R is gtill & constant. Furthermore, it will be noticed that
if T ani M are gaven, then it 1s easy to calculate the corresponding
stagnation enthalpy hy and to interpolate T, from tables. This fact
was utilised in preparing the set of skeleton tables given at the end of
this paper. The tables were prepared in two steps. In the first step
values of M and T were assumed and the stagnation cnthalpy h, was
calculated. In the second step values of T, were interpolated from
ref.5 and the rcsult was once more interpolated to cbtain equally spaced
values of TO .

It is worth noting herc that if the results are presented in
a form resembling equation (1), that is 1f ratics T/T, are caloulated,
then the deviation of those velues from constaney, as required by
equation (1), wiil provide a graphic description of the error committed
when applying equation (1}, 4 plot of T/T, for various values of M
for air is given in Figed,

The plot reveals that at the two ends of the temperature scale

the value of Q/TO for a given value of M tends to become constant, as
expected from the analysis of Figss 1 and Z.

Since/
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Since the variation of E/To is not unduly large, the results
of calculations, which were performed with the ald of an electric
calculating machine, were smoothed by making the second differences in

/1, = § (7o)

equal to zero over fairly wide ranges of values. In this process no
smoothed value differed from that celculated directly by more than 1°F.,
and differences were calculated for intervals of 100°F,

4 direct assessment of the error is piven in Fig.5 in whach is
plotted the difference between the value of stream tcmperature ac
calculated with the aid of equation (1), and that foun. in the Tubles of
this papcr., The error was calculated for two values of ¥ , namcly
¥ = 1.300 and ¥y = 1.400,

It 1s surprising to note that the error in celculatinm the
gtream temperature may reach, under certain circumstances, & valus of
370°F. Generally spesking, the error increases with increasing
gtagnation temperatuwre. It is always negative, that is the temperature
15 always calculated too low, if the value of ¥ = 1.400 15 used. Wath a
value of ¥ = 1.300 1%t is positive for lower valuss of T, and partly
positive and nsgataive for hagher values of T, .

The most interesting feature is the dependence of the errcr
on the Mach nuwmber. It appears that it reaches a maximum in the vicinity
of M= 2.2 with ¥ = 1.400 , when the tewperature caleoulated by

equation (1) is too low by some 370°F. for T, = 5000°F, abs. With

¥ = 1,300 the error tends to heve a negative maximum 1n the vacinity
of M = 1.4 and a positive meximum above Il = h.,O for higher stagnaion
temperatures, With Y = 1.400 the error 1s negligible only about up
to

@, = 1000°F. abs.

The accurate values of T from cquation (4) 1n terms of the
interpolated stagnation temperature T_ , with the Mach number M as
paremeter are given in the Tables, It is believed that the
accuracy of that Table i1s the same as in refe 5, that is, that no
appreciable additional error was antroduced in the process of calculation.

(L) The temperature - Mach numwber chart.

The accuracy of the Tables is probably higher than that required
for most purposes. In order to provide a more convenient means of rapid
caleulations, 1t was decided to present them graphically in a convenient
form. The two co-ordinates of the chart are:

temperature T
and Mach number M.

The curves on the diagram represent the variat.on of temperature with

Mach number for a given value of T, which is indicatcd at M = 0. The
values of the speed of sound, 2 , the ratio of specific hests, §y , and

the enthalpy h , are given on the auxiliary diagram in terms of temperature.
Since at each point of the main chart, the value of 1T , and hence, a , as
well as the value of M are fixed, it follows that the velocity

Y = Mzxa eee (6]

is also fixed. PFoints for which these values are equal have been
connected/
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connected into curves of constant velocity on the main chart. Valueas
of Y ocan be interpolated linearly along lines T 1i.e. a = ccnst,
The method of using the chart 1s explained in Fig.6.

