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Summary.

The statistical nature of the input to a guided-weapon system (target information and noise) requires that
the criterion of weapon performance be itself a statistical quantity. The criterion used in this paper is the
mean square miss distance, the mean being taken over a large number of engagements, such that all probable
target and noise inputs are encountered, and it is shown that there exists an optimum realisable system for
which this mean square miss distance is a minimum.

For the derivation of the optimum system it is necessary to assume that the target and noise inputs, or
appropriate functions of these inputs, may be considered to form a stationary (but not necessarily ergodic)
ensemble for a short interval prior to collision. Account is taken of the fact that the system must include a
missile, with its aerodynamic characteristics and limited available acceleration, and this leads to a number of
optimum systems depending on these factors.

The beam-riding system is shown to satisfy the main requirements of the analytical framework, so that this
system may be identified with the optimum system. From this identification follows the definition of certain
components of the beam-rider, and the optimisation of the latter requires the insertion of electrical networks
in the ground tracker or in the missile, or both, depending on the sources of noise.

Explicit formulae are derived for cases in which the noise spectral density is assumed to be constant with
frequency, and the target manoeuvres to be such that their lateral accelerations form a stationary ensemble over
the necessary interval. The examples given show that a definite improvement results from the use of the
optimum system, in that both the miss distance and the acceleration requirement are reduced.

The realisation of networks defined by their transfer functions is discussed in Appendix IV, and examples
are given of optimum networks for the beam-riding system. One such example has been the subject of simulator
tests, in which it is compared with the ‘phase-advance’ system.

It is concluded that the missile accelerations required to achieve a given miss distance are considerably less
than those hitherto considered necessary, and that the results of the paper warrant a further programme of
analysis, simulation and flight trials, Such work might well lead to a significant advance in the efficiency of
missile design. '
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1. Introduction.
1.1. The Guided-Weapon and Servomechanism Theory.

The nature of the information available as the input to a Guided-Weapon system plays a dominant
role in determining the required characteristics of the system. Such information will be a more or
less accurate description of the motion of the target, depending on the quality of the apparatus used
to detect and follow the target. That this motion is variable—that it is, to some extent, unpredictable
—cmphasises the need for a guided weapon, a device capable of correcting its error with the aid of
up-to-date information concerning the target. In this sense the guided weapon is a servomechanism,
a ‘closed-loop’ system which compares the actual and desired situations and takes appropriate
action to minimise the difference between them.

This concept of the guided weapon as a servomechanism has proved a useful one, in that much of
the theory of servos is directly applicable to the guided weapon, That this theory is so well developed
owes much to the fields of communication engineering and filter theory, with which it is intimately
associated.

Recent advances in these latter fields have been concerned with the statistical nature of the
message, or signal, and the noise with which it is invariably accompanied. The messages accepted
by a telephone-line, for example, differ in detail on each occasion, but nevertheless the ensemble of
all possible messages will have properties which characterise the fundamental similarity of messages
in general; and it is these statistical properties which influence the design of the system. Noise is
also a statistical phenomenon—its precise value on a given occasion is unknown, and its description
must be confined to average properties, such as the mean square value.

This communications terminology has been taken over to the field of servomechanisms, and in
this context the term noise refers to that part of the input to the system which does not contribute
to the desired information. It is clearly desirable to suppress this part of the signal, and this can often
be done by filtering, in which use is made of known differences in the frequency content of informa-
tion and noise; in this situation Wiener' has shown that there exists an optimum filter which will
separate the message from the noise to the fullest possible extent.

The word optimum in this context requires clarification. The merit of the filter must be judged
on the success with which it handles all the possible situations—weighted according to their
frequency of occurrence—and not merely on its performance with one or two specific examples of
message and noise. Since our knowledge of the latter is confined to their statistical properties, the
criterion of merit must itself be statistical in character, describing the ‘average’ behaviour of the
filter. One such criterion is the mean square error existing between the filtered signal and the
original message, the mean being taken over all possible messages and noise. In this sense the
optimum filter is that network for which the mean square error is a minimum, but other measures
of the error are possible, and on occasion preferable.

In view of the fundamental accord which exists between the fields of communications and servo-
mechanisms, it may be expected that the above concepts have significance in the theory of the
guided weapon, not only for the various servo-mechanisms included in the system, but also for the
system as a whole. In fact, it is found that the statistical theory provides a powerful means not only for
assessing the performance of a given system, but for choosing that system having the best
performance. :

It is the purpose of this paper to develop the theory, taking into account the physical constraints
within which the system must operate—limitations imposed, for example, by the aerodynamic
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behaviour of the missile which forms part of the system: and to derive the best physically realisable
system for a given set of conditions and a given criterion—the minimisation of the mean square miss
distance.

1.2. The Target Motion.

The motion of the target, which provides the useful part of the input to a guided-weapon system,
is not entirely random. It is known, for example, that the forward velocity will not undergo rapid
variations, and that the lateral acceleration is confined within certain limits, so that although the
future position of the target cannot be predicted with certainty from a knowledge of its present and
past positions, we can nevertheless eliminate certain positions as unlikely. This leads to the con-
sideration of the statistical properties of a whole set of possible target courses any one of which may
provide the input on a particular occasion. Clearly the system should be so designed that it is
reasonably effective against any of these targets, with the emphasis on those courses which are most
A probable.

The mechanism underlying the target motion (i.e. the aircraft, the pilot, the location of objectives
in relation to the guided-weapon site, etc.) does not change with time (at least for the period of time
over which we are concerned), and it seems reasonable to conclude that the probability distributions
which characterize the set of target courses are invariant with respect to time, over a limited region.
Such a set is said to be stationary, and it is with the properties of stationary series that the theory of
the present paper is mainly concerned.

1.3. Sources of Error—Noise.
The information acquired by the guided-weapon system will not be a true record of the target’s
* behaviour: it will include spurious information arising from imperfections in the unit used to detect
and follow the target. We are concerned mainly with those systems in which the information is
derived from a radar beam which automatically tracks the target, and this type of radar auto-follow
is subject to a variety of errors, among which may be cited the so-called ‘beam jitter’. This is due
to random variations in the radar-reflecting properties of the target, and its effect is to induce
random fluctuations in the beam which do not correspond to the true’ motion of the target. Other
errors of a more or less random nature are thermionic noise in the receiver, fading at long range due
to lack of transmitted power, and at short ranges the phenomenon of glint—random movements of
the point of reflection. In addition errors may be introduced in the tracking servo itself.
For the moment we need not distinguish between these sources of error, and all may be con-
sidered as noise. Thus, if 8,(2), 6(f) are measures, in a suitable co-ordinate system, of the true position
of the target and the input to the target following system, then

8(2) = 6(t) + Ox(2),

and the noise 0y(#) is that part of the input which does not contribute information about the target.

Tt is clear that noise is in the same category as the target motion, in that the future values of the
noise cannot be predicted with certainty from a knowledge of past values. If, on the contrary, the
noise is known as a function of time, it ceases to have any significance, since it can be removed in
effect by subtraction from the input signal. On the other hand, if the target motion is completely
pre-determined (from the stand-point of the observer), the noise is again irrelevant: all the required

7



target information is available, and no new information is possible. It is only when both the message
and the noise are to some extent unpredictable that the problem of their separation becomes other
than trivial.

The underlying processes which generate the noise do not vary from day to day, and it may be
expected that the statistical properties derived from the analysis of a large number of records will
hold good for similar situations in the future—i.e. the ensemble of noise functions constitutes a
stationary series. Any theory which includes the effect of noise must deal with the ensemble rather
than with individual functions: the precise statistical quantities required will appear later,

1.4. The Nature of the Input.

The two quantities which form the input to the guided-weapon system—target information and
noise—are each statistical in character. The uncertainty concerning the target stems from the fact
that it is independent of the guided weapon, and is reluctant to supply information leading to its own
destruction. This fact means that, as far as the observer is concerned, some element of uncertainty
will exist even when all available information is taken into account.

Noise, on the other hand, arises within the system, and is therefore to some extent controllable.
The system should clearly be designed to reduce the noise as far as possible, provided that the
increased complexity leads to a worthwhile improvement in performance, but again some noise
will remain.

Having used all possible target information and having reduced the noise as far as is economically
possible, the problem is then so to use the available equipment that the guided-weapon system has
the maximum efficiency.

2. Criteria Governing the Choice of System.
2.1. The Mean Square Miss Distance.

The motion of the missile is governed by the input to the system; symbolically we may write
() = T{0:(2) + On(8)} = TO(t), (2.1-1)
where I' is an operator (not necessarily linear) which describes the system. Here ‘system’ connotes
the whole chain of events which starts with the motion of the target and ends with a motion of the
missile: it therefore includes the aerodynamics and control system of the missile, and the character-
istics of the tracking or error-detecting device.
Consider now a large number of attempts against different targets, all of which are engaged at
roughly the same range. The target motion and the noise, and therefore the motion of the missile,
will in general be different on each occasion. For the 7th attempt,

Oaar(t) = T{61,(2) + O (D} = T6,(8), (2.1-2)
and if T is the instant of nearest approach of the missile to the target, the difference
Op(T) — Oap,(T) (2.1-3)

is a measure of the accuracy of the system. If, for example, the #’s refer to angular positions from a
datum line, and R is the range of engagement, the miss distance 5, is given by

$p = R[07(T) ~ Oy (T)]
= RI(1~T)6,,(T) — Tby,(T)], (2.1-4)

assuming that the operator I' is associative,




It is assumed in this equation that no @ priori information is available to distinguish one attack
from another, so that the system remains unchanged—i.e. I' is not a function of 7.

The criterion by which the system is judged must take into account the performance against all
targets. The criterion used in this paper is the mean square miss distance, the mean being taken over
all possible engagements:

1 1
<sr2> = p 2 Sr2 = o

r=1 r

% RE(L-T)6(T) —~ DOy (TP, (2.1-5)

from (2.1-4).

The ultimate object is to obtain the highest lethality, but the relation between miss distance and
lethality is a function of the warhead-fuse combination, and not readily expressible. To the extent
that this relation can be encompassed by a single number, the most appropriate number appears to
be the mean square miss distance. We shall therefore consider the optimum system to be that system
for which the mean square miss distance is a minimum. The system is defined by the operator I',
so that the problem is to select I' such that {s,%) is a minimum.

2.2. The Admissible Class of Operators.

The value of the result will clearly depend on the generality allowed in the formulation of the
problem, and the population of possible systems from which the optimum is chosen should be as
comprehensive as possible; if the problem is restricted to the study of a particular class of operators
by arbitrarily excluding all other systems, the value of the result is correspondingly diminished.
Nevertheless certain restrictions must be imposed on the operator: in particular, it is necessary to
exclude non-linear operators, since no adequate theoretical treatment exists at present. Further, the
operator must lead to a physically realisable system, which implies that the operator can only act on
past values of the operand. It is also desirable that the resulting system shall have fixed components
(at any rate over a sufficiently long interval), and this imposes the further requirement that the
operator shall be invariant under translation in time.

From this admissible class of operators, acting only in the past and invariant with time, we wish
to select that operator which minimises the mean square miss distance. Even this restricted class
includes a wide variety of operators—in electrical terms, any combination of active and passive
networks having lumped components can be represented by such an operator.

2.3. Optimum Considerations.
The method of optimising the parameters of an arbitrarily chosen system from this class does not
ensure that no better system exists; for example, it may be decided from experience and certain
criteria that for a particular problem the relation between input and output should be of the form

ag + a1D + a,D?
by + b,.D + byD? + b D¥’

where D = d/dt.

It is then possible to select some or all of the coefficients a,, b, etc., such that the optimum
performance is obtained for a chosen criterion. This result applies only to this particular form of
operator, and gives no indication of the performance of other possible systems. The same technique
can of course be carried out for a number of assumed forms, and the results compared. We might
enquire, for example, whether an additional term 5,D* might not provide some improvement, and

9



this hypothesis could be tested by repeating the calculation for this configuration; such a procedure
however quickly becomes impossible to handle analytically, and still does not ensure that the best
system has been investigated.

Where the form of the operator has been chosen for other reasons, or if the system cannot readily
be altered, this method is satisfactory, although the criterion adopted should relate to the performance
with the type of inputs expected, rather than the response to a step or the sinusoidal response, unless
the latter inputs occur frequently. In many cases however there is some latitude in the choice of
operational forms; in the guided-weapon case part of the system is fixed by the characteristics of the
missile, but considerable freedom exists in choosing other parts of the system, such as the control
system and the properties of the target seeker. In order to determine the best characteristics for these
components, a more general approach is necessarjr—a theory which defines the best operator from
the widest possible class of operators.

Such a theory, based on linearity, would be of little value if the actual situation were not repre-
sented, at least approximately, by a linear system; and it is necessary to show that the mathematical
framework will accommodate the more important properties of the system.

3. Non-linearities in the Guided-Weapon System.

Non-linearity in a guided weapon may arise in three distinct ways:
(a) The non-linear aerodynamic behaviour of the missile.
(b) Non-linearities resulting from the geometry of the situation.
(c) The effects of saturation in any element of the system.

These three sources are discussed below.

3.1. Aerodynamic Non-Linearities.

The motion of the missile is not a linear function of the deflection of the control surfaces. In a
fixed-wing vehicle having rear control surfaces, for example, the downwash from the main wings
onto the control surfaces results in an effective shift of the centre of pressure with incidence, so that
the acceleration produced by a given fin angle is a function of incidence.

The effects of this and other non-linearities can be greatly reduced by the use of negative feedback:
this does not of course affect the aerodynamics of the missile, but it does alter the relation between
the control signal and the acceleration it produces. The greater the degree of feedback, the more
nearly linear does this relation become. The type of feedback used depends on the missile: for the
fixed-wing, rear-control-surface vehicle, high acceleration feedback can lead to instability, and
additional feedbacks are necessary to overcome this condition.

Other effects—such as those due to the variation of aerodynamic derivatives with changing height
and speed—are also reduced by feedback: in effect the missile forms part of a servo system, the
performance of which becomes less dependent on the missile as the feedback is increased.

Although the missile system may be made more nearly linear by these methods, it is not
immediately obvious that this is beneficial. It will be shown later (Section 7.3) that in fact the best
transfer function of the modified missile is unity over the significant frequency band; and although
this ideal cannot be attained, it is approached by increasing the feedback, which also reduces the
non-linear effects. The application of such feedback is therefore desirable, and at the same time
justifies the linear representation.
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On these grounds it will be assumed in this paper that the relation between the demanded and
achieved missile accelerations, as modified by internal feedback, can be represented by a linear,
constant coefficient differential equation: that is

Ju(t) = A(D)fp(?) (3.1-1)

where f;, is the lateral acceleration, and f;,(f) a measure of the demanded acceleration. The operator
A(D) includes the control-surface actuator characteristics, and those of any instruments—such as
- accelerometers—from which the feedback is derived. The relation holds over a limited range of
fo(t), as discussed in Section 3.3.

3.2. Geometrical Non-Linearities.
3.2.1. The beam-riding system.—The influence of the coordinate system can be illustrated
by taking the beam-riding system as an example. In this system the angular error (0;— 8,,) (Fig. 1)
existing between the target-tracking beam and the missile is detected by the missile receiver and
multiplied by the range 7, , giving a measure of the linear displacement between the missile and the
centre of the beam. If the subsequent operations on this signal are denoted by S(D), the demand
for acceleration is

Jo(t) = S(D)ru(?) [05(2) — 02,(2)}, (3.2-1)

Jar = AD)S(D)ra (05— 0y1) .- (3.2-2)

(In this and subsequent equations the argument # is omitted where there is no ambiguity.)
The operator S(D) includes the receiver characteristics and those of any additional networks

_so that from (3.1-1)

included for the purposes of stability, etc.
From Fig. 1, o . A ,
Parbar + 27300 = for cos (07— thar)

and ‘ . - (3.2:3)
Far — 7a0a® = farsin (Oar—bay)s
giving ) . .
ADYVS(DYr (05— 0a1) = [(rartar + 273,050)% -+ (Far—72,02,%)%] " (3.2-4)

so that although the system consists of linear elements, the geometry of the situation leads neverthe-
less to a non-linear equation in 6,;.

3.2.2. A linear approximation.—The angle (0, —1;,) will normally be small, and may,
without great error, be assumed to be zero; the missile axis then lies parallel to the radius vector 1,
~ and
A(D)S(DYry (05— 0yr) = 7270 + 2730y (3.2-5)
from (3.2-3) and (3.2-4).
This equation is now linear, but has variable coefficients. The assumption of constant missile
range removes the variation, but appears at first sight to be a rather sweeping assumption. As an
alternative and closer approximation, consider the range to increase exponentially:

7y = Kexp (cyt)
Then

7
M= oy a constant.
i
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Equation (3.2-5) then becomes

K exp (cyt) A(D + c30)S(D + c35) (05— 031) = K exp (¢ 8)D?0,; + 2Ky exp (c,8) D8,y
or

A(D+¢31)S(D +e3r) (05— bar) = D(D+ 2cy)0) (3.2-6)

—a linear equation with constant coefficients.
The actual increase in missile range is more nearly linear than exponential, since #;; is practically
constant and equal to ¥V, :
Yar = Vit

If the constants of the exponential approximation are chosen to give the true range and velocity
at time Z;, then

Vito = Kexp (cyto), and Vi = Keyexp (cpt)
giving
. . rar = Vigto exp (#/t,—1)
as the approximation, with ¢, = 1/4,.
This function is compared with the true range in Fig. 2, from which it may be seen that the
approximation is correct to within 5%, in the interval

0-8ty<t<1-2¢.

If ¢, is chosen such that 1:2 £, = 7, the time of interception reckoned from launch, this interval
becomes

T<t<T,

[FNTRN o)

so that over the final third of the flight the approximation for range is in error by less than 5%.

For the purposes of the theory which follows, the representation need only be correct over an
interval immediately prior to interception, provided that this interval is long compared with the
time constants of the system, which will not amount to more than a few seconds (Section 7.3). The
flight times of interest for a ground-launched vehicle will not normally be less than 20 seconds, and
more often 50 to 60 seconds, so that (3.2-6) is valid over a sufficiently long interval. The precise
behaviour of the missile before this time is of little consequence, provided that it flies within the
beam in a stable manner.

3.2.3. The overall linear operator with constant coefficients.—Equation (3.2-6) relates the
beam and missile positions: the system is completed by the dependence of the beam position 85 on
the input to the system, which is 0, + 6y. This relationship is governed by the radar tracking
system, whose properties we may denote by the operator T(D) acting on the error as measured by
the ground radar set (Fig. 3a):

O0p = T(D)[0p + Oy — 03],
(D)

0p = 1T (D) (6p+0y) (3.2-7)

or

The operator 7(D) may be assumed linear, except for the effects of mechanical hysteresis and
friction, which will be discussed later (Section 6.2.2).
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The combination of (3.2-6) and (3.2-7) yields

, _ 1) AD+ea)S(D +cyy)
=TT T(D) D+ ex)SD + ) + D(D + 2eyy)

which may be written as
Oy = HD)(Op+0y), (3.2-9)

where H(D) is a linear operator with constant coeflicients. Thus the whole system can be represented,

(0 +0y) (3.2-8)

with the above reservations, by an operator of the class discussed in Section 2.2.
If 8,,(p) denotes the Laplace Transform of 8,(f)—i.e. if

<o}

Inp) = [ e,

(]

with similar symbols for 8;, 6y, we have from (3;2‘-8) and (3.2-9)

0r(p) + On(p) 1+ T(p) A(p+ea)S(p+cn) + p(p+ 2cy)
and this is the system transfer function, where T(p), A(p) and S(p) are the transfer functions of the
elements defined above. These relations are shown diagrammatically in Figs. 3a, and b. The whole

system is equivalent to a filter having the transfer function H(p), although the components of the
filter do not correspond to those of the guided-weapon system.

3.3. Saturation Effects.

3.3.1. Limiting.—The third type of non-linearity is that due to saturation of the various
elements composing the system: the linear representation is only valid over the range for which
each unit (with feedback if necessary) can be considered linear. In most cases the linear range of the
components can be adjusted to meet the requirements without difficulty, but the range of lateral
acceleration which the missile can achieve presents a special problem. Here negative feedback is of
no assistance, since beyond a certain range a demand for acceleration, augmented by feedback to
counter the falling efficiency of the control surfaces, results not in greater acceleration but in disinte-
gration of the missile. It is therefore necessary to limit the demand for acceleration to a level
consistent with the structural strength of the vehicle; moreover, this level cannot readily be altered
without re-designing the missile.

3.3.2. Further restrictions on the optimum operator.—The acceleration limitation cannot
be ignored in the analysis: at the same time the analysis is only valid for linear systems. It is however
possible to introduce constraints into the theory such that the limiting value is almost never exceeded,
in which case the system can again be regarded as linear. This condition imposes a further restriction
on the optimum operator—the problem is then to find that physically realisable operator, not
demanding an acceleration in excess of a given level, which will minimise the mean square miss
distance. The minimum miss distance will of course depend on the available acceleration, as will
also the optimum operator with which this minimum is achieved. The optimum operator can be
evaluated for various limits, and the resulting minimum miss distances as a function of allowable
acceleration furnishes a design criterion for the structural strength of the missile. The absolute-
minimum is obtained with infinite acceleration, but it will be shown later (Section 7) that the
relative gain in accuracy rapidly diminishes as the acceleration is increased.
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Although emphasis has been laid on acceleration limiting, it is—for the purposes of analysis—
equally necessary that the remaining components (e.g. the receiver) should operate within their
linear regimes. It is possible to apply additional constraints to ensure linearity throughout, but this
involves specifying much of the system in detail. However, we wish to arrive at the best system by
analysis, rather than arbitrarily to specify parts of it in advance: it is therefore preferable to deal only
with the most important non-linearity, and then to verify that the realisation of the subsequent
operator does not require an unreasonable linear range for any particular component.

4. The Derivation of the Optimum System without Constraints.

It has been shown above that the beam-riding system can be characterised by a linear operator
H(D) relating input and output. In this section an expression for the mean square miss distance is
obtained in terms of the operator and the statistical properties of the target motion and of the noise.
The minimisation of this expression leads to an integral equation, the solution of which yields the
transfer function of the optimum system. To clarify the discussion the optimum is derived without
regard to acceleration limiting, this being deferred to a later section (Section 5).

4.1. The Minimisation of the Mean Square Miss Distance.

4.1.1. The weighting function of the complete system.—The performance of a system
characterised by a linear set of differential equations can be described in a number of ways; since we
are concerned with minimising the error at a particular instant (the time of nearest approach), it is
convenient to represent the missile position at that time by means of the system weighting function.
This is defined as the response of the system to a unit impulse; any input can be specified as a
succession of impulses applied at different times, and if the system is linear the resulting output is
the sum of the responses of each impulse. It is shown in Appendix I that this leads to

¢
00,(1) = f )i ), ‘ (4.1-1)

where A(t) is the weighting function of the system, and 0,,(f) the missile position at time ¢ resulting
from the input 08(£) {= 0,(¢) + Oy(£)}
The conditions implicit in this representation are
(a) the system is linear, so that superposition holds.

(b) It is physically realisable, since it depends only on past values of 6(¢) (the range of x is from
0 to t), but it is not necessarily stable.

(c) The equations describing the system have constant coefficients, since the response is
independent of the time at which it is applied.

(d) The system is initially at rest.

