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Suminary. ,

A method is described of performing a numerical integration to solve the integral equation connecting
downwash and velocity potential in linearised unsteady supersonic flow. Supersonic and subsonic leading
edges and wakes are dealt with, and some practical results are given. By using this approach, a sufficiently
general computer programme could deal accurately with kinked and curved edges.
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1. Introduction.

Due to the complexity of the integral equations relating downwash and potential, it is clear that
for arbitrary Mach numbers, planforms and frequency parameters no analytical solution will be
possible. Because of this a numerical approach to the problem had to be made. The three possibilities
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considered are listed below. In making a choice of method, it was borne in mind that, for some of
the planforms for which results were required by the National Physical Laboratory, Mach numbers
as low as 1-01 combined with frequency parameters of order unity would be involved.

(i) Richardson’s Collocation Method (Ref. 1).

This method uses the equation which gives the downwash at any given point as an integral
involving the loading taken over the fore-cone of the point concerned. If one assumes a certain
family of loadings then the downwash at a certain set of control points due to each member of the
family can be determined. By inverting the matrix relating the basic loadings to the downwash it is
possible to obtain, once and for all, a matrix which will give the loading corresponding to any given
downwash distribution at the control points. '

Although this method has the desirable quality of only requiring one matrix inversion to deal
with any number of downwash vectors, there are other factors which militate against it. In the first
place the loading is normally discontinuous across the shocks which emanate from kinks in the leading
edge. This is not allowed for by Richardson in his formulation. Secondly for transonic Mach
numbers and high frequency parameters the chordwise variation in the potential will probably be
rather oscillatory and is not likely to be represented very well by the interpolation functions envisaged

by Richardson.

(ii) The Integrated Downwash Method.

This method uses the equation which gives the potential at any point as an integral involving the
downwash taken over the fore-cone of the point concerned. Since initially one only knows the
downwash on the wing planform it is necessary in general to compute the downwash over certain
regions forward of the leading edge and in the wake to obtain the potential all over the planform.

For a wing with a sharply swept leading edge at transonic Mach numbers the region forward of
the leading edge over which values of the downwash have to be calculated and stored can become
very extensive. From the digital computer point of view it is clear that such cases will take a long
time to compute and will require a large storage space.

(iii) The Integrated Potential Method.

This is the method described in this report. It uses the equation which gives the downwash at
any given point as an integral involving the potential taken over the fore-cone of the point concerned.
Since the potential is zero forward of the planform leading edge the integrations involve only values
of the potential on the planform (except for the wake region) which makes it superior to method (ii)
both as regards speed and the storage required.

A characteristic mesh is constructed and the potential is determined first for the most upstream
rhombus. Successive potentials can be determined working down each row of characteristics. Each
potential determined depends on those potentials upstream in its fore-cone. Thus if any given
potential is slightly in error this produces further errors downstream. It will be clear that to keep
this ‘propagation error’ small, each potential should be determined as accurately as possible.

2. The Basic Integral Equation.

Let the vertex of the wing be the origin of co-ordinates and let the x-axis coincide with the
direction of the free-stream velocity which is assumed to be horizontal. The z-axis is taken vertically
upwards and the y-axis as positive to starboard. The wing is regarded as infinitely thin and as lying
effectively in the plane # = 0, the camber and twist therefore are understood to be small.

3
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The basic integral equation as obtained by W. P. Jones (Ref. 2) is

tMPw(x— §) MoR
) - = Lt , dé¢ d
o= =21 ], “”)‘”‘P{ s = () e o
L)
where x.&

R = [(x— &) — By —n)® — pP=*]12

8§’ is that part of the plane # = 0 cut off by the cone R = 0 for which £ < «

9

W= = upwash

M = free-stream Mach number
w = circular frequency of harmonic oscillation
¢ = velocity potentijal
B = (-1

U = free-stream velocity.

Putting A = x — {and p = y—n and & = w/UB?, we get

() = = [ g0 exp (—intran)

T2 — B2, 2\1/2 = si TN — B2, 2)L/2
y cos {Ma@(A2 — B2u?) }+Mwsm{Mw(/\ a2y i\ dy.
(A2 B2 2yor X — B
Let the equation of the oscillating lifting surface be

7 = gx, y)et,

then the linearised tangential flow condition is

(U ai +w ) {2 —g(x, y)et}y = %{g(x, y)erty

and hence

w(x, ¥) =

L9 .
Ugo—c-i-la)g.

Substituting (4) into (2) and expanding out into real and imaginary parts, using

(& ) = ¢p +id,
we obtain
Uég _2 H (b cos M2ah+¢; sin M2w)) x
x
[cos {Ma(A2— 22yt M sin {Ma(A2— B2u2)li2)]
ol = S TR
2
wg =B f f (b7 cos M2@A— by, sin M2@A) x
Tr 8
r (2 — B2,,2)1/2 o si (A2 — B2, 2)1/21
N cos {Ma(A2—B2u2)2  Ma sin {Ma(A2— B2u?)lizy A du.
e N

(1)

(2)

3)

(4)

©)

(6a)

(6b)



We now introduce characteristic co-ordinates p and o having an origin at the pivotal point

(%, ), as shown below.

If [ is the side of a basic rhombus in the
characteristic mesh, we have

_ plB  olf
E=ux— ST (72)
[ ol
n=y- Tt (7b)
Hence
! l
A= (p+o) 35, p=(p=0)5;
and
0w _ B
Ao, o) M
We now introduce
L ¢

¥=2 )
where L is an arbitrary reference length
and

,  lw
Y = 5 (9)

so that equations (6a) and (6b) become

O£7Tl , , 1 ;e ;

o7 = | [ s cos 000 o) + 81 sin 0o+ o))

sin 2v'(po)l?
1 cos 2v'(po)® 20'(po)?
|:4 (po)*? 2 (po)t dp do (10a)
7le ! ’ [ ’
~ i = [ [ 11 cos Mo+ 0) = 2’ sin (M o+ )]
sin 2v'(po)?
cos 2v'(pa)2 2v'(po)i?
: |:L (po)*? 2 (po)t2 dp do (10b)
where
)= -
ofx, ) = — E



In a more compact form these equations can be written

b b/Ks  éxLli  brLs |
ML ffl:‘“mﬂg 4(po)3? + (po)H? + (PG)1/2j| dp do (11a)

77ng 1Ky $r Ks /'Ly ¢r'Ly
- MLU ff[4(PU)3/z Hpoyh + ooy (pa)1/2:| dp do (11b)

where
K, = cos {MV'(P + @)} cos 2v'(po)i? (12a)
K, = sin {Mv'(p+ o)} cos 2v'(po)H? , (12b)
, ., sin 2v'(po)?

L1=C°S{MV(P+G)}V2_W (132)
Ly, = sin {Mv'(p+ o)} v 2 (po)E (13b)

It will be noted that the right-hand side of (11b) can be obtained from that of (11a) by replacing
¢z by ¢; and ¢, by — ¢z,

3. Solution of Integral Equation Using a Characteristic Mesh.
3.1. Conwersion of the Double Integrals into Weighted Sums of the Potentials.

Let us consider how the double integration for the first term on the right-hand side of (11a) can
be carried out. If we assume initially that only full rhombuses occur in the fore-cone of the pivotal
point concerned, then we can write

[[ e, D) gy g, -y 5 [l e g, g, 14

pa)alz r=085=0 00.)3/2

Consider now the contribution to the 1ntegral of the rhombus with base-point 7, s. To make the

integration possible some assumption has to be made about the variation of ¢z'(p, o) over the
rhombus. If we introduce variables

pl=p—vr and o =0—5 (15)

it will be seen that we can represent ¢z'(p, o) as

QAR’(P’ U) = A00(1"” U')Sler,s + AlO(P/’ U,)¢RI?-+1,S + )\01(P” G,)ﬁblilr,s%-l + ’\11(P/’ ‘7’)¢’R'r+1, 541 (16)

where A,(p, o) is an interpolation function such that A,,(p’, 0') = 1 at the vertex p’ = u, 0" = v
and equals zero at the other vertices of the rhombus. Thus the contribution of rhombus 7, s can be

1 1 1 L
\[ Jv [ > % )\zw(P’y U,)qulH-u, s-l—'u:] Kl
) w=0 v=0
0 0

Ap' +7)(o" +5)%2
6

written,

dp' do’ .




However, even with the simplest choice of the A,,(p’, ¢’) functions, the complexity of K; precludes
an integration in closed form and because of this a somewhat different approach is made.

The alternative approach is to assume that along lines ¢’ = constant or p’ = constant, the
product ¢z 'K, varies parabolically with the other variable, fitting exactly at the 9 points:
P =03%10 =04 L

We introduce therefore a system of parabolic interpolation functions g(p"), ¢ = 0, 4, 1 having
the properties

ae) =1, i p=d  glp) =0, if o +i.
2(p) = 203 (o' = 1)
guale)) = — 4p'(p' = 1) (17)

gp) = 2p'(p'— %)

Thus

'K, can now be written as
r £

prKi= X T $gr+i sH)K(r+i s +)gde e (o),

i=0,1/2,14=0,1/2,1

giving the correct values at the 9 points shown below.

w1, 5+ |

We now introduce the representation for ¢’ introduced earlier, and obtain finally
11
prKi= X p3 [ 5 B At )R+, SHJ)} Ky(r+1, s+7)gp )gi(o") -
i=0,1/2,15=0,1/2,1 Lu=0 v=0

If we now write the contribution of rhombus 7, s as

1 pL re ot ’ ’ ’ 1 1
[l e iy ad = 5 3 Coaeltuns+o)

0 J o 4(p"+7)YP(a" +5)%2 P u=0 v=0
= L S?SR,r,s -+ C'r+1, S¢R,T+1,S + Cr, s+1¢R’1', sH1 T Cr-i-l, s+1¢er+1, s+1 (18)
we see that
1 : 1 ‘
. . . gl(P ) ! g(O’)
C1'+Zt = 2 2 Auv 51 Ky(r +1, 8] J‘ YDA d f —-—j/—‘ do’. 19
S i=0,1/2,1§=0,1/2,1 (6 A ) o 2(p" +1)32 P 0 2(0" +5)%2 ( )
Thus, if we write

o 2o 7"
we have

Cr-!—u, stv — Z pX )‘uv(i’ ])Kl(r + i, s —I'])Gz(r)GJ(S) . (21)

i=0,1/2,17=0,1/2,1
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Although there appear to be 9 terms in this sum, there are in fact only 6, due to the properties
of A, (7, j) which for a given u, v (i.e. given vertex of the rhombus) must vanish at the other 3 vertices.
If, furthermore, we take the simplest possible variation for ¢/, i.e. a linear variation in p, times a
linear variation in o, the number of terms reduces to 4. The non-zero terms for # = 0, v = 0 are
illustrated below.

General variation for ¢p': u =

Double linear variation for ¢": 2 = 0, v = 0.

At this stage we have obtained the contribution to the integral from rhombus 7, s. Our next task
is to obtain the net coefficient of ¢, ; by considering the contributions from all those rhombuses
which involve ¢z, ;.

In general only 4 rhombuses at most can contribute to the net coeflicient of ¢z, ;. These are the
rhombuses having base points:

7,8; r—1,s; r,8—1; r—1,s—1.

r—-1,s ~i

The coutribution to the net coefficient of ¢’, , will be
Criy sy for u = 0, © = 0 from rhombus A
Crry,s—100 for u = 0, v = 1 from rhombus B

G

14w, s+0 10T # = 1, v = 0 from rhombus C

Cy i, s—140 for w = 1, v = 1 tfrom rhombus D.

Thus the net coefficient of ¢z, , will be
i 1
22 S N MEDK s oG- 0G0, (22)
w=0v=0 Li=0,1/2,15=0,1/2,1
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where the contributions from rhombuses A, B, C, D can be obtained by considering the combinations

of # and » indicated above.
If we now return to the other terms on the right-hand side of (11a), we see that ultimately the
equation can be written as a weighted sum of the potentials in the form

aarl -~
T = Wrs lr s+ Wrs lr 8 23
r= 5 X Wbilnat Wodlod (23)

where
1 1 ~
We= X T | 5 5% Aeli K +i-w s+ —0)Gr—u)Gils—o) +
w0 v—0 Li=0,1/2,14=0,1/2,1

+ Ly(r +i—u, s—l—j—'v)Gi*(r—u.)Gj*(s—v)} (24)

1 1 r
Wrs = Z Z Z Z )‘uv(i’j){KZ_(7+i—u) s+j—‘Z))G,L-(T—u)GJ-(S—-’Z)) +

u=0 v=0 Li=0,1/2,17=0,1/2,1

| + Lr+iety s+ —0)G*(r—1)GyHs — o)} (25)
and -
* _ ! gl(P') '
G = | A del (26)

When # = 0, the C and D rhombuses lie outside the pivotal fore-cone and the contributions from
these rthombuses do not occur. Similarly when s = 0 there are no contributions from the B and D
rhombuses. These effects are allowed for by taking the functions G and G* as zero if the argument
is negative. Explicit forms for A,,(7, j) and Gy(r), G;*(r) will be given later.

