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SUMMARY

This Techmical Note gives the results of a theoretical investiga-
tion into the dynamic stability of an aarcraft under auntomatic height
control. Inacecuracies in the baranetric halght information due to
incidence changes are shown to be deostabilising. Either the short period
or long period motion may lose damping dopending on the sign of the static

pressure error.
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1 Introduction

Aircraf't height inf'orumation is of'ten obtained from a static
pressure head or vent. If a static pressure signal is fed to an auto-
pilot for the purmose of controlling heignt, errors in this signal are
likely to result in poor height keeping. For instance an American auto-
pilot firm has mentioned the oocurrence of a 10-15 seconds peraod pitching
oscillation, whach they say was due to a positive incidence change producing
the equivalent of a decrease in heaght. 50 't height error per degree
incidence was enough to produce an oscillation and after much flignt
testing tne firm concluded that tihe signal error should not be allowed to
exceed 25 f't per degree,

Also the periormance of a British borber when flying under auto—-
matic height control was improved considerably by moving tne static vent.
There is reason to assume that the improvement was due to a reduwction in
socme spurious content of the static pressure signal.

Some of the reasons for faulty static pressure are: (1) the actual
position of tne static vent, (2) the position, sizc, number snd condition
of the orifices in the static headls?, (3) tae angle of sideslipl, (4) the
angle of incidencel»3,ds  This Note deals witn the effect of' changes of
incizdence on the static pressure, and hence on tne longitudinal stebility
of a height-controlled aarcraft. Analogue computer responses representing
pitch and heignt errors sre showm, demonstrating the eilect of inis

. swurious heignt signal being fed into the auto-pilot of a medium bomber.

(see Table I). A positave chnange in incidence may change tne statac
pressure signal in a sense equivalent to eitner a positive or negative
height excursion, and both possibilities heve been considered.

Records are shown for an idealised auto~pilot end also for the more
precticel case with phase sdvance in the elevator chamnel and leg on a
pitch gyro plaetform.

All responses are to a horizontal step gust.

2 Control equations

The equations are for & tvpical modern auto-pilot (Pore-and-aft
perdulum and rate gyro on pitch plg.tfom). The meaming of symbols not
defined can be fownd in R & & 18017,

1+ N D 9
Dn=1*T1D.G<De-DeP+T x) (1)
m
0 = =meheee, Prih + Ia) + = (h + Iz) dt | (2)
b T+ T, D L T, |
where
D = 4/dat
x = pendulum signal = & =~ Op + D(u—-ug)/g
GP = auto~pilot pitch platform angle
u_ = a head-on gust disturbance, u being the aircraft
£ speed disturbance uessuwred relative to the alir

N is a phase advance cirouit parameter



T1 s Tz are network time constarnts

Tm is the pendulium monitor time constant
Th is the height integrator time constant
G amd P are confrol gearings.

The height deviation h is related to 6 and the incidence a by the
equation

Dn = Ve(e-a) =V, 0~=v,

where V_ = true speed in equilibrium, end small deviations only are assumed.

(h + Ia) is the conteminated height signal, and I defines the strength of
the incidence effect,

The control equations in their non~dimensional form are:

Dn = 4*NmD ¢(Pe-De +-f-—x>
‘and g = --—-—1--—x.f’ (ﬁ+ia)+Q (ﬁ+ia)d'|:
P 1+¢2D

th = e~w = 6-a,(w=a)

where;
A d t * m
D = & , T = t = p SV ’
- =2
":1 - 3 T2— t ’
rf - 'E s Q - % ’
m - =,
T "
P = PV % ¥ = -;r
- e ! Vet ?

C.

x = 6~ 8 +“g']3(a-ﬁ).
P L g

The sircraft nom-dimensional equations are given in Appendix I.
P = 0.6 (equivalent to 1° of platform for 65 £t change in height)

and G = 1,0 are normal settings of the height control and elevator gearings
for this type of alrcraf't.



2.1 lesgnitude of incidence signsl

The incidence conteminated hexgnt sagnal is (h + Ia);
Thus 1 degree of incidence is equivalent to -57I-5 i

Since I=fv %
e ,.
v £

1 degree of incidence = wnich, for the aiccraft

of Teble I, becomes 39.15 1 ft. It is convenient to refer to the magni-
tude of the incidence effect by quoting tais figure of 39,15 1 £t per
degree."