These conditions embrace the admissible class of operators discussed in Section 2.2.
The transfer function H(p) is the Laplace Transform of the weighting function () (Appendix I):

H(p) = f:o h(t)e—Pldt . (4.1-2)

14



4.1.2. The mean square miss distance in terms of the weighting Junction.—Consider a large
number of attacks against targets 6y, , 0pg, . . . 0, all of which are engaged at the same slant range
R, and let T be the time of interception reckoned from launch. Then the miss distance s, against
the rth target is given by

$ = R[0p(T) = 03(T)],
or :
5. T
_}72 = 0,{T) — J‘ h(x)0(T — x)dx, (4.1-3)
0
from (4.1-1).
The mean square angular miss distance, taken over # trials, is then-

-1 2 (s )2 =% 5 [%(T) - f OT lz(‘:c)ﬂ,.(T——x)de

1 % Vil
= 1T 2 3 0 lT) f 7()6,( T~ x)dx +
Ly f H(x)(T— x)d»vf H(3)6, T~ y)dy

= [Op( T — 2 f ) - 21 Or( T)0p( T— ) +

+f h(x)dxf h(y) - z 0.(T— x)0( T—y)dy (4.1-4)
Since 6,(2) = O, () + (2,

n

1 1 1
5 2 WT-0)0(T-y) = T Or(T=2)0p(T=3) + - 3 Ol T—0)y(T—y) +
r=1

r=1 r=1
1 n
2z Or( T —2)0y(T—y) + - 721 (T = 2)0p(T ) (4.1-5)
If there is no correlation between the target motion and the noise, the last two terms of (4.1-5)
are zero. In the absence of any evidence of correlation, it is convenient to make the assumption that
none exists; this involves no loss of generality, since 1f the correlation is known its effect can be
included in the analysis.

Let
1 = 7
er(x) = — X Op(T)0r(T—x),
r=1
1 7
X%, y) = % Z 07 T — )07, (T ~7), \ (4.1-6)
and -
1 n .
XN(x’ y) = % N,.(T-—DC)BN,.(T—;V) .

Then (4.1-4) becomes, on using (4 1-5) and (4.1-6),

T 7 T '
0t = py(0) — 2 f () + f s f Dl 3) + e A (4.1-7)

which gives the mean square miss distance in terms of A(x) and certain functions of the target
motion and of the noise.
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4.1.3. Conditions satisfied by the optimum weighting function.—Suppose now that the
weighting function which minimises o2 is A4(x), and consider a functional variation 7(x) such that
h(x) = hy(x) + en(x), where ¢ is a quantity independent of x. Then

/s
0 = gy(0) — 2 f (o) i) + enelds +
T Vi
+ f ls) + en(w))ds f D ) + s D ) + en()ldy

from (4.1-7), and ¢? is now a function of e. The values of e for which o has stationary values satisfy
the equation do?/de = 0—that is

do? T T T

T =2 onas + [ e [ Dl ) + 0 D) + enldy +

s [ o) + entoas | T L%, %) + @ 9)]n(9)dy = 0. (4.1-8)

If o2 is to have a stationary value when A(x) = hy(x), then ¢ = 0 must be a solution of this
equation. Hence

T il T
2 f s + f e f D ) + s )y +

T T :
+ f () f Dl ) + (Y = 0.

The second and third terms of this expression are equal, as can be seen by changing the order of

integration in the third term and then interchanging x and y, since by definition x(x, ¥) = x(y, ®).
Then

f j () U : Dxa(%, ) + x( ¥)]ho(3)dy — qu(x)} dx = 0.

This must hold for any 7(x), with T > x > 0; the condition is therefore

T
JO Dee(® 3) + xl® D0y = @olx), T2x20; (4.1-9)

this is an integral equation defining the weighting function /,(x) for which ¢* has a stationary value.
Whether this is 2 maximum or minimum depends on the sign of d20%/de®. From (4.1-8), and using
the definitions of x5, xy of (4.1-6),

d202 T T 1 7
T = Zf n(x)dxf 2(¥) - S Op (T — )05 (T —y)dy +
] 0 =1

T T 1 »
w2 [ awds [ a0)5 3 OudT-)0nAT-3)dy,
0 0 r=1

n T

1 7
=2 % | w)0(T~ x)dxf W) 0r (T —y)dy +
=1 0

0

3

T T
r2-y f ) T ) f AT -5)dy,

r=1

RN o=

Il
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which is non-negative for all x and all »(x). The stationary value is therefore a minimum, and the
function %y(x) given by (4.1-9) is the optimum weighting function with which this minimum miss
distance is achieved, provided that a unique solution of (4.1-9) exists.

4.2. The Optimum System when the Ensembles of Target and Noise Angles are Stationary.
4.2.1. Ensemble averages—The solution of (4.1-9) depends on the properties of pn(x),
xr(%, ¥) and  (x, ¥). The simplest solution is obtained when the inputs 0,,(T) and 8y,(T) can be
regarded as stationary (though not necessarily ergodic) series, at least over a sufficient interval of
time; and this case will be treated first. Returning to the definitions of ¢, xp (4.1-6),

1

It

R= RV

XT(x: y) Ell HTT(T__x)eTT(T_y)

O [T — 3 = (2 =2)]0rT—).

r=1

Assume now that y,(x, y) is invariant for the shift y. Then

0l59) = 3 T 0T = (=91endT)

= ep(x—Y), : (4.2-1)

since

2 0Tr( Tr— x)eTr( T) ’

r=1

pg(x) =

R =

from (4.1-6).

The assumption of invariance implies that ¢,(x) is independent of T—that is, the average product
of the target angle at one instant and its value x seconds earlier depends only on the interval x, and
not on the particular instant chosen for the evaluation. In other words, the series of target angles is
stationary with regard to averages taken over the ensemble, and @x(x) is the autocorrelation function
of the ensemble.

The supposition that the series is stationary does not imply that it is also ergodic: that is, the time

average
(BBt — )

for any one target path 0, is not necessarily equal to @,(x) as defined above. As an example of a
stationary but non-ergodic series, consider a distribution of quantities a,, a,, a5 . . . , each of which
is constant with time. Then o

n
2Nt — 2 2
e =a? + - % a,
. - n T:l
except for a particular choice of .

The validity of the stationary assumption is further discussed below (Section 4.2.2).
If the noise is also stationary, the same argument leads to

xn(% 3) = en(®=5), (4.2-2)
where py(x) is defined as
1 =
en(®) = = X On(T—2)0n(T), (4.2-3)
r=1

the autocorrelation function of the noise ensemble.
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Equation (4.1-9) can now be rewritten as

[ a3 + ore= ) = 6al), T30, ]
where
2l = 3 T 0D T=2), | (h2-4)
and
Pa(®) = 1 T Oxd )T —3).

Il

o

4.2.2. The region in which the series are assumed stationary.—For the general solution of
this equation it is convenient to write the upper limit of the integral as infinity instead of T'; this
is clearly justifiable if 4y(f) is small for £ > 7. The function A(#) is a measure of the memory of
the system, and if %y T) were significantly different from zero, it would imply that the system
contained time constants of the order of the time of flight 7 so that after this time the system would
still be using information concerning the target’s position at launch. Although the optimum function
ho(2) is not yet known, it obviously must not contain lags of this order, since the targets can make
significant manoeuvres during the interval between launch and strike. We may therefore write

hyt) = 0, t> T,
and equation (4.2-4) becomes

| Tore=9) + ox(e—3)Wa0y = oa(a), x>0. (+2:5)

The functions y; and yy were assumed to be invariant for a shift y: since y now runs from zero
to infinity, it appears at first sight that the functions should be stationary for this infinite shift.
A comparison of (4.1-9) and (4.2-5) however shows that the equivalence of x,(x, ¥) and pa(x— ),
and of xy(x, ¥) and gy(x—»), need extend only over the range of ¥ for which %y(y) is significantly
different from zero, since outside this range the integrand is zero for any xg, xy. Thus the theory
holds provided that the series of target angles and noise can be considered stationary over an interval
immediately prior to collision, this interval being long compared with the time constants of the
beam-riding system. More precisely, the function

3, Opo(8)0lt — )

r=1

S

should be independent of ¢ for 7| < ¢ £ T, where T, is such that the transient effects of an input
applied to the system at time zero have virtually disappeared after a time 7' — T}—i.e. A(T— Ty) = 0.

4.2.3. The solution of equation (4.2-5).—In Appendix II the solution of (4.2-5) is shown
to be

i) = s e {{®T<z-w(§’f"$i,<m>}~}J- ez
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In this equation,

Hyiw) = f : hy(w)e—imda, (4.2-7)
(i) — 7_1 f op(x)e-7dx, (429)
oyio) = [~ ategeiee, (+2:9)

and K is a constant. Also

(Pp+ ) (Op + D)~ = Dp + Dy,
where (Oy + Dy)*t and (O + Oy)are functions having all singularities confined to the upper half
plane and the lower half plane respectively. Here @, + ®y is considered as a function of a complex

variable w. If for example

1
Prt Oy =
then
1
(Op+ D)t = —
w—1
and
D+ D) = -

Similarly, the notation (F), and (F)_ indicates that the function F has been expressed as the

sum of two functions,
F(w)y + Flw)- = F(w),
where F(w), and F(w)_ have their poles and zeros in the upper and lower half planes respectively.

H(iw), the Fourier Transform of the optimum weighting function, is the frequency response
function of the system; and its Laplace Transform is Hy(p) (Appendix I).

Oy and @y are defined by (4.2-8) and (4.2-9) as the Fourier Transforms of the autocorrelation
functions pp(x) and @y(x)—i.e. O, and Dy are the spectral densities of the target angles and noise
angles respectively. The spectral density and the autocorrelation function are equivalent ways of
defining the same properties; we have used the autocorrelation function to formulate the problem
and the spectral density to solve the ensuing equations.

The minimum mean square miss distance in terms of the optimum weighting function can now
be found from (4.1-7). As in Section 4.2.2 we may extend to infinity the upper limits of the integrals,
at the same time substituting for y,, xy from (4.2-1) and (4.2-2). This gives

Omin? = r(0) — 2 f °° ax))dx + f () f [pr(x =) + ox(e— )] ha(y)dy . (4:2-10)

Since the solution of (4.2-5) is obtained in terms of the frequency response function H(iw)
{or the transfer function H,(p)} rather than the weighting function, it is convenient to rewrite
(4.2-10) in terms of H(iw), and the spectral densities (DT(zw) and @ y(iw). It is shown in Appendix 11
that this transformation leads to

Opin® = fﬂ |1 — Ho(iw)P(DT(iw)dw + f:) |H0(iw)|2(DN(iw)dw, (4.2-11)

min
the first term being the miss due to target motion, and the second that due to noise.
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The equation for Hy(p) gives the optimum transfer function of the filter or servomechanism in
terms of the spectral densities of the true signal and of the noise. Although the equation has been
derived with reference to a guided-weapon system, it is perfectly general, and applies to any system
in which it is desired to extract the maximum amount of information from a sighal contaminated
with noise.

In the guided-weapon case we have considered a large number of trials against different targets
with different noise. We have derived a system transfer function for which the r.m.s. miss distance
taken over all these trials is less than that for any other linear system. The optimum system Hy(p)

depends on the statistical properties of the target motion and of the noise, and not on the individual
time functions which occur in each attempt.

4.3. Non-Stationary Target Motion with Stationary Derivatives.

4.3.1. Trends in the target motion.—The solution (4.2-6) of (4.1-9) has been derived on
the assumption that the target angles form a stationary ensemble over an interval before interception.
It is often the case that the derivatives of a set of functions constitute a stationary ensemble, while
the functions themselves do not. Suppose for example that the target angle 0,,(2) consists of a random
part f,(£), together with a trend represented by a polynomial in #:

) = O+ % aih, | (43-)

and suppose further that f,(#) is stationary with zero mean, having the autocorrelation function
p/(x). Then

1 [
xr(%, y) = 7 § O (T — %) 07(T—)
1 = m—1 m—1 .
— 2 3 M-+ S a2 | [UT-5)+ 'S a(T-oy]
= EHT-DT-9)+ S a(T-' % adT—y),
or - "
e 9) = phx—2) + zoa( -0 2 a(T-y), (4.3-2)

which is a function of 7" and therefore not stationary. On differentiating (4.3-2) m times with respect
to (T —«) and m times with respect to (T'—y),

LS Op T )0 (T —y) = (~Tmpem(—3), (4:3-3)
=1

and this is independent of T. The mth derivatives of the target angles therefore form a stationary set;
we may denote its autocorrelation function by gpt(x), so that

1 n
Pronf®) = ~ 3 O T)p (T =2) = (= 1)7p,2m(x) (4.3-4)
r=1 .

4.3.2. The solution when the mih derivatives of the target angles form a stationary set.—
Suppose now that the mth derivatives of the target angles can be considered to form a stationary set,
while derivatives of order less than # do not. In accordance with experimental evidence, it will be
assumed that the noise angle itself is a stationary series, in the sense defined in Section 4.2.2.
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Equation (4.1-9) still applies, and can be rewritten as

i_é O,( T — ) [ f : BT,(T.—y)ho(y)dy = Op (T )} +

1 n
4+ —
7, _

A T=5) | OudT-)dy = 0, w30, (4.3-5)
1 ¢

by using the definitions of y;, xy and @, given in (4.1-6). The upper limit of integration has been
changed from T to infinity, on the grounds that 4,(f) = 0, ¢ > T, as discussed in Section 4.2.2.
Now let

) =[] °° s e g0) = ),

and

g0y =0  for i=0,1,2...m. (4.3-6)

Differentiate (4.3-5) # times with respect to (7'— ), and integrate m times by parts, using the above
definition of g(y). This leads to

n ©
HOEREE ) || e6)0nm =52y ~ (08 m(T) - g(0)0mT) — ..
r=1 0

— g™m=2(0)0,,(T) — {1 + gm=1(0)} QTT(T)} +

[<%}

1 n
o 3 0uT—) | [ g0 (T =)y = g0 NT) ~ ...
r=1

0

— g=2(0)8,,,O(T) — gm=1(0)8,( T)] =0, %20, (4.3-7)

where (m) denotes the mth derivative with respect to the indicated argument.
We can attach no meaning to terms of the form

12 .

= % Op (T — )by, (T)

1,y
unless ¢ = 0, since we have assumed that only the mth derivatives of the target angles form a
stationary ensemble. It is therefore necessary to eliminate these terms by postulating that the system
has no displacement lag, no velocity lag, etc., up to no (m — 1)th order lag, The necessary conditions

(Appendix I) are

f h(x)dx = 1 for no displacement lag
0

f hA(x)ydx = 1 and f xh(x)dx = 0, for no velocity lag,
0

0

Il
-y

f h(xe)dx and . f a"h(x)dx = 0, r =1,2...¢for noith order lag.
0 0
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Then

j g (x)dx = 1, ie g 0)= —1, for no displacement lag.
0
For no velocity lag,

[ sgras = [sgnni| = [ gtz = 0,
0 0 0
so that

j gD = 0,
[)]

from (4.3-6), or
gm2(0) = 0.

For no 7th order lag,
f xigm(x)dx = 0, le. gm==1(0) for i1=1,2,...m-1.
0
Equation (4.3-7) then reduces to

@ 1
J &) [xrtm(2, ¥) + xato(x, ¥)} dy + ” 5 0T, ™ (T—x) = 0,2 > 0,
0 ,

=1

where
Xao(5,9) = 5 5 0T =)o, T3)
and
o 3) = 3 3 By (T =)0 T =),
We may write this equation as
f: £(3) [prom(x—y) + pyom(x—p)] dy + (= )"py™(x) = 0,220, (4.3-8)

where @gm(x) is the autocorrelation function of the mth derivatives of the target angles, assumed
stationary over the necessary interval. For the noise we have

1=
;Z 9N1‘(T—x)6Nr(T_y) = (PN(x_y)’

r=1

so that
1 n
=3 0T =)0 (T=3) = — ox®(=3),
r=1
and
1 n
py(x=y) = ~ 3 O (T =)0 (T—y) = — oy (x—y).
=1

By successive differentiation,

pnm(x—y) = (= 1)"ey®™(x—3). (4.3-9)
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This is a particular case of a more general theorem which relates the covariance of two sets of
functions X,(x), Y,(y)and the covariance of functions derived from X,(x), Y,(y) by linear operations.
Thus, if

cov [X(x);  Y(»)] = p(x—3),
then

X,() V(y) = plx—9),

S|

Y E

=1

so that
1 23
- El FyD)X(%)F(D,) Y () = Fu(D,)Fy(D,)p(x—7),

where Fy(D,), Fy(D,) are any two operators.
Thus
cov [Fy(Dg)X(x);  Fy(Dy)Y(y)] = Fy(D)Fy(D,) cov [X(x); Y ()], (4.3-10)

provided that a meaning can be attached to cov [X(x); ¥ (»)]. We have assumed that this proviso
holds only for the noise and not for the target angles, so that there is no expression corresponding
to (4.3-9) for gptm(x).

On using (4.3-8) and (4.3-9),

f : 8() logtm(x =) + (= 1)"pxE 2 —y)] dy + (= 1)"ey"™(x) = 0, x > 0, (4.3-11)

the solution of which is shown in Appendix II to be

CDT(m)

1 X w2m
(DT(m) + (I)T(ln) -
( w2 + q)N) ( w?m * (DN)
+

(The argument iw of Hy, ®ytm and Oy has been omitted for brevity.) In this expression

H, = C (4.3-12)

H(iw) l= the optimum frequency-response function,
D ,(m(iw) = the spectral density of the mth derivatives of the target angles,
®y(iw) = the spectral density of the noise,
and K = a constant, determined by the conditions imposed on %(%).
We may note that (4.3-12) could be formally derived from (4.2-6) by writing
ylics) = D)™,

that is, by ascribing a spectral density to the target angles. This procedure however cannot be
justified, since we have seen that the target angles may not form a stationary set, in which case the
spectral density will have no meaning. The difficulty has been avoided by postulating that the system
shall have no lags up to order (m—1).
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The minimum mean square miss distance obtained with the optimum operator can now be found
from (4.1-7) and (4.1-9). From these equations

Oin® = 72(0) — f o),

1
T,

§

% 10n( Y - [ o) - 3 00AT)0r (T
If -

m—1
0 (t) = () + T att,
i=0

as in equation (4.3-1), then

e = pA0) + (mzl o) — [ peneras - [ " @ T x)ih(w)ds,
or 0 0 =0
Omia? = £0) = [ o), (43-13)
since ’
f " h(x)dx = 1
and ’

f ¥h@de = 0 for  i=1,2...m—1.
0
Thus no error arises due to trends in the target motion because the optimum transfer function

has no lag up to order (m —1), the order of the polynomial associated with 0,(¢).
Now define S(iw) as

Siw) = f p (#)e—ivoed

aT
so that

1 e .
— e Sz —T0 ],
=5 f_oo (iw)e w ,
since p/(x) is an even function. On substituting for p/(x) in (4.3-13),

oo 2o f S(ico)des — f () dx f S(ico)ciodeo

Interchanging the order of integration and noting that

Hy(iw) = f hy(x)e"w%dx
0

1 ]
Omin” = 5 f_m [1 = Hiw)] S(iw)de . (4.3-14)
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But

| 1 1 ° .
' _ = —iWT — 2m) —iwr
S(iw) = - f_m pi(x)e~ % dx = G J B p A (x)e 0w d
_ 1 im (— 1ymp @ (x)e—iond,
T W —w
or
1 1 ! ” —IwT
S(io) = — f C rti()eends, from (+3-4)
= Dy (iw)[w?™. (4.3-15)
Combining (4.3-14) and (4.3-15) gives
1 (I)T(m)(lw)

Tmin” = 75 f io [1 = Hyiw)] — 55— do : (4.3-16)

as the minimum miss distance in terms of the optimum transfer function and the spectral density

of the mth derivatives of the target angles.
A more useful form for o, 2 can be found by using (4.3-2) in (4.1-7); this reduces to

o 2 f :’ - )‘z‘DT(m’(“") dos + f :0 | Hy(i) | 20y (ic0)de (4.3-17)

in which the first term is the mean square miss distance due to target motion, and the second that

due to the noise alone.

4.4. Summary of the Theory without Constraints.

Equations (4.3-12) and (4.3-17) summarise the theory for the cases in which no limit is placed
on the lateral acceleration demanded of the missile. (4.3-12) gives the transfer function of the system
for which the mean square miss distance against a large number of targets is a minimum, and this
minimum miss distance is given by (4.3-17).

In deriving these equations it has been assumed that the functions

O™ T)0p, " T — )

QR

I

(PT(HZ)(x) =

and

e(®) = O T)Oni(T— %)

IR

R |

r=1
are independent of 7 over a limited region prior to the instant of nearest approach; this means that
the ensembles are stationary over this region, so that pmun(x) and @y(x) become autocorrelation
functions, and the expression for Hy(iw) is given in terms of the Fourier Transforms of these
quantities—i.e. their spectral densities.

The equations show that for no noise Hy(iw) = 1, and ¢,,;,2 = 0; if the incoming information is
a true record of target motion, the missile should follow this input exactly. Such a system could not
of course be realised within the framework of a guided-weapon system, even in the absence of noise.
It is necessary to introduce further conditions in the formulation of the problem, expressing the fact
that the system must contain a missile of given characteristics, with a limited available acceleration.

Such constraints are introduced in Section 5.
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5. The Optimum System Subject to Constrainis.
5.1. The Mimmisation Subject to Constraints.

Suppose that we wish to limit the mean square value of some quantity 6,(¢) which occurs at a
specified point in the system, such that 8; and 6, are related by a given linear operator F(D)
(Fig. 4). We shall normally choose F(D) such that §;, is the demanded acceleration, so that F(D)
will involve the aerodynamics of the vehicle; this however is not necessary, and in general F (D) may
be any operator which serves to define 6, the mean square value of which it is desired to restrict.
From Fig. 4 we have

0.(2) = F(D)0u(2), (5.1-1)

so that we wish to determine the optimum H(D) subject to the condition that the mean square of

[F(D)03(Ber
shall be limited to a given value.