Similarly equation (11b) becomes :

- ZZZ)% = r§0 s§0 [Wrsd’l',r,s - Wrs(ﬁR/r,s] : (27)

Since K, K,, L;, L, are symmetric functions of # and s, in the sense that K,(r, 5) = Ky(s, 7), etc.,
it will be seen from (24) and (25) that the regular weights are also symmetric, i.e. W, = W,
W,, = W,. Thus it is sufficient to hold only the right-hand half of the weight array for which
$=7. .

It is not difficult to see that, even when irregular rhombuses are present, equations (23) and (27)
are still of the same form, except that the expressions for W,; and W, will be somewhat modified.
Before going on to discuss the treatment of irregular rhombuses, we first indicate the technique for

solving equations (23) and (27).

3.2. Solution of the Basic Integral Equations for the Pivotal 5" and ¢;'.

As an example of the method of solution let us consider the simple planform shown, which is
symmetric about an axis in the free-stream direction. We assume that ¢z’ and ¢,  are either
symmetric or anti-symmetric functions of y, so that the potentials need only be computed on the
starboard side of the wing. '

We first find that row of rhombuses on the starboard side of the planform which has the greatest
o co-ordinate. In this row we start with that rhombus on the starboard side of the wing (including
the centre-line) which has the greatest p co-ordinate. After computing the first ¢z’ and ¢," we work
down this row ¢ = const. decreasing p each time. At each stage, if the current rhombus is on the
planform, we compute ¢z’ and ¢;'. If it is not on the planform, i.e. if it is forward of the leading
edge, we jump down the row until a rhombus is encountered which is on the planform. This

9



procedure is continued until the row is finished. It will be noted that, as shown in the diagram,
when the row is finished the symmetric row on the port side of the wing can be filled in. The same

procedure is now followed for the next downstream row o = const. and it will be seen that the
rhombuses will be dealt with in the order shown on the diagram. Proceeding in this way it can be
seen that, at any given stage, all the upstream potentials in the fore-cone are known and it remains
each time to determine the pivotal ¢’ and ¢,

Equations (23) and (27) can be written

OC7TZ

WO,O(!’R/O,O + W00¢1,0,0 = ML Z Z [I/st(]sRa s + I/V?s(r;)17 s]

__ , , 7w ,
— Woedr'o,0 + Woobr'o,0 = MLéljJ DX [Wisbi'ss — W,sbz's, sl
and hence
br'o,0 = kid — ke B (28a)
100 = ked + Ry B, (28Db)
where
hom o (292)
Wo? + Woy?
PR L (29b)
Woo? + Wi
OLWZ ’ 1 777 ’
A= "JW—L - 2 E [VVTS(}')R 7,8 + I/VTSVSI r,s] (303‘)
wlw ,
B = ML% A Z [Wrs(ﬁl 7.8 rs¢R 7 s] . (SOb)

The dash on the double summation indicates that the pivotal thombus is not to be included in

the summation.
This procedure applies generally, even if irregular rhombuses are present, provided the appro-

priate W,, and W,, are taken.
10



3.3. Determination of the Potential in the Wake.

For wings with subsonic trailing edges, to determine the potential over certain regions of the
planform, it will be necessary to know the potential over parts of the wake region.

(b

This is illustrated in the diagram shown, where it is clear that for any point on the planform in
the region ABD the fore-cone always contains part of the wake region BCD. By making use of
the fact that no pressure difference can be sustained between the upper and lower surfaces of the
wake, which is assumed to lie in the plane z = 0, the potential at any point in the wake can be
related to the value of the potential directly upstream at the trailing edge. -

The Euler equations of motion are:

1 rad _Dv

Thus taking the x component of this equation and the linearised form of D/Dt, we get

_1ap_(Ua a)a¢

e \Taw ) e

Integrating with respect to x, we obtain
d
P—Pu = — P (Ua_(i'}_lwd)) .

Since ¢ is an anti-symmetric function of z and no pressure difference can be sustained between
the upper and lower surfaces of the wake, we have

a6 .
Uﬁ;c = - ZU)(#

and hence
¢ = dpp exp{— iw(x —xp 5.) U}

If we now write ¢ = ¢ + id; and put w(x —xp 5 )/ U = « we get

br +ip; = ($rp g T+ ibp.m. 1) (cos &’ —7sin &)
and hence

¢ = dpp. rC0Sa + dpg rsina (31a)
¢y = — prm rsina + dpg cosa’. (31b)
11



Thus, if at any stage ¢ and ¢; are required for a rhombus in the wake, they can always be
computed from the trailing-edge values directly upstream, which will have been computed at some
earlier stage. ’

It is assumed that the actual trailing edge will be replaced by an indented version which approxi-
mates to it but fits exactly on the characteristic mesh. In this case, if ¢ is in row sp . and 10
is in row n, where # > np 5, we have

wlx— 2[Bew
o (% Z;CTE) _ jlfU (n—1p5) (32)

since 2I8/M is the length of the streamwise diagonal of a basic rhombus.

»N
~

-
1
i
1

1
|

4. Regular Pivotal Weights.
4.1. Parabolic Interpolation Weights.
From equations (20) and (17), we have

_PE-BE-D, )
Gylr) = LWd
Gulr) = - [T Far | (33)

J

Performing the integrations, we get answers in which initially each term appearing is of order
732 although the final answer is of order =32, To avoid heavy cancellation with consequent loss of
accuracy for the larger values of 7, the answers were manipulated into the better conditioned forms
shown below, in which each term is of order #'/2, ‘

2
Colr) = S +21()7172L{1(1$ Bi TR ir(jj I (fi ;;3/227:733'2 7>
Gy(0) = —l—f
: 2
Gap(r) = 2 \;,112(7 T 1;u2%{z§r++1:;2/2 + 7172} + 71122-5-21(,:}-11))1/2 B (fi 1-;3/227++7’;2j| rel
Gul0) - 3
) 2
i) = R (r + 1)17125?(77111))1/2 + 1R AR ir(j: Iy " (fi ;;3;7;7:732 =l
Gy(0) = — & (34)

3
‘ 12



For the case # = 0 the integrated forms are singular at the lower limit and, in accordance with
the usual rules for manipulating integrals of this type in supersonic aerodynamics, the singular parts
are ignored. '

In a similar manner from equations (26) and (17), we have

Go(r)* = fl 20p'—3) (p' - 1) dp'

o (p'+r)E
T4p'(p' - 1)
G * = = dp
1/2(7) 0 (pr_i_r)]_[z
120" = 4)
L
Gy(r)* = f Ty dp’. (35)

Performing the integrations, we get answers in which initially each term appearing is of order
752, although the final answer is of order »~Y2. As before the answers were manipulated into the
better conditioned forms shown below, in which each term is of order #1/2,

4r(72r +121) 4
* = - 12 . Qplf2 >
Gl = i@+ 1D D= + Gre 5y 50 TR =2 r=0
. 4
Gi0)* = ¢
16 (8 +9)
AE — D 12 _
Gulr)* = 5 [(” R v s yoa ) g (4r—l—5)r1/2:! r>0
: 16
L ——
GIIZ(O) = 15
2 2r(1-87)
¥ o 12
Gi)* = 15 [(r+ L, (87+5)71"2} r>0
2
o
G(0)* = 15" (36)
These integrated forms are regular at the lower limit for » = 0.
4.2. The Regular Parabolic Interpolation Weights for a Linear Variation of Potential.
We assume that along lines ¢ = const. or p = const., ¢ varies linearly in the other variable.
Thus in (16) we must take _
Aulp’s o) = fulP)fol )
where
A),  w=0 or 1,
is such that
Jullp) =1, for pr=u
: =0, for pEu
Thus )
fip) = 1—p
Sie) = ¢
Hence
A(p's ') = (1=p) (1=0') ¢ (37)

Molp's @) = /(1)

Nalp's @°) = (1= )’

Malp's o) = o' o J
13




We can now obtain the requisite values for i = p’ = 0,4, 1;7 = ¢ =0, §, 1.

ADO A10 )\01 }lll
Holaolalolg|1lols o]
Z‘ 2 2 2 2
ol1]srjo]lojojoflo|s|1]0|0]oO
s ol apr oo e a0 5]t
tlololol1]sr o]lo|lo]ofo]| 3|1

Let us consider first the K,G;G; terms in (24), taking the A, B, C, D contributions in turn, then

SW,, =

Ki(r, $)Go(r)Gy(s) + 2K, (v + &, $)Gpp(r) Giols) + 3K4(7, s+ 5)Go(r)Gyp(s) +

+ 1K (r+ 3, s+ HG1()Gap(s) + Ky, )Gy(r)Gus — 1) + $K4(r, s = H)Go(n)Grals — 1) +

+ 1K (v + 3%, 8)Gapal(r)Go(s — 1) + 2Ky(r + §, s — 5)Gpp(r)Guals — 1) + -

+ Kyr, )Gy(r — 1)Go(s) + 3Ky(r — 3, )Gualr — 1)Gols) + 3Kn(r, s + HG1(r —1)Grls) +

+ 1K, (r = %, s+ 3)Gyp(r — 1)Gyp(s) + Ki(r, $)Gi(r—1)Gy(s — 1) +
+ 3K (r, s— H)Gi(r — 1)Gyp(s — 1) + 3K (r — §, $)Gypp(r —1)Gy(s = 1) +
+ 31K, (r— 3, 5 — 5)Gyplr —1)Gpa(s — 1) .

Collecting up terms we get

S,y = Ki(r, ) [Gol")Gols) + Go)Gy(s—1) + Gylr = 1)Gos) + Gylr—1)Gy(s—1)] +

+ 3K3(r + 3, ) [Gap(r)Gols) + Grp(r)Gi(s —1)] +

K (v, s+3) [Go(r)Guals) + Gur — 1)Gypa(s)] +

K (r— 5 ) [Gualr = 1)Go(s) + Gupr —1Gi(s—1)] +

3Ky(r, s = 5} [Go(r)Gyals — 1) + Gu(r — 1)Gap(s —1)] +

FK\(r 43, s+ HGip(r)Gus(s) + K7 + & s— 3)Gualr)Gapls — 1) +

+ o+ o+ + o+

If we now introduce

I(ry =
we get

3 Wrs =

Gyr) + Gy(r—1),

11, () + 5Ky(r + 3, )(5)Gy(7) +
+ 3K, s+ $I()Gyp(s) + K (r — 3§, HI(5)Gya(r — 1) +
+ 3Ky(r, s—HIr)Grp(s — 1) +
+ 1K+ 3, s+ DG 1(r)Gip(s) + 1K (r + 4, s— 3)Gap(r)Gapls —1) +
+

1K (r— %, s+ 5)Guer — 1)Gyp(s) + 1K (r — %, s — )Gl — D)Gra(s— 1)

(=1, s+ 5)Gup(r = DGis(s) + 1Ky (r — 4, s — §)Gue(r = 1)Grpls — 1)
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The final expression for W, is
, W,s = 8W,,+ a similar expression with L, replacing K; and G* replacing G.  (42)
From (25) and (12a), (12b), (13a), (13b) it will be seen that W, can be obtained from the
expression for W,, by replacing cos {Mv'(p+ o)} terms by sin {Mv'(p + o)} throughout.
A computer programme has been written for use with the Ferranti Pegasus to evaluate the array
of weights according to the formulae given above. Apart from the choice of the array geometry, the

only other parameters entering are 4 and »'.
By substituting in the values 7 = 0, s = 0 in the expressions given above, it can be shown that

1
Wy = 9 [100 — 80 cos ($Mv") + 16 cos (Mv") cos v'] +

i [144 192 cos (3Mv) + 64 cos (M) *2 "] (43)
7/ .

Wy = é [16 cos v' sin (Mv") — 80 sin (3Mv')] +
225

These quantities are needed to evaluate k; and k,, see (29a), (29b), when the pivotal rhombus is
regular. Also Wy, is normally used to non-dimensionalise and scale the weight array.

[192 sin (3Mv') + 64 sin (M) 327 } . (44)
V

4.3. The Regular Parabolic Interpolation Weights for a Variation of Potential ¢ = a + by +
cy? + dx.
This variatiop of potential was introduced in dealing with delta wings of low aspect ratio, where
it seems desirable to allow the potential to have some curvature in the spanwise direction.
We introduce an «x, y system which has a different origin and scale from the usual one. The x, ¥
co-ordinates and their relation to the points 7 = 0, &, 1;7 = 0, &, 1 are illustrated in the diagram
below.

}
¢r+ls+ |

|
2¢r s+




A suitable representation for ¢’ is
¢ = 2041, s3(¥—3) — M3 s+ 367 (¥ —2) (9 +3) +

+ Z(ﬁ’r, s+1y(y+ %) + x(q{’,r,s - ¢7/'r+1, s+1) . (45)
Hence
Ao, ¥) = — Ay—3) (y+3) + «
Aolx, ¥) = 2(y—%

(46)
A, ¥) = 2y(y+4)

Aa(w9) = = 2(y—) (v +3) — «.