3 Discussion of analopue computer results

Respoases in pitch and neigiht to a sustained horizontal gust are
shown for both positive and negative incidence effect as defined in 3.1
and 3.2, The overall height gearing normally used in an sircraft of this
" type is one degree of pitoh (or piten gyro platform) for 65 ft heaght
change and records are shown for this and two otner gearings, one weaker
and one stronger. The time constant oi the heignt integral term is
1.5 seconds throughout. The phase advance network in the elevator channel
of the auto-pilot, and some phase lag on tie pitch platform, have been
included for some of the ceses in an attempt to simulate the practical auto-
pilot more closely, '

The response of the uncontrolled aircraf't is shown in Fig.1(a}, and
in Pig.1(b) is the response with the autc-pilot without lags and
assuming a perfect neight signal. Tne normal pitening motion of the
aircraft is a combination of two oscillatory modes, one very heavaly
damped end having a short period (9 seconds), snd tne otner poorly dsmped
having a relatively long period (98 seconds). The latter oscillation is
apperent in Fig,i(a).

3.1 Positive! incidence effect

Yor the purpose of this Note, if the nature of tne error in the
stetic pressure is such that a positive change in incidence results in
a decrease in pressure (i.e. an apparent increase in heirght), this is
defined as a "positive" effect.

Fig.2(a) snows that as the incidence error increases (positively)
the damping of the long veriod motion is decreased and the initial
responses in pitch and height sre incresmsed., Figs.2/b) and 2(c) show
the same effect for different height gearings. loderate amounts of lag make
little difference to the stebility (Figs.3(a) and 3(b)), and Fig.k
shows how the demping is reduced by the integral terms i.e. integral of
height and tne pitch pendulum.

342 "Negative" incidence effect.

As stated in pare.? a positive change in incidence may in some
circumstances result in an incrsase in static pressure or an apparent
decrease in height, This we have called a "negative" effect,

Appendix II shows that tne negative eifect is equivalent to reduciag
tne derivative m, or the stiffness of the short period motion. Damping
indices and period of oscillation for the controlled aircraft are plotted

My It .
sgainst varying w{= ~ 1 ) in Figse10 and 11 and the stability quertic

is seen to factorise into a complex pair and two real roots. The value
of the smaller root depends on the ratio of the last two coefficients of
the stabality quartic which for a sim:le piten control is approximately
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-wk z + 6 G, P !
u 8 "1 :
s (see Appemdix II)

This is very smell and changes very little for all values of w. The
frequency of the oscillation decreases as w is reduced, tae value of the
other real root increases and since the folel demping remains constant
there is therefore a reduction in the damping of the oscillation.

The anslogue camputer results snow ressonses for tnree height control
gearings with varying incidence errvor (Fiss.5(a)(b) and (c¢)). As the
period of the oscillation in t.ae controlled case is only taree seconds,
auto-pilot lag has a greater effect and it appears to be advantageous %o
have a certain amount of it in the conirol as may be seen by comparing
Pig.5(2) witn Pige.6(2){(b) and (c).

4 Roots of the stability equation

The roots of the 7th order stability equation have been calculated
for a height signal strength of 1 degree equivalent pitch change for 65 ft
ant an aincadence strength I varying between -80 ft per degree and +400 't
per degree, PFigs.8 and 9 show the results in terms of damping indices and
oscillation periods. (If a mode of motion nas a damping andex k, the
amplitude of the mode is yroportional to exp(~kt)). Witn positive
incidence effect the short period motion rewains heavily damped and tne
frequency increases slightly (Fig.8), while the long period slowly loses
damping (Fig.9)s With negative elfect, the snort period motion rapidly
loses damping, becoming unstable at spproximately I = =1.5 (~60 £t per
degree). The long perzod damping is practically unaffected but the
period lengtiens.

5 Conclusions

In a controlled aircraft the elfect of an incidence~contamingted
heignt signal is detrimental to the stebility irrespective of ths sign of
the erraor.

If a positive incidence change resulis ia a positive heighl error
signal the main effect is on the long period motion, wherees if' a positive
incidence change causes a negative heigat error signal tne snort period
motion is affected. The positive incidence elffect does not seem to be
serious in that a strength of several hundreds of feet per degree incadence
is required bef'ore the long period damping becomes very low.

The negative incidence effect on tae other hand can mske the short
period oscillation unstable witen the error strength is of the arder of
60 ft per degree, Tie critical negative incidence strength will vary vwith
the aircraft aerodynsmics and also witn auto-palot geerings. An approxi-
mate formula quoted in Appendix II indacates t.uat the negative incidence
effect becomes less waen the aircrafli has a large manoceuvre margin and when
the auto-pilot 6 gearing is larpge. Since tne incidence signel originates
as a camponent of the "height signal", an increase an t.e heignt gearing
will amplif'y the destabilising influence,

The evidence of the practical cases mentioned in the introduction
supports the conclusioas dravm from the tneoretical works, The periocd quoted
by the American firm is longer than taat obtained in thias investijation, but
nothing is lmown of the characteristics of the aeroplane, or of tihe flight
conditions of tneir tests, PFig.10 illustrates tuaat witn certain values of
pitch gearing and tne aircraf't derivative my tne period of tne oscillation
may be increased to 12 seconds.
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LIST OF SYMABCLS

coefficlents of stability equation.