It is first necessary to express this quantity in terms of 6,, 8y and A(#), the weighting function of
the system. From (4.1-1),

0,,,(2) = f W), t—m)ds  {0() = Ops(t) + O(8)}-
On differentiating,
DOy () = f C H)DO,(— w)dx + h(5)0,(0),
so that ’
DO,(T) = f OT W) DO, T —x)dx,

since (1) = 0 (Section 4.2.2).
This may be generalised to give

D)8, (T) = f W) F(DYO,( T —x)ds
thus, if ¢;* denotes the mean square value of 8,(7'), we have

orf = 5 § [F (D)0 T)]?
=1 ; f W(x)F(DYO,(T .’k)dxf R(y)F(D)8,(T—v)dy (5.1-2)

Since ¢, ? is to have a given constant value, the optimum weighting function which minimises o2,
the mean square miss distance, must also minimise

0% + Aoy?,
where A is any constant. But

%[ﬂﬂ jhm )],

]:{BT,(T)}2 28..( T)f )0 (T —x)dx +

§ I

so that

§lv—d

g_j KIM*

0% + Aop? =

+ | Ax)8(T- dxf ()0 (T —y)dy +

+ f WP (D)8~ )y f 0 h(y)F(D)@,.(T—y)dy]
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On putting A(x) = hy(x) + en(x), and expressing the condition that

dP 4202y
( dé‘ )c:D -

it is found that the optimum weighting function %y(x) must satisfy

1 n
2 B 0(0=3) [ BTy + 05 S F@IOAT=3) [ WFDIAT -y
=1 0
=~ 3 0 (T)(T—x), for T>x>0 (5.1-3)
r=1
Differentiate this equation  times with respect to &, writing
d d
z = %’ Dy = @.
Then
1 13 T
~ % D"6(T~x) f ho(9)0(T = y)dy +
r=1 0
1 » T
# 3 3 DF(=D)0(T~3) [ h(3)F(~D)(T)dy
r=1 0
1 n
=, 2 O T)D,m0,( T — ). z
Now write Ay(y) = D,™g(y), so that
o) = (0" [ [ [ s,
Y
Integrating m times by parts yields
12 0
5 T DT =) [ [ D g0)0T—3) = D= 4)D, A T=3) + -..| "+
=1 0
w0 1 n
0" [ g0)D AT —3)dy | + ) 5 DF(~DIIKT ) x
0. .
< | D" 80)P (=D )BT —5) DD P(~DYUT-9) .|+
[}
0 1 n
(1" [ gD E(-DYT—3)y | =5 3 0a(T)OAT=),
r=1
for x>0, (5.1-4)

where the upper limit of integration has been raised from T to infinity.
If, as in Section (4.3.2) the system has no lags up to order (m—1), then

D,"1g(0) = and D, 1g(0) = 0 for i=1,2...m—1.
Also

D,ig(0) =0 for i=01,2...m
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With these conditions (5.1-4) reduces to

3 5 DT a)0(T) 4\ [ 5 DF(- DT (= DYAT-3)| +

r=1 y=0

©

1n
+ (- )QZI

me,(T—x) f £3)D, 0T~ )dy +

n

FX1 3 DAFCDIT ) [ 60D, R (DT -3y

1 n
= 3 0p(TYD,™0(T — %), x20.
r=1
But
1 7 1 n 1 7
- E Dacmer(T_‘x)er(T) = - 2 Dmm9T7'(T_x)0T7‘(T) + = 2 DmmeNr(T_x)HN’r(T)
n, [P Bpoa
and
1 7 1 n
5 2 Do TY0(T—2) = — 3 D0y T)0r,(T~ ),
r=1 r=1

assuming no cross-correlation. Thus

DmmgNr( T- x) GNT( T) +

R =

ASE

# (=17 [ B DAF(-DIUT- D FA-DYUT-5)] 4+

y=0

o0 1 n
(1 [ g) 5 3 DT 0D, 0T -5)dy +
=1

@ 1 n
FX=1" [ g0); B DRF(=DY0AT- 9D, (= D)BAT~3)dy = 0,

for xz0, (5.1-5)
where

F(D,) = D,"Fy(D,) (5.1-6)

Equation (5.1-5) may be written as

(172 5% D)y (T —2) +

r=1

£ X=17 [P(=DIP(=D))} 5 0(T-)0m(T-3)| 4

y=0

(=1 f OESS 10<m>( — @), T—y)dy +

#M=1" [gIF(=DIF(=D,) | 5 657726, = 5)dy = 0,

x> 0. (5.1-7)
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But
Onl(T)03™(T — %) = (= 1)"py™(x),

R

L

r=1

and
1= ‘
) 0T = x)6,"(T =) = pual® =),
where ,
Pua(¥) = @rom(x) + @ntm(x) ,
 and @pm(x), pym(x) denote the autocorrelation functions of the mth derivatives of the target and

noise angles, assumed stationary, as in Section 4.3.1. Substituting these relations in (5.1-7), one
obtains

(= 1)"en™(x) + ALF(= Do) Fi( = Dy)oiun(® = 3)y—0 +
+ f: O + AF(=Dp)F (= D)l —y)dy = 0, x>0. (5.1-8)
Equation (5.1-8) is solved in Appendix IT; its solution is
| Opm)
1 i

Hy = —— Sy -3 (5.1-9)
(1—|—AFF)+( T<m’+c1> ) L (1+AFF)- ( T(””+cp )

+

where F = F(iw), F = F(—iw).

Equations (4.3-16) and (4.3-17) still apply for the minimum mean square miss distance oy,;,?; and
" oz% may be obtained from (5.1-2) as
® H
0'L2 f I I (@T(m)—i-q)l\(m))da) (51-10)
0

In these equations F(D) is the operator which describes the fixed part of the system, the input to
which it is desired to limit to a given mean square value o2 In the beam-riding case we wish to
limit the demanded acceleration, and this is related to 8,; by (3.1-1):

Jar = 7arbar + 20y = A(D)fp,

o _ D(D‘*‘ZCM) ’
vy A(D+cy) e

or

(5.1-11)

where #//y; = ¢z, as in Section (3.2.2), and A(D) is the operator relating demanded and achieved
accelerations, modified by internal feedbacks. Thus, if A'(D) describes the unmodified aerodynamic
behaviour, and M(D) the feedback of lateral acceleration, etc., then

A'(D)

AD) =13 M(D)A'(D)’

Comparing (5.1-11) and (5.1-1), it is seen that in order to limit the demanded acceleration we

must have
D(D+2c;)
A(D+ey)’
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and o;2 is then a measure of the mean square acceleration demanded at the range #;,. If for the
moment we assume ¢;; = 0 (i.e. constant range), then

D2
F(D) = D)’
so that
. w?
Fliw) = = 7053
substituting this in (5.1-9) and (5.1-10),
Orpiom
1 “wim
Hy, = K , 5.1-13
0 (1 Awt ) ((I)T(m) 4D )'I' - (1 4 szl)— (q)]v(m) 4 )_ ( )
A44) \om Y Aa) o V) ),
and
© 2 1

where 4 = A(iw), A = A(—iw).

(5.1-13) gives the optimum transfer function of a system which includes a missile described by
the operator A(D), the mean square demanded acceleration being limited to 75,202 In order to find
this value it is necessary to determine H from (5.1-13) for a number of trial values of A, and then to
evaluate o2 from (5.1-14). In this way the value of A which corresponds to a desired mean square
acceleration can be determined.

5.2. The Maximum and Mean Square Acceleration Demands.

Suppose now that the maximum demand for acceleration must be limited to f,,., this being
determined by the structural strength of the vehicle. To preserve the validity of the linear analysis,
we must ensure that the r.m.s. acceleration demand 7,07, is such that this limiting acceleration is
rarely called for. If the acceleration distribution is assumed to be Gaussian, the chance of the
demanded acceleration exceeding the limits is

— 2
2 — f ex [ i :l dx
”MUL\/ (27) Fmax P 2rpf0r?

fnmx — x2 » 2 fmax/yMgL,\/Z )
[—2 2} de = 1- ML ’ exp (—y*)dy

”MUL\/(ZT’) J 2y yPoy, v

—1—erf [r;;n;i/z] (5.2-1)

if for a given f, ,.—i.e. a given vehicle—o, is chosen such that the chance of limiting is small—
say 5%—it follows that the system is operating as a virtually linear system, and the analysis holds.

The relation between the miss distance and the available missile acceleration f,,,. is discussed in
Section 7.3, where a number of optimum operators are evaluated for particular forms of @ 6w and @ .
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5.3. The Optimum System when the Target Lateral Accelerations are Stationary.
5.3.1. Statistical properties of the target motion.—The derivation of the optimum operator

depends on the function

% 0, T)0r, (T~ ),

r=1

Prim(x) =

R =

where the order of the derivative # is such that n(m)(x) is independent of T over the interval defined
in Section 4.2.2. This quantity clearly depends on a large number of factors, such as the type of
aircraft, the nature and location of enemy objectives in relation to the weapon site, and the enemy’s
concept of the most effective avoiding action. In a given tactical situation some of these factors will
be known beforehand, leading to a value of gzm(x)—and therefore to an optimum system—appro-
priate to that particular situation, The effects of unknown factors must be estimated, and pgu(x)
will then reflect the average influence of these effects, weighted according to their importance. The
‘optimum system’ is therefore a subjective concept, depending on the information available to the
weapon designer concerning the likely target motion. If for example in a long series of engagements
there is no a priori information to distinguish one series of attacks from another, there is just one
optimum system for the whole series; if, on the other hand, distinguishing features are known to
exist, advantage can be taken of this knowledge to construct a number of systems, each of which is
the optimum for a particular series of attacks.

A detailed study of target motion has not yet been made; on general grounds however we may
note that the lateral acceleration of the target is bounded, and is likely to vary about a mean value
of zero, if we suppose that the mean target path is a straight line with random deviations about this
path. It therefore appears reasonable to assume that the target lateral accelerations form a stationary
ensemble over the necessary interval. If in addition the target path is directed towards the ground
radar site—i.e. if the objectives are in this area—the lateral acceleration of the target will also be its
acceleration normal to the line of sight:

fr = vplp + 2670,

If we make the same assumption for 7, as for 7, in Section 3.2.2, then

fr DD+ 200y, where  op =T, (5.3-1)
7 Ty
Denote by i,(x) the autocorrelation function of f;/r; ; this may be taken to be the autocorrelation
function of f., divided by the square of the range r,, since this varies only slowly over the short
range of interest.

Then
112
Yr(x=3) = —— X fol T=*)fr(T—y)
(]
1 [
=~ §1 = Dy = Dy +2¢7) 07T — x) — Dy — Dy + 2¢0)0p,( T ),
-1 3 (Do?—2e4D)0p (T — ) (D2 = 2¢4D,)0r( T~ y), (5.3-2)
, 1
from (5.3-1).
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5.3.2. The optimum solution.—The introduction of () requires a slight modification to
the derivation of equations (5.1-9) and (5.1-10).

If (5.1-3) is multiplied by the operator (D,2—2¢cpD,), then

LS, 00T (D2~ 26y D)0, T )
=1

1
n

ivgs

(D2~ 2ex D)o, T=3) [ ho(3)0UT—3)iy +

T

1 n <]
A g (D2 —2cyD)F(— D)0 T — %) fo ho(3)F (= D)o (T ~y)dy, x 2 0. (5.3-3)
Now let -

ho(y) = (D +2¢c4D,)g(y) - (5.3-4)
Then

j 2P0 T—y)dy = [gm(y)e,.( T—y) — g(3)D, b T~y>f n f 2(3)D,26,(T—3)dy,

and

|7 -3y = [epT-9)| = [ e, 04T

Hence
f . b 9)0A T —3)dy = f X 0T —y) (D2 + 2c,D,)g(y)dy
= [{g‘”(y) + 2ep8(y)} 0T —y) — g(y)DyBT(Tw)]O +
+ |80 (D =2eaD )0 T—)dy.
For no displacement lag,
J' (D2 +2cpD,)g(y)dy = 1, or (Dy+2c7)8(0) = — 1 ‘ (5.3-5)
0
Thus
f . ho(9)0(T—y)dy = 6,(T) + g(0)[Dy, 0{T = 3)]y0 + fﬂ &) (D2 —2¢c;Dy)6,(T—y)dy .
Substituting this last expression in (5.3-3) gives

L 0TV (D226 DYOAT ) = & 5 (D2~ 2gDY0(T=)(T) +
r=1 Pe=1

+ %z (D2~ 264D, T~ 5)g(0) [D, B T— 3]0 +

#2[} T 022D (DT (~DYOUT—3)]

# 2[5 3 (D2=26D)F(=DIIT-9eODF(~D)oUT—)| 4

b2 B (OF-2xDAT=5) [ 20D~ 2exD)SUT )y +

#0203 (D= 2eDIF(= DT ) [ 40D, ~2eaD)F (=D YT =)y,

x> 0. | (5.3-6)
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Now put

1 n
Px—y) = o 2 (Dg?=20pDp)0,(T =) (Dy? = 2e2D,)0(T - ), (5.3-7)
r=1
and let
F(Dy) = (D2 +2cpD,)Fy(D,). (5.3-8)

Then (5.3-6) becomes

0= o 5 (D= 2eaDI(T=005(T) + MF(~DIFA Dy~ +

T f () [1 + AF(=D,)F(~D,)](x—y)dy +

#20) [(4AP(=DIF(=D))} 5 (D2~26:D)0(T-9D(T—)]

r=1 y=0
%30, (5:3<9)

the solution of which is given in Appendix IT as

Y,
1 w2l w? 2
H, = - K+ wiw J:;CT) (5.3-10)
MNFY [ —— 2 + @ 1 FyY(——T 1+ @
00 (G g+ ) ) (s * o) |,
where W', is the spectral density of the target lateral acceleration, divided by 7,2
1 . |
o) = - [ dalends,
mTJ -
Jp(x) being the autocorrelation function defined in (5.3-2).
If we wish to limit the mean square demanded acceleration, we again have
_ D(D +2cy)
FD)=-"F7—"=
@) A(D +cy)
as in (5.1-12); and o2 is then given by
*® (U2 + 46‘"/_[2 Ho(iw) 2 . .
2 __ EYO 2 _
op? = f s || [Pali) + @ ey 0] do, (5.3-11)

which reduces to (5.1-14) for ¢j; = ¢z = 0 and m = 2, for then ¥p(iw) = Dpim(iw).
Finally, the minimum mean square miss distance, obtained from (4.1-4) and (5.3-2), is given by
W,y (iw) |

T EN . 9 . )
w¥w?+ 4cg?) dw + fo | Hy(iw) |20 (icw)deo . (5.3-12)

Glninz = fco ll - HO(Zw)|2
0

6. The Optimum Transfer Function in Relation to the Beam-riding System.
6.1. Necessary Conditions—ithe Choice of Networks.
We have seen (Section 3.2.3) that with certain approximations the overall transfer function of the

beam-riding system is

T(p) A(p+ear)S(p+car)
L+ T(p) A(p+ea)S(p +car) + P2 + 2c54p’
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where A(p) is the transfer function of the modified aerodynamics relating demanded and achieved
acceleration, S(p) that of the missile receiver and any additional networks, and 7'(p) the open-loop
transfer function of the target-tracking system.

We have shown that in fact the optimum transfer function is H(p), so that A(p), S(p) and T(p)
must satisfy

T(p) A(p+en)S(p+en)

[ 1) Alp+ e)SCp-+ ) + 9 + Zeap 00 (64D
where H(iw) can be evaluated in terms of @zon(iw), Oy(tw), A(fw) and o? the limit imposed on
the mean square demanded acceleration. In (6.1-1) we must regard A(p) as fixed, since H\(p) is the
optimum transfer function for a system which includes a missile whose transfer function is A(p).
The realisation of the optimum then rests on the choice of the functions T'(p) and S(p); equation
(6.1-1) does not define each separately, but only the relation between them, so that the same overall
system can be obtained in a number of different ways—i.e. a given system may be optimised by a
correction network in the tracker or the missile, or both.

If the missile-borne equipment S(p) is chosen independently, it is necessary to adjust the transfer
function of the tracker to satisfy (6.1-1), provided that such a procedureis permissible (see Section 6.2).
Rearrangement of (6.1-1) yields '
: Hy(p)
R V2% X R
Ap+ea)S(p+ea) + p° + 2enp "

which gives the required transfer function of the tracker.

(6.1-2)

This equation shows that as far as minimising the mean square miss distance is concerned, there
is no particular requirement for the response of the missile system to beam movements: from other
considerations however it is desirable that the missile loop should form a stable and reasonably
well-behaved system, so that the missile can recover from disturbances which may arise in the early
stages—gathering and initial dispersion. The precise nature of the response is immaterial, provided
that T'(p) is adjusted to satisfy (6.1-2). The conditions imposed on Hy(p) are such that it is stable
and physically realisable, so that for any choice of S(p) for which the missile loop is stable, T(p) is
also stable and physically realisable.

Suppose now that a tracking system having the open-loop transfer function Y(p) exists, and we
wish to convert this system to the optimum arrangement. This requires the addition of a network
N(p) to the tracker, such that N(p) Y(p) = T(p), or V

1 Hif7) |
Y(P) A(P‘{'Cﬂ{)S(P‘i‘Cju) - H ( )
A S T 2eyp P
(p+ea)S(p+car) + P2 + 2cup
This equation is valid if the incoming noise 8,(¢) is independent of the transfer function of the
tracking servo: the treatment when this is not the case is given in Section 6.2 below.

N(p) =

(6.1-3)

6.2. Sources of Noise.

In the derivation of the optimum operator the effects of noise have been represented by the
function 0,() applied as an input to the whole system. The fact that there may be several sources
of noise acting at different points in the system does not invalidate this representation, since the
effects of these noise sources can be referred to the input.
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6.2.1. Linear noise sources.—Suppose that the radar tracking system consists of a number
of elements denoted by the operators Y{(D), Yy(D) ... Y, (D) (Fig. 5), and that noise enters the
system from various sources at the points indicated in Fig. 5a. Assuming that the system is linear,

Yy(D)Y(D). .. Yo(D)(0p =05+ 0y) + Yy(D)Yo(D) ... Y(D)Oyy + - - + Y (D)0, = U,

or

8 Oy 6
Op — Oy + Oy + 2+ N3 +..+ Nn JYD:@,
[ = 80+ O 7,D) V(D) V(D) V(D) TAD) .. Vo(D)) ) = O
where
Y(D) = Y(D)YyD)... Y (D).
Thus ‘
Y(D) [ One Ons Oyn }
= | 8y 4 Oy + + ok
I YL T YD) T V(D) YD) YiD)Yo(D) - - Yuu(D)
Y(D)
=11 YD) (Bp+0y).
This is equivalent to a system having one source of noise 8y at the input Fig. 5b, where
8 g g
Oy = Oyy + e + DS e bt 2 6.2-1
=t Y0y YD) VD) VA(D)VAD) - - YoaD) ©2D
If the spectral densities of the various noise functions are denoted by @y, @py . . . Oy, then
from (6.2-1) ‘

Dyofi)  Oyfi) _
) Vi) V)P + (62-2)

O y(iw) = Oy (tw) +

where ® is the spectral density to be used in the expressions for the optimum operator. It will be
noted that @, and therefore H,, is now a function of the elements Y¥;, Y, etc., so that any modi-
fication to the tracking system for the purpose of realising the optimum system must leave these
elements unchanged—otherwise H, is no longer the optimum transfer function. Further, the
correcting network N(D) must be introduced beyond the point at which the last noise source
appears—in Fig. 5a, after the element Y, . For then

Y(D)N(D) 9[\72 61 ‘n
~ 1+ Y(D)N(D) ("T U 077 RS acoyer2) Y,H(D>)’

and (6.1-3) gives the correcting network N ().
If N(p) is introduced at some intermediate point—after Y, say, in Fig. 5, we have

Y(D)N(D) O Onn
2= T+ Y(D)N(D) ("T ot yowm) Tt Vv Y,H(D)N(m)’

so that the equivalent noise input 8y is now different from that assumed in the evaluation of Hy(p),

p

and the equations are invalid.

Thus for distributed noise sources the optimum system can still be derived by modifying the
tracking servo system, provided that the elements Y,(D), etc. remain unaltered, and the correcting
network N(p) is placed so as to act on all the sources of noise. Since ®, depends on Opy, Oy, . . .,
and on Y (D), Y,(D), etc., the optimum thus obtained applies only to a particular system whose
tracking servo includes these elements and noise sources: a servo having different components would

lead to a different optimum system.
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It is evident that the same treatment can be applied to sources of noise within the missile, in that
they may be expressed as an equivalent noise to the input of the complete system. In this case the
optimising network must be placed in the missile, beyond the sources of noise.

If all the noise sources 8y, Oy - - - Oy,—i.€. noise arising in the servo itself—could be removed,
®,, would depend only on 8y, and Hy(p) would therefore be independent of the servo system, and
would apparently give an absolute optimum. However, the function 0,,(¢), which may be described
as the primary radar noise, itself depends on the characteristics of the tracker—e.g. the transmitted
power and size of dish—so that the optimum applies to that particular set of radar characteristics
which gives rise to the noise function ,(%).

6.2.2. Non-linear noise.—It has been assumed above that the sources of servo noise are
such that the resultant behaviour of the system is still linear. A servo system however will nearly
always contain non-linear sources of error, such as those due to hysteresis and static friction. In a
well designed system the effects of such errors should be small, but they may nevertheless form a not
insignificant proportion of the total noise. We may approximate to this situation by postulating a
hypothetical linear servo, with a certain noise input spectral density, such that the output noise
spectral density of this servo is the same as that observed with the actual system. When backlash and
static friction are dominant, the equivalent noise input and the target input will be correlated; this
causes no theoretical inconvenience, although it may be difficult to ascertain the degree of correlation
from the data available.

Thus the distribution of noise sources, linear or non-linear, serves to define an equivalent noise
spectral density ®y, from which the optimum transfer function Hy(p) is derived as before, and
equation (6.1-1) applies. If the noise arises from non-linear effects, however, it is not permissible to
realise the optimum system by a correcting network in the tracker, since the alteration in the noise
output thus obtained would not be as predicted for a linear system; the efficacy of an additional filter
is likely to be much less against backlash noise than against linear noise. It is therefore necessary to
leave the whole tracking system unchanged, and to realise the optimum transfer function by adjusting
S(p) to satisfy (6.1-1). On rearranging this equation,

 HL+ TR+ 2enp] _
S+ = 40 ) IT() - H(p) (1 + 7)) (62°3)

and here T'(p) is the transfer function of the tracking system with which the equivalent noise spectral

density @, was obtained. Again, H, is a restricted optimum, giving the best system that can be
achieved with this particular target-tracking system.

It is probable that in a practical system the noise contributions from non-linear sources will be
small enough to be regarded as emanating from linear sources, at least for small variations of the
servo elements; so that a correcting network inserted in the servo may be deemed to have the same
effect as on a linear system, provided that the alteration is small. In this case the optimum system
would be achieved by modifying both T'(p) and S(p) to satisfy (6.1-1).

7. Optimum Transfer Functions for Particular Forms of Statistical Target and Noise Inputs.
7.1. Data and Assumptions Used in the Examples.

I the following sections a number of examples of optimum beam-riding systems is given (for
motion in one plane only), together with the r.m.s. miss distances attained, and the r.m.s. achieved
and demanded accelerations. The data and conditions to which these examples refer are summarised
below.
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7.1.1. The autocorrelation function and spectral density of the target acceleration.—It is
shown in Appendix III that with certain assumptions {discussed in Section (5.3.1)} the autocorre-
lation function of the target acceleration normal to the sight line, divided by #;, is of the form

Pr(x) = ogPe Pl (7.1-1)
This function would result if the lateral acceleration of the target were as illustrated in Fig. 6.
The acceleration is changed abruptly at random iatervals, determined by a Poisson distribution of
mean length 1/8—i.e. the chance of finding an interval of duration y is Be~#¥. The value of the
acceleration varies randomly from interval to interval, with a distribution such that the r.m.s.
acceleration is #p0p. The length of the interval and the acceleration level during the interval
are assumed to be uncorrelated.
The spectral density associated with (7.1-1) is

L —~ T 2 B
¥y = - f s = ot (7.1-2)
In the calculations which follow B = 0-1 rad/sec, and 0,2 = 125 x 10~® rad® sec™. Thus the
mean duration of the steps in Fig. 6 is 10 sec, and the target r.m.s. acceleration is 70y, which is 1g

at a range of 30 000 yards.

7.1.2. The spectral density of the noise.—It has been assumed throughout that the noise
angles form a stationary ensemble; experimental evidence supports this view and suggests that at
medium and long ranges the noise spectral density is constant over the frequency band of interest—
i.e. the bandwidth of the complete system. We may therefore write

O (iw) = k2, T (7.1-3)
and the fact that this is in error for high frequencies does not invalidate the results, provided that
the representation holds over the necessary frequency band.