We can now obtain the requisite values for ¢ = 0, 4, 1;7 =0, §, 1
A(][) )\10 )\01 A11
j 1 1 1 L
- 0 3 1 0 3 1 0 3 1 0 3 1
0 1 3 0 0 |—% 0 0 2 1 0 z 0
sl lafalaola |40l s
1 0 1 0 1 3 0 0 |—% 0 0 5 1

Let us consider ﬁrst the K,G,G; terms in (24), taking the A, B, C, D contributions in turn, then
SW,s = Ky(r, )Go(r)Go(s) + 8K (7 + %, $)Gyo(r)Go(s) + K, (r + %, s + 1)G1/2(f)G1(s) +
+ §Kq(r, s+ 5)Go(r)Guals) + 3K + 5, s+ 5)Guar) Gunls) +
+ FK(r +1, s+ 5G(#)Gypa(s) — 3K (7 + %, s — DGp(r)Go(s — 1) +
+ K1, s = 5)Go()Gua(s — 1) — $K,(7 + 1, s—3)Gy(1) Gre(s — 1) +
+ Ky(7, $)Gy(r)Gy(s — 1) + $K (7 + &, 5)Gypp(r)Gy(s — 1) +
+ 3K, (r — 3, 5)Gyo(r — 1)Gy(s) + Ky(7, 5)Gy(r — 1)Gy(s) —
—1K,(r =1, s+ 1)G(r —1)Gps(s) + K,(7, s+ 3)G(r — 1)Gpo(s) —
— K (r =1, s+ DGz —1)G(s) + 3K, (r — 4, s = 1)Gpp(r — 1)Gy(s — 1) +
+ 3K (r =1, s = HG(r —1)Gup(s = 1) + 3K (r — %, s = §)Gup(r — D)Gue(s - 1) +
+ §Ky(r, s—))Gi(r —1)Gypls — 1) + §E,(r — §, 5)Grplr —1Gy(s - 1) +

+ Ky, )Gy(r — 1)Gy(s—1). ' (47)
16



Collecting up terms, the coefficients of K;(p, o) can best be displayed in tabular form, as given
below.

§G(r—1)Gyp(s—1)

[Go(s)+Gyfs—1)]

3G(r—1)Gyys(s)

-1 1 +1 +1
B $ s—% s s+13 $
r+1 0 —3G(n)Gyp(s—1) 0 1G1(r)Gypals) 0
3 | —% 1/2(7')G0(s - 1) 0 H 1/2(")G0(5) + %Gllz(r)Gl/z(s) %Gllz(")Gl(s)
§G,p(n)Gy(s—1)
0 GyN)Gypls—1) + | [Gyn)+Gir—1)] | 3Go(r)Gypls) + 0

} [3Guplr—1)Gols— D FGiplr = 1)Grp(s — 1)) §Gya(r—1)Gols) + 0 —3G1p(r=1)Gy(s)
§G1p(r—1)Gi(s— 1)
r—1 0 LGy (r—1)Gypp(s—1) 0 —1Gy(r—1)Gy(s) 0

The final expression for W, is
W,, = W, + a similar expression with L, replacing K, and G* replacing G. (48)

W, can be obtained from the expression for W, by replacing cos {Myv'(p+ o)} by sin {Mv'(p+ o)}
throughout. .
By substituting in the values # = 0, s = 0 in the expressions given above, it can be shown that

Wy = % [50 — 50 cos (% Mv') + 16 cos v’ cos (Mv") — cos (4/2 v') cos (% Mv'):| +
3 My 49
08 (2. V):| ( :)
17 2 : 1 ’ [ ’ / H 3
Wy = 5 [— 50 sin (—2— Mv) + 16 cos v’ sin (Mv") — cos (4/2 v') sin (2 Mv’>:| +

[30 sin (% Mv’) 16 (2 My )}

sin ¥’

sin (4/2 v)
R

|:18 + 30 cos (1

5 Mv') + 16

8

s1n(\/2v)
V2

LI SID Y i (M) + (50)

225

4.4. Regular Linear Interpolation Weights.

. As we have previously shown, the starting point in deriving the regular weights is equation (14).
We have already discussed certain cases where ¢z'(p, o) Ky(p, o) is allowed to vary parabolically
along lines p = constant or ¢ = constant, this variation being necessary when »’ is large enough
for the trigonometrical terms appearing in K to have an appreciable curvature over a basic rhombus.
However, when »' is small it may be sufficiently accurate to allow only a linear variation of-the
product ¢5'(p, o) Ky(p, a) As we shall now show, this simplifies the formulae for the weights
considerably.
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We make use of the functions

Jole) = 1= 9", fi(p) = p"- D)

A suitable representation of ¢z'(p, 0)K,(p, o), over the rhombus whose base pomt is 7, §, is now
seen to be

$'Ki= % X flp')folo) [¢R1Kl]r+u,s+v' (52)

u=0v=0

The contribution of rhombus 7, s can now be written

U=0 =0

J 1 J S8 AVAS) b Ko
0

0 o'+ 1)(a" + 5) ap" do
101
= Z Z Cr+u, s-H;?SRI(r +u, s+ 7)) . (53)
u=0 =0
We deduce that

) fOR)

Crinsro = Ky(r +1, s‘*‘”)f f Hp' +ry%(o +) dp’ da
= Ki(r +u, s+ 0)F(r)Fy(s), (54)

where ‘
Julp') X

Fr) = e +7)3/2 , =20 orl. (55)

The contributions to the net coefficient of ¢5’, . will be
Crinsinforu =0, v =0 from rhombus A = K (r, s)FO(r)FD(s)
Criu,s—140 for 2 = 0, v = 1 from rhombus B = K (7, s)Fy(r)Fy(s—1)
Crry,sro for u = 1, 9 = 0 from rhombus C = K,(7, s)Fy(r — 1) Fy(s)
Crtpy 5110 for u = 1, v = 1 from rhombus D = K (, s)Fy(r — 1)Fy(s— 1).

Thus the net coeflicient of ¢z’, ; will be

Ky(r, 8) [Fo(r)Fo(s) + Fo(r)Fy(s— 1) + Fy(r — 1)Fy(s) + Fi(r —1)Fy(s = 1)] (56)
= K, (r, s)E(r)E(s),
where
E(r) = Fyr) + Fy(r—1). (57)

If we now return to the other terms on the right-hand side of (11a), we see that ultimately the
equation can again be written in the form (23), where

W, s = Ky(v, )EW)E(S) + Ly(r, s)E*(r)E*(s) (58)
. W, s = Kyr, $)E()E(s) + Lyr, $)E*(r)E*(s) (59)
E¥(r) = Fy¥(r) + Fi*(r—1) (60)

with '

F*()_f(fu”) dp’, =0 orl. (61)

+ r)l/Z
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Making use of equations (12) and (13), we obtain finally

W,e = cos {Mv'(r+s)} H(v', 7, 5) (62)
W,s = sin {My'(r+ )} H(V, 7, $), (63)
where '
sin {2+ (rs)"?}

H(v', r, s) = cos {2v'(rs)V2} E(r)E(s) + v'2 E*(r)E*(s). (64)

20" (rs)2
As before we have the rule that, for » = 0 or s = 0, the F,, F, and Fy*, F;* functions are taken

zero for negative arguments.
We now derive explicit forms for E(r) and E*(7). From (55) and (51), we have

1—,0' , (M ltr—p 1 1 s _ 12

’ T 1 1

B = f s de = [ do = loe - [ - ] 6)
Hence o

E(T) = [71/2 —(r— 1)1/2] + (r— 1) [1%12 — (r_ﬁ:l — (r+ 1) i:(r—l—ill)l/z - ;3'_,2.:| — [+ 1)1/2 _ 7,1/2] (67)

E(0) = -2, E(l) = 4 —24/2. | (68)

In evaluating E(r), for » = 0 or 1, the rule is that any singular terms must be omitted. For » = 0,
the terms stemming from F; must also be omitted.
In a similar manner

1=y ’ "l 12 1/ 2 3/2 3/2 '
FO*(T)=LW7’;MCZP :f _T_”d o = 2(14+7)[(r+ L) — AR] — 2 [(r+1)% — 792]  (69)

>

1 P’ 7+1 p— 7 2 .
) = | o = [ Lot = gL+ = 9% = 2r [+ 1 = ) (70)
Hence

EX(r) = 2(140) [+ 11 = 79 — 2 [+ 1% — 738] 42 [9% — (r— 197 -

- 2(r—1) [P? — (r —1)17] (71)
E*0) = 4/3 omitting F* terms. (72)
By substituting » = 0, s = 0 in equations (62), (63), (64), we obtain
16
Wo = 4 + 5 v (73)
Wy = 0. ' (74)

It will be noted that, when using weights of this type, since W, = 0, the equations for the pivotal
potentials (28), simplify to

1 orrl
(f’R,0,0 W [ML Z 2 (Wrs¢R 8 + Wrs?SI 7, s):, (75)
P 1 mlwg i ,
¢I 0,0 — WOO I: MLU Z 2 (Wrs‘ﬁl 8 I/V'r, s(/)R 7 s):l . (76)
19
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5. Irregular Rhombus Weights.
5.1. Formation of Irregular Weights when One or More of the A, B, C or D Rhombuses is Irregular

In general, unless the planform edges are transonic, near the edges of the planform irregular
rhombuses will occur in the integration mesh. These irregular rhombuses will be bounded, in
general, by three characteristics and the planform edge. Two typical cases, where three vertices lie
inside the planform edge, are illustrated below for a subsonic and supersonic leading edge.

s L.E. r,s

Subsonic L.E. Supersonic L.E

If we return to equation (14) it will be seen that the contribution of an irregular rhombus, whose
leading edge has the equation ¢ = o, 4 (p), will be

r+1 oL E.(P) ¢5'(p, o)K (p, o)
f - f 4po)*® a do

As previously we introduce p’, ¢’ via equation (15). Assuming that there may be four vertices
inside the leading edge, we can Write equation (16) as

(77)

br (Pa 0) = Z Z )‘uv(P ¢ )VSR P+, 84+ ¢ (78)

u=0 v=0
It will be noted that interpolation functions A,,(p’, ¢") must be chosen which have the appropriate
behaviour near the leading edge, i.e. A, must vary like (o, 5 — o)'? near a subsonic edge but like
oy, . — O Near a supersonic edge.
Substituting (78) in (77) and performing the requisite integrations, the contribution of the
irregular rhombus whose base point is 7, s can be written

Too(ts PR, s T T10(Fs PR ri1,s T Tty PR s 511 + 11t PR vt 511 (79)
where
1 oL E.(P) K
Tuu(yy S) — f J Auv(p ’ 0) 31(P’ G) d do. (80)
roJs 4(pa)*?

Considering the other terms on the right-hand side of equation (11a), we get as the total contri-
bution of the irregular rhombus with base point 7, s

) ) 1 1 T
2 Z [’Tm;(f’, S) + Sm,(r, 5)]¢R’r+u, stv T 22 [izw(ra S) + 8uv(”7 S)]¢I’r+u,s+'v (81)
u=0 =0 u=00v=0
where
oG}, (o', ") Ky(p, o) V
_ , _ ) d do 82
Foun(?5 5) f . ‘L Hpo)o® (82)
1 oL B ) (o', 6')Ly(p, ©)
5 e _ u d do 83
N (1" .5‘) J‘r fs (Po_)l ( )
) Tl OLE ) Ly(p,
S, $) = f f (e, (;0))1,:@ o) dp do . (84)
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In the summation (81), if any given vertex of the irregular rhombus is missing, the appropriate
combination of %, v is deleted from the expression.

If we now consider the way in which the regular weight is formed up from the A, B, C, D con-
tributions, we arrive at the following formula for the weight at the point 7, s, assuming any one or
more of A, B, C, D to be irregular.

Let .
Wisrog = Wis(A) + Wi(B) + W (C) + W (D), ‘ (85)

rsreg

then
W,

rsirreg

= Wypnes
= Wo(A) + 7oo(#, 8) + ool §), if A irregular
— W, (B) + 761(7, s— 1) + 8¢y(r, s—1), if B irregular
— W (C) + m5(r— 1, 8) + 8;9(r — 1, 5), if C irregular
— WD) + m4(r—1, s—1) + 8;4(r — 1, s—1), if D irregular (86)
A similar equation holds for W, by replacing W, 7, 8 by W, 7, § in equation (86).

5.2. The Pivotal Weights Wy and W, for an Irregular Rhombus adjacent to a Subsonic Leading
Edpge.
From equation (86), putting » = 0, s = 0, we have
Wao = 700(0, 0) + 844(0, 0)
' = C4(0, 0) + »'2D,(0, 0), using (A.19), (A.35), (12a), (132).
From (A.20) and (A.9) to (A.15)
C,(0,0) = [V/8,

where any singular terms occurring are discarded.

Similarly from (A.36), (A.33), (A.34)

2 1
D00 = 5 7 [ £+ 5 K.