In conclusion 1t might be mentioned that the T , M diagram
could be ugsed in conjunction with a temperature entropy chart for air for
solving more complicated problems of flow in a graphical manner.
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List of aymbols.

a = velocity of sound
h ~ enthalpy

M - ilach number

. 1b. Btu. -
R =~ gas constant { = 53,342 =mmw-e = 0.068549 " for air
\ 1b.¥ oF 1b, °F
T - stream temperature {absclate)

T@)- stresm temperature calculated from constant specific
heats {distinction mede only when necessary)

T. ~ stagnation temperature
Y - veleceity of flow
Yy, ¥, - temperature functions (eqn. (5))

¥ =~ ratio of specific heats (isentropic index)

Referenoos/
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362931
3713.56
3797.82
3882.12
3966440
L050.70
4435404
4219.35
4303.50
1,.387.68
447185
1,556 405
L640.37

o s b el

as paramneter.

ot .t et

2536 .94
2618.82
2700.77
2782.8
2864 7k
2946 .65
3028.60
3110455
3192.56
3274466
3356476
34.38.77
3520.70
3602.66
368L.65
3766 .66
384.8.69
3930474
LO12.89
4094 AN
577,04
4259.00
1.34.0.92
422,85

————————

257427
2453480
2533411
2613.00
2692.68
2772440
2852, 0h.
2931 .64
3011,29
3090,92
3170469
3250,46
3330.25
310,03
389,66
3569433
364901
3728,70
008 41
338818
3967499
4047480
1127456
L20T ol
L2874 Ok
L3G6 468,

550474

2292,78
2369.95
W07 15
252,40
2601 .63
267900
275640
283375
2911.00
2988,32
3065467
314340k
3220.49
3297.80
33750421
3452,81
3530,10
3607.46
3684487
3762.20
3839463
3N710
3994.58
4,072.08
4149461
5227405

e et

om -

M,

it . T et P e . T N T A G P WS i S Gy e e e S e el

2210486
2285.95
2360.79
2.35.62
2510.50
2585442
2660.40
2735.44
2840.51
2885.40
2960, 37
5035435
3110433
3185.40
3260453
3335.7
341 0.87
3465.79
3560.79
3635.80
3710.83
3785491
3861,02
393617
L0 .32

1086 T

g N e

2L19.75
21492 24
256L..80
2637 12
2710.09
2782,.84
2855 .45
2928.03
3000.65
3073.97
3146403
3218.78
3291.60
336k 43
3037413
3509.75
3582,42
3655413
3727.84
3800.54
3873435
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TABLES
Stream temperature T for varying stegnation
temperaturc T, , with iach number, I,

ag parameber.

________ e e 18 P R A 1 e
Mach number
T -------------------------- US4V L N e R VL P BT A B e B O Y Ol T - gy i g =
© 1.8 149 2.0 2.5 3,0 1 3,5 L0
——————————————————————————————————— -----——.-"-—----.---.T—-.------—------——--—-u
1,00 ‘
500

