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SUMMARY,

A programme 1s devised to calculate by a finite difference method the
transient temperature distributions in any cylindrical bedy, provided its
cress~section can be mapped on a square network in such a way that no line
of the net crosses its boundary more than twice. The programme regquires the
boundary conditions to be linear functions of temperature and heat flux,
wndependent of time. The initial temperature distribution is arbitrary.

The results of the programme are campared with analytical solutions in two
simple cases, and two further problems are solved, The programme is stored

in the R,A.E, Programne Library,.
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1 LIST OF SYMBOLS

v = temparature
X,¥ = rectangular Cartesian co-ordinates
t = time
bx, 8y = space intervals
5t = time interval
. ov . s
a = coefficient of 3% btoundary condition
. v
b = coefficient of < 3y in boundary condition
c = censtant term in boundary candition
P = nunber of banary places of a and b
r = number of node points fram the edge of the square to the
boundary of the body under consideration
m = suffix referring to x
n = suffix referring to y
k = suffix referring to t
2 2
o 208x)° . 2(8y) 1
P = 5t ° T 8t ° L50 5t °

2 INTRODUCTION

Analytical solutiocns to the equation of transient heat conduction in two
dimensions are lnown only in the simplest cases. This equation applies to any
long cylinder with no heat flow axially; which comdition is appreached in a
number of practical structures, notably those of an angle piece or a multi-web
wing with thick skin and web subgected to aerodynamic heating,

Owing to the paucity of standard solutions, it was decided to attempt a
numerical sclution using a digatel computer, Of the numerical methods available,
the meost convenient was that put forward by Peaceman and Rachford!, This is a
finite difference method which avoids?s3:4 both the tendency to instabilaty of
gome methods and the prohibitive amcunt of work entailed in others.

In order to achaeve as much generaliaty as possible, a programme was
devised for the DEUCE digital computer which can be used to solve any two-
dimensional heat conduction problem, provaded that the boundary of the cross-
secticon can be mapped on a squere network in such a way that no line crosses
the boundery more than twice. In addition, the boundary conditions must
invelve only lanear functions of temperature and heat flux and be independent
of timea

The progremme,was used to campute sglutions for four particular problems:

cylinders of square;- “Gircular-and trlangular cross—-section, all with their
boundaries held at constant temperatures; and a shape representing a section
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of ribbed sheet maintained at a constant temperature on the whole of the
ribbed side and with an aerodynamic heating type of condition on the flat
sides The theoretical solutions for the square and circle were coampared
with those cbtained using the prograume, and a good agreement was observeds

3 THE PRUGRAMME

The differential equation for any practical problem must first of all
be reduced, by suiteble substitutions, to the non-dimensional Torm

A Y
2

—5 + = 3% (1)
ox oy

where V is always less than 1; the boundary conditions being adjusted
accordingly, These must be put into one of the forms

a ov b oV
- a2y 28y
Vv = 36 3% 35 57 * ° (2)

or

2N bV (3)
300x T30 9y T ¢

where a, b and ¢ are the numbers actually used as data by the programme,
The factor 1/30 arises because the prograrme uses a square network of 31
herizental and 31 vertical lines, giving a mesh length

6x=8y=-3-6. (&)

Certain restrictions are placed on the magnitudes of the mrmbers a, b and
c, namely

L <la] < 21P

2P ’
o< pl < 215P (5)
2P
and
10~
2;4_5s |cl <2'P s

where p cen be any integer from O to 40 (determined by a parameter in the
Programne ).

The boundary of the cross-section under consideration must be mapped
on the network in such a way that no line of the net crosses the boundary
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more than twice. A boundary condition must be stated wherever a line of the
net crosses the boundary (making a total of 116 points); at each of these

points, in addition to a, b and c, the number r of nodal points of the net on
the line, between the boundar; and the edge of the square, must be specified.

-

(When these two ccincide, r is zero.)

Any nunber up to 15 different time intervals may be used, and each of
these time intervals may be used any number of times., Each time interval
must be greater than 1/900. The programme will compute the temperature
distributicna at ten successive times in about 4 hour,

Appendax 1 consists of a brief description of the mumerical method used
and an analysis of the arder of magnitude of the truncation crrore A deteailed
account of the preperation of data for the mrogramme 1s given in Appendix 2,
and an outline of its logical structure in Appendix 3.

L RESULTS

in order to cbtain sone 1dea of the accuracy of the programme, two
problems were solved to which theoretical solutions are known., These were the
square and circle, with their boundaries held at a constant temperature, the
initial temperature being zero everywhere., Comparisons of the results using
the programme and these predacted by theory are given in Figs.2 and 3. It can
be seen that, although agreement is good in both cases, that for the square is
somewhat better than that for the circle., Again, for the square, agreement
1s slightly better for larger values of time, and with nearness to the centre
of the square. Owing to the initial discontinuities at the boundary, this s
to be expected for Loth square and circle, but is not ohserved in the circuler
case, Both of these facts are explained by the slight inaccuracies entailed
in mapping the circle on to the square network, since if the cross-section
actually mapped 28 net quite circular, the solution cbtained carmnot be expected
to correspond to the theoretical solution for the circle, however accurately
the numerical work is done.