Hence
T 2 . 1
In a similar manner
Wy = 7000, 0) + 899(0, 0) ‘ (88)
=0,

in virtue of (A.21), (A.37), (12b), (13b). These results are valid for the 2 or 3 vertex cases.

It is not difficult to see that, had the more rigorous equations (80), (82), (83), (84) for =,, 7.,
87//’) >
interpolation to ¢K,, ¢L,, then Wy, would not be zero, but would be of order »'.

Returning to equation (11a) and discarding terms of order-»2 on the right-hand side the con-

8,, been used, leaving the explicit variation of K, and L, in the integrals rather than applying

tribution of the pivotal rhombus is seen to be

f;of::um[«fgwf+¢ffgf§;0q‘*‘“* (882)
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The first term in this expression can be handled by the same technique as given earlier, using a
variation (ao +bp +¢) (or, . — o)¥? for ¢5'. Hence its contribution is
Ci(0, 0)dr'o,0 + Col0, 0)dz"1,0 + Cs(0, 0)dz1,4
for the 3 vertex case
or

Cy'(0, 0)pr'o,0 + Co'(0, 0)brz'1, 0
for the 2 vertex case.

Consider now the second integral and assume a variation (ac+bp+¢) (oy, . — o)¥2 for ¢, then

f fULE(p)(ﬁIIMV p+‘7)d d
g
r=0 4(po)*?

My T 1 L1 1 2
— 2 — _ O
il [ (12K+ K- 38" +3K+g)+b<3K+g 3) +dK—g 2)] (89)

Using formulae similar to (A.16), (A.17), (A.18), for a, &, ¢ in the 3 vertex case, we obtain the
contribution as

€oo®1'(0, 0) + €1,0¢7'(1, 0) + €1,167'(1, 1) (90)
where
My [2 4
6oy = Arg—llz[gK~2g——§:| 1)
My 2 1 1 1
[ T _ 2 . — _ g2

0= Lg+ R)n [3 TRtk e } (92)

MY 1 1 1, 1

— K24 — _ o2 s
e = Ty [lzK + o K-8 +3K+g]. (93)

Using formulae similar to (A.23), (A.24), (A.25) for the 2 vertex case, we obtain the contri-
bution as

€00 #7'(0, 0) + €,1'¢,'(1, 0) (94)
where
€00 = €og (95)
, My 1 2
0T Hgt Ky (3' Kte- 3) ' o

Thus neglecting terms of order v'%, we get, in either the 2 or 3 vertex cases,

a
Wy = C4(0, 0) = e 97
_ aMy' 2 4
Woo = €40 = W [gK“Zg—ﬂ . (98)

5.3. The Pivotal Weights W, and W, for an Irregular Rhombus adjacent to a Supersonic Leading
Edge.
From equation (86) putting » = 0, s = 0 we have

Wy = 706(0, 0) + 340(0, 0),

i.e.
Wae = C1(0, 0) + +'2Dy(0, 0), - for 3 vertex case
= Cy'(0, 0) + v'2D,'(0, 0), for 2 vertex case (99)
= C,"(0, 0) + +2D,"(0, 0), for 1 vertex case
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From (B.10), (B.16), (B.20), (B.29), (B.31), (B.34), respectively, we have
C4(0, 0) = é [— (0, 0) — M(0, 0) + N(0, 0)],
Dy(0,0) = é [— L0, 0) — F(0, 0) + N(0, 0)] 3 vertex
(0, 0) = % [— M(0, 0) + N(0, 0)], D;(0,0) = é [— JA(0, 0) + N(0, 0)] 2 vertex

N(©, 0)

C;"(0, 0) = D,"(0,0) = 1 vertex

N(0, 0)
g )
From (B.2), (B.3), (B.4): (B.23), (B.24), (B.25), we have

L(0,0) = — % |:2g(g+K)1’2 + 3g(— Kpn {g — sin~! (EZ—K) 1/2} - K(g+K)1/2}

N(©O,0) =2 [( — K)¥2 gin~1 (%K) v + (g+ K)llﬂ
L(0, 0) = % (g+K)2 — _;f Kjy(0)

7(0,0) = 5 (0)

N0, 0) = 540),

where
. _ _g3 ., (— K\ 12 (ﬁ 7 1
J1(0) = 8(_K)3/2sm ( P ) + (g+K) 8K+’1—28+§K)
: - ¥ . (T K R\ 5 1
jo(0) = K=K sin (——g—) +(g+K) (Zg +5 K) .
Hence

1 2 1 g . =K\
- _ V2 { g — _. A L — Kz J—
Wi, g[(g+1<) (3g 3K+3>-| <(_K)1/2+2( K) ]sm( g) +

o o ()]

nrog 4
+2 [ f e KPR 4 5 (K= + 570  Bvertexcase  (100)
1 =Ky ey
W =& [(_ K)2 sin-t (_§_> +(g+ K)1/2:| + 2310 (O], 2 vertex case  (101)
—_ K 1/2 4]
Woo = g [(_ K)'2 sin—1 (_g__) + (g+K)1/2:| + ?g— % 72(0), 1 vertex case. (102)
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Due to (12b), (13b)
Wy = 0, in all cases. (103)

As in the subsonic leading-edge case, we can develop an expression correct to first power in » in
which Wy, is not zero. As shown earlier, the contribution of the pivotal rhombus is the expression
given in (88a). It is not difficult to see that the first term in this expression will lead to expressions
for Wy, as given in (100), (101), (102), but with the »'2 term omitted.

Consider now the second integral in (88a) and assume a variation (ao+bp+¢) (o, 5 — o) for

¢4, then

TLEW ¢,/ Myv'(p+ o)

[ g o de

= My [aP + bQ + ¢cR], (104)

where '
1 . _ 12
1 ,
+ 1—2 (1+K) (g+ K)"(5¢ +2K) (105)

0 =5 [mrgm ) o () e 055200 -

42 (g+2K) (g+K)'* (106)
~er i [ e = 5K - e () -
—g(—K)# [— — sin™t (g ;K)llz} . (107)

Using the appropriate formulae for the 3, 2, and 1 vertex cases the contribution becomes

€01 (0, 0) + €348;,/(1, 0) + €41¢;'(0, 1), 3 vertex - (108)
€00 b7 (0, 0) + €,4/¢,/(1, 0), 2 vertex (109)
€00" ¢, (0, 0), 1 vertex (110)
where
o, = 1 0 = %, e = 241'1; (111)
€’ = O+ R], €10 = ;W:’IQ{ (112)
Eon” = M;'R. (113)

Wy, is given by €gy, €40 OF €y, as appropriate.
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5.4. Further Remarks for the Supersonic Leading Edge: One Vertex Case.

The results given earlier for the 1 vertex case, are only valid for the case g = — K. This is because
in equation (81) the limits for the p integration were assumed to be 7 to » + 1. As we see from the
diagram below, in the 1 vertex case, these limits are more generally # to r — g/K.

ong = (P—-NK+s+g.
L.E.

K
In this case equation (B.20) still holds, i.e. Cy" = NJg, except that N is now given by

. . —Kp 1/2 E-I-Kp 12y r—glK E 1 1
N =2 I:(—K)llzsln 1( Z ) + ( ; ) l - [31/2+Sm} [—«—(7 g)llz—ﬁ»’—zJ +

K
K g 1/2 /

Similarly in equation (B.34), D," = N/g, N is now given by

— 4 3B - Kp\¥2 1 oK
N1 [— sin (_> + = {p(E+ Kp)(5E+2Kp } +
3 | 4(—K)® B 4_{ ( Ik ) .
+ E 32 — 4Es1/2} |:(r - }%)UZ - r”zJ - gslfzK {(1’ — }%)3/2 - 73’2:| ,
where
E=s+g—-7K.
Putting # = 0, s = 0 we obtain
” ' ” m(— K2 ' 7,
Wy = C{'(0, 0) + v2Dy"(0, 0) = % + vzi(:_%)ﬁ. (112a)
Using the same principles as earlier, we obtain for Wy,
_ My pe=—0K 1] PEA (oK +g—0) (p+0)
P oo ol (150
T M
= -5 (— K" [1—-K]J.

5.5. Some Comments on the Treatment of Irregular Rhombuses.

The main problem in computing the irregular A, B, C or D contributions, is the computation
of the C,, C,, Cy; D, Dy, D, coeflicients, etc. Inspection of the equations giving these, shows
that they are complicated functions of four variables 7, 5, g, K. Because of the complexity of the
functions their computation is time-consuming and hence a once and for all tabulation would be
desirable. However, the dependence on four variables obviously precludes this.

In order to keep the computation down to practicable proportions the approach shown below
was made.

(i) In the main programme, which computes ¢’, ;" from the basic integral equation, the correct
irregular weights are only formed when » + s < 5. If # + 5 > 6, the corresponding regular weight
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is taken. This can be justified because the weights fall off rapidly as one moves away from the
- pivotal point. Beyond 7 + s > 6, the use of regular weights instead of irregular ones will produce
only very small errors in the potentials.

(ii) For each given value of K (i.e. for a given Mach number and for each kinked portion of the
leading edge), the functions C,, Cy, C3; Dy, Dy, Dy (or Cy, Cy'; Dy, Dy, or Cy", D," as appro-
priate) are tabulated against g for each combination of 7, s such that » + s < 5. The range of g is
taken large enough to cover all the irregular rhombuses of that particular type. The condition
g > rK — s helps to reduce the number of combinations of #, s required. If g is greater than the
largest g occurring, this case need not be computed. A parabola is now fitted over the appropriate
range of g by the least squares method and we obtain, for instance, for the given K

Cilr, 5, 8) = C(r, )g® + C(r, 8)g + €2, 9).

In the main programme a table of Ci?(r,s), (p = 0, 1, 2), is provided for  + s <5 for each
value of K occurring. Thus, when any given rhombus of this type is encountered, once g is known,
the appropriate C and D coeflicients for any combination of 7, s can be determined very rapidly.

This method has the merit that it does not slow down the main programme with lengthy calcu-
lations of the C’s and D’s from the original formulae. However, it does imply that a considerable
amount of computation has to be done in forming the tables of C (7, 5), C,?(r, s), etc., prior to
the main programme. Furthermore, in fitting a parabola to the values originally computed, some
accuracy will be lost, in general.

(iii) In effect, tables are provided as data for K, K,, L;, L, for  + s < 5, for the given M and
/. 'This again saves time in the programme by avoiding the repeated computation of the trigono-
metrical functions involved.

It may be remarked that, although in principle the formulae for =, 7, 8§, § are more correctly
given by equations (80), (82), (83), (84), in practice, the formulae derived later, of the type

= Ki(r, s, M, v)C(r, s, g, K), etc,,

have a distinct advantage in that the C’s and D’s do not depend on v'. Thus, if the same planform
at a given Mach number is to be done for several frequencies, step (ii) above need only be done once.
The preparation of the tables in step (iii) for given M and v’ is a comparatively simple task.

(iv) In the formulae for the total irregular weight, it will be seen that, if we start with the regular
weight, not only must we add to it the appropriate irregular A, B, C or D contribution, but we
must also subtract from it the appropriate regular A, B, C, D contribution.
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With a view to again making the treatment frequency decoupled as far as possible, the subtractions
are normally performed using the A, B, C or D contributions as derived for the regular linear
interpolation weights, for which the appropriate equations are given following equation (55).

It will be seen that, in effect, the appropriate subtractions can be carried out by replacing:-

Cr, s) by C.%r, s) — Fo(r)Fy(s), if A is irregular

CRlr—1,s) by Cor—1,s) — Fy(r —1)F(s), if C is irregular
CPor—1,5—1) by C’r—1, s—1) — Fy(r — 1)Fy(s—1), if D is irregular
COr,s—1) by CO(r, s—1) — Fo(r)Fl(s.— 1), if B is irregular

Similar combinations are used with the D’s with F replaced by F*,

In practice making use of symmetry, we need only consider irregular rhombuses on the starboard
wing, and hence the case where B is irregular never occurs on swept-back wings. Furthermore,
when the D rhombus is irregular, it can be assumed that the irregular C rhombus part is included
already as part of the irregular D contribution. '

Hence when D is irregular replace
C%(r—1,5—1) by Cf(r—1, s—1) — Fy(r — 1)F(s) — Fy(r —1)Fy(s—1).

The approach described above is strictly only consistent when used with regular linear inter-
polation weights. When used with regular parabolic interpolation weights, the parts subtracted out
are not strictly equal to the regular A, B, C or D contributions and therefore small errors occur.
It has been found that, at least on certain types of wings (e.g. the rectangular wing), this procedure
produces only small errors in the potentials. The smaller »’ the more accurate it is likely to be.

6. Choice of Mesh Size.
6.1. Limitations on v'.

* A rigorous discussion of the accuracy to be expected in determining ¢’ and ¢, in any given case,
is not possible. The treatment given here is intended to be a guide to the choice of a suitable value
of v/, It is assumed that the variation in ¢z’ and ¢;  is small over the pivotal rhombus and that
conditions in the pivotal rhombus will be the most critical.