600 363.78 | 3k8.12 | 333,18

700 L2k 84 | L06.46 | 389.06 | 310495

800 486.26 1 LEB.3B | LL5.AT 355.92

500 Sh8eh2 | Dk Th | BO1.73| LO1.13] 322,56
1000 611,01 | 58471 | 559.43 | LL7.00( 359440
1100 | 674,57 | 645.60 | 647.49| 493.50| 396.4% | 321.83
1200 | 738489 706.95 | 676.41 | 5L0.60( L34.28| 352.57
1300 | 803.78| 769.43 | 736,12 ] 588,36] L72.55| 383.311 314.86
14,00 B63.80 § 832.56 | 796,461 636,89 541414 | WAk.6L | 340.86
1500 9%6.:2 | 896,30 857.76| 685.761 5h0.20 | LL6.66| 366475
1600 | 1003.58| 960.80 | 919.,57| 735.361 590.16 | L78.681 392.95
1700 | 41074.70 ] 1026.26 | 982,12 | 785,631 630438 | 511419 | L19.69
1800 | 1140411 1 1092.10 [10L5.42 | 836428 671429 | 544231 L46.81
1900 1§ 4208.80| 1158.60 11109.08 | 887.77 712.34 | 57739 | 473.94
2000 | 1277.96 | 1224.75 L 1173414 | 939479 754.09 { 611.10| 501.20
2900 | 1357.43 | 1291.32 {1237.51 | 992405 795.87 | 6499 | 529.13
2200 [ 1417.131 1358.97 | 130241 1 1Q45.09] 83848 | 67912 557.04
2300 | 148710 | 142644 {1367.12 | 1098,26] 881.18 | 713.69| 585.20
20,00 | 1557.10 | 1494406 [1432.32 1 1154,75| 924,37 | 748.501 613.58
2500 | 162718 1551,71 11497.70 | 1205.31| 967.95 | 78344 | 642436
26C0 | 1697439 | 1629.48 [ 1563.07 | 12859430 1011492 | 818,781 67141k
2700 1 1767.521 1697.42 | 1628,56 | 1313.39) 1055.9% | 8b4.28 | 700.11
2800 ) 1837.46 | 1765.22 | 4654.20 | 1367,79! 1100,18 | 890,14 | 729.32
2900 | 1907.96 ] 1833.09 | 1759.7h | 1422,33] 11bh 76 | 926432 | 758.73

3000 [1977.87 1 1901.07 [ 1825.32 | 1477.09] 1189.35 | 962.68 | 788414
........ o o e e e e e el g o e e e

T ABLES
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TAB

L B3

Stream temperature T for vorying stagnation

temperature T, , with Mach number,

218,22
2259.61
2329,89
2399.98
2470415
2540.35
2640.64
2680.97
2751439
2821.,76
2891.96
2962,24
3032.55
3102489
3173.30
3243.76
331424
338477
345514
3525.42
3595.76
3666,28
3736470

3807, 03j

1969419
203747

2105.03

2173.05
2244 14
2309.16
25704+95
24l 78
2512.66
2580,61
264.8.61
271666
2784.79
2852.74
2920.67
2986.65
3056.68
NahT5
3192.87
3261.09
3329.30
339748
3465.4,8
3533.48
3601.52

366951

ag parameber,

Maeh nunber

1891,02;

1956483
2022.58
2088.18
2153.87
2219.62
2285 L5
2351,02
2416454
L8213
2547479
2643.50
2679,24
2745403
2810.82
2876450
294,220
3007+
3073.67
3139.70
3205435
3271428
333724
30,03, 24
3468.27

=

1531 .83
1586455
1644 12
1696447

175133
1806, 21

1861 «2L
1916432
1971 52
202661
2081 458
2136462
2191 « 71
2246 G
2302413
2357.08
2411.86
2h66.72
2521 .82
2576.87
2631.,98
2687.14
27402437
2797463
2852467

2908.,02

3534416

1230 e2h |
1279422
1320 .04
1369476
1415.22
1460493
1506463
1552468
1598.22
164.3,78
1689466
1735 44
1781.20
1826495
1872469
1919.05
1565418
2011 424
2057412
210%.00
214,5.02
219540k
2241 418
228735
2333.24
2379.02

U,

995 . 0L
1036.05
1073.09
111017

1447 40
118462

1222.06
1259.66
1297.25
1335413
1373.06
11441.06
10449.27
1487.49
1525469
1563%.87
1602,07
1640448
1678,89
1717425
1755.53
1793.62
1832,26
1870,73
1909, 24
194789

N S
8174
8L6.68
877. 9L
508,40
938,67
969.23
999.80

10304 94

1062,09

1053423

1124451

1155+ &1

118712

1248.60

1250,22

1281.83

1315.56

1345 46

1377435

1409.33

Al 50

1473.67

1505.8)