The essential symmetry of these two problems was not made use of in the
numerical solutions, so there is no reason why this should contribute to the
accuracy of these particular cases, However if problems are solved which
cccupy & smaller area of the square network, somewhat less accuracy is clearly
to be expected.

To illusirate the use of the programe a further two examples were solved.
The first of these was an iscsceles triangle whose height was equal to its
base, under the same boundary and initial conditions as the first two problemse
Results of this problem are shown an the form of contour maps of temperature
in Faigs.h.and 5. The fourth example chosen was a ribbed sheet as shown in
Figat(d) and 1(e), with a constant temperature on the rabbed side and an aero-
dynamic heating type of condition on the flat side. The heat transfer
resastance ¢f the air was taken to be equal 1o that of the unribbed sheet.
As an example, to fix the time scale, the material was taken to be stainless
steel and the distance between ribs 6 inches, Figs.6,7 and 8 show contour
maps of the {temperature distribution at 1, 2 and 3 minutes respectively.

5 CONCLUSIONS

Using the programme, it is possible to solve a fairly wide variety of
two-dimensional heat flow problems. The ecrors due to the finite difference
approximation have been shcvm to be small, and do in fact prove to be se in
practice. Thus a problem fto which the analytical solution i1s unkncwn, and
which would be very tedicus for a human computer, can b=z worked cut in about
two hours, including the preparation of the data cards. The programme is
stored in the R.A.E. Programme Library, togelher with a sheet of operating
instructions,
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APPENDIX 1

THE NUMRICAL METHCD

The method used was the alternating direction finite difference method
of Peaceman and Rachford! s which gives a considerable saving in_computing time
over the ovhers available. Using thas method the follewing finite Qifference
approximations are taken for equation (1):

Vm--1,n,2k+1 - (24) ¥, myn, 2k+1 * Vm+1,n,2k+‘l =T vm,n—‘I,Zk
+ (2= P) myn, 2k - vm,n+1,2k
(6)
and
Vimyne1,2k42 (24p) ¥, myn,2ke2 ¥ Vmynid, ke T 7 Vmet,n,2ket * (2-p) x
* Vo, 2kt ~ V):1:1-!-1,111,2k+‘1 .
(7)

A considerable amount has been written on the subject o the convergence
and stability of this finite dxfference i‘onn1!2!3’1", the general conclusion of
which is that the solution of equations (6) and (7), taken together as a double
set of finmite difference equations, is stable for any time interval and con-
verges to that of equatiocn(1).

Equations (6) and (7), when written in terms of partial derivatives,
become :

R GO AN A 9 AT 4]
I_bxz 12 ot + ol80) ]m,n,2k+1 +|..6y2 2 ot + olew)

g_y__ggazv (5%) 2 5%y o(st)3
ot "2l 2T 3T m,n, 2kl .

at
(8)

m,n,2k

and

5 .
x x s 2k+1 oy o1, 2k+2

2
oV 8t 3V ot
= Lat 2‘! 2 + ( 32 O(at)
at at’ ‘m,n, Dest

(9)




Adding(8) and (9):

z[:i‘f (5") al"’ o(ax)‘*] LZ" 113—%3"-+o(a )4]

m,n,2k+1 m,n, 2k

3%y (Bv) a**v A av a3‘v
) ]
E) + 0l%y) :]m,n,2k+2 I:zat 2 3' Bt + oY) _Jm,n 2k+1 .

(10)

which reduces to:

[:;V P s gg] _ 0% dv | (0)°
2 %% m,n,2k+1 12 axh' 12 ayl*

2 52 @V a%
+ (8t) (%- Friie -a'y—z}

+ 0((55)° + (8x)* & (6y)h'):l
myn,2k+1 .

(11)

Thus the magnitude of the truncation error is 0((6::) (63:)2 + (51:)2).




APPENDIX 2

PREPARATION OF DATA FOR THE FROGRAMME

The cards are fed into the machine in the following order:
(i) Programme cards.
(i1) Initial conditions.

The starting temperatures of &ll 961 node points of the network are
punched on Hollerith cards. They are punched in 31 sets of 31, representing
the temperatures along the nodal points on the horizontal lines of the net
starting at the bottom left hand corner. The numbers are punched as four-
digit unsigned decimal numbers, eight to & card, from column 27 to column 52,
Bach set of 31 temperatures is started on a new card, so that the last number
of every fourth card is always punched zero. The 31 sets of L cards must be
followed by four cards with all zeros punched, making 128 cards in all. A
temperature must be punched for every nodal point, a zera being punched for
points outside the boundary.