Let us consider the right-hand side of (11a), assuming that ¢z’ and ¢;” take some constant mean
value over the pivotal rhombus. The contribution of this rhombus becomes

b f [ [agas oo o+ 91 f [ [+ o] oo



Using equations (12a), (12b), (13a), (13b) and expanding out in powers of +', it can be shown that

j : f (1) ;,;-(%3,2 dpdo = 1— % M2 - 2 % 1_12 Mavs ¢ 2_27 V4 % M+ O(V'ﬁ)» (115)
L[ gamten = [1 - G arsn - 2] w00 19
f: f: ‘%(/JL:)” dpdo = — 2MV — = M3 2 M3 4 005). (117)
f: ﬁ (p{;ﬁ dp do = ngls + 00" | (118)

These results can be used to estimate the accuracy of the various integration techniques.
Using parabolic interpolation, we obtain for the same integrals

K .
————dpdo = K (7, ))GL0)G40 119
J-o fo 4pa)?® e f=0,§1:/2,1 j=0,§-1:/2,1 (6NGOG0) (119)
* [ L s
f f —mdpdo= X S Ly §)GH0)G¥(0), (120)
0J0 (PU) $=0,1/2,15=0,1/2,1

with similar equations for the K, and L, integrals. If now equations (12a), (12b), (13a), (13b), (34),
(36) are used and the results are expanded in powers of v', we obtain

Jq Jl K dpdo =1— ~2~M2v'2 — 2% ¢+ L Myt + 2 v+ %sz"‘ + O(v'%) (121)
o J o Hpo ) 3 #ooome s

f: ﬂ (p_i’)lﬁ dp do = 4v" [1 - % M2 — »2?7 v’ﬂ + O(v') (122)
ﬁ f: 4(%2)3/2 dpdo = — 2My' — % Moo — ng’?' + O(9) (123)

Comparing the exact expanded answer with the expanded form of the parabolic interpolation
answer, we see that the error in the coefficient of ¢y’ is

_ bevs E ; %Mﬂ L O, (125)

replacing (104)/(105) in (115) by unity. The error in the coefficient of ¢, is

. 11_5 M3v'® + O('). (126)
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Thus to make the error in these coeficients less than 19, we must have

v < \4/[ 20'011 } - \ (127)
2 o 2
N M (5 24M)

r’ 1 7’

v < 2 4/(0-01 % 30) = vy, (128)
M 1 1.5 2
" 0-39 0-31 0-26
vy 0-55 0-37 0-27

From the table displayed it will be seen that between M = 1 and M = 2 it is (127) which is the
more critical condition.
Using linear interpolation, we obtain

B SRR |

o] amode = 2, 2, K 0 ORO (129)
1 1

f f (pa)l/z dp do = X Ly(u, 0)F,*0)F,*(0), (130)

with similar equations for the K, and L, integrals. If now equations (12a), (12b), (13a), (13b), (65),
(66), (69), (70) are used and the results are expanded in powers of »', we obtain

1 pr1 Kl
f f Ty % do = 1 =22+ 007 (131)
0v (0
1 Ll ’ ’
fofowdpd0=4v2+0(v4) (132)
2
. v~ 313 _ Iz ’5
f f fpo o 47 = = 2MY S I — 4M 4 O() (133)
2 _ 8 ’5- 15
fofoz;);)l—lzdpda—gMV + OW). (134)

Comparing the exact expanded answer with the expanded form of the linear interpolation answer,
we see that the error in the coefficient of ¢y’ is

%sz’z + O@'Y). ‘ (135)
The error in the coefficient of ¢, is
2 ’ 8 ' ! V
—§M3v3—»3—Mv3+O(v5). (136)
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Thus to make the error in these coefficients less than 1%, of the ¢  coefficient, we must have

1 3
V< MJ(O'OI v E) by (137)

, 0-01 - ,

y < §/2—8— = Vg . (138)
— M2 — .
(5M +3)M

It

M 1 1-5 2
vy 0-122 0-081 0-061
vy 0-148 0-123 0-105

Between M = 1 and M = 2 we see that (137) is the more critical condition.

It will be noted that by satisfying the inequalities given above, the error in certain coefficients
can be kept less than 1%, This does not necessarily imply that the pivotal potentials will be
determined to the same accuracy. The errors to be expected in the final potentials can only be found
from experience in applying the method to actual examples and comparing the results with exact
analytical answers, where known, or alternative methods of computation.

It should not be forgotten that the inequalities on »' derived above have only been obtained by
considering the contribution of the pivotal thombus. The contributions from the other rhombuses
will be smaller and hence larger percentage errors in their weights can be tolerated. However, care
should be taken to see that even in the more remote rhombuses the weights are not too seriously in
error. Consider, for instance, the trigonometrical functions which appear in the integrand with
argument 2v'(po)Y? This argument exhibits its greatest variation over a rhombus in the pivotal
bands p = 0 or ¢ = 0. The change in argument from ¢ = 0 to ¢ = 1, will be 2v'p12, i.e. in the
thombus p = 25, ¢ = 0 the change in argument will be 10»". Thus for the critical »" at M =1
using parabolic interpolation weights, the change in argument would be 3-9 = 1-2 #, which could
be represented with rough but adequate accuracy using parabolic interpolation. Similarly for the
critical v at M = 1 using linear interpolation weights, the change in argument would be 1:22 =
0-39 7, which could be represented with rough but adequate accuracy using linear interpolation.
It will be seen that in the band ¢ = 0 the weights will become increasingly inaccurate beyond
p = 25. However, these weights are very small anyway ‘and experience indicates that these
inaccuracies produce only a small error in determining the pivotal ¢z’ and ¢;'.

6.2. Some Considerations Concerning Choice of Mesh Size and Type of Weights.

There are three main considerations in determining mesh size.

(i) Adequate coverage of the planform area.—The mesh must always be taken small enough so
that ¢’ and ¢, are obtained at enough points chordwise and spanwise to define the variation of
the potentials with reasonable accuracy, bearing in mind that ¢’ is assumed to vary linearly with
p and ¢ in deriving the weights. If the choice of mesh size were based on the critical »’ condition
alone, one would be led to I = v, x BUJw which for small frequencies could lead to ridiculously
large mesh sizes.

(ii) Critical conditions on v' for required accuracy.—The inequality (127) for parabolic interpolation
weights, or (137) for linear interpolation weights, must be satisfied by taking [ sufficiently small.
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If more accuracy is required than that given by the 1%, conditions, then even smaller values of [ will
be necessary. It must be remembered that, as explained below, the time taken by the main programme
to compute the potentials increases rapidly with the number of rhombuses on the planform. Thus
very high accuracies may require a prohibitive computation time.

(iii) Time taken by the programme for computing the potentials.—It is intended here to give some
broad outline of the way in which the computation time increases as the number of rhombuses on
the planform increases. To do this let us consider the effect of halving the mesh size. It will be clear
that there are now four times as many rhombuses on the planform and that each of these rhombuses
has four times as many rhombuses in its fore-cone as before. Thus, when we halve the mesh size
we might expect the computation time to increase by a factor of sixteen. In practice due to the way
the programme is organised the time does not increase quite as rapidly as this. However, the simple
argument given does show how computation times increase very rapidly with the number of
rhombuses on the planform.

As regards whether linear or parabolic interpolation weights are used there are two main
considerations.

(i) Time taken to compute weight array.—Since the formulae for the linear interpolation weights
are simpler than those for the parabolic interpolation weights the time taken to compute a given
array is shorter for linear weights than for the parabolic weights. '

However, in comparing times for computing weight arrays it must be remembered that with
parabolic weights, since a larger value of +' is permitted (i.e. a larger mesh size), the weight array
will have smaller dimensions.

(i) Time taken by main programme.—As regards computation time, one will normally prefer
parabolic interpolation weights because these allow the use of larger values of v’ (i.e. larger mesh
size) than the linear weights, for the same accuracy.

From the considerations given above it will be seen that in most cases parabolic interpolation
weights will be used. The exceptional cases would be those low-frequency cases where [ is deter-
mined solely by the desire to obtain an adequate coverage of the planform. Even for these cases
better accuracy would be obtained if the parabolic weights for the same »” were used.

6.3. Integration Errors and their Propagation.
Consider a steady one-dimensional case. If we solve for the potential at the most upstream
rhombus, we obtain an answer which, due to errors in the integration technique, we can express as
Py'ex T O¢¢’, Where ¢y’ is the exact answer and 8¢, is the integration error.




Let us consider now how the 8¢, error propagates downstream. If we take ¢y = 1,
o = ayg = a3 = oy = 0 and solve for the downstream ¢, we obtain ¢, = K;, ¢’ = K, . ..
é, = K,, say. Thus in the original problem we see that 8¢, contributes K,3¢,’ to ¢,” downstream.
Since we have already obtained the contribution of 8¢, to ¢," as K;8¢,', to obtain the remaining
part of ¢,/ we must compute ¢, using ¢, upstream, we then obtain ¢, = ¢;'o, + 3¢,". The
total ¢,’ is thus ¢, oy + 8¢, + K 8¢, Similarly for ¢," we obtain ¢y'o + 3¢, + K;8¢," + Ky,
and so on.

It is easy to see that the general result is

r

5{’1, = ¢r'ex - 8‘#7‘, + ansr—n,: (139)

n=1
where ¢, ., + 8¢,” is the answer obtained using the exact values of ¢’ upstream in the fore-cone,
so that 8¢,’ is the pivotal integration error and the summation is the propagation error due to the
pivotal integration errors upstream.

The corresponding two-dimensional theory for the unsteady case is now fairly obvious. If we
start with rhombus 7 = 0, s = 0 for which ¢ = 0, ¢;” ='1 and take «(x, y) and g(x, y) zero
everywhere downstream, a two-dimensional array R, + ¢K,; can be computed to give the ¢’
downstream. Similarly for ¢ = 1, ¢,/ = 0 we obtain an array K,, — iK,,. These arrays are
symmetric with respect to 7 and s, of course.

Reverting to the usual # and s measured positive upstream from the current pivotal point, it will
be seen that the propagation error due to upstream pivotal integration errors is

%X (K — iK)8¢5 (1, ) + B (K + 1K, )86, (r, 5). (140)
Thus the pivotal ¢z’ and ¢, can be written

$'(0, 0) = $2/(0, 0)ox + 887'(0, 0) + X X' [K,s85 (1, 5) + K88,/ (7; 9)] (141)

¢7(0, 0) = ¢7(0, 0)ex + 84,0, 0) + X X' [ K, 885 (r, ) + K1 (7, 5)]. (142)

It is difficult to make any generalisations from these equations. The only case examined in any
detail was the rectangular wing of aspect ratio 2 for M = +/2 and v = wc/U = 0-6, for the mode
g = — x. For this planform and Mach number the analytical solution is known all over the planform
and hence it is possible to obtain 8¢z’ and 8¢, . Attention was confined to the region in which the
flow is two-dimensional and it was found that in this region the 8¢5" were negative while the 8¢,
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were positive. Since the K,, and K,, arrays were both positive this meant that the errors tended to
cancel in the equation for ¢z" and to reinforce in the equation for ¢,’. This explained why the
accuracy obtained for ¢z" was much better than that obtained for ¢,’.

The only general deduction seems to be that it will pay to keep integration errors as small as
possible. This indicates that for a given mesh size parabolic interpolation weights will be preferable
to linear interpolation weights. For irregular rhombuses it was found that accuracy was improved
when the non-zero Wy, was included.

6.4. The Use of Parabolic Interpolation to Reduce the Number of Points at Which the Potential
Must be Computed.

As stated earlier, whenever the mesh size is reduced by a half, the number of rhombuses at which
$z’y ¢; have to be computed becomes four times as great. To reduce computation times a method
was evolved in which the potentials do not have to be computed at all points of the mesh. Investiga-
tion of the potentials obtained using the normal method suggested that, in the regions where no
discontinuities in slope occur, e.g. due to shocks, a locally parabolic representation for ¢’ should
be quite accurate, except possibly near the tips.

The basic idea is that ¢5’, ¢, are only computed for alternate rows and that in these rows they
are only computed for alternate rhombuses. The values at the other mesh points are filled inusing
parabolic interpolation. As an illustration of the method consider the example shown below.

Planform centre-line

At any given stage we can assume that at least two upstream rows are known i.e. 1 to 6, 7 to 11.
The rhombuses in the next row i.e. 12 to 15 are now hopped over and computation begins at
thombus 16 in the following row. ¢5’, ;" are now computed for rhombus 16 using the equations
given below, which do not involve the potentials for the three rhombuses adjacent to the pivotal one.
Once ¢z, ¢; are known at 16 the values at 12 can be interpolated using 1,7, 16 and the values at 13
can be interpolated using 4, 9, 16. Rhombus 17 is now hopped over and ¢5’, ¢, are computed
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for rhombus 18 using the equations given below. The values at 17, 14, 15 are now obtained by
interpolating on 13’, 16, 18; 3, 9, 18; 6, 11, 18, respectively. It is clear that this procedure can be
continued down the row and that when finished two successive rows will be known Thus the
downstream rows can be dealt with similarly.