1537.97

1570411




Stream temperature T for varying stagnation

- L -
TABL &5

temperature T, , with Mach number, M ,
a3 paraneter.
________ L T T Hacn numbesw T
P T e bonamb e ]
° W5« 5.0 o 6.0 L 7.0 E 8.0 . 9.0 }+ 10,0
________ IR USRI ymmam -
wo | L
500 ; : %
600 |
700 i
800 | i
900 { i
1000 | |
1100 1 (
1200 i
E 1300 }
1400 |
1500 | 305.55 a :
Y1600 é 327,36 | | i
1700 | 349.29 | ;
E 1800 E 371452 | 312,66 i
i 1900 ; 394,06 | 331,74 ; i
| 2000 ; 116.73 | 351,00 | % 5
| 2100 | L39.7L | 370,23 !
( 2200 i L2486 | 389,46 ! |
E 2500 486424 | 409,01 |
ieaoo | 509.69 [ 428,94 | 313.60
%2500 % 533,56 | 448,87 | 328439 é
| 2600 . 557.43 | 468.81 | 343.03
32700 : 581.29 | 4L88.74 | 357.48
5800 E 605.28 | 508,91 | 372412
2900 629,73 | 529.39 i 386,95 1
o e [oes o e | | ]
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TABLES
Stream temperature T for verying stagnation
temperature T, , with Mach number, N,

as parameters

o 90 s e el e i At b e o e o i e e o b o i ke P e o e P 1 i P i . s S e s S B e
! |
3100 | 678,62 | 570.3L | 416,72 | 316.41 5 \

- - e o ]

3300 | 728407 | 611.54 | LA46.89 | 339.29

3400 753403 | 632.47 | 461.97 | 350.72 :
3500 777.98 | 653.40 | 477.05 ' 362.16
3600 803416 | 67ha3h | 492,13 373,60
3700 | 828,43 | 695.27 | 507.26 | 385.03 | 301.20

i
3800 § 853.83 ' 716.52 | 522.45 396447 | 31043k |

!
|
3200 | 703412 | 590.81 | 431.81 | 327.85 | |
i
?

3900 | 879.30 . 757.86 | 537.64 | 408411 | 5198

LOOO | 904.83 | 759.21 | 552.84 | 419.83 | 328462

5100 | 930.7% i 780.56 | 568.03 1 431456 ? 337476

4200 | 956.65 ., 801.9h | 583.22 | 443,28 | 346,90

4300 | 982.57 | 823.69 | 598.41 | 455.01 | 356.04 %
44,00 } 1008.64 ; BLEb | 615.65 | L6674 | 365418 (
K500 |1 1035.05 | 867421 1 631.38 | 478.46 | 374L.32 | 300,16

i

L5000 H#1061.45 : 888496 | 647.10 | 490419 | 383.46 | 307.61
662.83 | 501,95 | 392,60 | 315.06

1700 i 1087.86 © 910,91
|
|

[

LBOO 111114.33 % 933,00 1 678.56 | 513.91 | 4L01.78 | 322.54
4900 | 4140.86 ] 955421 1 694421 | 525487 | 4t1.12 | 325.97
5000 : 1167 .49 % 977.36 | 710,20 | 537.83 | 420.47 | 337.42
5100 §§1193-93 g 999.51 | 726.21 | 54979 | 429,81 | 344,87

5200 ' 1220.67 i1022.08 Th2.23 | 561475 | 439415 | 352,32
5300

1124707 1004465 | 758,25 | 573.71 | 448449 | 359.78
) 1
5400 h1274.27 i106?'23 77426 | 585,67 | £57.85 | 367.23 | 300.2.
5500 [1301.08 11089.81 | 790428 | 597.63 | 467417 | 374468
i
{

| 5600 | 1328.14 §1112.45 | 806.41 | 609.77 |' 476452 | 382.13

{
i
e o . 0 it e e e 1m0 e o [ - -

- g b e
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