(1i1) Boundary conditions

For the boundary conditions on horizontal lines, the constants a, b, ¢
and r are punched in binary, two to each row of the card. a is punched in
columns 21-36, the sign digat being in column 36, and b is punched in
colurms 37-52, the s1gn digil being in column 52. Simrlarly c¢ is punched in
columns 21-36 of the next row, but r is punched as an integer in columns 37-41.
For a andb , the binary point may be placed anywhere, provided that if
there are p digits in the fractional part a 1 is punched in cotumn 37+ p of
the 3-row of card 7 of the programme, and

P‘ 10-

¢ always has 5 more binary places than a and b, The constants for every
boundary condition must have the same number of binary places,

If 1 is punched in column 52 of the row in which r is punched, the
condition takes the form of equation (3) rather than that of equation (2).

The two conditions for each row are punched consecutively, the left
hand on¢ fairst, and the rows are punched starting from the bettom and working
ups, I a row does not cross the boundary the r for theleft hand condition is
made 29 end that for the right hand comdition zero. The canditions for the
vertical lines are punched in a similar way, again starting at the bottaom
left hand cornere In this case the constants a and b interchange positions,
The row conditions are punched on 10 cards, sterting on the Y-row of the first
carde  The column conditions are punched starting on the G-row of the next
card and a blank card is inserted at the end making 22 cards in all.

(iv) The time intervals

Values of



are punched to 30 binary places in columns 21-51. For each value of p

the nunber of times it is to be used 1s punched as an anteger in columns 38
onwards in the next row, A maximum of 15 different values of p may be
taken, taking up 3 data cards. On the L-row of the third card the number
of values of p actually taken is punched, and in the 5-row is punched the
nurber of time intervals to be used before the first set of results as
punched out. Beth these numbers are punched as integers in coluums 37

owards. This last provision 1s made because it is advissble to take a
few very small time intervals at the beginning of the programme, in order
to smocth out discontinuities in the initial conditions, bui the results
at those early times are usually of no interest, The values of p taken
must all be less than 2, giving values of &% greater than 1/900.

(v) The last card.

The last data card contains the nunber of time intervals already

werked out, punched as an integer in ceolumms 37 onwards of the Y-row,

This card 13 blank unless the programme is restarted in the middle of the
problem, The results are punched out on 128 cards in the same form as the
initial condations, and each set is followed by a card containing the
nunber of time intervals worked out, punched as an integer in columns 37
onwards of the Y-row., The programme can thus be restarted using this set
of resulis as initial conditions and replacing the last data card by the
last card of the set of results, the other data cards remaining unchanged.
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APPENDIX 3

THE LOGICAL STRUCTURE OF THE PROGRAVME

MASTER ROUTINE

A~

[initial Enory |

e

A

RAE 159. Read in boundary gonditiono
t0 drun in bloary.

: i

? I

Read In values of P, and numeer of times
each 1s to be used,

Read in card containing number of time
intervals already worked out,

. Modity the programme to start at correct point,

} 3>

Select correct value of p, and work out
2=pand /(2 +pl,

P S

1

RAE 3L5 (Modifled)

Read In {nftial condltlons to,
drum in decimal {tracks O=31)

h

1 7

™~

A. Sets up coafficients for
difierence equations and solves
a maximue of & sets of 31
simultenecus equations, the
results belng stores in tracks
1=30 of the drum.

, { 1s this the second half timo fntervel? |

It not TNGIT so
// .

results?

Have enough time intervals
been computed to punch out |

If noy

Punch number of Intervals l
completed in binary, {

\K__‘.‘“-‘ \

hove all the time Intervuls to be worked out
using this value of o been completed?

L TEmen T NI 0

LT01A. Transpose a 32 x 32
matrix in tracks 0~31 of drum.

| ~";
'/____,_I_-

| been used?

Have all tha values orp’

‘Punch tracks 031 of drum in
decimal, Uses POB,
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F1G.2. COMPARISON OF THE ANALYTICAL SOLUTION AND THE NUMERICAL
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FIG. 3. COMPARISON OF ANALYTICAL SOLUTION AND NUMERICAL
RESULTS FOR THE CIRCLE SHOWN IN FIG.1. (b).TEMPERATURE IS
PLOTTED AGAINST TIME FOR VARIOUS POINTS ALONG A RADIUS.
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FIG.4. CONTOUR MAP OF ISOTHERMALS FOR THE TRIANGLE
SHOWN IN FIG.1L(C) AT TIME t = 0-0l.



FIG.5. CONTOUR MAP OF ISOTHERMALS FOR TRIANGLE SHOWN
IN FIG. 1.(C) AT TIME t = 002
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FIG.6. CONTOUR MAP OF ISOTHERMALS FOR PROBLEM DESCRIBED BY |
FIGS. 1 (d) & (&) AT TIME | MINUTE.
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FIG.7. CONTOUR MAP OF ISOTHERMALS FOR PROBLEM DESCRIBED BY
F165. 1.(d.) & 1.(e) AT TIME 2 MINUTES.
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FIG. 8. CONTOUR MAP OF ISOTHERMALS FOR PROBLEM DESCRIBED -
BY FiG.1.(d) & I.(€) AT TIME 3 MINUTES. '
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