We now discuss the solution for the pivotal ¢z, #;” assuming that the values at 1, 0; 1, 1; 0, 1
are obtained using parabolic interpolation.

Along the line o = 0 the variation of ¢’ can be written, using
Lagrangian interpolation,

g =82 g5,0) 4 L 40,0 L2I LD 0,0). 143
Thus putting p = 1, we obtain
F(L0) = = 16G, 0+ §(20) + 10,0). (144
L FOD = 109 50D 5 100, (145)
imilarly
FUD) =~ 166N+ 22+ 10,0, (146)

The first term on the right-hand side of equation (23) can be written

[ sz v own [ W),
r,8=1,0;1,1;0,1 r,8%#1,0;1,1;0, 1 ‘

Using the three equations (144) to (146) this becomes

Wil — 5 623, 0) + $£'(2, 0) + § ¢2(0, O)] + Wul— 5 62’3, 3) + ¢£'(2, 2) + 3 6£'(0, 0)] +

+ Wal=3420,3) + 420, 2) + 3620, 01+ m5  Widr'(r,9) |

r,8%1,0;1,1;0,1

=2 X VV?‘S*'#R,(T) S) ’ say (147)
r=0s8=0
where
Woo* = W + 5 Wy + 3 Wy, Wy* = Wy* =0
Wy = Wy* = W + Wy, Wos* = Wao™ = Wos = 3 War (14
. 8)

W,* =0, Wa®* = Wop + Wiy
W = Wag — % Wiy, W, * = W, for all other 7, s.

By considering the second term on the right-hand side of (23) we obtain similar equations relating
W,* and W,,. Thus equation (23) becomes finally

M— =z SZO[ w2 (1, 8) + Was*br' (1, 9)]. (149)

Since this equation is formally the same as (23), and (27) produces a similar counterpart, the
procedure for solution remains exactly as before, except that seven of the W,;, W, adjacent to
the pivotal point must be modified. When ¢z(0, 0) and ¢,'(0, 0) have been computed, the values
at 1, 0; 1, 1; 0, 1 can be determined using equations (144) to (146).
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This procedure seems so simple that one might well ask why it cannot be used exclusively. There
are two main reasons. The first reason is that on wings with kinked leading edges (including the
wing vertex and streamwise tips) shocks usually emanate from the points where the sweep is
discontinuous. These will imply discontinuities in the ¢’ derivatives so that parabolic interpolation
is no longer accurate. The second reason is that near the edges of the planfoim not all of the potentials
required adjacent to the pivotal point may exist, e.g. there may not be a 0, 3 rhombus. In this case
the method fails.

It is not difficult to see that a programme which uses the parabolic interpolation method where
possible and reverts to the normal method elsewhere should be generally feasible. As yet no com-
puter programme of general validity using this method has been written.

A special programme using the method described above was written for the case of a rectangular
wing.

c

The method can only be applied to the region aft of both tip shocks, and to start two rows of
¢z, ¢; are needed. Thus down to the end of row 2 of the diagram the computation proceeds
normally. Beyond this point the new technique is used. Thus row 3 is hopped over and computation
starts with alternate rhombuses in row 4, i.e. numbering rhombuses from the centre-line, 1, 3, 5,
7, 9, 11. Since for this particular case there were 14 rhombuses in each row in the region ABCD,
it is clear that in row 4, rhombuses 12, 13, 14 cannot be done by parabolic interpolation because
some of the relevant upstream potentials do not exist. Hence we now revert to the normal method
and do rhombuses 3, 13; 3, 14; 4, 12; 4, 13; 4, 14 in the order shown. This completes rows 3 and 4.
Rows 5 and 6 are now treated in the same way as 3 and 4, and so on.

Although this procedure could have been applied to the whole of region ABCE, it was only applied
over the region ABCD, where each row had a constant number of rhombuses in it. This was to
ease certain programming difficulties. The region CDE was completed by the normal method.
For the particular case considered the method described above was about twice as fast as the

normal one.

7. The Evaluation of the Lift and Pitching-Moment Cocfficients Due to a Given Mode of Oscillation
for an Arbitrary Wing FPlanform.

From Bernouilli’s equation we have
Ja . .
P=P0 = ~Po (U$ + Zw) (Prtids),
and hence

PP _ I:l or w<]5z:] __Z-l:wVSR 1 3‘?51:] (150)

T U° T T U |
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Since ¢ is an anti-symmetric function of & we have the lift per unit area as

{2, y) = —2(p—po)» positive up. (151)
_ From (150) we see that Cy; and C,,; can be obtained from the formulae for C;p and C,,z by
replacing ¢ by ¢; and ¢; by — ¢z.
Now
Zr 1
= - 1
CLR %P UzS %PUgs ffs ZR(‘x> y)dx dy1 ( 52)

where S is the planform area. Using equations (150), (151) and (8) and integration by pafts, we

obtain
47, ngR’ w ,,
Crp = gﬂs [a—x —'(—]751] dx dy
AL [+

v , 4l w ,
=S mn -G ([ srae, (153)

-0

where o is the semi-span and using the fact that ¢’ is zero along the leading edge.

We now introduce co-ordinates

. =7
E=—, =2, (154)

Cp

o (159
Equation (153) becomes finally
8oL (1 , gL [1[ [tTB.
Con = 5 [ umr dn—=g=w [ [ [ grae] an. (156)
0 0 LY fm. :
Similarly
8ol 8oL (1 (br.m. |
Cror = %J- $rm. 1 dn+ —g— Vf [f bz df} dn. (157)
0 LI A

The pitching-moment coefficient, positive nose up, about an axis through the wing vertex is

1 ‘

where ¢ is the mean chord. Using equations (150), (151), (8), (154), (155) and integration by parts,
we obtain

Con= 2 [ [ bt — nmmn il [+ 22w [ [ gde] dn. (159

S. 1 1 0 L.E. 0 L.E.
imilarly
8 I.c 1 T.E. , i , SO'LC 1 T.E. ,
Coz = =522 [ |7t~ bomrnt | an = =520 [ [ eowa|an. (160
SC 0 L.E. X SC 0 L.E.

It will be seen that all of the spanwise integrétions which occur, are of the same type, i.e.
1

f x(n)dn. We begin by discussing a method for evaluating this type of integral. It is assumed
0

initially that the same mesh used in obtaining the potentials is also used in obtaining the relevant
integrals.
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The diagram shows that the characteristic mesh can be used to define a set of equally spaced
spanwise stations. Beginning at the planform centre-line these can be labelled 0, 1, 2, . . . #, where
n is the last station inboard of the tip and can be odd or even. In evaluating the spanwise integral

1 .

f x(n)dn, Simpson’s rule is used over the range » = 0 to y = 7,, and an elliptic fall off to zero

0
is assumed between % = 7, and » = 1. We obtain

1
f x(m)dn = 3 An2x0 + 2 + 4xa + 2x5 + - -+ bxuy + Xl + duxn, 7 odd (161)
0
. =3A9[xoFh F 20+ 4xs - - AXaea F Xl F X n even (162)
wnere
T —
5 —sinTh g,
W= | TogaE | (169

and A is the interval between the regularly spaced stations.
If we use values of the potential halved on the centre-line the equations above can be written in
the more homogeneous form ‘

1
f x(m)dn y 3a
_O—%A.’;’.__=2X70+X1-|—2X2+X3+...+2Xn_1+(%“i’ﬁ)){n) TZOdd (164‘3)
3a,
= %] + 2X1 +xs+2xs+ .- 2y + (% + EA—’T]) Xn» n even. (164]3)

Thus we see that the spanwise weighting factors consist of a succession of alternating 1’s and
2’s, beginning with 2 if # is odd and 1 if # is even, except for station » which has a weight
(3 + 34,/2A%) in all cases.

We now consider the various chordwise integrations involved. We start with x(%) = ¢’ For
this case there is no integration, but due to the fact that in general the characteristic mesh does not
fit exactly on the planform, it will be necessary to obtain ¢y ' by interpolation or extrapolation.
In the diagram shown above, for instance, at spanwise station 4 extrapolation would be necessary
whereas at station 5 interpolation would be used.
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m-~|.
m .

m+l.

At any given spanwise station let the chordwise stations be numbered so that 1 is the first aft of
the leading edge and let m be that station just on or forward of the trailing edge. These stations
will be equally spaced, the interval between them being designated A¢. Tt is assumed initially that
these stations are just the base-points of the system of rhombuses used in obtaining the potentials.

If there is no station at m + 1, then linear extrapolation is used to obtain ¢ ' and we obtain

¢ml - (ﬁm—ll

brm = bu' + T AE (§r.m.— Em)- (165)
Similarly, if there is a station at m + 1, then linear interpolation is used and we obtain
b = o+ P T e (166)
Thus for the extrapolation case the appropriate chordwise weighting factors are given by
’ ' ’ ET.E. B gm ' gT.E. - g'm ’
OX¢1+OX¢2+"'+Ox¢m—2__"—¢m—1+ 1+—¢m' (167)
Aé A¢
For the interpolation case the chordwise weighting factors are given by
’ ’ ’ fT.E. - gm ’ ST.E. - gm ’
OX¢I+OX¢2+"'+OX¢m—1+ - === qsm_l_—ﬁqsm-i-l' (168)
A¢ Ag
The case where m lies on the trailing edge can be regarded as a sub-case of (167).
T.E.
Consider next y(7) = j ¢'d¢. This integral can be split up into three parts which we con-
L.E.

: . 3 , : .

sider separately. Consider first f ¢’'d§. The answer obtained for this depends on how ¢’ varies
fL.B.

from zero at the leading edge to its value ¢, at station 1. If the variation is linear, as is the case

for supersonic leading edges or at the centre-line of a subsonic-leading-edge wing, the trapezium
rule gives ‘

&1 .
f $dE = 1/ (E—trr). (169)
(LR,

For stations other than the centre-line of wings with subsonic 1eéding edges, ¢’ is assumed to vary
like 4/(£— £, 1), and we obtain

£ ' ' 3
[0 wae=saa-n). )
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Over the region ¢, to £, we obtain in all cases

Em
. $dE = NE[F b+ + 8"+ bud T 2] (171)
1
Over the region £, to &4 . We obtain
T.E. , ,
L ¢'dé = How' +brn) (brm. —Em)- , (172)

Combining these results for the case where extrapolation is used at the trailing edge, we obtain
Klé f: PdE =1+ T+t ppus +
N [1 —1 (STEA; fm)2:| bt + [i% + fT.E.A; €, 41 (fT.EA; fm)zJ 4,7 (173)
and for the interpolation case
Kléf: PdE =i+ + S+ b+
+ [% 4 {r.m. g bm 1 (fT.E. - fm)Z:I b7+ 1 (fT.EA; fm)z bt (174)

A A¢
where

f 1l & — &, forsupersonic leading edge or centre-line of subsonic-leading-
P32 Ag edge wing. (175)
=31+% % away from centre-line of subsonic-leading-edge wing.  (176)

T.E.
Consider next x(n) = f d'dé — éppdr . Using equation (165) we obtain for the extra-

L.E.

polation case

. 1 T.E.
= [ f $d sqs} A Y U S

T AL T NI
[ () [y

Using equation (166) we obtain for the interpolation case

Aig I:fTE ¢dé — gT.E.ng.E.’il = by F by by

L.B.
+ [-;- + fTLA;'f_m 3 (ﬁm.A; fm)2 _ fz.;. (1 ~ fT.EA; 5” s
e e v vl L (178)

T.E. '
Finally we have to consider x(7) = f &p'd €. The chordwise weights for this case can be
L.E.

obtained by multiplying the coefficients in equations (173), (174) by the corresponding §,'s.
. 3



To obtain the final system of weights we multiply the chordwise integration weights by the
appropriate spanwise weighting factors. If we now multiply this system of weighting factors into
the appropriate set of ¢’s we obtain a factored form of the integral required. The factored forms

of the integrals obtained using (167) or (168); (173) or (174); (177) or (178) in combination with
(163) or (164) are

i [t g [ [ gae]an, oo [ [ pae— tnndan’| v, 079
respectively. Similarly applying (173) or (174) in combination with (163) or (164) to £¢’s instead

of ¢’s we obtain
L I epad)a 180
HAUYAYS J.o |:fLE i ] 7 (150)

The setting up of the coefficients to obtain the three integrals (179) is comparatively simple,
because over the bulk of the planform the coefficients are simple integers. It is only round the
boundaries of the planform that the coefficients become more complicated. Furthermore it will be
noted that (177) and (178) only differ from (173) and (174) near the trailing edge.

It will be noted that the weighting coefficients described depend only on the planform geometry,
the mesh size and the sweep of the characteristics, i.e. the Mach number. Thus, if the same mesh
has been used to deal with several frequencies and several modes, the same sets of weighting
coefficients apply unchanged.

In the exposition of the theory given above it was assumed that the nodal points for obtaining
the factored integrals were the same as those used in computing the potentials. This need not
necessarily be so and if the original mesh is particularly fine, some coarser sub-mesh can be selected
for obtaining the factored integrals. We merely have to use the appropriate A¢ and Anie.