1if't coefficient,

drfferentral operator, d/dt.

differential operator, d/dr.

auto~pilot elevator gearing.

acceleration due to pravity.

height error.

nor~dimensiocal height error = ¢ - Vie

strength of incidence error tverm in control equation.
non~-dimensaonal form of I; t= -{%\c .

aircraft inertis coefficient abotwt y-axis.

damping index (see Section 4).

ritching moment derivatives,

constant 1n phase advance network.

auto-prlot heaght lock gearing.

non=~dimensional form oi' P; P=p Ve .

strength of he:.gl{t integral term in non-dimensional

equation; @ = T

jay

time constanis of phasc advaice network and platicrm lag.

time constants of pitch peandulum and height aintegrator.

wiit of time in non-dimensional equations, > g‘v

e

horigomtal gust disturbance.

-
non~dimensional form of ug; ug =

o~ b

speed errcr along x-axis (relativo to gust).
. . A U
nop~dimensional form of u; u = v
farwerd speed of aircraft an eguilibrium.
speed error zloag zZ-axis.
s . - » W
non~dimensional form of w; W= i

guantity measured by pitch pendulum.
x=8-6_+ Dlu-u =0-6_+25 (3-1)/0
 + Dlueu)/g = 0-0 + 2 B (35 )/0;
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L WEL I longitudinal force derivatives.
@ angle of incidence.
M)
& elevator effect coefficient, = s
B

M, I

K - # .
‘B

A root of stability equation.

X . . m
¥ aircraft relative denaxty, 'ﬁ_s"'& .

m
v - ".ﬁ .

B

. t
1 time in aarsecs, '3: .

Ty
Tys Ty non~-dimensional form of T't’ Ty3 w4 = -i- v
o angle of pitch,
ep angle of piteh gyro platform.
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B

Hy Ty

x - W——
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elevator angle

portmanteau functions defined in Appendix IT.
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o ¥ APPENDIX T
Adrceraft non-dimensionsl equations

The aircraft and control equations in their non~dimensional f'orm
are;=-

CL
A,A-A = A “_,__,e
BD{u ug) X, Uk X W
Blw - 8) = 5uﬁ"'z'wq';
ﬁza = _Kﬁ-xf)wff-m':"“vﬁa’aﬂ
5E = 6-";1’
L] D D C X
n - ("*NHD) G.(ﬁe—DeP+E.—éLx>
1+ 1 5
1
: Ar‘ﬁ oA A A I
6 - ..--—-1—--;.-.13 h+Iw)+Q [(heiIw)as
P 1+f\:2D
;c = g -8 +—-2—13(\?1~ﬁ)-
1Y) CL
where, .
" - —p"}n‘u x = _u1m{v
iy i3
By 10 o
W o= - 1 kil y o= "—“g
ig B
n
5 = melo
3

-t =
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ATPENDIX IT

Coefiicrents of stability egquation

The stability equation for the uncontrolled aarcraft is

L 3 2 -
a&_?\ +a3?t +a.27\ +a1?x+ao = 0

where

a = 1

YERT R T 5

of
1

a, = (xu g =X z.u) -V (3:u+ zw) -5, X+

oy, c,
a, = v(xuzw-xwzu)-—z-.zux—xuw-x(*z-'-xw)
ao = "'_-2--Zuw+'—é- Zer.

With the basic conirol equation,

n = Gee-b(}hﬁ-t-@ﬁfﬁdfr

i.e. elevator proportional to angle of pitch, heighv error and integral
height error, the additional terms to tne above coefflicients are:

al,. 0
as 0
&, BGO
a,y 5 Gﬂ N1
ao o G-e P1 + O Gh C,]
& + 85, (BR)  + 0860
&_, + 8 G (P1 R1)
where;
Gy o= m
N = —(xu + zw)
P‘l = (xu zw - xw zu)
B =

"'iz .
) u

This is the normal long period control law wita height lock.  Since
there is 1o addition to coefficient ag, the sum damping of the system ia
unaltered, but meirely redistrabuted, ~ Tne Gg seering nas the effect of

- 12 -



increasing the short period frequency, aad decreasing the phugoid, while
damping is transferred from the short peraod motion to tne long.