The values of the noise spectral density used in the examples are

O\ (iw) = k2 = 4 x 108 rad?/rad/sec, 0-5 x 1078 rad?/rad/sec,
and zero.

The first two figures embrace the range of noise levels which may be expected in a typical tracking
system; the actual value of k% depends on a number of factors, such as the transmitted power, dish
size, scanning system and type of target being tracked, but it is probable that the figure of 0-5 x 10-3
rad?/rad/sec is near the lower limit which can be achieved in a practical system. 2% = 0 corresponds

of course to a perfect tracking system.

7.1.3. The missile.—The aerodynamic behaviour of the missile was represented in Section
(3.1) by the operator A(D), where

Ju(®) = AD)fp(), (3.1-1)
where A(D) includes the effects of internal feedbacks introduced to modify the response. We shall

take A(D) to be of the form
1

A(D) = A+DT)’ (7.1-4)
i.e. the transfer function relating the demanded and achieved accelerations is
1
(1+pT)
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so that the modified weathercock mode is critically damped with a frequency of 1/ T rad/sec. This
simplification of the situation is unnecessary as far as the derivation of H; is concerned: the full
aerodynamics and feedback terms can be included in A(D) (provided that the feedbacks are sufficient
to allow a linear representation), but the evaluation of Hj is then more laborious. It is shown later
however that provided the missile weathercock response is fairly rapid, the actual form of the
response is of little consequence.

Three values of T are used: 1 sec, 0-1 sec and zero, corresponding to weathercock frequencies of
1 rad/sec, 10 rad/sec and infinity. In the latter case A(D) = 1, representing an ideal missile with no
time lags.

7.1.4. The conditions of engagement.—The missile and target velocities are taken to be
2000 and 1000 ft/sec respectively, the target being intercepted at a slant range of 100 000 feet. This
gives a time of flight of approximately 50 sec.

7.2. Explicit formulae for optimum transfer functions and miss distances

The appropriate formula when the spectral density of the target acceleration is given'is that of

(5.3-10):

lIfT
1 2 2 2
H, = - K+ G JZ::”T) ; (5.3-10)
)R [ — Dy Yy —— Tt 7
(1+ \FF) (w2(w2+ s DA) (1+ AFF) (wz(w2+ =t CDA) )

The optimum operators are derived with various limits imposed on the r.m.s. demanded
acceleration. This requires (Section 5.2.1) that

D(D +2¢y)
FD) = ——, 5.2-12
D) AD+czy) (5.2-12)
so that from (7.1-4)
F(D) = DD +2ep)[1 + (D+e) TP,
or
FF = F(iw)F(—iw) = o¥w?+4c; ) [(1+¢3 T + T2, (7.2-1)

The mean square demanded acceleration is then R? o2, where R is the range at interception and

© w? 4 dey® | Hy(iw) |2 . ,
ot = [ | e | [¥alio) + o+ e Y0p(i)] v, (5311
and the minimum mean square miss distance is R%o,; * where
© . ¥ r(iw) ® . .
Oomin? = JO 1 = Hofie)|? e doo + fo | Hofieo) 2Oy (iw)den.  (5.3-12)

It has been found that when ¥y, @5 and A(D) have the forms given above (Section 7.1), the
presence of the terms ¢y, ¢y has a negligible effect on the optimum transfer function Hy(p). With
missile and target velocities of 2000 and 1000 ft/sec, and an interception range of 100 000 feet, we
have ¢z = 0:02sectand ¢ = 0-01 sec™!; and operators evaluated with these values are practically
identical with those for ¢;; = ¢p = 0. This remains true for medium ranges, but for short ranges
(< 20 000 feet) it is necessary to include the correct values of ¢ and ¢p—unless, of course, the
velocities are correspondingly reduced. .

In what follows we may write ¢;; = ¢, = 0, in order to ease the labour of computation, with the
proviso that the results apply for ranges greater than about 20 000 feet. The assumption is that
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#y = #p = 0, and therefore implies a constant range; it can only be justified by demonstrating that
the results obtained do not differ appreciably from those obtained with a closer approximation to
the true situation. This condition is satisfied for the cases under discussion.

On putting ¢;; = ¢ = 0, and substituting for ¥y, @y, A(iw) and F(iw)F(~iw) from (7.1-2),
(7.1-3), (7.1-4) and (7.2-1), equation (5.3-10) becomes

o1
H, = X
2Bay? *
4 2 7 2\21+ St 2
{1 + do*(1+w?T?)% (ww4(/32+w2) +k )
2Boy?
x| K+ ik Gy (7.2-2)
2Boy? - '
4 2 T2\ 2\ . 2
(14 Aw¥(1 4+ w2 T2)2) (ww4(62+w2) + k& ) .
Equations (5.3-12) and (5.3-11) become ‘
© . ZBO'TZ . @ .
2 — 2 “PT 2 2 -
Ot f L Hfio)|? g e+ f | i) 2o, (7.2-3)
and : '
0% = ’ w1+ w? T2 H (iw)|? [—~—250_T2~ + kZJ dw . (7.2-4)
“ 0 ’ mot(B2+ o)
We shall also be interested in the r.m.s. acceleration achieved by the missile; since
1
Ju = AD)fp = mfpa
we have from (7.2-4) )
S T AP B i ™Y 7.2-5
oyt = . CIJ' O(ZO))I m"‘ w (.-)

where R%0,,2 = {f3,2>, the mean square achieved acceleration.
Equations (7.2-2) to (7.2-5) are the formulae used in evaluating the optimum operators given below.
Before dealing with the general case, it is instructive to consider a number of special cases in
which either %2, A or T is taken to be zero.

7.2.1. Zero noise and no constraint.—Consider first the case when there is no noise and
no limit imposed ori the acceleration demanded of the missile, i.e. k2 = A = 0. Then from (7.2-2),
K

Hy(iw) = WT +1
(o + )
The best value of K is clearly zero, for then Hy(iw) = 1 and o,,;,2 = 0, from (7.2-3). Also
o2 = on (1+w2T?)? _ﬁ_ZﬁaTz dw.
0 mh(w?+57)

This integral does not converge, so that o72 — co.
The achieved acceleration is given by (7.2-5):

®  2Bop?

2 T = gl

oy’ = f ———— dw = op
o (B2 +w?)

—i.e. the mean square acceleration achieved by the missile is equal to the mean square target

acceleration,
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Thus for k> = A = 0 the optimum transfer function is unity, giving zero mean square miss
distance but requiring infinite demanded acceleration. This of course cannot be realised, since in
practice the missile control surfaces would be heavily saturated.

7.2.2. Unlimited missile acceleration in the presence of moise—In this case A = 0 but
k* % 0. We then have from (7.2-2)

2Bog*

1 4002 | . 2)

Hiw) = K+ ik e N (7.2-6)
2‘18(7-.’~"2 + k2 + ZBUTZ kz
(Ww4(ﬁz+w2) ) (Ww4(w2+/32) * ) .
But
2

w8+ Pt + 2por

2Boy? TR e
T (B2 + w?) - w*(B®+ w?)

The factor w? in the denominator of this expression gives a quadruple pole at the origin, and it is
not obvious how the poles should be divided between the upper and lower half planes. 'To resolve
this difficulty write w?* as (w?+ €2)?, with ¢ positive.

Then

2 2

b + Bt + @”Z_ w8 + Bt + %‘%
42 TR 52 wk (7.27)

(@ PP TP (o+iof(w —iof(w+i8) (0 —18) '
Now write the factors of w® + S2w* + 2B0,2/mwk? as
2802 . . . . . ,
wb + Bt 4 e = (w+ia)(w—ia)(w+c+id) (w+c—id) (w—c+id) (w—c—id). (7.2-8)
Kz N Y

. Then from (7.2-7) and (7.2-8)

6 2 0, PO\ "
( b + Blwt 4 ﬂ_kz) _ z(w_z'a)(w—{—c—id)(a)—c—id)

k2 (w0 + ) (w? + ) (w— €)% — i) ’ (7.2-9)
and
2B\ ~
. wk? _ (w+ia)(w+c+id)(w—c+id) i
(k (® + @)(w? + B?) (@ +1€)%w + f) , (7.2-10)

since each expression has all its poles and zeros confined to the upper half plane (U.H.P.) and
lower half plane (L.H.P.) respectively. From (7.2-10),

280,
m(w?+ ez)z(wzz_ﬁiz)z o 280, (@ +16)%(ew +3B)
( Wb+ Bt + =L ) T w0+ w0+ ) (@ T i) (w + e+ id) (0 —c -+ id)
(C()2+ 62)2((02—1—,32)
T 280 1

7 (= ie)(w—1B) (@ tia) (@t crid) (@—ctid) 21D
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It is now necessary to express (7.2-11) as the sum of two functions, each of which has its
singularities confined to one half plane. To do this (7.2-11) is expressed as partial fractions:

_ ZBO'TZ A B C D+ Ew + Fo?
{ } - [(w—ie) + (w—ie)z + w — iﬁ + (w+i6l)(co+6+2'd)(w—c+id)j| . (7.2-12)

w
The first three terms have poles in the U.H.P., and the fourth has its poles in the L. H.P. We may
now discard the e—its purpose was to show how the poles of 1/w* must be distributed between the

upper and lower half planes.

Thus
2
{ } _ 2Boyp [é I 52 + __g_] (7.2-13)
L T T w—18
where the constants 4, B and C are obtained from the identity (7.2-12). They are
4 @B @+ — 2apd
=1 a?B2(c® + d2)2 ’
B 1
T T Wl dYy = (7.2-14)
and
. 1
C=—1 .
BB+a)[e® + (B+4)%
On using (7.2-13) and (7.2-10) (with ¢ = 0) in (7.2-6), we obtain
Sy w¥(w—1P) 2o, (A B C
Hytw) = k(o —ia) (w+c—id) (w—c—id) [K R (Z; ot T 2,8)]

2B0p% K'w¥(w —iff) + Aw(w—18) + B(w—18) + Cw?
e (w—ia) (w+c—id) (w—c—id) ’
where K’ = nK/[2B80,°.

This expression is of order zero in w, so that the mean square miss distance due to noise is infinite,

since the noise integral

f " R Hyfiw) |2
0

does not converge. To avoid this we must write X’ = 0, so that
Hy(io) = 2Bap? (A+ C)w? + (B—iAB)w — iBf
VT TR (w—ia) (P — Zidw — 2 — d7)
_ 2Boy? — (A + C)w? — (B—idB)iw — B
T mk? (fw + @) (24 d?+ 2diw — w?)

This is the optimum frequency-response function H(iw); since it is stable, its transfer function is
Hy(p):
Hyp) = 2Bap? i(A+ Cyp? — (B—iAB)p — BB
TR T pra)(pr2prord)

On noting from (7.2-8) that

2Bo,? = a2+ d?),

wk?
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and substituting for 4, B, and C from (7.2-14), we have finally

A'p? + (2+d2+2ad)p + a(c?+d?)

Ho(p) = (p+a) (p°+ 2dp + + d?)

(7.2-15)
where

4 =

[2aBd + (B—a)(*+d*)][(B+a) (¢ + (B+d))] + a¥(c*+d?)
BB +a) (4 (B +d)?) ’

and this gives the optimum transfer function in terms of the roots of

2Bor® _ .

6+24
w Bw+7rk2

Equation (7.2-15) shows that H(p) has no displacement lag and no velocity lag, in agreement
with the conditions imposed in the derivation of the general equation (5.3-10).

The mean square miss distance achieved with this optimum function can now be obtained on
using (7.2-15) in (7.2-3). This integral converges, since Hy(p) is of order — 1 in p, so that H(iw)? is
O(—2) in w. The integrals of (7.2-4) and (7.2-5) however do not converge, and both the demanded
and achieved accelerations are infinite.

On evaluating (7.2-15) for &% = 4 x 10~® rad?/rad/sec, with the other constants as given in
Section (7.1), one obtains

0-446 + 1-169 p + 1-432 p?

Hy(P) = 516 + 1-169p + 1-532 % + p*’

giving an acceleration lag of (1-532 — 1-432)/0-446 = 0-22 sec®. For this case the r.m.s. miss
distance is 0-42 mils, or 42 feet at a range of 100 000 feet. That part of the miss distance due to
target motion (the first integral of (7.2-3) is 18 feet, while that due to the noise alone (the second
integral) is 38-5 feet.

The results for k2 = 0-5 x 10-8 rad?/rad/sec and %* = O are given in Table 1. The system is still
not practicable, since it requires infinite acceleration from the missile.

" TABLE 1

Miss Distances, etc., with no Constraints

k2
Acen. Lag| Ro Ro Rop; Roy,
2 1 2 min M
(racsle{: r)ad/ Hq(p) a2 (sec?), ft ft ft g'ls
0 1 0 0 0 0 Royp
126 + 2-34p + 2-08p?
. -8 .
0-5x 10 (08 1) (117 + 1-08p + 7% 0-07 16 7 18 0
0-45 + 1-17p + 1-43p
—s . .
4 x 10 077+ 2) (038 + 077 + 7% 0-22 38-5 18 42 o0
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In Table 1

R the range at interception = 100 000 ft
ay? the acceleration lag of the overall system Hy(p)
Rog i the minimum r.m.s. miss distance
Roy the r.m.s. miss distance due to noise
and Ro, the r.m.s. miss distance due to target motion, so that

2 2 _ 2.
g + 02" = Ompin™»

Roy, the r.m.s. missile acceleration.

7.2.3. Limited achieved missile acceleration and zero noise.—Suppose now that we impose
a limit on the achieved acceleration. Since '

for = DD +2¢37)0y,
we have from (5.2-1) that
F(D) = D(D+2cy), or FD)y=D* if ¢, =0.
Thus F (fw)F(—iw) = w? so that in equation (7.2-2) the term Aw*(1 + w?T2)? must be replaced by

Aw?, The same effect is achieved by putting T = 0: for then the missile is perfect, and the demanded

and achieved accelerations are equal.
With %2 = 0 (7.2-2) reduces to

, 1 Sr
i) = s < s 710
where '
S 2Bop?
7wkl + B
Thus

2802 wt+ pl
4 —
(1 2aSp = =0

: 1
where p4 = +.

Then ! - -
1+ 7 —
(14 At Syt = Zf Zfz (w _ #gl fﬁ)— i W) : (7.2-17)
and
i1 i1
(1-+ Xty S = (w s T‘i(c)o E;;L ’ T/z_) : (7:2-18)

{We may deduce from Section (7.2.2) how the poles of !/w? are distributed, so that it is unnecessary
to write (w?+ €2)? for wt.}

43



From (7.2-18)

St _ 2Boy? wX(w +18)
(1+Aw4)_ST_ - T . N . Z'+ 1 Z-_ 1 ’
w8 (0 'Ly ) (040’ T5)
_ 2Bo" 1
B o—iB) (0 + 1) (0t i— 1\’
oomif) (040" 75) (07
_ 2Boy* 14 B C D+ Ew
=+ F+w—2+w_iﬁ+ T Z._l] (7.2-19)
(cu ® “\/‘7) (w + @ W)
Therefore
Sy _ 202[4A B C
[(1 T /\w4)—31.—}+ = [; Tt 67_73} ’ (7.2-20)

the constants 4, B and C being found from the identity (7.2-19). Using (7.2-20) and (7.2-17) in
(7.2-16), we have

- S e (L B
)

VK 8) ¢ Aule i)+ Blo—iB) + CuT
=) e’

The integral for the r.m.s. achieved acceleration (7.2-3) does not converge unless K’ = 0, so that

(A+ C)w? — iw(iB +BA) — iBB
w? — /2 piw — p? '

Hyfiw) = pt

N

On evaluating the constants 4, B and C from (7.2-19), this reduces to

V2

2 4 2 uiw — w
i) = V2o = G T B + B
0 w2+ /2 piw — w? ’
or
P28
B V2 pp 4 5 P*
Hyp) = W VIR T (7.2-21)

w2+ V2 pp + P

The transfer function is seen to represent a stable system, with no displacement or velocity lag,
and an acceleration lag of

BZ
w2+ /2 B+ B2
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In this equation  is any positive constant, to each value of which corresponds a particular r.m.s.
achieved acceleration. The mean square miss distance and mean square acceleration can be evaluated
by using (7.2-21) in (7.2-3) and (7.2-5): the results are

N B2 p® —u?B + ) . (7.2-22)

d T V2 B (B 2 B B
pIeT + 20/2 0B + 4B 4 24/2 iR + 5\2—/—2- PR+ s + ?%/E £7
e (14 + B (12 + B2+ /2 up)? (7.2-23)

The results are tabulated in Fig. 7 for various values of p, with 8 = 0-1 rad/sec, and o, /oy is
plotted as a function of the ratio of missile and target r.m.s. accelerations op;/op. To each value of
the missile r.m.s. acceleration o, there corresponds an optimum transfer function of the form
(7.2-21). The ordinates of Fig. 7 give a measure of the r.m.s. miss distance achieved with these
various operators, and their acceleration lags are also plotted.

In particular, p = co corresponds to no acceleration limit: in this case Hy(p) = 1, 0,2 = 0 and
oy ~> op® as in Section (7.2.1). At the other extreme u = 0, Hy(p) = 0, 0,2 = 00 and ap,%2 = 0. It
will be seen from Fig. 7 that the miss distance in the absence of noise is critically dependent on the
available missile acceleration as a proportion of the target acceleration.

Equation (7.2-21) shows that even when there is no noise present, the optimum operator is not
unity if account is taken of the limited available acceleration of the missile. It will be noted that
both the form of the optimum function and its parameters are completely specified when the target
spectral density and the allowable achieved acceleration are given.

7.2.4. Limited achieved acceleration in the presence of noise.—The appropriate equation for
this case is obtained by putting 7" = 0 in (7.2-2). This gives

2/80:1’2
i 1 mwH(w? + B2
Hyfiw) = T K+ - ( 2ﬁ%z) s
(14 Aty (W7w4 et k2) (14 Aoot) (W*w4 e kz) )

The treatment of this expression is similar to that of (7.2-6), with the extra factor (14 Aw?%).
Following the method given in Section 7.2.2, one obtains
ap®(c®+d?) + [p¥(?+d%+ 2ad) + ap\/2(c2+d2)]p + Cp?
(p+a)(p*+2dp+ 2+ a%) (P*+pv/2 p + 1)
where + ¢a, + (¢+id) and £ (c—id) are the roots of

{
2802
w® + Bt + izg =0,

Hy(p) = , (7.2-24)

as in Section 7.2.2;
QuH(c® + d?)?
BHa+B) [+ (B+dy] (B +u+ /2 uB)
ap(c*+ d?) — BI(+d%) (62 + /2 aps) + 2]
- e
and p is a constant which determines the r.m.s. achieved acceleration.
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Comparing (7.2-24) with (7.2-15), it is seen that the effect of limiting the mean square achieved
acceleration is to introduce a further quadratic term in the denominator, as well as modifying the
numerator coefficients. Hy(p) is then of order (—3) in p, so that |Hy(iw)|? is 0(—6) in w, and the
integrals (7.2-3) and (7.2-5) converge, giving finite oy, and oy, The integral (7.2-4) however does
not converge, showing that the demanded acceleration is still infinite.

The constants of (7.2-24) have been evaluated for k% = (-5 x 10-® and 4 x 10-® rad?/rad/sec,
with various values of u. The results are given in Figs. 8 and 9, which also show the r.m.s. miss
distances obtained with various limits on the achieved r.m.s. acceleration. Similar results for 7" = 0
were obtained by Keats in Ref. 2.

7.2.5. Limited demanded acceleration tn the presence of noise.—The results of the previous
section refer to a system containing a missile of limited available acceleration, but which is gtherwise
perfect, in that it responds immediately to a demand for acceleratxon We now study the more
realistic case in which this response is of the form

1
(L+p Ty
and in which the demand for acceleration is limited to some finite r.m.s. value Ro,; this of course
implies a limit also on the achieved acceleration.

The optimum system is then given by (7.2-2), which may be evaluated as follows.
We have

_ : 1 1
(LFAFF) = 14 dof(L+at T2 = 5 (uf+ ot +27%0+ Th0f),  where 5 = ).
I.L

with 7T %0,

4 4
:T ( +£ G+_:l_ 4+i> (7.2-25)

Mll T2 T4 T4

" In order to find (14 AFF)* and (1 + AFF), we require the factors of (7.2-25). Let
2 1 wh . . . ,
8 7% wb + 7 w* + T* = (w+ L +9my) (w0 — I +imy) (0 + Iy +imy) (0 — I+ imy) X
% (@ — imy) (= by —imy) (e + ly— img) (0 — y—imy) . (7.2-26)

Then
— T4 . . . .
(1+AFF)Yt = o (w+ L —imy) (w— by —imy) (0 + Ly — imy) (w — Ly — 21my) (7.2-27)
and
(L+AFF) = (w-+ L +im) (w—1 +imy) (w+ Iy +imy) (w — I+ imy) . (7.2-28)

The functions
280" AT 2Bay” o\
(Ww4(w2+52) Tk ) and (Ww4(w 32) Tk )

have already been obtained in Section 7.2.2: they are (¢ —0)

2Boy? NF g (@—i8) (0 + c—id) (w—c—id) )

a (e ) = o —i8) (7.2:9)
28042 2\ _ (@tie)(w+c+id) (w—c+id) -

(vt + ) e +15) ! (7.2-19)

where a, ¢ and d are defined by the identity (7.2-8).
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From (7.2-28) and (7.2-10),
2Bo,?
e B

(14 deo!(1 + w2 T2 (F—w ffu ‘;T: 5t k2) )

 2Boy? w(w +1B)
T r oMo+ B (wtia) (wtetid)(w—ctid) (w + byt ifyg)

where for brevity we have used the notation

(w & Ly +imys) = (w+ b +imy) (0 — L +imy) (w + L+ ims) (0 — L +imy) .

Thus
} _ 2Boy? 1
{ T 7 oXw—if) (wtia) (w+c+id) (w—c+id) (w + Ly imy,)
_2Bo,* D E ra Gob+ Ho®+ ...+ Lo+ M
= [E @ w18 (@ria)(wterid)(@—ctid) (ot 112+z‘m12)J (7.2-29)

where D, E, F ... M are constants determined by this identity.
The first three terms have poles in the U.H.P. (the first two are actually (w —i¢), (w —7€)?), and
the last term has poles in the L.H.P. Therefore

{}+=%?Tg+§+wf£

_ 2Boy? Dow(w —if) + E(w —1B) + Fo?