2] 211
Me=p2 L, ag=g2] (11)
0

where p and g are integers, not necessarily equal. On the rectangular wing for instance, it was
sometimes convenient to use ¢ = 2, p = 1.

Due to the presence of shocks, there may be discontinuities in slope in the potentials both span-
wise and chordwise. In performing the spanwise integrations using Simpson’s rule it is assumed
that the spanwise discontinuities can be ignored without much loss of accuracy. If however the
shocks are particularly strong, some alternative method of procedure is necessary. Since the
trapezium rule is used for the chordwise integrations, discontinuities in slope are correctly allowed
for unless these occur somewhere between nodal points of the integration mesh. This can normally
be avoided by a judicious choice of mesh when initially obtaining the potentials.

8. Formulae for Pitching and Plunging Derivatives.
The pitch angle 0 corresponds to a modal shape

g=—tx. (182)

‘The corresponding derivatives are defined by the equations: 4
Z = pU2S [I, + ivl;] Geit (183)
M = pUSE [my + dvmy] O™ (184)
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where % is the oscillatory lift, positive up and .# is the oscillatory pitching-moment coefficient,
positive nose up, about an axis through the wing vertex. If we compare these equations with those
in terms of the lift and pitching-moment coefficients, i.e.

Z =} pUS [Crg + iCL1]ye—yp * Oe! (185)
M =% pUSe[Cpp + 1Cy ] jm g X O (186)
we obtain
: 1
lp =% [CLR]g=—x! ly= 2, [CLI]g=—w . (187)
. 1
my = 3 [CmR]g=—ac’ my = "2; [CmI]g=—a;‘ (188)
Plunging corresponds to a modal shape
g=2z. (189)

The corresponding derivatives are defined by the equations

Z = pU2S[L + iuzz.]cfefwt , O (190)
0
M = pULSE [m, + ivm,) CE giot (191)
0

If we compare these equations with those in terms of the lift and pitching-moment coeflicients,

we obtain

1
L=4% [CLR]g=601 I, = 7 [CLI]g=co . (192)
1 1 '
m, =3 [CmR]g=c0 ’ m; = 2 [le]g=c0 . (193)
9. Results.

As a check on the accuracy achieved in practice, velocity potentials were found by exact analytical
methods for certain planforms and Mach numbers. Thus for a rectangular wing, solutions can be
obtained over that portion of the planform not affected by interaction of the tip downwashes
(Ref. 1). For a frequency parameter of 0-6 and M = 1-05 the largest errors were 2%, in ¢z and
59, in ¢; in a rigid pitching oscillation. On integrating the potentials to obtain the derivatives,
smaller errors should result. As M — 1 the rectangular wing potentials show more and more chord-
© wise undulations, and from two-dimensional theory the wave-length should be #82U/w. The results
conform to this prediction.

Only quasi-steady results are available in analytic form for the delta wing, and agreement is good
for small ». Using the linear approximation for the edge rhombuses as suggested previously, some
inaccuracies do arise which are accentuated by the highly swept planform. This gives rise to a
kinked distribution of ¢; in pitch or ¢z’ in translation particularly at the lower frequencies.
However, it is only for M = 1-01 that the effect is very bad. Results for this case have been checked
by performing the direct numerical integrations given by equations (80), (82), (83), (84) for the
edge rhombus contributions. When this is done the potentials obtained vary smoothly and fit a
mean line through the kinked values.
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Checks on the tapered wing results were obtained from quasi-steady theory, and also using
arbitrary-frequency-parameter theory valid for supersonic leading edges.

Figs. 2 to 9 give samples of the results together with comparison theories where possible.
Tables 1, 2, 3 give values of derivatives for the three wings shown in Fig. 1. The Mach numbers
and frequency parameters were chosen to fit in with an investigation being carried out at the National
Physical Laboratory. The delta-wing results show an insensitivity to frequency parameter for
M near 1-0. '

- 10. Conclusions.

The method is capable of almost unlimited accuracy but the amount of extra labour required to
reduce the last 5%, error as M —1 is very great. For normal Mach numbers say greater than 1-2
for which linearized theory is usually applied, it is likely that the special treatment of edge rhombuses
is not required. Then simple weights, say based on irregular rhombus area, might be sufficient.
The process would then become very simple particularly for the linear interpolation weights case.
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NOTATION

Coeflicients used in the representation for ¢'K or ¢’ L over an irregular
rhombus. See equations (A.6), (A.16) to (A.18), (A.23) to (A.25),
(A.31), (89), (B.1), (B.6) to (B.8), (B.13) to (B.15), (B.18), (B.22)

See (30a), (30b)

Symbols used to label rhombuses relative to point 7, s, See figure
preceding equation (22)

See equations (18), (19), (21)

Subsonic L.E.: equations (19), (21). Supersonic L.E.: equations
(B.9) to (B.11)

Subsonic L.E.: equations (26) to (29). Supersonic L.E.: equations
(B.16) to (B.17)

Supersonic L.E.: equations (B.19), (B.20)
Coeflicient in parabolic fitting to C,(7, s, g). See Section 5.5 (ii)
Crn + iCyy, complex lift coefficient. See equations (152), (156), (157)

Cpr +¢C,,;, complex pitching-moment coeflicient. See equations

(158) to (160)
Wing root chord
Wing mean chord

Subsonic I.E.: equations (35) to (37). Supersonic L.E.: equations
(B.28) to (B.30)

Subsonic L.E.: equations (38) to (41). Supersonic L.E.: equations
(B.31), (B.32)

.ASupersonic L.E.: equations (B.33), (B.34)

Fy(r) + Fy(r—1). See equations (56), (57), (67), (68)
Fo*¥(r) + F*(r —1). See equations (58) to (60), (71), (72)
s+ g —rK > 0. See equation (A.11)

Linear interpolation functions. See equation (51)

See equations (55), (65), (66)

See equations (61), (69), (70)

See equations (A.12) to (A.15) or (A.12a) to (A.15a) for transonic
L.E. case
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NOTATION—continued

See equations following equation (A.34)

Modal shape of oscillation. See equation (3)
Parabolic interpolation functions. See equation (17)
See equations (20), (33), (34)

See equations (26), (35), (36)

Side of an irregular rhombus expressed as a fraction of the side of a
regular rhombus. See diagrams preceding equations (A.1), (A.23),
(B.1), (B.13), (B.18)

glK
See equation (64)

Suffixes which can take values 0, 4, 1 associated with parabolic
interpolation weights. See equations (17) to (26)

See equation (40)

See equations (A.42), (A.43)
See equations (B.26), (B.28)
See equations (12a), (12b)
See equations (29a), (29b)

See equation (A.4). Subsonic L.E. 1 > K > 0, Transonic K = 0,
Supersonic LE. 0> K > — 1

Coefhicients associated with error propagation for a steady one-
dimensional case. See equation (139)

Coeflicients associated with error propagation for oscillating
3-dimensional flow. See equations (140) to (142)

Reference length used in non-dimensionalising ¢. See equation (8)

Length of side of basic rhombus in the characteristic mesh. See
figure preceding equation (7a)

See equations (13a), (13b)
Iz + il;, complex lift per unit area
Zp + 1%, total complex lift

pitching derivatives defined by equations (183), (184)
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NOTATION—continued

plunging derivatives defined by equations (190), (191)

Coefficients of a, b, ¢ in contribution from an irregular rhombus.
See equations (A.7) to (A.10); (B.1) to (B.4) '

Coefficients of a, b, ¢ in contribution from an irregular rhombus.

See equations (A.31) to (A.34); (A.32a) to (A.34a); (B.22) to (B.25)
Free-stream Mach number
tan A, tangent of sweepback angle of L.E.
My + M, complex leading-edge pitching moment
Local pressure
Free-stream pressure
See equations (105) to (107)

Values of p, o the characteristic co-ordinates based at the pivotal point.
See equations (7a), (7b) and adjacent diagram

See definition following equation (1)
Real part of

Semi-span of wing

Planform area

Time

Trailing edge

Local system of characteristic co-ordinates such that base point of
current rhombus is # =0, v = 0. See diagram adjacent to
equation (15) ’

Free-stream velocity

Local fluid velocity vector

9

8_2"

Integration weights. See equations (23) to (25), (27); (42); (48); (62),
(63); (86)

Upwash

Modified regular weights for use with parabolic interpolation on ¢'.
See equation (148)

45



W,

78
X, Y, R

X,y

oz, y)

’
[e 4

B

Tul> 5)

Tl )
Oy 9)
8l )
€005 €10 €11
€00’» 64101

"
€00

&

p o1 pg,

P o

NOTATION—continued

Pivotal weights. See equations (43), (44); (49), (50); (73), (74) for
regular values. For irregular values, see equations (97), (98); (100)

to (102), (111) to (113)

Part of weight stemming from K;G,G; terms in equation (24). See
equations (41); (47)

Rectangular co-ordinates. See definitions and diagram adjacent to
equation (1)

Local co-ordinate system defined in diagram adjacent to equation (45)

_ 9g(%, )
ox

, in-phase incidence
See equation (32)
(M2 — 1)1z

Contributions to weights from irregular rhombuses. See equations

(80); (A.19), (A.26); (B.9), (B.19)

See equations (82); (A.21), (A.27); (B.11), (B.19)
See equations (83); (A.35), (A.38); (B.28), (B.33)
See equations (84); (A.37), (A.39); (B.30), (B.33)
See equations (90) to (93); (108), (111)

See equations (94) to (96); (109), (112)

See equations (110), (113)

The £, 4 axes are coincident with the %, y axes shown in the diagram
adjacent to equation (1)

Z, non-dimensional form of x co-ordinate
Co
See equation (154)

Y , non-dimensional form of ¥ co-ordinate
o

Sweepback angle of given portion of L.E.
Pitch angle. See equation (182)
Free-stream density

Characteristic co-ordinates based at pivotal point. See equations (7a),
(7b) and adjacent diagram
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NOTATION—continued

p,d p=p—7,0 =o0c—s
or.u.lp) Equation of starboard L.E. is o0 = oy, 5 (p). See equation (A.3)
¢ = ¢gp+ id;, complex potential
¢ = 2 , non~dimensional potential
UL
w Circular frequency of oscillation
. w
© T Tp
ES w—[jf], see equation (155). Frequency parameter based on root chord
o b see equation (9)
v = B—‘ﬁ 5 q
AP’y 0 Interpolation functions. See equations (16), (37), (46)
REFERENCES
No. Author Title, etc.
1 J.R.Richardson .. .. A method of calculating the lifting forces on wings (unsteady subsonic
and supersonic lifting-surface theory).
AR.C. R. & M. 3157. April, 1955.
2 W.P. Jones .. . .. Supersonic theory for oscillating wings of any plan form.

AR.C. R. & M. 2655. June, 1948,
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TABLE 1

Rectangular Wing, 4 = 2

M »=0-03 p=0-1 »=0-3 »=0-6
L= 1-54 L= 0-00150 | Z,= 1-60 L= 0-0106 | L= 1-80 L= 00117 | L= 1-78 L=—0-0140
V37 | L= 2-80 L=—1-53 L= 2-49 =—1-59 Iy= 1-40 L=—1-71 L= 1-01 lL=—1-61
=1§014 ty=—0-0252 | m =—0-00315 | my=—0-119 | m,=—0-0258 |m,=—0-468 | m,=—0-102 |my=—0-643 | m,=—0-161
m,;=44-00 my= 0-0194 |mz=—3-38 @: 0-116 |my=—1-88 my= 0-433 | my=—1-08 my=0-567
l= 1-63 L= 0-0143 | = 179 1= —0-0004
V17 L= 2-86 I,=—1-61 L= 1-24 I,=—1-70
& =1l-}031 my=—0:175 | my=—0-0323 |my=—0-486 | m,=—0-0917
my=—4-03 my= 0-167 |my=—1-75 my=0-446
I,= 1:85 L=—0-00451 | L= 1-79 I,=—0-0460
1-05 L= 1-16 Li=—1-77 I;= 0-888 L=—1-61
mg=—0-595 | my=—0-0841 |my=—0-689 |m,=—0-134
mg=—1-65 my= 0-553 | my=—0-987 |m;= 0-603
l= 1-69 I=—0-0258
1-075 I;= 0-890 I;=—1-60
my=—0-475 | m,=—0-0658
my=—1-42 | my= 0-424




(SE816)

L= 1-71 1= —0-0554
1-1 ;= 0-836 l;=—1-55
my=—0-675 | m,=—0-109
mg=—0-884 my;= 0-595
L= 1-70 1= —0-0919
V5 ly= 0-0880 | Z,=—1-60
=1-118 my=—0-521 | m,= 0-0120
mg= —0-529 m;= 0-452
= 1-36
V2 L= 0422
=1-414 0575
ng=—0-330

Z - pU2S [(lg—l-ivlé)@ +(

M = pU2Sc [(mo—l—z'vm,;)ﬂ + (m,+ivm,) §:| eiet
0

Z = oscillatory lift, positive up

mean chord

oscillatory pitching moment, positive nose up, about an axis through the wing vertex
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TABLE 2