The effect of incidence on the static pressure can be repregented
.’En t\l;t)a elevator control equation by an equivalent incidence or ¥ term
a= .
i.e mn = G, 8+ G

o0+ &y Be28) vop([Ran o [das)

This gives the following asdditional terms to the coefficients;

ak ]

a3 0

&y 6GhI

8, aéhiq1 +ac’iﬁ.f
a, o0& Ir +5§HiQ1
a_q +6@h_iR1

where Q 4 = Ee

For the aircraft of Table I the coefficients of the stability
equation have tie following values:iw

a.h_ 1.0

a, 314228 + 165.6 G, + 165,6 én t

8, 0.893 + 427,25 G, + 3.312 éh T+ 16546 &Hi

a, 1,226 + 9,141 Gy + 423,936 & + 7.982 G, 1+ 3312 Gﬁ-f

ay 1159 & + 423.936 &+ 7.982 §_1
9._2 1.159 G'H-

For G, = 1,0, ah = 0,6, G, = 0,0252 the relative contributions to
each of the coefficients are indicated in the following Table,

Contribution | Basic | Gg & | & |Gt |&p
From v Adreraf't | mepy Term | Term || Term Term
aj-i- 100
£, 10,23
3
8, 31,228 [165.6 99,36 1
a, 0.893 |u27,25 1.9871 | 4173 T
&, 10226 | 9.14 (2544362 4.739% 0,083 £
a4 , Ce696 | 10,683 0,201 1
aup | | 0,029 '




)

The last two coefficients a_,, a_p are very small compared with tae
rest. Thus it appears reasonable to drop these terms, reducing the
stability sextic to a quartic. This 15 equavelent to extracting two small

a . a
real roots approximately equal to -;:5 and -a-j- + Teldng the main contri-
4]

butions to 8 8428 the two roots become (for 1= 1):

&.n N 5 GH(P1-R1) = fl_f_‘i_ = 0,00273

I
i
X

a2 -
1 6 Ge-C, w
. ~ 5 GH C‘l - E_H = A (Th = heignt integrator )
8 g A & 3 time constant
o & Gh C_] (}n h
P, -R

1 i1l be & subsidence if P, - R, > 0.

The real root

Both roots are effectively independent of I for the range of values
considered., In the remaining quertic tne only large contribution from
the incidence eifect is to coeffacient 253 the quartic now becoming

a‘,_l_ 1.0

:.;\,3 10,23

a, 196.828 + 99.36 %
a, 528,145

a 26),.. 728

The main effect of changes in 2, will be ia the fregueacies of the
oscilleting modes. (cf Gq gearing). If I is posrtive tne coefficrent 2y

will increase and the effect on the long period motiown will be comparatively
gradual,  With negative velues of I the coefficient ap W11l duninish
rapidly and eventuslly become negative. Thus with only small magnitudes

of the "negative" effect tnere is an instability in one of the modes. In
this case, the short period motion ranidly becomes unsteble and increases
in perioed. Thus with "negative effect" the stabilaty change is rapid,
while with "positive effect" the change is comparatively slow. Using
Routh's Discraminant for tae quartic, for posltive stability,

a, & -8 2_ a2 > 0

1 72 a3 o} 83 *
or a a

By > -;;— * —c’;
1
In terms of aeroplane and auto-pilot parameters the above expression
becomes spproximately nqual to;
sy

N

G 8§ G (v +%)
41 0 ..
w—-—Ge (N1+v+x)+ I\T1+v+'x, +0G-hI>0-

il.e. far aircraft of Table I,
148,651 + 99,56 £ 5 o,

- il -



Thus for positive values of I, both modes of the quartic are slways stable,
but with negative I, one mode will become unstable when

148,651 + 95.36 1 = 0,
i-e i = "1.11-96-

Thus the negative effect is tine more serious, since with positive I, one
of the modes may lose damping gradually, but will never become unstable,
while with negative I the short period motion rapidiy becares unstable.

-

Ll
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TARLE I

Aerodynamic and auto-pilot data

Height 10,000 £t ) 960 sq £t
Mach number Q.75 £ 22 £t
Weight W 40,620 1b Vi 214 kts
/s 42,4 v 726 £t/sec
Aspect Ratio 4.26 GL 0. 274

Hy 69 % 3.09

ig 0.1 Vi 224343

X, -0, 02 Z, -0, 365

X 0. 011 z -2,56

m 0, 00123 K -0, 849

m, -0, 0282 w 19.5

me -0, 004 57 X 3e15

m =0e445 v L5

mn 0o 24 ) 165,6

G 1.0 N 3.0

Tm 11.5 sec Tn L5 seo

- 16 -
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FIG.1(@). UNCONTROLLED AIRCRAFT.
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TIME SCALE : lcm = 61-8 SECS
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HEIGHT INTEGRATOR TIME CONSTANT = 45 SECS

FIG.I(b). AIRCRAFT WITH AUTOPILOT — NO
OR INCIDENCE EFFECT.
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