T w(w —if) ’
so that _
. 2Bog? . .
Ko*w—1B) + - (D+ F)w? + (E—i8D)w — iBE]
K+ { } = o) —, (7.2-30)

On substituting from (7.2-27), and (7.2-9) and (7.2-30) in (7.2-2), we have

, Ko¥w—iB) + 2B py F)w? + (E—iBD)w — iBE]

Hyiw) = = i
O(Z‘w) T T2 (w—ta)(w+ec—id)(w—c—id)(w t L —imyy)

This expression is 0( —4) in w, so that | Hy(iw)|? is 0( — 8), and the integral (7.2-4) does not converge
unless £ = 0. Hence

2Bop2ut (D+ F)w? + (E—iBD)w — iBE .
2T (w—ia)(w+c—1d) (w—c—1d) (o % g — intyg)
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On evaluating the constants D, E and F from the identity (7.2-29), and writing p for 7w, we have

finally
A+ Bp + Cp?
H, = 7.2-31
P = GraF 2t AT B P I D (P ) U2
where
A = a(c*+d?) (12 +m?) (P +my?),
B = (24 d%+ 2ad) (L,® +m®) (L2 +mp?) + 2a(c® +d?) [my(l? + my%) + my(l® +my?)]
and

c_ e+ P+ P+ )’ _A-pB
BHa+B) [ + (B+d) [42 + (B+m) [P + (B+my)”] g
The positive constants a, ¢, 4, and [, I, m;, m, are defined by the identities (7.2-8) and (7.2-26)
respectively; they depend on the roots of polynomials, and it is for this reason that Hy(p) cannot be
_ expressed more directly in terms of the primary constants.
The constant coeflicient of the denominator of (7.2-31) is equal to 4, and the coeflicient of p in

the denominator is equal to B, so that the system has no displacement or velocity lag. We may write

(7.2-31) as

A+ Bp + Cp?
HO(P) - A + BP+ CIP2+DIP3+E/P4+F/P5+ G/PG_I_Pv;) (7.2-32)
and its acceleration lag is
c-c 7.2-33
T (7.2-33)

The minimum r.m.s. miss distance, and the r.m.s. demanded and achieved accelerations, can
now be found by using the optimum transfer function (7.2-31) in (7.2-3), (7.2-4) and (7.2-5). Since
Hy(iw) is 0(—5), |Hy(iw)|? is 0(—10), so that all the integrals converge, giving finite mean square
values for these quantities.

The Hy(p) of equation (7.2-31) applies to a system which contains a missile whose modified
weathercock transfer function is

1

(I+pT)
the demanded acceleration being limited to a desired r.m.s. value (depending on p). The noise
spectral density k2 is assumed to be constant over the frequency range covered by (7.2-31), and the
target lateral acceleration spectral density is of the form

2P

Oy 7—7 wz T ﬁz .

With this data (7.2-31) gives the transfer function for which the mean square miss distance is less
than for any other linear system.

7.3. Numerical Examples.

7.3.1. Comments on Figs. 10 to 13.—The examples which have been evaluated, and which
are shown in Figs. 10 to 13, are all for § = 0-1 rad/sec and o;? = 12-5 x 10~8 rad? sec™*. Two
values of the weathercock time constant 7—0-1 sec and 1 sec—have been taken, each with noise
levels of 0-5 x 107% and 4 x 10-® rad?/rad/sec. The special cases for T'= 0 and k% = 0 have
already been discussed.
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Figs. 10b, c to 13 b, ¢ show the variation of the minimum r.m.s. miss distance (at R = 100 000 feet)
with the achieved missile acceleration, and the relation between the r.m.s. achieved and demanded
accelerations. The curvature of the latter graphs has no connection with aerodynamic or other non-
linearities: it is due to the fact that each point on the curves is associated with a particular optimum
transfer function, which is different for different points. This means that the spectral density of the
demanded acceleration is varying with different operators, and therefore equal r.m.s. demanded
accelerations for the same missile result in different r.m.s. achieved accelerations. For any one
system the plot of demanded vs. achieved acceleration is of course a straight line up to the limit
imposed by structural considerations, assuming that the missile has been linearised by heavy
degenerative feedback.

Some of the optimum transfer functions corresponding to certain points of the miss distance and
acceleration curves of Figs. 10b, c to 13b, ¢ are given in Figs. 10a to 13a. It will be seen that all the
miss-distance curves have a pronounced knee: it is clearly advantageous to choose a system such
that the operating point is slightly to the right of this knee: for a system requiring less acceleration
gives a greatly increased miss distance, while little improvement in miss distance accrues from
employing greater acceleration, particularly in view of the increased drag with which this is associated.

A comparison of Fig. 7 and Figs. 8 to 13 shows that the effect of the noise is to raise the level of
the miss distance, as well as making the latter less critically dependent on the achieved missile
acceleration, It is also clear from these figures that the best system is obtained with T = 0—i.e.
perfect aerodynamics; however, the curves for 7 = 0-1 sec are already close to this ideal.

The optimum transfer functions have been derived in terms of angular quantities, so that the
results for miss distances, etc., for any range are obtained by multiplying the relevant quantities by
the range in question. There are two reservations to be made, however; the first is that the time of
flight must be sufficiently long for the approximations 4y(T") = 0 (Section 4.2.2) and ¢3; = ¢ = 0
(Section 7.2) to be valid. For given missile and target velocities this implies 2 minimum range, below
which the results are in error.

The second reservation concerns the behaviour of the target: its r.m.s. lateral acceleration f is
likely to be independent of its range from the weapon site, whereas in the analysis it has been assumed
that the quantity o, is constant, where Roy = fp. For a smaller range, therefore, f is smaller if oy,
is kept constant, and conversely. ‘

We may conclude that the results apply over a limited range of ranges; and that for greater or
smaller ranges it is necessary to re-evaluate the optimum operator for a different choice of oy, such
that f, remains constant. In the present examples we have

oy = 12:5 x 1078 rad? sec™*,
so that for R = 100 000 feet, f = 1-1g. We may assume that the results hold for ranges of, say,
80 000 to 120 000 feet, which implies a variation of f between 0-9g and 1-3g r.m.s.—a not unlikely

occurrence.,

7.3.2. The optimum system and miss distance for a given missile acceleration limit.—As an
example, consider a missile having a modified weathercock frequency of 10 rad/sec. (7' = 0-1 sec),
and so designed that the acceleration must be limited to a maximum of 10g (briefly, a ‘10g missile’).
Since we have assumed critical damping of the weathercock mode, it follows that the demanded
acceleration must be limited to 10g. Suppose further that the noise spectral density is kA2 = 4 x 10-8
rad?/rad/sec.
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In order for the analysis to remain valid, the r.m.s. demanded acceleration must be such that the
10g limits are never (or rarely) brought into operation. If a gaussian distribution is assumed for the
"demanded acceleration, the proportion of time for which the demand exceeds the limits is given by

g=1-ef [Rf;n;:/z} (5.2-1)

where Roy is the r.m.s. demanded acceleration and + £, the level at which the demand is limited—
in the present case f, . = 10g. This curve is shown in Fig. 14, from which it is seen that for

Ror, _ 0-51,
fma}:

the demand is on the limits for 5%, of the time.

We may suppose for the moment that the difference between limiting for 5%, of the time and the
absence of limits is sufficiently small not to affect the linear analysis. The choice of 59, is however
arbitrary, and requires further investigation,

For the 10g missile and 59, limiting, we have

Ro; = 5-1g;

the nearest operator which has been evaluated is that given for p* = 10 (Fig. 11a): it is

Hy(p) = 141 + 509 p + 827 p?
0 (0-766 +p)(0-582+0-776 p+p?) (100-2+20-01 p+p2) (3:16 +2-47 p +p2)’

with which the r.m.s. demanded acceleration Roj, is 4-24g. The actual operator which gives
Roy, = 5-1g can of course be found more exactly by evaluating (7.2-31) for values of & between
10 and 50—for p* = 50, Ro;, = 6-57g (Fig. 11a).

From Fig. 1lc, the r.m.s. achieved acceleration with this optimum system (Ro;, = 5-1g) is 4- 1g,
and Fig. 11b gives the miss distance as 67 feet r.m.s,

Thus this optimum system will give an r.m.s. miss of 67 feet, and the demanded acceleration will
exceed 10g for only 59, of the time. .

If we wish to reduce this limiting to 19, we have from Fig. 14 that

Ro, =4g for f,..=10g.

The corresponding transfer function is then very nearly that given for p* = 10 (Fig. 11a). The
achieved acceleration is 3-4g r.m.s. (Fig. 11c); and ffom Fig. 11b the r.m.s. miss distance is 73 feet.
The insertion of 10g limits will clearly have a negligible effect on this assessment, since they will
only be in operation for 19 of the time.

It may be concluded that the r.m.s. miss distance for a 10g missile need not be more than 73 ft
(under the stated conditions of noise, etc.), and probably nearer 67 ft. As mentioned above, the
degree of saturation for which the linear analysis gives markedly optimistic results remains to be

determined: it is estimated however that at least a 5%, saturation can be allowed before the difference
becomes appreciable.

7.3.3. The missile acceleration requived for a given r.m.s. wmiss distance—As a further
example, suppose that we wish to achieve a miss distance of 50 ft r.m.s. with a missile having a
weathercock frequency of 1 rad/sec (T' = 1 sec), in the presence of a noise spectral density of

k? = 0-5 x 1078 rad?/rad/sec.
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From Fig. 12b, the optimum system requires an achieved acceleration of 2-6g, and the demanded
acceleration (Fig. 12¢) is then 16g. For 59, saturation this would require acceleration limits of 32g—
a quite impractical figure. This result is due to the low weathercock frequency, giving rise to a large
difference between the r.m.s. demanded and achieved accelerations.

The remedy lies in increasing the weathercock frequency; suppose that additional feedback is
applied so that it is raised to 10 rad/sec (T = 0-1 sec). The appropriate curves are then those of
Fig. 10. For a miss distance of 50 feet, an achieved acceleration of 2-2g¢ r.m.s. is required (Fig. 10b).
Fig. 10c gives the demanded acceleration as 2- 5g, so that if the demand is limited to 4+9g maximum
(Fig. 14), the limits will only be reached for 5%, of the time. Under these conditions, therefore, a 5¢
missile is necessary to give an r.m.s. miss distance of 50 feet.

The appropriate optimum transfer function lies between those listed in Fig. 10a for p* = 4 and
p* = 10, Again, the precise optimum can be evaluated from (7.2-31).

For a 30 ft r.m.s. miss distance, the same procedure shows that a missile capable of 9-2g maximum
is reqﬁired—probably a worthwhile improvement. However, a further reduction in miss distance is
only achieved at the expense of greatly increased acceleration requirements, as is evident from
Fig. 10b; the benefits of a rather smaller miss distance are outweighed by the adverse factors invoked
by higher accelerations.

Figs. 8 to 13 also show the merit of a moderately high weathercock frequency. The improvement
shown by increasing this frequency from 1 to 10 rad/sec is considerable, but the results for infinite
frequency (7' = 0) are not greatly different from those for 10 rad/sec. Thus, for the target spectral
density chosen in these examples, the weathercock frequency should be rather more than 10 rad/sec
—say 2 to 3 c/sec—but there is little advantage to be gained from higher frequencies.

8. The Adjustable Components of the Optimum System.

In Section (6.1) it was shown that in order to achieve the optimum system for a given set of
conditions, the various components of the system must satisfy the equation

7(s) Apre)Spten) 611
1+ T(p) A(p+ca)S(p+em) + P° + Zearp '

In this equation A(p) is fixed {it has been used in the derivation of Hy(p)}, but we are at liberty
to choose either T(p) or S(p) to satisfy (6.1-1). Examples of both are given below for some of the
operators evaluated in Section 7.

Ho(?) =

8.1. The Optimum Tracking System when the Missile Control System is Given.
8.1.1. The form of the optimum tracker—The appropriate equation when S(p) is given is

Hy(?)
) AP+ ep)S(p +car) _Hp) (642

A(p+ea)S(p+ea) + 07+ 2ep "
Since the optimum transfer functions have been evaluated with ¢y = ¢ = 0, we must make the
same approximation in the derivation of 7'(p). (There is of course no difficulty in retaining the

correct values of ¢;; and ¢, but the work becomes rather more laborious.) Thus

_ Hy(p) _
(p) = APS0p) —H(p)-‘ (8.1-1)
Ap)S(p) +p* "
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As an example, suppose that the missile control system consists of a phase-advance network; this
type of control system has received much attention, and is one way of stabilising a zero velocity lag
system. In this case we have
1+ pr
S(p) = K

1+ in’

(8.1-2)

where K is the stiffness of the missile system, = is the phase-advance time constant, and # a constant
(< 1). Any other time constant which is present, of necessity or by design, can be included in S(p),
but for simplicity we shall assume that (8.1-2) gives the main term.

We have already assumed (Section 7.1.3) that the missile weathercock characteristic is such that

1
A(p) = A pT) ;

On substituting for Hy(p), S(p) and A(p) {equations (7.2-32), (8.1-2) and (7.1-4)} in (8.1-1), one
obtains

(7.1-4)

T(p) = (A+Bp+ CpH[K (1 +p7) + p¥1+pTV(1 +np7)]
P = PHEKA+pr)(C' = C+Dp+EpP2+ F'p3+ G'p*+ %) — (1 +pTY (1 +np7) (A + Bp+ Cp¥)]

‘ ... (8.1-3)
which is the open-loop transfer function of the optimum tracking system, the constants 4, B, C, etc.,
being defined by (7.2-31) and (7.2-32); they are determined by the target acceleration and noise

spectral densities, and the permissible missile acceleration, as in Section 7.
Equation (8.1-3) may be written as

f(#)
P
and the presence of the double pole at the origin indicates that the tracker has no velocity lag. If we

write ay?, ag? and a,? as the acceleration lags of the overall system, the tracker and the missile
system respectively, then

T(p) = (8.1-4)

1 AK 1
a—ﬁ:f(o)=K(C’—C)—A=C’— 1
4 K
or
1 1
Pl st (8.1-5)
since a2 = 1/K, where K is the stiffness of the missile loop, and
c'-C
2 — . -
@’ = —— (7.2-33)

Thus, from (8.1-5) a> = az® + az®, as required.
The simplest possible servo system having zero displacement and velocity lags has the transfer

function of the form

ky + kop

By + kop + p*°

the open-loop transfer function being

ky + Ryp

o
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The function F(p) (8.1-4) is therefore to be compared with the simple phase advance (k; + &;p).

Neither (k,+k,p) nor f(p) are physically realisable in the exact sense: they are both 0(1) in p,
implying an infinite response for infinite frequency. However, a network can readily be found
which has the required characteristics over the bandwidth of the system, and this is all that is
necessary. The realisation of networks such as f(p) is taken up in Appendix IV.

8.1.2. A numerical example.—As an example of the derivation of the optimum tracking
system, consider the case in which

k% = 0-5 x 108 rad?/rad/sec,

and
2 B
Fo =t
with
op? = 12+5 x 1078 rad? sec™
and

B

as before, the target being intercepted at a range of 100 000 feet. Suppose also that the missile has
been modified by feedback so that the weathercock mode is critically damped with a frequency of

0-1 rad/sec,

10 rad/sec—i.e.
1
AP = Ty

The relevant curves for the optimum system are those of Fig. 10. As mentioned earlier, it is
preferable to work just to the right of the knee of Fig. 10b. A suitable operator is that for u* = 10
(Fig. 10a). It is

399 + 1130p + 1472p2

H(p) = 399 + 1130p + 1603p% + 1374p3 + 695p + 204p% 4 24-7p8 + p7 (8.1-6)

for which the r.m.s. demanded and achieved accelerations are 2-80g and 2-41g respectively. From
Fig. 10b, the r.m.s. miss distance is 38 feet. If we again take 59, saturation as the allowable limit,
Fig. 14 shows that

2-80
fmax = mg = 55g,

so that a missile with a 5-5g limit would be suitable. For a 5g missile the saturation would be 7-59%,
(Fig. 14), which is probably still sufficiently small to admit the linear analysis.
From (8.1-6) and (7.2-32), the constants A4, B etc. are

A = 399 D' = 1374

B = 1130 E = 695

C = 1472 F' = 204 (8.1-7)
C' = 1603 G = 247

The optimum tracking system (8.1-3) now depends on the choice of the missile control system.
It should be emphasised that, within limits, this choice is arbitrary as far as the realisation of the
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optimum system is concerned: different missile control systems merely alter the transfer function of
the optimum tracking system, the overall transfer function remaining unchanged.
Suppose that the missile control system chosen is

K(1+p7)

(1+np)’
as discussed above. The choice of the constants K, = and # is of course also arbitrary; however, it is
necessary to make the missile response to beam motion reasonably well damped and fairly fast, in
order to deal with initial transients. The overall acceleration lag of the selected optimum system
(8.1-6) is @, = 0-33 sec?, so that

agp® + apy® = 0-33 sec?.

Thus the acceleration lag of the missile system must not exceed 0-33 sec®—otherwise az? will be

negative, implying an unstable tracker. This imposes a lower limit on the missile stiffness K = 1/a,,2.
A reasonable set of parameters for the missile loop is as follows:

K = 5sec™ (ay® = 0-2 sec?) i.e. a stiffness of 6-4 ft/g

T = 0-65 sec,
and
n = 1/20.
The values of r and # are such as to give approximately half-critical damping for the response of
the missile to beam movement. The natural frequency of this mode is

VK = 2-2 rad/sec.

With these values and those of (8.1-7), the transfer function of the optimum tracker (8.1-3)
becomes
T(p) = (399 4+ 1130p + 1472p%) [5(1 4+ 0-65p) -+ p*(1+0-1p)*(1+0-0325p)]
PA[5(140-65p) (131 4 1374p + 695p% - 204p> + 24 - Tp* + p5) — :
— (14+0-1p)2(1+0-0325p) (399 + 1130p + 1472p2)]

or
_ 775(14+3-98p+5-72p*+3-01p® + 0-87p* +0- 18p5 + 0-013p° + 0~ 00025p7)
B PPIL+ 23-7p + 24-2p% + 11-4p + 2-97p* + 0-34p% + 0-012p9]
The acceleration lag of this function is a,* = 0-13 sec?, i.e. the loop gain of the servo is 7:75 sec—2.
"The amplitude response of the optimum tracker—that is,
T (iw)
1+ T(iw_)
. —is plotted in Fig. 15. For comparison the response of the simple tracker whose forward transfer
function is

I(p)

1+ 28a,p

ag’p®
is also plotted for the same value of az* (013 sec?), and for various values of 8, the damping ratio.
It will be seen that it is not possible to approximate to the optimum system by varying the
parameters of the simple system. In this latter system the undamped natural frequency is given by

1
wy = —
0 az’

54



but this simple relation does not hold for the optimum system; in fact the main effect of the function
f(p)is to reduce the noise bandwidth of the tracker without the accompanying increase in acceleration

lag which occurs in the simple system. In this particular case the noise bandwidth of the optimum
system is
T (iw)

f o |1+ T(iw)
while for the simple system it is

@ 1 + 28agiw 7 1
J, do = (34 55):

1 + 28agiow — ag’w?
which has a2 minimum value of 7/a; when 8§ = 0-5. With az? = 0-13 sec? this is 8-8 rad/sec; and

2

53 rad/sec,

I

2

I

the resonant frequency is more than an octave above that of the optimum system. To obtain the
same resonant frequency it would be necessary to increase the acceleration lag four-fold, resulting
in a greatly increased miss distance.

The optimum transfer function T'(p) is such that the closed-loop system is stable, since this
condition was inserted in the derivation of the optimum system: the stability is however conditional
—i.e. the system is only stable for a limited variation of the loop gain, instability being reached if
the gain is greater or less than the permissible range of values. This contrasts with the normal kind of
stability, in which there is only an upper limit to the loop gain, all lower values giving a stable system.

The networks of the following Section (8.2) are also of the conditionally stable type, and the
phenomenon is examined in more detail in that section.

8.2. The Optimum Missile System for a Given Tracker.

In the preceding section the optimum overall transfer function was realised by arbitrarily defining
the missile control system and deducing the required properties of the ground tracker. As discussed
in Section 6.2, this procedure is only permissible when the noise arises from linear sources external
to the system. If the noise is due wholly or in part to servo noise, the insertion of the optimising
filter will not have the desired effect, and it is then necessary to provide a correcting network in the
missile rather than in the tracker, using (6.2-3). A case in which this treatment is required will now
be considered.

8.2.1. The transfer function of the optimum missile system.—Suppose that observations

with a radar set of the type .
1 4 28agp

T(p) = e _ (8.2-1)

have shown that the beam jitter has an r.m.s. vatue of 1 mil for § = 1 and ap = 0-157 sec, with a

spectral density consistent with the representation of white noise applied at the input to the servo:

that is, the spectral density of the beam jitter is

1+ 28aziw 2

E2
1 + 28apiow — agnw?

The integral of this expression over w gives the mean square value: it is

1
2 _ T ) g2
[y - aR(8+48)k 5
and for o = 1 mil, § = 1 and ap = 0-157 sec, we have
k? = 4 x 1078 rad?/rad/sec.
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This then is the appropriate value of & to be used in the derivation of the optimum transfer
function. It will also be assumed that the beam jitter cannot be reduced by varying the parameters
§ and azp—i.e. it is due to causes which are not affected by these parameters.

The missile weathercock frequency will again be taken as 10 rad/sec, and for k2 = 4 x 10-8
rad?/rad/sec the appropriate curves are those of Fig. 11. For a 5¢ missile the relevant operator is that
for ut = 1 (Fig. 11a):

44-6 + 189p + 351p?

H®) = G775 5) (05850 7p+ p) (100 20p 159 (A5 T 4ip s 02D

This transfer function gives a miss distance of 93 ft r.m.s., requiring achieved and demanded
accelerations of 2-33g and 2-56g (Figs. 11b and c¢). Thus the chance of limiting in a 5g missile is
5% (Fig. 14). Fig. 11b shows that the miss distance could be substantially reduced by using higher
accelerations—e.g. a 12¢g missile would give a miss of 60 ft r.m.s.; however, the 5¢ missile has been
chosen with a view to possible flight trials in a test vehicle (the R.T.V.1), which is limited to this
figure.

Since the tracking system cannot be modified, the correct overall transfer function must be
obtained by modifying the missile control system .S(p). From (6.2-3)

Hyp)[1 + T(p)]p?

S(p) = ) 8.2-3
D= AT 6) ~ Hi) L+ TH)] 529
for ¢z = ¢p = 0. In this case,
1
AP = 5o 17
and
14+ 0-314p
T(p) = 00250
since § = 1 and ap = 1-57, from (8.2-1). Thus
2 -1p)2
S(p) = —LLEICIIID) (3:2-4)
b s — Hilp)
1+ 0-314p + 0-025p2 0
where H(p) is given by (8.2-2). The combination of (8.2-2) and (8.2-4) yields
S(p) = 1 (14+0-1p)%(1+0-157p)2(1 +4-23p+7-87p?)
?) = 1704 (14+0-095p)(1+0-106p) (1-+10-31p+2-90p%) (1+0-60p+0-233p2)°
The product (1+0-095p) (1+0-106p) is very nearly (1+0-1p)2, so that we may write
1 (1+0-314p+0-025p) (14+4-23p+7-87p2

1-04 (1+10-31p+2-90p%) (14 0-60p+0-233p%)

This is the required transfer function of the missile control system, and may be regarded as
replacing the simple network
K(1+p7)
(L+np7)

of the previous example (Section 8.1).

From (8.2-5), the missile loop acceleration lag a,,? = 1-04 sec?, which is equivalent to a stiffness
of 33-5 ftfg. "This agrees with the fact that the overall acceleration lag is a,2 = 1-07 sec? (Fig. 11a,
p* = 1), and we have chosen az? as 0+ 025 sec?. Thus most of the lag is in the missile system, resulting
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in a rather slow response to beam movement. In practice, it would be preferable to allocate the total
lag more equally between the tracker and the missile systems, but the figures have been chosen to
give a large beam jitter, so that the system can be tested with the equipment at present available
for flight trials.

If, for the same conditions, a missile having a greater limiting acceleration is available, we may
choose H(p) to give a smaller miss distance. The optimum system for pt = 50 (Fig. 11a), for
example, gives a miss distance of 63 ft r.m.s., with achieved and demanded accelerations of 5-04g
and 6-57g; and a 13g missile would be required for 5%, saturation. For this system the necessary
missile control function is

1 (14+0-314p+0-025p%)(1+3-34p+5-05p%)

) = 0-491 (1+10-63p+2-64p2) (1+0-33p+0-078p2)° (8.2-6)

with the tracker as in equation (8.2-1).
In this case a;,* = 0-491 sec®—-a stiffness of 15-8 ft/g.

8.2.2. Physical realisability.—Equations (8.2-5) and (8.2-6) are of the same form. The
factor
(1+0-314p+0-025p%)
(14+10-31p+2-90p%

of (8.2-5), and the corresponding factor of (8.2-6), have two real zeros and two real poles, and can
be realised by passive networks consisting of capacitances and resistances. The remaining factors
contain a pair of complex zeros and a pair of complex poles; their realisation requires active networks,
since the use of inductance is impracticable at the low frequencies involved. The realisation of such
functions is treated in Appendix IV.

8.2.3. Conditional stability—The equation relating missile acceleration and the beam-to-
missile error is

A(D)S(D)[05 — Oy] = D0y, (3.2-6)
since we have assumed ¢p; = 0. Thus
A(D)S(D)
M= ey & e VB
A(D)S(D) + D?
so that the transfer function relating beam to missile motion is

A(p)S(p)
A(p)S(p) + p*

For the example of the previous Section (8.2-1), we have

1

A(p) = (‘m—.lp)z,
and S(p) is given by (8.2-5).

The open-loop transfer function is {4(p)S(p)}/p?, and the frequency response of this function is

shown in Fig. 16. Inspection of this diagram shows that the missile system is conditionally stable,

in that a decrease as well as an increase in gain leads to instability. The phase margin is 19°, and the

gain margins are—9 db and 6 db. Thus to maintain stability the loop gain must not be allowed to
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fall below its nominal value by more than a factor of 3: it must also not increase by more than a
factor of 2. These are fairly wide limits, giving a permissible stiffness range of 15 ft/g to 100 ft/g,
as far as stability is concerned. The stiffness must clearly be controlled much more accurately than
this, if the optimum performance of the system is to be achieved.

It will be noted from Fig. 16 that the phase margin attains its maximum value at precisely the
point where it is required—when the loop gain is 0 db; in this way the system is stabilised with the
minimum increase in noise bandwidth. The Nyquist diagrams of Fig. 17 illustrate the effect of
stabilising the missile system by a phase-advance network and by the network S(p) of (8.2-5).

With no stabilising network (Fig. 17a) the missile loop is clearly unstable; the addition of the
phase-advance network

1+pr
T+ upr

gives stability, at the expense of increasing the response to higher frequencies (Fig. 17b). The
optimum system (Fig. 17c) achieves (conditional) stability by providing a local distortion of Fig. 17a
in the neighbourhood of the critical point (— 1, ¢0), and decreases the response for higher frequencies.
This may also be seen by comparing the high-frequency response of .S(p) and of the network

K(1+p7)
(I+npr)”

The gain of the latter for high frequencies is approximately K/z; for the same stiffness K = 1/1-04
sec™?, and for stability # is necessarily in the region 1/10 to 1/20. The optimum network, on the
other hand, has an attenuation of approximately 3 for these frequencies [ph»r)r:o S( p):l

8.2.4. The missile response to beam motion.—The response of the missile to a step of the
beam, with the optimum network of (8.2-5), is shown in Fig. 18. The recovery is rather slow,
accompanied by a large overshoot: this is a consequence of the rather artificial conditions which
have been chosen to give a large beam jitter with a 5¢ missile. Normally a larger share of the overall .
acceleration lag would be incorporated in the tracker; alternatively, the missile acceleration could be
increased without altering the tracker constants, leading to a faster response of the missile—this is
the case for the network of (8.2-6), for which a 13g missile is required for 5%, saturation.

9. A Comparison of the Optimum System and the Phase-Advance System.

Having derived the optimum systems for a number of cases, it is useful to estimate whether the
increased efficiency of the optimised system is sufficient to warrant the inclusion of additional net-
works. That the optimum system does in fact lead to a considerable improvement may be illustrated
by comparison with the phase-advance system, which has received extensive theoretical and
simulator treatment. The system referred to has a missile stabilising network of the form

K(1+p7)
(1+npr)’

associated with a radar tracker whose open-loop transfer function is

1+ 28agp
ag’p®
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as in Section 8. It is shown in Ref. 2 that this arrangement achieves its maximum efficiency when
the various parameters are such that the demand for acceleration frequently exceeds the limits; in
which case the system is non-linear, and analysis is only possible for simple target motions—such
as a constant angular acceleration of the line of sight.

As a specific example, suppose that the following conditions obtain:

Noise spectral density k% = 0-5 x 108 rad?/rad/sec
Interception range . 100 000 feet
Target manoeuvre 2g normal to beam

1

Missile weathercock response A501pp"

Using the methods of Ref. 2, the parameters K, ap, 7, etc., can be found such that the r.m.s.
miss distance against the 2g target is a minimum. The results for 5¢ and 10g missiles are given in
Table 2. 4

The appropriate curves for the comparable optimum system are those of Fig. 10. If the achieved
acceleration is taken to be 2-5g, the r.m.s. miss distance is 35 ft (Fig. 10b). This gives a demanded
acceleration of 3g (Fig. 10c), so that for a 5g missile the demand would be on the limits for about
10%, of the time (Fig. 14). These values are of course for the statistical ensemble of target motions
for which the system is optimised, but since the system is linear its performance against any other
target is readily deduced. For a target having a constant acceleration of f; normal to the beam, the
mean miss distance is simply f @,2, where @,? is the acceleration lag of the complete system.

The scatter due to noise alone is given in Fig. 10b together with @,% The r.m.s. achieved and
demanded accelerations against the 2g target are slightly different from those quoted above, because
the latter include the acceleration due to the target ensemble motion as well as that due to noise.

Table 2 compares the results of the two systems.

TABLE 2

Comparison of the Optimum and Phase-advance Systems for a Target Accelerating at 2g

r.m.s.
Limiting | demand 9, of r.m.s. Mean Dis- r.m.s. Accn.
missile accn. time on | achieved | miss persion miss lag Type of system
accn. (before limits accn., dist. dist. (sec?)
limits)
5g 32 129, 2-7g 19 ft 22 ft 29 ft 0-3 Optimum System
o o ) i 1) Phase-advance
5g 8-2¢ 58% 3-2¢ 47 ft 20 ft 51 ft 0-51 |system with opti-
) ) i {mum parameters
10g 10-9¢ 379%, 6-0g 32 ft 21 ft 38 fi 0-4 ] for a 2g target.

The results for the optimum system have been obtained on the assumption that the 129 saturation
can be neglected, whereas for the phase-advance system the effect of saturation has been included.
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It is evident that the optimum system is considerably better than the phase-advance method, in
that it results in a smaller miss distance with smaller accelerations; even with a 10g missile the
phase-advance system gives a greater miss distance than does a 5¢ missile with the optimum arrange-
ment, while the r.m.s. acceleration required for the former system is nearly twice as great. It will be
noted from Table 2 that while the manoeuvre miss distance in the optimum system is simply
fr ay®, for the phase-advance system it is greater than this quantity: this results from the interaction
of the limits and noise signals®.

It should be emphasised that the optimum system above is an optimum with respect to an
ensemble of targets having the autocorrelation function

bola) = e,

and not for targets having a constant acceleration; the performance of such a system against the
constant acceleration target is nevertheless superior to that of the phase-advance system. It is
possible to derive an optimum operator for the constant-target-acceleration case, but for this it is

necessary to revert to the integral equation (4.1-9), since the assumptions inherent in the Fourier
Transform solution of this equation are no longer apposite.

10. Simulator Tests with Optimum and Phase-advance Systems.
10.1. The Optimum System Used in the Simulator.

In quoting numerical results for a typical system, a number of approximations and simplifications
have been made. The simplifications have been introduced to ease the labour of computation, while
the approximations were necessary to render the problem analytically tractable. The extent to which
such approximations are likely to affect the conclusions reached can be usefully assessed by solving
particular cases with the aid of a simulator, which can readily provide a closer representation of the
true situation than is possible within a mathematical framework limited by considerations of
linearity, etc. The greater flexibility of the simulator is of course offset by the fact that only particular
cases can be studied: its proper role therefore is to verify and amplify the theoretical work, or, as in
the present case, to assess the influence of factors which have been neglected or idealised in the
analysis. ' ‘

Although an exhaustive simulator study has not been undertaken, a preliminary examination of a
particular optimum system has been carried out. The example used in the simulator work is that of
Section 8.2, where it was assumed that the tracker could not be modified, and that it was therefore
necessary to place the optimising network in the missile control system.

The choice of this example was influenced by the facilities at present available for simulator tests
and flight trials: these reside with the test vehicle R.'T.V.1 (limited to 5g), and a radar tracking system
(the S.C.R. 584) in which the noise level is greater than may be expected with later systems. The
combination of large noise and low acceleration limits results in a heavily filtered system (cf. the
response of the missile to a beam step, Fig. 18), and in fairly large miss distances. Although this
situation is unlikely to arise in an actual weapon—the noise, for example, will certainly be less—it
nevertheless serves our present purpose, which is to assess the validity of the theory when neglected
factors are taken into account, and to compare the optimum system with other possible systems.

The appropriate network for the missile is the S(p) of (8.2-5):

Sy L L (14+0:314p+0-0255%) (1+4-23p+7-87p?)
() = 9754 (110315529057 (15 0-60p + 0-2335%)°
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The realisation of such a transfer function is given in Appendix IV, and Fig. 23 shows the actual
circuit used in the simulation. It will be recalled (Section 8.2.3) that this network leads to a con-
ditionally stable system for the missile loop, with the characteristics given in Figs. 16 and 17.

10.2 Additional Factors Included in the Simulation.

The main factors neglected in the analysis but included in the simulator are:

(a) Non-linearity of the aerodynamics. The simulation of the R.T.V.1 aerodynamics includes
non-linear effects such as downwash, and since only a moderate degree of rate gyro and accelerometer
feedback is at present applied, the resulting weathercock mode is only approximately linear; for
example, the stiffness varies between zero incidence and the incidence necessary for 5¢ by a factor
of 1-4. In the theory the stiffness is of course considered constant with incidence.

(b) The transfer function of the weathercock mode of a fixed-wing vehicle with rear control
surfaces is of the form

P(p)/Q(p),

where both P and Q are quadratic in p. The coeficients of p and p? in P(p) are negative, because
of the rear control, and the system behaves as a non-minimum phase network. It is this fact which
limits the amount of acceleration feedback which can be applied—it is necessary to use an accelero-
meter displaced from the centre of gravity, or some equivalent arrangement, to avoid instability.

The coefficients of p and p? in P(p) are normally small, and they have been discarded in the
theory (for the examples evaluated), where we have used the representation

1

(A+pT)
for the modified weathercock mode. In the simulator however these terms are present.

(c) As derived in the analysis, the function S(p) relates the demanded acceleration fy,(#) to the
error from the beam:

Fo®) = S(DYr3y(t) {65(8) — 03,(2)}- (3.2-1)

Thus S(p) should properly include the transfer function of the receiver as well as the network
introduced for control purposes. If this last network is given the transfer function S(p), it implies
that the receiver is perfect, or nearly so. In the simulator tests the correcting network S(p) was
introduced in addition to the actual receiver and a simulated control-surface actuator.

The differences between the simulator arrangement and the theory noted in (b) and (c) arise from
simplifications introduced to ease calculation, and do not represent limitations of the theory;
item (a) however is a necessary approximation for the analysis.

10.3. Results for the Optimum and Phase- Advance Systems.
Since the R.T.V.1 control system is normally of the phase-advance type, it is convenient to
compare this system with the optimum arrangement.
The simulation of the two systems is indicated in Fig. 19. For the optimum system the network
S(p) (Fig. 23) replaces the phase-advance network of the normal R.T.V.1 system. At first sight the
optimum network appears more complicated,* but in fact the phase-advance requires additional

* See footnote on p. 65 to Section 12.2.
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frequencies lie well above that of the correcting network S(p), their effect will be negligible. It must
be borne in mind however that in our present example the complete missile system is rather sluggish,
for the reasons given in Section 10.1, so that the response times demanded of receiver and actuator
are correspondingly less severe. In a more practical situation—e.g. less noise—the optimum stiffness
is likely to be higher, in which case it may be necessary to take account of these components in
designing the correcting network.

11. Conclusions.

11.1. Given certain information about the target and the noise, and the characteristics of the
missile (its weathercock response and structural strength) we have shown that a practical system
can be devised for which the r.m.s. miss distance is less than that for any other linear system. In the
derivation it has been assumed that the target and noise functions

Pron(x) = B, T 0,7, ™ T — 25)

S| =

it

,
and

n
oale) = 3 0TIy (T—2)
n,=
are independent of T, the time of strike, over an interval immediately prior to engagement. This
assumption leads to an optimum transfer function for the system, which may be identified with the
beam-riding system, since we have shown that the latter can be regarded as linear in the sense
required for the analysis. This leads to the definition of certain components of the beam-riding
system for optimum performance—components which, depending on the sources of noise, may be
associated with either the tracker or the missile, or both. The conditions imposed in the derivation
of the optimum operator ensure that the components required are physically realisable within the
framework of a beam-riding system.
It is interesting to note that with a perfect missile (i.e. no time lags and no acceleration limit), the
best transfer function of the system is not unity, but of the form

a+bp + cp? )
a+bp+cpt+dpt’

and that even with a practical missile the r.m.s. miss distance with the optimum system may be less
than the r.m.s. error in the beam estimate of the target’s position. This is the case for the examples
discussed in Section 8.2.1.

In the cases evaluated the optimisation leads to a conditionally stable loop either for the missile
or for the tracker, depending on where the correcting network is placed: this is a consequence of the
assumption that the target lateral acceleration is stationary. It has been shown that for a case in
which the correction is applied in the missile, the range of stiffness over which stability is maintained
is such that the conditional stability is of academic interest rather than an obstacle to the practical
design. -

11.2. From the numerical results given in Section 7.3—with the assumptions regarding the
target motion, noise, etc., of that section—we may draw the following conclusions:

(a) The optimum system achieves a smaller miss distance, and at the same time requires less
acceleration, than the comparable phase-advance system. Since the induced drag is proportional to

63



the mean square lateral acceleration, the latter point is of significance, in that for a given performance
the demand on the missile and on its propulsion unit are less stringent. In Table 2, for example, the
phase-advance system gives a five-fold increase in induced drag, to achieve an r.m.s. miss distance
which is 9 feet greater than the optimum system against a ‘2g target’.

(b) Figs. 10 to 13 show that when the optimum system is used there exists a fairly well-defined
achieved acceleration, beyond which the increase in accuracy is more than offset by the increased
fuel consumption, etc., which the higher accelerations involve. The optimum point depends on the
targets, the noise, and the overall logistics of the weapon defence system. In Fig. 10, which covers
the set of conditions likely to be realised (¥* = 0-5 x 10-8 rad?/rad/sec, T = 0-1 sec), the optimum
r.m.s. acceleration appears to be in the region of 31g, where-the r.m.s. miss distance is 30 feet at a
range of 100 000 feet. (For the higher noise, the figure is about 41g.) Under these conditions the
demand for acceleration in a 10g missile would only reach this limit for 5%, of the time, and it is
probable that the acceleration limits could be reduced without materially affecting the performance
(see Section 12.2).

It is noteworthy that these accelerations are considerably less than those previously deemed
necessary; and that the results are achieved by a more efficient use of the available information,
requiring electrical components at a low power level rather than the costly provision of missile
acceleration greatly in excess of possible target acceleration.

(c¢) The modified weathercock frequency of the missile should be in the region of 2 to 3 ¢/sec;
lower values react adversely on the miss distance obtained with a given acceleration, while higher
values provide little improvement.

(d) The numerical results quoted are all for a particular target spectral density, and this subject
has not yet been fully investigated; the form used, however, even if shown to be inadequate, leads
to a system which has a better performance against constant acceleration targets than the phase-
advance system. The example quoted in (b) above for example would have a miss distance of 30 ft
r.m.s. against a 3¢ target at a range of 100 000 feet.

Although the present theory leads to the best practical linear system, it may be argued that a
non-linear system may exist which has a better performance. This cannot be denied and the search
for such a system should continue: meanwhile full use should be made of a system which appears
to have some advantages over those at present empioyed.

12. Further Work.

It is considered that the preliminary results of the above analysis warrant a further investigation,
directed along the following lines:

12.1. Analysis.

This would include a more detailed study of possible target motion, with a view to making more
direct use of preliminary target data—such as height, course and speed—furnished by the radar
search systems; such specific information eliminates some of the uncertainties regarding the target’s
subsequent behaviour, thus easing the task of the guided weapon. This implies a different optimum
system for each target, which would be possible if the alterations could be confined to the tracker.

For a given system, there will be an optimum target spectral density which will render the system
as ineffective as possible; this should not be overlooked as a probable type of target behaviour.
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The -present paper is concerned mostly with beam-riding. The application of the theory to
proportional navigation is less tractable, in that it is essentially a variable-coefficient system; it is
possible that a similar approach would yield an optimum arrangement.

12.2. Simulation.
There are a number of problems.for which the simulator approach is more expedient than analysis:

(a) It is necessary to establish the degree of saturation which can be tolerated before the theoretically
predicted performance becomes markedly optimistic. With a missile of a given structural strength,
it may be preferable to choose an optimum system for which the saturation level is, say, 259, rather
than the optimum for a lower acceleration which is more nearly linear. Reference to Figs. 10 to 13
shows that the steep rise in miss distance for the smaller accelerations may more than offset the loss
in accuracy due to saturation. The simulator programme would therefore consist of the evaluation
of a series of optimum systems for given acceleration limits.

(b) In the simulation so far attempted (Section 10) the optimum filter has been realised accurately.
Further tests are necessary to determine to what extent the networks can be simplified without
sacrifice of performance, and the permissible tolerances on the components.*

12.3. Flight Trials.

(2) The facilities at present available are such that the jitter of the radar beam is rather greater
than may be expected in a weapon system. However, it is possible to design an optimum system for
these conditions (Section 8.2) and to test its performance in the presence of jitter. If this is in agree-
ment with the theory, there is no reason to suppose that an optimum system designed for less jitter
would be less predictable. :

(b) The overall acceleration lag of the optimum system when the jitter level is low (2% = 0-5 x
10-8 rad?/rad/sec) is rather small (Fig. 10b), and since there is a limit to the permissible loop gain of
the tracker, it follows that a stiff missile control system (of up to 5 ft/g) may be necessary. It is not
essential that the flight trials to test such arrangements be carried out in the presence of jitter: since
the systems are sensibly linear, a few comparatively simple experiments with stationary and moving
beams would suffice to give a fairly accurate assessment of the performance of a weapon.
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LIST OF PRINCIPAL SYMBOLS

A(D) Operator relating demanded and achieved missile lateral accelerations

ap? Overall acceleration lag of the optimum beam-riding system

Ay Acceleration lag of the missile system

ap? Acceleration lag of the ground-radar tracking system

cu = Tultm .

, considered constant
Cp = Tplrp

F(D) Operator defining 6, the mean square value of which it is desired to limit, in

terms of ;¢

0.(1) = F(D)on(t)

fu Achieved missile acceleration
Io Demanded missile acceleration
Fmax Maximum permissible acceleration which can be demanded of the missile
fr Target acceleration perpendicular to the line of sight
H(D) Operator defining the complete beam-riding system
H\(D) Optimum operator
h(t) Weighting function of the complete system
hy(t) Optimum weighting function
R Range at which interception occurs
73,(2) Missile range at time 2
7p(2) Target range at time ¢
S(D) Operator relating the missile-to-beam error and the demanded missile
acceleration:
Folt) = SOYra®) [85(2) — 6]
$; Miss distance for the #th attempt
T Time, reckoned from launch, at which interception occurs. A time constant in

the missile aerodynamic response
(D) Operator defining the response of the ground radar tracking system:

05(t) = T(D)[0r(2) + On(t) — 05(2)]
66



05(2)
02:(%)
Ox(%)

oy,

O
Op

) N(m)(.X’)

()

W p(iw)

(92372)

LIST OF PRINCIPAL SYMBOLS—continued

Angle which the line of sight to the target makes with a datum line through the
ground radar set

Angle which the centre-line of the beam makes with this datum
Angle which the line of sight to the missile makes with this datum

‘Noise’ angle, i.e. the difference between the true angular error (f,— f5) and the
error as given by the ground radar receiver

Quantity in the missile system whose mean square value it is desired to restrict
Additional suffix 7 refers to the values of 4(2), 05(%), etc., during the rth attempt

r.m.s. angular miss distance taken over a large number of attempts:

112
o2 = - -3 52
R*n =,

Minimum r.m.s. angular miss distance when the optimum operator Hy(D) is used

r.m.s. angular miss distances due to the noise and to target manoeuvre respec-
tively—i.e.

2 . 2 2
Omin~ = 01 + Ty

r.m.s. value of the quantity it is desired to limit—e.g. the demanded missile
. acceleration:

1 =

or? = R2— 3 [0n(T)P
n r=1

r.m.s. missile achieved acceleration, divided by the range R

r.m.s. target acceleration normal to the line of sight, divided by the range R

Autocorrelation function or the mth derivatives of the target angles:

O™ TYop, (T — )

ASE

1
(PT(’m)(x) = %r
Autocorrelation function of the mth derivatives of the noise angles

Oy (T)Op™( T — ).

M =

(PN(T)L)(x) = ;7‘

I

1

Autocorrelation function of the target acceleration normal to the line of sight,
divided by R?

Fourier Transforms of opm(x), pytm(x) and Pp(x),
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APPENDIX I
Some Properties of Linear Differential Equations

L.1. The Weighting Function.

The general nth order linear differential equation may be written as

dny dn—ly dy
T + a,_4(%) p7=tEE + ay(%) T at)y = f(?) (I-1)
where a,_y, . ..., a,(f), a,(?) and f(t) are arbitrary functions of time. If the complementary function

of this equation is known, the complete solution may readily be found.
Let the complementary function be

y=a¥toyat oo FGYn. (I-2)
In this ¥;, ¥, - - . -, ¥y, are the z independent solutions of the homogeneous equation corresponding
to (I-1), i.e. of
dny dn—ly dy
W + an_l(t) —d‘t—":f + e + al(t) E + ao(t)y = O, (1‘3)
and ¢;, ¢, ....,c, are arbitrary constants which may be determined from the initial conditions of
the problem.
Consider
Y=oy Yt e T O (I-4)
where v, 9, ....,7, are functions of . Then
A 2 /7% T e uk % )
provided that
Y1+ DeYat ooor + Uy, = 0.
Also
=01+ 00+ oo 050,
provided that :
Y1+ DYt o+ Y = 0.

Continuing in this way up to the (z — 1)th derivative, we have
YO0 = oy £ oy L+ 7,
provided that
991" + Dy + 9, y,07P = 0.
Thus (z— 1) linear homogeneous relations have been established between 9;, ¥,, ....,?,. Also

Y = o 3™ + 0,3, + L 0,3, A+ O+ By L 03,

If now we substitute y as given by (I-4) in equation (I-1), the condition that y be a solution of (I-1)
leads to the further relation

T + Gy + L+ Dy, 0 = ().
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This provides the nth relation between the derivatives, and the system of equations

DYy + VoV +iiet+ By, + ..o+ Dy, =0
DY + D +oee Gy A+ U Vn =0

D92+ DD L+ 9y, L+ Dy, =0
’5’13’1("_1) + 732y2(n—1) + ot 'eryr(n_l) +oa F Tjnyn(n_l) = f(t)

may be solved to give 9y, ....,9,. Define

W=\y, 35 ..uu.. Yo |3
Gi o e
YAy, =B Y
P Dy =D P00
then
'z}rzf(t)A—m r=12,....,m,

where A4, is the cofactor of v, in the determinant IW. Hence

A
o= | f ot

J’=7’1y1+----+7)n3’n=2%3’r

I

2 [ 109 3755 1Al

I AP SR PG B CO BT yu(®) | dx
)/ R R 92()
517 7B() o) Yul (%)
n®)  y8) Inl?)
= f Jay ST ) yalt) | dx.
o W) @) @) )
YA () ¥ x) L. V(%) .
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Hence the general solution of equation (I-1) may be written as

Y=Y+ 6Yys+ ... Y,

J’ I ) (=" @ 3B ya(t) | dx,
W@ ) ) e Pn(%)
J1(x) o) e Taul®) (1-5)
P Bx) y () L (%)
where W, termed the Wronskian, is given by
Wx) = |y(®)  po(%)  .oeen. V()
B21C B 7 C) B Fu(%)
.............................. (1-6)
Y1) y ) Pl (x)
D R O )

The expression (I-5) is the complete solution of (I-1) since it involves # arbitrary constants. The
integral term is of course the particular integral. It has been assumed in writing the integral term in
(I-5) that the process described by the differential equation (I-1) starts at time ¢ equal to zero.
If the system starts from rest at ¢ = 0, i.e. if y, 9, ... ., ™D are all zero, then ¢;, ¢y, .. .., ¢, are all
zero and the solution reduces to

: — 1)1 | (2 .. At dx.
yi®) - yelx) Yn(%)
............................. (I-7)
@B(3) 3, D) 3 0)
The expression (I-7) may be simplified as follows. Since y;, ¥, ... ., ¥;, are separately solutions of

equation (I-3), we have the following # relations

Y+ @y @Y+ T @y +ay; =0
S N i S + @Yy + gy, =0
Vi a9,V + + @Yy + @y =0



From this set of #» equations we may eliminate a,, a;, ...... , @, o and this leads to the simple
equation

%“V + @y (W = 0, ' | .
since
AW _|n@® oyt Yal2)
dt ) gl Ia(?)
YD) D8 L Yl 2(2)
Y08y E) L " YD)

Then from (I-8) we have
12
W’=Iﬂﬁmp(—J‘mhﬂﬂﬂ), (1-9)

where I, is some constant. Thus (I-7) becomes

(=Dt : 1O oy o)) | d,
y= | f@exp (| a,()at
o f 0 (f )yl(x) yal®) e pa(®)
S I®) e D)

(1-10)

"This is a perfectly general result, and does not depend on the form of the functions ay(£), a,(¢) . . . .,
an——l(t)'

Now let us suppose that ay(t), ay(), .. .., a,_4(2) are all constants—i.e. the original equation (I-1)
is now the general nth order linear differential equation with constant coefficients. In this case the
functions y,(%), . . .. ¥,(¢) are all of the form

y£) = exp (x2) r=12,....,n
where oy, .. .., , are roots of the characteristic equation
o A @, o4+ o+ gy = (oc—ocl)(oc——ocz) covi{a—a,) =0, (I-11)
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We have excluded the possibility of equal roots, but the analysis may be readily extended to include

this. We note that
3 t) = (oa):(0),
and from (I-11) we also have
apt g ... Fa, =3 = —d, .

Thus (I-10) becomes

W,

(=1 by et exp (ot
= [ (e

oxp (ua)  exp (o¥)

W 1. 1

The constant ¥, is readily found: for from (I-9) and (I-12),

W,y= W(t) exp (tz oc,) ;
1

hence
W, = W(0) = 1 1 ...... 1

using eqﬁation (I-6) which defined W(x).
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oL exp (%) o2 exp (o) .+ . . . o, 2 exp (o)

(= 1):—1 f fiay | falt=a) exp ot =} - . exp {ag(t—)

1
oy g oy
a2 o (n—2) o L(’n,—2)

(1-12)

exp (o,f) dx,

exp (o,x)

dx .

(1-13)

(I-14)

[continued overleaf



Thus equation (I-13) may be written as

§
y=ff@W—Wm (1-15)
0
{
_ J' B (— )i, (411
0
where
exp (o) exp (opX) «v.vn exp (o)
1 1 {
OCl 062 ...... an
oy ™ o, R
M) = (= 1) (1-16)
1 o 1
OCl az ...... Oln
oyt e o,

The function A(x) is usually termed the weighting function,® and it will be noted from (I-15) that

y = h(t)
is the response of the system if the input, f(x), is a delta function.
It should be pointed out that it is only possible to write the response of the system in the form

y=fy@MF@W,

if the functions y,, ¥, - - - ., ¥, are exponentials, i.e. if the differential equation of which it is the
solution has constant coefficients. For the general case in which the coefficients are not constants
it is possible to write {from (I-10)}

v = [ s, 2y

where A(t, x) is given by

@ ¥4() Vo) oon ya(®)
ox (| iyt WE ) e 2a@)

h(t, x) = (_;;:41

POBw) ) < D).

This function may again be termed the weighting function, but it will be noted that in general
¢t and x do not necessarily occur only in the combination £ — x.
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For the constant coeflicient system (4.1-1) may be written as

»(t) = f :’ R() f(¢ — x)dx — f :° H()f(¢ —2)d,

and if the system is stable A(z) vanishes for sufficiently large ¢, so that

¥t = J:O () f(t— %), dx? for ¢ large. (I-17)

Thus equation (I-17) holds for a stable system if the interval between the application of the input
and the time ¢ is large enough for the transient effects to have decayed. (I-17) therefore gives the
steady state response, while (4.1-1) gives the complete solution (assuming that the system starts
from rest).

1.2. The Convolution Integral.

If two systems, designated by weighting functions %,(¢) and A,(#), are arranged such that the output
of the first provides the input to the second, the overall response to a unit impulse applied to the
first will be

f : oYt — ),

from (4.1-1). Thus if the weighting function of the complete system is 4(z) we have

B(t) = f : I ) (= 2)de = f : ()t — 2)dx.

1.3. Conditions for No Displacement Lag, etc., in Terms of the Weighting Function.

If a system is to have no displacement lag, the output in response to a constant input must in the

steady state assume the same constant value. The steady-state response to a unit step input is,
from (I-17),

(i) = f h(x)dx,
0
so that

f: K(w)ds = 1,

for no displacement lag.
The response to an input f(¢) = Zis

f : hx) (t—x)dx = ¢ f : h(s)ds — f " wh(x)dx

0

()

— e f " wh(x)dx,

0

and this must equal the input ¢ if there is to be no velocity (or 1st order) lag. Thus
f h(w)dx =1 and f wh(x)dx = 0
¢ 0

are the necessary conditions.
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In general, for no lags up to the ith order, an input # must in the steady state yield an output
#, so that

£ f () (£ — w)id
0
- tif hodx — ... + (—1)if wh(a)de,
¢ 0
giving
f Wx)dx = 1, and f WhEde =0, r=1,2....,i
0 0

as the conditions for no ith order lag.

1.4. The Transfer Function.

1.4.1. The general linear differential equation may be written as

Hi(D)y(t) = HyD)f(2),

¥(8) = H(D)f(#), ‘ (I-18)

where f(¢) is the driving function and y(t) the response, H(D), Hy(D) are polynomials in D and
H(D) = HyD)[H\(D). On defining Y (p), F(p) as

or

Y(p) = [“oeri and F(p) = [ v,
0 0
i.e. the Laplace Transforms of y(z), f(¢), we have from (1-18)
Y(p) = H(p)F(p), for f(©)=0, t<0,

and H(p) is the transfer function relating the Laplace transforms of input and output. From the
" inverse transform

1 c+ico .
— e vy
90 = 5 [ Viperap
we have
_ L pld 1-19
W0 = 5o [ HOE @), (1-19)

where ¢ is such that all the poles are to the left of the path of integration. This- ensures that
y(t) = 0, < 0.

1.4.2. Equation (I-19) gives the general solution for the driving function f(#). For an input

8(¢), £(p) = 1, and we have defined the response of the system to a 8-function as A(t), the weighting
function.

Thus, from (I-19)

1 c-+1 0
—_ ! -
M) = 5 f ~H(perdy, (1-20)
so that by inversion
H(p) = f H(t)er'ds, (1-21)
0

i.e. the transfer function is the Laplace Transform of the weighting function. This applies to stable
or unstable systems.
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L.5. The Frequency-Response Function.
If the system is stable, the integral

(=)
f h(t)e=otdt
0
converges, in which case

H(iw) = f : h()e=uidt (1-22)

from (I-21).
The steady-state response to an input sinwt is, from (I-17)

Wty = f h(x) sin w(f — x)dx
o
1 0 , ® .
= — [ J. }l(x)ew(t-x)dx — f h(x)e—w(l—w)dx:'
2Z), o

1 ° 1 ©
— Tl Al —tX J 10 —iwil X
= Z,e J‘O (x)e dx — 7% e fo h(x)e " dx

1 1
= — it Fiw) — — g—totFF( — 3, -
=5 ¢ Hiw) 5 ¢ H(—iw), from (I-22)

B
= (4%+ B?)'"sin (wt + tan—! Z) ,  where H(iw)= A +iB

= |H(iw)| sin {wt + arg H(iw)},
so that the H(iw) defined by (I-22) is in fact the frequency-response function.
If the system is stable, the transfer function H(p) will have no poles in the right half of the
p-plane, so that the path of integration in (I-20) may be taken along the imaginary axis. Thus

7w

1
W)= | H(p)erdp.

—to0

On changing the variable of integration to 7w, we have
1 ©
—_ Y Tl -
h(t) = 5 Jl_oo Hiw)e™ldew . (I-23)

I.6. Summary.

The operator H(D), the transfer function H(p), the weighting function (t), and (if the system is
stable) the frequency response function H(iw) all serve to define a linear system with constant
coefficients. 'The solution y(#) for a driving function f(£) may be found either as

1 _retio
W0 =5 [ HOF@erap
or as ' ’
(t) = f M) f(t=s)ds,
and

H(p) = f : W(t)e-mdt .

77



If the system is stable: its steady state response is

50 = [ -,
in which case

Hiiw) = f : I(t)e—iotds

In the derivation of the optimum system and its subsequent realisation, use has been made of all

these functions.
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APPENDIX II
The Solutions of the Integral Equations for the Optimum Weighting Functions

I1.1. Introduction.
The integral equations derived for the optimum weighting functions under various conditions
can be reduced basically to the form

f °° K@a—9)h(0)dy = (), %30,

where /(y) is the unknown function, and the kernel K(x—7y) is symmetrical in x and y. Its solution
has been discussed by several authors®%5; the treatment allows a ready extension to the cases

involving constraints.

I1.2. The solution of (4.2-5).

The equation may be written as

| #le=sha(sdy = ale) = 0, %30, (4.2-5)
0
where
P(%) = @o(x) + py(*).
The fact that the equation need only hold for x > 0 prevents a direct solution by means of a

Fourier Transform: we may not write

[ e[ o ] -0

since this assumes that (4.2-5) holds for all x. If the range of x in the integration is restricted to
x = 0, however, the equation

[T etmas [ [ ooy~ prte] = 0 (11-1)

(] 0

is valid, but does not lead to a solution except for special forms of ¢(x—7y). For, on interchanging
the order of integration of (II-1),

[ vy [ " gt —ypeid — [~ gatyeids = 0
0 0 0
or
f ho(y)e—iwydyf P(x—y)e " e—Vdx — f pp(x)e=wrdy = 0,
0 0 0
giving
[y [ gtogeioeas — [ pataeionan = o,
0 —v 0
and this is not soluble for a general ¢(x), since the integral
f @(x)e" = dx

—y
is a function of y.
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We may however make use of the Fourier Transform in the following way. Returning to (4.2-5),
let

| w5y — ate) = 1. (11-2)
Then the condition to be fulfilled is /(x) = 0, x > 0. Now define L(iw) as
Lio) = f I(z)e-iomds, (I1-3)
mJ—w
so that
i) = ;f L(iw)eede . (11-4)

Then from (1I-2) and (I1-3),

. 1 i . © 1 ) ]
L(iw) = - f edx f @(x—y)ho(y)dy — - J pp(x)e " %dx .

4]

Interchanging the order of integration,

* . 17 i 11 ,
L(iw) = J ho(y)e—iovdy ~ f Pl — y)e—toe—dy — — f pp(x)eiordy,
0 TJ — ) —w
provided that these integrals exist—i.e. provided that the system is stable.
Thus

o0

. » . 1re . 1 .
Liiw) = f hy(y)e—tvdy - f p(x)e—%dx — - f pp(x)e~ % dx .
0 —w

-0

On defining O(iw), Qy(iw) as

O(ies) — ff (x)e0ed (11-5)
TJ -
and
Dp(iw) = 1 f pp()e%dx, (11-6)
TJ—-w

and noting from (I-22) that

Hyiw) = j ho(y)e-vdy,
0
we have

L{iw) = Hyfiw)®(iow) — Oyic). (11-7)

We now deduce the properties of L(iw) corresponding to the condition that /(x) = 0, x > 0. The
function /(x) may be expressed as a contour integral with respect to a complex variable %, of which
w is the real part. Thus

10" . | .
(%) = 5 f L{iw)ede = % f L(iz)ei=dz — % f L(iz)ei=edz
-0 c1 5]

where ¢, is a closed contour consisting of the real axis and the infinite semi-circle in the upper half
of the z-plane, and c, the open contour along the infinite semi-circle. By Jordan’s Lemma, the second
integral vanishes for x > 0, so that

1 .
1) = 5 f L) dz, x> 0.
‘1
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But /(x) = 0, x > 0, so that the contour ¢; encloses no poles. Thus L{iw) has no poles in - the upper
half of the w-plane, v being regarded as complex.

For a stable system, we also have the condition that Hy(p) has no poles in the right half p-plane,
so that H(iw) has no poles in the lower half w-plane. :

Returning to equation (II-7), let

D(iw) = DH(iw) D(iw), (I1-8)

where ®*(iw) has all its poles and zeros in the U.H.P., while those of ®~(iw) are confined to the
L.H.P. If, for example
1 1 1

®lw) =71 == (@+7) (w—1)

then

OHiw) = —,  O(iw) = —_.

w—1 w+1
Using (II-8) and (1I-7),
L O

_ = + [— . -
= H,® 5= (11-9)
(The argument w has been omitted for brevity )
Now let .
Oy _ (O Or
()

where (®5/®7). has all its poles and zeros in the U.H.P., and (®;/®~)_ in the L.H.P.
Substituting (II-10) in (I1-9),

L (& L (O
o+ (5~ - (5), -

Since L has no poles in the U.H.P., the left-hand side has no poles in the U.H.P., so that

0}
H,0+ — (_T)
0 (D_ +

has no poles in the U.H.P. But this quantity has no poles in the L.H.P., since H, has no poles in
L.H.P. A function which has no poles anywhere must be either a constant or zero, so that

(I) . 5
H,0+ — (_T) =K,
0 (I)_+

e[ (3]

Replacing @ by @, + @, we have finally

= e [ @) ) @20
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Hy(iw) is the frequency response function of the optimum system—i.e. Hy(p) is the optimum
transfer function; @4, @ are the spectral densities of the target and noise angles 65 and 6y, defined
as the Fourier Transforms of the respective autocorrelation functions:

1 = )
Oy = ;Tf P, p(x)e " dx
where
1 (13
pp(x) = " Op T) 07 (T —x),
p=1
and
1 n
Pn(x) = - 2 0Ty (T —x).
r=1

The constant K is determined by the restrictions imposed on H(iw).
The mean square miss distance given by the optimum system is given by (4.2-10):

i = 72(0) =2 [ g + [ " et [ s =5)mlo)y.

But
1= L 17 ) . .
) = 5 | Optiwlesede = 5 [ Opfio)eedn fsince pa(s) = g~}
and
1 re e
p(x) = 5 Dliw)e*dew ,

from (II-5) and (1I-6). Thus

o o0

=2} 1 7o) . 1 [=s] .
o ? = % f Dyder — f s [ @peeedi — f s [ @peiod

—wo —c

+ % f holx)dox f ho()dy f Deioee,
) o »

or
@ 1= @ X @ @ )
Tmin” = ‘1‘f Ordw — = f Dpdw hy(x)eto%dx — 1 Opdw ho(x)e—tomdy +
2)_ 2)_o 0 2) . o
1 e © . ® p .
+5 f o) f Deior ey f ho(y)evdy .
0 —o0 0
On using
Hy(iw) = f ho(x)e % dx
0
we have
R lfw Hybpdo — = | Hobpdoo + 2 [ H,H,0d
Umin—if_w 7aw 2 . oW 2 . o dw 2 . oflp¥aw,
where
H, = Hy—iw).
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But

D = Oy + Dy,
so that
© _ 1 0 _
rw? =5 [ =B =)o+ [ O
or

Opin® = f: |1 — Hy|2®pdw + f: | Ho| 2@ ydw

IL.3. The Solution of (4.3-11).
"The equation

f: 8(9) [prm(x =) + (= D"py®(x—y) dy — (= 1)"Hoy™(x) = 0, x>0

has the same form as (4.2-5), and the solution may be written down from (4.2-6):

Gliw) = m K+ {@Jﬁ)—”

where
Gliw) = f g(x)e—torda
0
Siio) = (=1yn - [ pyenayeieds
K —c0
and :

Siio) = (=17 [ puinaeends.
™ oo

Integrating these last two expressions by parts,

Siio) = (=17 [ gyeme-tads = wtna,
K —cQ
and

Siio) = (=1t [* gumemtords — (— tymianoy,
a

so that by substitution in (II-11)

L [K+ {(—1)m+1(iw)m®zv} J

((I)T(m) + wszDN)'*' (CDT(m) + wzm(DN)_ -+

Gliw) =

To obtain the equation for H, we have, from (4.3-6)

ho(x) = g(x),
so that

HO = J‘ ho(x)e-—ia)zdx — f g(m)(x)e—iwa:dx
0 o

(4.2-11)

(4.3-11)

(I1-11)

(11-12)

(11-13)

(11-14)

(I1-15)

= [ 82 + dug o) £t (prg(e) |+ Gy [ gwgenieas,

or
H, = 1 + (iw)"G,
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since, from Section 4.3.3,
gm(0) = — 1

gm=i(0) = 0, i=1,2,...m—-1
and
g90) = 0, i=0,1...m.

Equations (II-15) and (II-16) determine H,.
Alternatively, the solution may be obtained in a different form by transforming the left-hand side
of (4.3-11). Denoting the transform by L(iw), '

L) = - [ es [ [paims=3) + (== £y +

o

(=0 | e,

—a0

or
L = GOptm + 0?G Dy + (— 1)(ia) Dy :

using (11-12, 13 and 14). Then from (11-16)

Hy—-1 .
which reduces to
1
w .
Now write iw as iw + €, where ¢ is small and positive. Then
1
= Gt [Hy(@pim + (0? + €2) D) — Dyim)] .

On dividing through by (e —iw)™,

L _ D ptm Dpim)
(€ —iw)™ - o (w?+e2)m Njp— (@?+ e)m’
and the left-hand side has no poles in the U.H.P.
Writing
L
1T (e—iw)?’
D pim) Dyt

CDN N and

1= (w? + &)™ 2 = (w2+e2)m’

the equation becomes
Ly = Hy®, — @,

and on comparing this with (I'I-7)‘ and its solution (4.2-6), we see that the solution is

1 o,
Hy = a»?[‘““ {@T—}J’
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substituting for ®@; and @, and letting ¢ -0, we have finally

(DT(m)
1 w?im o
77U S iy S (4.3-12)
CI)T(m) + (DT(m) -
(wz'm + (DN) ( w2m + (I)N) 4

11.4. The Solution of (5.1-8).

The equation may be written as

f w 2(3)[1 + AF(~ D)F(~ D))l g —5)dy + AF(— Do) Fy(D ) +

+ (= 1)mey™(x) =0, x>0,
since for the second term of (5.1-8) D, = — D, . Denoting the Fourier Transform of the left-hand
side by L(iw), we have
. Lpe ©
Liw) = | eteds [ " g()[L+ AF(=DIF(=D,)lp e -3)dy +
—o 0

27 P DR @i 1 (=1 [ s,
On interchanging the order of integration,
L = (1+AFF)G®y, + AFF, @, + (—iw)"Dy (1I-18)
Since zy(x) = g™(x), we have Hy = 1 + (iw)™G, from (I1I-16). Also
pym(x) = (—1)"py"(x), (+.3-9)
so that

Dpym = "Dy,

Using these relations in (1I-18) yields

Hy,—1 _ _
L= .(.“—m) (1 + AFF)(Ppim + 0?mDy) + AFF Dy + w2mDy) + (—icw)m Dy, .

(i)
But
F(D) = D™Fy(D), (5.1-6)
or
F(iw) = 1 F@
1 W)} = W (ZCU),
giving
L = G“W [(Hy— D) (1 + AFF) (Dptm) + w?™®y) + AFF(Dpim) + 2Dy + w2 ®,],
or ’
1 _
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This equation is similar to (I1I-17), with

replacing

(Dplm) + 2Dy,
so that from (4.3-12) the solution of (II-19) is

H ! K+ o (5.1-9)
° = - Opw + = D p(m - ’ o
(1+AFFy+ ( L @N) (L+ AFFY- (wT—;n) + @N)
+

[1.5. The Solution of (5.3-9).

The equation is

(D2~ 24D, )on(x) + ALF(~ Dy)Fo = Dy — )]y +
+ f g1 + F(=D)F(~Dy)l(x—y)dy +

+ OV [(1+AF (= D)F(—Dy)) (Do = 2e7)paf = Y)ly=0 = 0,

where we have written

v
o

1 n
pux—) = = 3 D(T—2)D,0(T~)
r=1

= (pT(I) + (Piv(l),
the autocorrelation functions of the first derivatives of target and noise angles respectively. Now
ZO)[(1+AF (= Do) F (= Dy)) (Dy— Zer)paf( = ¥)ly=0

. = g(0)[1 + AF(=D,)F(D,)] (Do — 2er)pa(x)

ALF (= Do) Fo( = Dy —y)ly—0 = AF(— Do) Fo Do),
since D, = — D,,. Thus the equation becomes
(D2~ 2cpDy, )pn(x) + AF(— Do) Fo Do ef(x) + f gL+ AF(—D)F(=Dy)(x— y)dy +
0 .
~ +gO)[1 + AF(=D)F (D) (D, — 2¢p)puf(x) = 0, x>0.
Denoting the Fourier Transform of the left-hand side by L{iw), we have
L = iw(ic —2¢7)®y + AFFY + (1+ AFF)GY + g(0)(1+AFF) (i —2¢7)Dy;),  (I1-20)

where
Y = 1 S(x)e %y,
™ -
Now
ho(x) = (D?+2¢7D)g (), (5.3-4)
'so that ' ] .

Hyiw) = f , (D2 + 2¢5:D)g (x)e~"%dx

I

— Dg(0) — iwg(0) + (iw)*Gliw) — 267g(0) + 2¢picwGliw).
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For no displacement lag (D +2¢;)g(0) = — 1, giving
Hy(iw) = 1 —iwg(0) + iw(tw+2¢7)Gliw). (I1-21)

Also, from (5.3-8),
F(iw)

? _ ———, - 2
B = v 2ey) (11-22)
From (II-20, 21 and 22) we have
s AFF (1+AFF){Hy — 1 + iwg(0)}
i = 26) O + ey L (i 1 265) *
+ g(0) (1 +AFF) (iw — 2c7) Dy (11-23)
We can express @, in terms of ¥ as follows:
$(x—3) = — % (Do®=20pDy) (D, ~2¢D,)0(T = %)0,(T —y)
r=1
1 »
= (Dy—2¢7)(Dy = 2¢p) - 5 Dob(T~)D,0(T~)
r=1
= (Dy—2ep) (Dy = 2¢z)pa(x— ) -
Thus, on transforming,
W = — (iw—2¢7) (i + 207) Dy,
or
) ¥
(@_ZCT)(D(D = = i+ 2cp
Substituting this last relation in (I1-23) gives
e (1 +AFF)HY v
L= sl =2e) O 4 o) il £ 26, (I1-24)
But V
P —y) = P2 =) + (D2 = 26D,) (Dy? = 24D Jpp(x —y),
from the définition of y(x—y) in (5.3-7). Thus
| Y =Wy + (iw)(tw — 2cq) (fw + 2¢7) Dy (11-25)
The combination of (II-24) and (II-25) yields
7 (1 +AFFYH Y 7+ 0Xw?+4c,;2)Dy] — ¥y
tw(iow + 2¢4) )
Now write iw + ¢ for w, with € positive. Then
I (1 + AFF)H [¥r+ (w0 + 62) (w2 +4c2)Oy] — Py . (11-26)

(ico + €) (10 + 2¢7)
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There are two cases to consider, depending on the sign of ¢5.
(a) cp > 0. Divide each side of (II-26) by (¢ —iw) (2¢y —iw). Then -

L
(e —iw) (2ep —iw)

Yo
T (0 e2) (w?+4ep?)’

= (1+AFF)H, ((w2+€2) (w? + 4cp?) + (I)N)

and the left-hand side has no poles in the U.H.P. By analogy with (II-7) the solution is

po 1
o w4 hog?
H, = - K+ oA “iP,Cf) V1 (5.3-10)
Fy+ T F\— T
(1+AFF) (w2 st (I)N) (1+\FF) (wz(w2+ e q)N) +J

(b) ¢ < 0. Divide through (II-26) by (¢ —iw). Then

Wy
L __ 1+ AFF)H ("a?ﬂ? + (”2+4CT2)(DN) Yy A
(e—iw) ( ° (iw + 2¢7) (w?+ A)(iw+ 2cp)’
and the solution is
I 1 x
0= IP.T + +
(w2 T (@?+ 4CT2)(I)N)
A \+
(1+AFE) (oo + 207)*
Wy
(w? + ) (tw + 2¢1)
i \FT 2 2 - ’
<w2 e + (w?+4ep )(I)N)
14+ AFFY- -
(1+AFE) (feo + ) .
which reduces to
[ Yy
1 w2
HO=1 AFEY (L 1 (w2 + 4oy 2) D | 1 AFF) (L2 1 (w24 402Dy |
(1+ ) F+(m+CT)N (1+ ) E""(‘”‘I"CT)N .
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APPENDIX III
The Autocorrelation Function of the Target Acceleration Normal to the Sight Line

II1.1. The Autocorrelation Function in Terms of Probability Densities
ITL.1.1. Tt was suggested in Section 5.3.1 that the.acceleration of the targets normal to the line
of sight might be regarded as forming a stationary ensemble, in the sense defined in the paper. We
shall suppose that the mean path of the targets are straight lines, or nearly so, and that avoiding
action is taken by weaving about the mean path in such a way that the actual paths are as un-
predictable as possible. ‘
Suppose that the acceleration is changed at random intervals, the duration y of the interval having
the probability density P,(y), and that the acceleration during one interval is uncorrelated with the
accelerations outside that interval. We wish to determine the function

Re(®) =+ 3 ful TIfed T-3),

where # is the number of engagements, assumed large, and f;,(z) the acceleration of the rth target.
The chance that 7, the time of interception, will be contained in an interval ¥ is

yP () _ yP(y)dy
f . P, (y)dy d

where 7 is the mean duration of the intervals.
The chance that both T'and T — « lie wholly within this interval is therefore
(1 B M) 9P,y > Jal,
y y (I11-1)
and zero, y < |%].

Suppose that the acceleration during each interval is sinusoidal, but that the amplitude, frequency
and phase are changed from interval to interval. For the rth target, let the interval y which contains
T start at time 7 — 2. Then provided that T, T — & are contained in the same interval y,

12 A
; Z fTr( T)fTr( T— JC) = <S1'2 cos (wrzr + (Pr) cos [w'r(z'r - x) + q’r] >1' )
r=1

where S, w, and ¢, are the amplitude, frequency and phase during the interval in question, and
{>" denotes averaging with respect to . Then

1 » a
; 2 fTr( T)fTv( T- .X’) = <% S7'2 {COS [wr(zzr - x) + 2‘737'] + cos w,.x})"
r=1

5 (8,25 (cos [w,(22,— %) + 2p,] + COS o>

if the amplitude, frequency and phase are all independent of each other. If moreover the phases are
random and equally likely,

<COS [wr(zzr_x) + 2@7’] >T =
so that

I

Sl TVl Ty = S5

(IT1-2)
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If P (w) denotes the probability distribution of the frequencies, then
Gl TV e T= )5 = ag? f P(w) cos wx de, ‘ | (I11-3)
0

from (III-2), where ap? = <§,.2>/2, the mean square target acceleration.
Equation (ITI-3) applies when 7 (T — x) are contained in the same interval. If they are not, then

el Tl T—x))r = 0,

since we have assumed zero correlation between accelerations in different intervals.
The chance that T, T — x lie within the same interval is given in (III-1), so that from (III-1) and
(111-3), '

o = e [P (112 e (7 P ) cos wx de 4
Ral®) = fed D T2 = [~ Z28 (1= ) [ o) con e o, (I11-4)

which gives the autocorrelation function of the target accelerations in terms of the probability
densities of the intervals and of the frequencies.

I11.1.2. Consider now a particular case in which only one frequency is present—aw,, say.
There is still no correlation outside the same interval because of the random amplitude and phases,
so that (ITI-4) holds. Then

Pw(w) = 8((,0 - wO)
and

. :
f 8(w — wy) cos wx dw = cos wyx.
0

From (111-4),

Bt = o =2 [ 5 (1= ) . [

For a Poisson distribution of intervals we have

P’U(y) = Be—ﬂy’

and

y= J Bye-rvdy —

0 B
so that, from (I1I-5), ,
Rp(x) = ape 1@ cos wyr. - (IT11-6)
Finally, if w, = 0, . '
Ry(x) = apeFll (I11-7)

and this is the form used for the examples given in the paper. It will be seen that (II1-7) applies
to target paths in which the lateral acceleration is held constant for varying periods, the duration of
the intervals being governed by a Poisson distribution with a mean duration of /8. The amplitude -
of the acceleration is also a random variable with an r.m.s. value of oy : the distribution of the
amplitudes however does not affect the autocorrelation function. In Fig. 6, which shows a typical
sequence of target accelerations under these conditions, the amplitude distribution is Gaussian,
with a Poisson distribution for the intervals.
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ITI.1.3. From the definition of ¢i,(x) given in (5.3-2),

fp(x) = RT(ZC ) _ op?eAle! “ (7.1-1)
Y

where oy = apfry, from (II1-7).
The spectral density Wp(iw) for this autocorrelation function is

. © . 2
‘FT(iw) = 7—'1rf 0T2e_ﬁ|ac]e—wzdx = O.Tzf;,[%;ﬁ (7.1—2)

—o0

II1.2. An Alternative Derivation.

The target acceleration autocorrelation function may be . thought of as arising from a rather
different kind of target motion, as follows. Suppose that the acceleration developed by the target f;,
is related to the demand for acceleration f,, by the operator 4,(D):

Jr = Ar(D)frp,

t.e. Ap(p) is the transfer function of the target aircraft. Then

s B FaT=8fdT=3) = A2(~D)An(~Dy) . 5 feod T=)fodT-3)

or

Rp(x—y) = Ag(—Do)Az(—Dy) Rpp(x—y),

Wy(io) = Aglio)An( —io)¥pplic),

so that

where W7, W, are the spectral densities of the achieved and demanded target accelerations, divided
by the range 7. If we now assume that

‘FTD("‘U) = kyp?,

i.e. that the demand for acceleration is ‘white noise’ over those frequencies to which the aircraft

can respond, then
Ypliw) = |Ap(iw)|®hep?.
In particular, if

Ag(D) = B—i—LD’
i.e. a simple time lag with time constant /B3, then
. B2
Yp(iw) = kpp? Bt ot

which is identical with (7.1-2) if
0 2052

kTD = f’;—.

Thus the spectral density (7.1-2) may be considered as arising from a demand for target accelera-
tion which is as unpredictable as possible, in that all frequencies to which the aircraft can respond
are present with equal weight: the demanded and achieved acceleration being related by a simple
time lag of time constant !/B3, representative of the aircraft characteristics.
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APPENDIX IV

On the Realisation of Networks defined by their Transfer Functions
IV.1. Introduction.

The process of optimisation leads to a transfer function of the overall system: and we have seen
that in order to realise the optimﬁm system within a given framework it is necessary that a given
section of the system should have a particular transfer function. If, for example, the missile control
loop of a beam rider is chosen arbitrarily, the tracker must have the transfer function as given in
(6.1-2); alternatively, an arbitrary choice of the tracking servo system leads to an equation for the
required missile control system (6.2-3)

In either case the required transfer function reduces to a ratio of polynomials

ay+ ayp + ap? + ... L a,p™
= , Iv-1
(2) by + byp + bop® + .. .. b, p" ( )
where the coefficients a,, @;....and b, b; . ... are real and positive; and for the realisation of

the optimum system it is necessary to produce a network having this transfer function.
Both the numerator and denominator of Z(p) may be expressed as the product of quadratic
factors, together with a linear factor if # or # is odd. Since the coefficients are real, the roots of the

quadratics are either real or they occur in complex pairs. The linear factors (if any) must of course
have real roots.

IV.2. Real Poles and Zeros.

"The realisation of that part of Z(p) which has real poles and zeros causes little difficulty, in that
all such transfer functions may be realised by passive networks consisting of capacitances and
resistances only. A number. of well known networks, together with their transfer functions, are

shown in Fig. 20. The restrictions on the coefficients result from the fact that the component values
must be positive.

IV.3. Complex Poles.

The complex poles (and zeros) of Z(p) require either inductances or active networks for their
realisation. The frequency range in the present application precludes the use of inductance, so that
active circuits with capacitances and resistances only are necessary.

Consider first the transfer function

1
1+ op + fp*
where « and 8 are such that the roots of the denominator are complex. Such a transfer function

may be obtained by applying feedback to an integrator and a simple time lag; the forward transfer
function of this combination is

K
p(1+pT)
so that on applying feedback the overall transfer function is
K
p(1+pT) 1
1+L 1+lp+zp2’
p(1+pT) K K
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and since the loop gain K and the time constant 7' are independent, the roots can be arranged to

be real or complex.

A practical circuit for obtaining this type of transfer function is given in Fig. 21a. Its transfer

function is given by

eo(P) - _ 1
ey(P) R, R, Rl) 2 ’
E+ T2(1+??_0+E, p+ I\Typ

the negative sign arising from the reversing property of the amplifier.

IV.4. Complex Zeros.

The circuits so far described suffice to provide the real poles and zeros and the complex poles of
Z(p). There remain the complex zeros; it is useful to group each pair of these with a quadratic

term of the denominator, whose roots may be either real or complex. Suppose for example that the

expression
1 +yp+ dp?
1+ ap + Bp?

(IV-2)

is a factor of Z(p) in which the quadratic in the numerator gives rise to a pair of complex zeros.

We may write (IV-2) as
1 _ yp(1+3fyp)
Ttap+Bp* 1+ ap+pp?’

and the term

vP
1+ ap + Bp?

may be obtained directly from Fig. 21a. For

o= —pTye,,
so that

2 pT,

e—l B Rl ‘Rl Rl 2.

E+ T, (1+—§;+R—2)p+ T.Typ

The network of Fig. 21b has the transfer function
R
-, (1+2CeRy),
so that if the voltage v is applied to such a circuit (Fig. 21c) its output v, will be

R
vy = — 52 (1+pCyRy),
Ry
so that
R,
"R (A+pT5)pT,

1 1 2 ’
_R+T 1+_R Ry + T T, p?
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and by a suitable choice of components this can be made equal to the second term of (IV-3). The
first term of the latter is obtained at the point B in Fig. 21c, as before. If therefore the voltages at
A and B are added in suitable proportions, we obtain for the overall transfer function of Fig. 21c:

RR,

Ry + R (1+pTs)pT,
3

& R,

e, RyRi+ ReR; + RiR; R
R,

+ T, (1 + % + %)p + T, Typ?
which can be made equivalent to (IV-2).

Since the coefficients are independent there is no restriction on the poles or zeros—both may be
real or complex. The circuit however is only useful when the zeros are complex, for if they are real
they can be more readily obtained by using passive circuits.

The cathode follower of Fig. 21c is not essential—its absence modifies the coefficients as a result
of the additional current taken by R; and Cj.

The complex zeros may be realised in a different way by using the circuit of Fig. 21a as the
feedback element of a further amplifier. If (IV-2) is the required transfer function we first arrange
the circuit of Fig. 21a to give

1
Ltyp +8p%
if this network is now used as a feedback element for an amplifier with gain G, the transfer function
of the system will be
G _ 1+ yp+ op?
KG CKG+1+yp+8pr 7
Iy
1+ yp+ 6p®

where K depends on the proportion of feedback. The coefficient of p in the denominator is now
equal to that of p in the numerator. To avoid this an additional feedback from the point P of Fig. 21a
is necessary: this leads to

G _ G +yp+5p?)
K.G+ K,Gp 1+ KG+ (y+K,G)p + 8p?
14 yp+ 8p2

1 +yp+ op?
T 1+ ap + Bp*

Fig. 22 shows the arrangement for § < §; other cases may be obtained by re-arranging the points
at which the feedbacks are introduced to the amplifiers 4, and 4,.

IV. 5. An Example.

A combination of the above circuits allows the realisation of any rational function such as Z(p).
The factors may be grouped in different ways, but there will usually be one arrangement which

leads to the most economical circuit. As an example, consider the realisation of the transfer function
given by (8.2-5):

S(p) — 1 /14 0-314p + 0-025p%\ (1 -+ 4-23p + 7-87p2 825
(?) = 1-04 ( 1+ 10-31p+2-90p2) (1 +0-60p + 0.233P2) (8.2-5)

This is the optimum missile network for the example of Section 8.2.1.
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The first bracket contains a pair of real poles and real zeros, and inspection of the coefficients
shows that it can be realised by the circuit of Fig. 20d. The second bracket has complex poles and
zeros, and for this the network of Fig. 21c is required. The combination of these two circuits to
give S(p) is shown in Fig. 23, together with the’component values.

The network is fairly elaborate,* but it can be condensed without materially departing from the
correct transfer function. The degree to which the actual transfer function may deviate from that
required by the theory is a matter which remains to be investigated: this is more expediently carried
out by simulator experiments rather than theoretically.

* See footnote on p.65 to Section 12.2,
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F1G. 2. An exponential approximation to the missile range.
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F16. 5a.  Noise sources in a target tracking system.
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Fic. 12bandc. Limited demanded missile acceleration: 7' = 1sec; k2 = 0+5 x 108 rad?/rad/sec.
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Fic. 13a. The optimum transfer functions.
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(b)R.M.S. MISS DISTANCE & ACCY LAG vs.R.M.S. ACHIEVED ACCH

(€) RM.S. DEMANDED ACCY¥vs.RM.S. ACHIEVED ACCN:

Fie. 13band c¢. Limited demanded missile acceleration: T' = 1 sec; k% = 4 x 108 rad?®/rad/sec.
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Fig. 14. The percentage time spent on the limits
when the r.m.s. demanded acceleration Roy is a
given fraction-of the limiting acceleration fyax.
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Fic. 15. Frequency responses of tracking systems (Section 8.1.2).
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Fic. 16. Amplitude—phase diagram for the transfer function relating
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Fic. 17atoc. Nyquist diagrams for the missile system.
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Fic. 18. Missile response to a step displacement of the beam, with
the optimum network of (8.2-5).
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F1c. 19. The simulator arrangement for comparing the phase-advance and
optimum systems.
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F16.20atod. Networks for the realisation
of real poles and zeros.
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realisation of S(p), equation (8.2-5).



- Publications of the Aeronautical Research Council

ANNUAL TECHNICAL REPORTS OF THE AERONAUTICAL
~-RESEARCH COUNCIL (BOUND VOLUMES)

1945 Vol. 1. Aero and Hydrodynamics, Aerofoils. £6 1os. (£6 13s. 6d.)
Vol. II. Aircraft, Airscrews, Controls. £6 10s. (£6 135, 6d.)
Vol. T11. Flutter and Vibration, Instruments, Miscellaneous, Parachutes, Plates and Panels, Propulsion.
£6 10s. (£6 135, 6d.)
~ Vol. IV. Stability, Structures, Wind Tunnels, Wind Tunnel Technique.. £6 1os. (£6 135, 3d.)
1946 Vol. 1. Accidents, Aerodynamics, Aerofoils and Hydrofoils. £8 8s. (£8 115. 0d.)

Vol. 1II. Airscrews, Cabin Cooling, Chemical Hazards, Controls, Flames, F' lutter, Helicopters, Instruments and
Instrumentation, Interference, Jets, Miscellaneous, Parachutes. 48 8s. (£8 115, 3d.)

Vol. I1I. Performance, Propulsion, Seaplanes, Stability, Structures, Wind Tunnels. £8 8. (£8 115, 6d.)

1947 Vol. 1. Aerodynamics, Aerofoils, Aircraft. £8 8s. (£8 11s. 9d.)

Vol. 1L Airscrews and Rotors, Controls, Flutter, Materials, Miscellaneous, Parachutes, Propulsion, Seaplanes,
Stability, Structures, Take-off and Landing. £8 8s. (£8 115. 94.)

1948 Vol. 1 Aerodyxiamics, Aerofoils, Aircraft, Airscrews, Controls, Flutter and Vibration, Helicopters, Instrumerts,
Propulsion, Seaplane, Stability, Structures, Wind Tunnels. £6 10s. (£6 13s. 3d.)

Vol. II. Aerodynamics, Aerofoils, Aircraft, Airscrews, Controls, Flutter and Vibration, Helicopters, Instruments,
Propulsion, Seaplane, Stability, _Structures, Wind Tunnels. £s5 10s. (£5 135. 3d.)
1949 Vol. I. Aerodynamics, Aerofoils. L35 105, (£5 135. 3d.)
Vol. IL Aircraft, Controls, Flutter and Vibration, Helicopters, Instruments, Materials, Seaplanes, Structures,
Wind Tunnels. s ros. (£5 135.)
1950 Vol. L. Aerodynamics, Aerofoils, Aircraft. £5 125, 6d. (£5 16s.)
Vol. II. Apparatus, Flutter and Vibration, Meteorology, Panels, Performance, Rotorcraft, Seaplanes.

£4 (£4 35
Vol. III. Stability and Control, Structures, Thermodynamics, Visual Aids, Wind Tunnels. L4 (L4 2s. 9d.)
1951 Vol. 1. Aerodynamics, Aerofoils. £6 10s. (£6 135. 3d.)
Vol. II. Compressors and Turbines, Flutter, Instruments, Mathematics, Ropes, Rotorcraft, Stability and
Control, Structures, Wind Tunnels. £s 105. (£5 135. 3d.)
) 771952 Vol. L. Aerodynamics, Aerofoils. £8 8s. (£8 11s. 3d.) . :
Vol. II. Aircraft, Bodies, Compressors, Controls, Equipment, Flutter and Oscillation, Rotorcraft, Seaplanes,
Structures. £s 1os. (£5 135.)
1953 Vol. 1. Aerodynamics, Aerofoils and Wings, Aircraft, Compressors and Turbines, Controls. L6 (L6 35. 3d.)
Vol. IL Flutter and Oscillation, Gusts, Helicopters, Performance, Seaplanes, Stability, Structures, Thermo-
dynamics, Turbulence. £5 ss. (£5 8s. 3d.)

1954 Aero and Hydrodynamics, Aerofoils, Arrester gear, Compressors and Turbines, Flutter, Materials,
: Performance, Rotorcraft, Stability and Control, Structures, £7 7s. (£7 10s. 6d.)
Special Volumes

Vol. L. Aero and Hydrodynamics, Aerofoils, Controls, Flutter, Kites, Parachutes, Performance, Propulsion,
Stability.  £6 6s. (£6 9s.) ’ .

Vol. II. Aeroand Hydrodynamics, Aerofoils, Airscrews, Controls, Flutter, Materials, Miscellaneous, Parachutes,
Propulsion, Stability, Structures. £7 7s. (47 10s.) :

Vol. I1I. Aero and Hydrodynamics, Aerofoils, Airscrews, Controls, Flutter, Kites, Miscellaneous, Parachutes,
Propulsion, Seaplanes, Stability, Structures, Test Equipment. £g gs. (£9 12s. 9d.)
Reviews of the Aeronautical Research Council
7 1949-54 55 (55. 5d.)
Index to all Reports and Memoranda published in the Annual Technical Reports
1909-1947 - R. & M. 2600 (out of print)

Indexes to the Reports and Memoranda of the Aeronautical Research Council

Between Nos. 2451-23549: R. & M. No. 2550 2s. 6d. (25. 9d.); Between Nos. 2651-2749: R. & M. No. 2750 25. 6d.

“(zs. 9d.); Between Nos. 2751-2849: R. & M. No. 2850 25. 6d. (25. 9d.}; Between Nos. 2851-2949: R. & M. No. 2950

3s. (35. 3d.); Between Nos. 2951-3049: R. & M. No. 3050 3s. 6d. (35. 9d.); Between Nos. 3051-3149: R, & M. No. 3150

35. 6d. (35. 9d.); Between Nos. 3151-3249: R. & M. No. 3250 3s. 6d. (3. od.); Between Nos. 3251—3349: R. & M.
: No. 3350 3s. 6d. (35. 10d.) A

Prices in brackets include postage

Government publications can be purchased over the counter or by post from the Government Bookshops
in London, Edinburgh, Cardiff, Belfast, Manchester, Bitmingham and Bristol, or through any bookseller



© Crown Copyright 1966

Printed and published by
HER MaJESTY’s STATIONERY OFFICE

T'o be purchased from
49 High Holborn, London wci
423 Oxford Street, London wr
13a Castle Street, Edinburgh =
109 St. Mary Street, Cardiff
Brazennose Street, Manchester 2
5o Fairfax Street, Bristol 1
35 Smallbrook, Ringway, Birmingham 3
8o Chichester Street, Belfast 1
or through any bookseller

Printed in England

R. & M. No. 3418

R. & M. No. 3418
S.0. Code No. 23-3418