Delta Wing, tan A = 2

M v=0-03 y=0-1 v=0-3 v=0-6
b= 1-15 ly= 1-15 L= 1-13 [,=—0-00239 | l,= 1-14 | l,= 0-00772
;= 0-956 L= 1-04 lj= 1-06 L,=—1-11 = 1-06 l,=—1-09
1-01
my=—1-54 mg=—1-52 my=—1-51 m,=—0-00176 | my=—1-55 m,= —.0-0191
my=—1-44 my=—1-58 my=—1-64 my;= 1-48 = —1-62 my= 1-47
= 1-14 [,=—0-00244 | 7,= 1-13 L= 0-0121
ly= 1-06 [.=—1-12 ;= 1-06 l,=—1-08
1-03
my=—1-52 m,= 0-00161 | my=—1-50 m,= —0-0258
mg=—1-60 m;= 1-49 my=—1-60 m;= 1-44
L= 1-14 1,=—0-00130 | Z,= 1-14 l,= 0-0108
;= 1-05 li=—1-12 ;= 1-05 l,=—1-10
1-075
my=—1-52 m,= 0-000167| my= —1-52 m,=—0-0236
my=—1-59 m;= 1-49 mg=—1-59 my= 1-46
ly= 1-11 L,= 0-000106
L= 1-01 I,=—1-10
1-15
my=—1-47 m,=—0-00181
my=—1-53 m;= 1-45




(s£816)

w
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TABLE 3

Symmetrical Tapered Wing,

co = 10 12, s = 13-7 ft, Apg. = —Apg = 15°
M v=0:03 v=0-1 v=0-3 v=0-6
lg= 3-65 l,=—0-00858 | l,= 3-49 1,=—0-0547 o= 2-96 l,=—0-275
ly=—7-41 l;=—3-66 ly=—3-20 l;=—3-43 lj=—1-37 lI;=—2-73
1-01
my=—1-62 m,=—0-000618] my=—1-90 m,=—0-00631 | my=—1-88 m,= 00834
mg=—2-45 my;= 1-64 my=—2-44 m;= 1:-86 my=—0-509 my= 1-72
= 4-02 [,=—0-00984 | I,= 3-60 1,=—0-08%4 = 2-91 l,=—0-266 b= 2-59 l,=—0-497
ls3=—-9-01 li=—4-02 l;=—6-66 l,;=—3-55 lg=—1-28 I,=—2-69 L;=—-0-111 [;=—2-16
1-0353
my=—2-36 m,= 0-00665 | my=—2-02 my= 0-0528 |my=—1-87 m,= 0-0787 |my=—-1-79 m,= 0-208
me= 5:62 my= 2-36 me= 3-34 m;= 1-98 my=—0-534 my= 1-70 mg= —0-561 my= 1-47
L= 2-89 [,=-—0-318
lyj=—1:93 L,=—2:74
1-102
me= —1-87 m,= 0-248
mg=1-35 m;= 1-73
ly= 279 1,=-0-329
lj=—2-01 I,=—2:60
1-0645
my=—1-64 m,= 0-184
my= 0-654 m;= 1-46




APPENDIX A

1. The Derivation of 7,,(r, ) and 7,,(7, 5) for an Irregular Rhombus Adjacent to a Subsonic Leading
Edge.

Let [ be the side of a characteristic thombus, then we have SR = [. We define RQ to be Ig. If
the pivotal point is #, y, the current co-ordinates £, 7 are related to p and o by equations (7a) and
(7b). Thus, since Q has co-ordinates p = 7, o = s + g, we have

Y /
§Q=x—%(r+s+g), nQ=y+M(s—r+g). (A.1)

If the sweepback angle of the leading edge is A and tan A = m then the equation of the leading
edge is
£ &g
7719

= m. (A.2)

On substituting equations (7a), (7b) and (A.1) into equation (A.2), we obtain the equation of the
leading edge as

onp(p) = (p—K+s+g, (A.3)
where :
1-%
K = 77 (A.4)
and
B
k= p 4 , (A5) .

It will be noted that for a subsonic leading edge & < 1 and hence K > 0.

An examination of the equations (80) and (82) for = and 7 quickly shows that due to the complexity
of the functions K, and K,, it will be impossible to perform the integrations analytically. We
proceed therefore in a slightly different manner. Returning to equation (77) we take as the repre-

' sentation for ¢z K,

¢z (p, 9)Ky(p; 0) = (ac+bp+¢) (07,5, — 0)*. (A.6)

This representation gives the right variation at a subsonic leading edge and allows the fitting of
$z'K, at up to 3 vertices inside the planform edge.
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Thus the contribution from (77) will be

fr+1 J‘ULF(P) (ao+bp+c)r/ (o, 5. — )d d
p ac

Hpo)®
= al(r, s, g, K) + bM(7, s, g, k) + cN(7, 5, g, K), (A7)
where
Exn 1 1 oK , s
Lo g K) = = 5 Gy ) + g (0D = 1 L KO -
E K
- 4__][2(7’) 5,8 K) — Zf3(7, 5, 8, K) (A.8)
1
MG, 5,8 K) = = Z{0+1 = 1% 4 o (8, K) + 10 5,8, K) (a9)
1 1 1 .
N5 K) = § o — ) + Al 6 K) + 1Al s 8 K) (A10)
and
E=s5s+g-vK20 (A.11)
g+ K\W  g\12 e {r+ 1)K} + g+K)1/2
fe 0 = = (To) + (5) e TR e

K) = 2 in-1 s ve 2o (s
R K) = = g () 4w () -

K12 {(r + DsKW2 + {E(g + K)}2 (rsK )12 — (Eg)L2
- (E) e [{(r+ 1DsK}12 — {E(g + K)}2 (rsK)¥2 + (Eg)1/2:| ,(A'13)

K 2 11/2 3 1 $ 1z 2 1/2 oy 1 $ e
folr, 5,8, K) = 2(r +1)¥2 sin (m) — 2r'% sin <s+g> +

+2 K)m log, [{(H 1()712})11/,22: Eggl + K)l/z} )

E\12 {r+ 1)K W2 4 {E(g+ K2 (rsK)2 — (Eg)12
— (K) 1 [{(y—l— 1)5‘K}1/2 _ {E(g+K)}1/2 (TSK)I/Z n (Eg)1’2:l (A14-)

g — Kr {7+ DK + (g+ K)
Jar, 8 K) = TR log, l: R)E 1 g

|+ e+ @rrp - Gere. a13)

To deduce 7,,(r, s) we must make use of equation (79), which means that we must first express
@, b, ¢ in terms of ¢, ', Pryi1s’s Prerysr1 - Substituting the three pairs of co-ordinates into
equation (A.6), we obtain three equations which, on solving g, b, ¢, give ’

[(}SRI 1]r 1,8 [¢R,K1]7'+1, s+1
BN SR = *19
[(]S ’Kl]r,s [9{) IK ]r+ ;S
B = — Rgllz 4 (§+ Il< )1/12 (A.17)
[96 lK ]r+1 [¢'R'K1]r+1, S+1 [¢ 1]7 s
¢ = (s—7) R+K)1/Z BNy + (1) LR Lne (A.18)
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Returning to equation (A.7) and picking out the coefficients of ¢z'(7,5), dz'(r +1,5), ¢z (7 + 1,5+ 1)
in turn, we obtain

7oo(¥, §) = Ky(7, §)Cy(r, $) .
71075 ) = Ky(r+1, 5)Cyfr, 5) (A.19)
(7, 8) = Ky(r+ 1, s+ 1)Cy(z, 9)

where
Cy(r, ) = e [ M(r, s, g, K) + (r+ 1)N(r, 5, g, K)] )
9= - L s g )+ M55 K) 46N g K] (A20)
Cy(7, §) = (?;%)-172 [L(r, s, g, K) — sN(r, s, g, K)] . ]

In a similar manner
Tool#, §) = Ky(r, 5)Cy(r, 9)
F10(7, 8) = Ky(r+ 1, s)Cy(r, 9) (A.21)
Fq(r, 8) = Ko(r+1, s+ 1) Cy(r, 5) - ’

It is easily verified that for the three vertex case the length SP = (g+ K)/ must be greater than /.

Hence the inequality

g>1-K (A.22)
must be satisfied.

s R

In a similar manner, we find for the two vertex case,

a=20 (A.23)
'Ky [9e Kl
= TR AL (A.24)
_ [‘]SR l]r+1 $ [qu/ 1]7 s
c = —#——‘“(g—kK)l + ( + 1) = 2 e (A.25)
and hence
Tool?s 8) = Ky(r, $)Cy'(7, 5) ] (A.26)
m1(1, 8) = Ky(r+ 1, $)Cy (7, 5) '
oot ) = Ky(r, )C{(7, 5) } (A.27)
77, §) = Ky(r+1, 5)Cy/ (7, ) '
where
Ci'(r,s) = 1,2[ M(r, s, g, K) + (v + 1)N(r, 5, &, K)] = Cy(r, 5) (A.28)
Cyl(r,8) = [M(r 5,8, K)—7rN(r,s, g K)] = Cy + C (éig_—l)m (A.29)
2\ ( —I—K) H » 9y & 2 3 g F K . .
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Clearly we must have
g>0, (A.30)

for the 2 vertex case.
For either the two vertex or three vertex cases, for given 7, s and K we must always have

g>rK —s. (A.11a)

If this inequality is violated, it implies that the pivotal point would lie outside the leading edge
for the given value of g.

2. The Derivation of 8,,(r, s) and §,,(r, s) for an Irregular Rhombus Adjacent to a Subsonic Leading
Edge. : ‘

The method of procedure is the same as before with L, replacing K, L, replacing K, and
1/(po)'? replacing 1/4(po)?2. The counterpart of equation (A.7) becomes

1 por, B b —g)k2
J‘ f L.EX (ac+bp+c) (o, 5. — o) dp do (A.31)
y Je (po)+

aL(r, s, g, K) + bM(r, s, g, K) + cN(r, s, g, K),

where

_ ‘ nK? ) ; ’ 1 /s\¥2
L5, K) = S 0V + FERRO) + LR + 6 () A8+

1 ) K2 _, KE _,
+ Zsllz(E—Zs)]% (7’«?’ K) - er (7” $ & K) - ”3_](7 (7’ $ & K) -

E? |
_7](8 (7" 5 & K) -

L (A.32)
Lis\RrEKE L B KE( E) E?
_E(K) “_T 9(”sé’)+7~—2“f10 \r’g’f_{, LT
K ! ’ ’ I
+%f11(7’»g,E)}f12(7’,g)+
K2z , KE K? _ | , E , , 4 ES
+Ef13 (r, &) + {—g‘ —ﬁfm (”’é’:,E)}fm (7’,g):| + ﬁffm
= T , T, s 2K _, h
M(”,S,g,K)=gKf1(7)+§Ef2(7)—Wf,;(T,g,K)_Tfﬁ(?,f,g,K)—
- 2E 4 E®
——?’—f7 (r, 5, 8 K)—EK_'gflﬁ =
1 /s\¥B (3 o 2B
~3(%) |[5EHE) - EAe g K + e + - (A33)

1
+ gfu’(”a g, E)} Jae'(r, 8) +

1 , , 2 2K ., , . 4 E3
+ gKfls (r, &) + {g E— —5“][14 (r, g, KE)}flﬁ (v, 8 ):| i ?—zfm ")
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1
NG, s 8 K) = 5 7KRG) + mBRO) - 99,0, 8, K) - 2 Kfy 05,6, K) — |

4 B2

_ZEfS(ng>K)+3Kf s

-

— % ( % )1/2 [{ZE — Kfyy'(r, g', KE) fis'(7, &) + % Kf'(, g’)}
and ‘ J
£l = 12— 152 £70) = (P 192 = 92 £00) = (r+ 1)U2 — 4102
fir, 8 K) = (4 DE(g+ KR [0+2)K +g] — (KgPP K +g] -
2 {r+ DEP2 + (g+ K)2
— (g"‘KT) loge l: (TK)llz + g1/z }

rK (r+ DK + —i—Kl2
£ K) = Kmlo{{ P2+ (g+ K)

12
fe'(r, 5,8 K) = (r +1)* sin~? Py K) — 752 gin—1 (s —:—g)

’ K 1)82 si Y g [\
1 (7, 5,8, K) = (r+1)¥2 sin- (s g+K) — 732 sin (ﬁé’)

12
) — rl? gin~t ( : )
s+ g

f(r, s, 8 K) = (r+1)¥2 sin1

’ ' 1 ’ ’
firng) = 3~ ¢ =§z

? IE 1 ! E 7 ! 'a
fro (7”g’E)=§(g_7'+2Kv)’ Ju'(r, &' E) = E(g' —7)

(r, &) = F24g+ry+{(r+1) (1+g)}e2
J1'(r, g') = log, I: 1248 +7) — 1+(rg")2 ]

fidr€) = 3 Qg +7) (1) (1482 — 2 (6'+7) ()

E E
A (nghg) =g+8 =7 f = {0+ D A+ - P

, L K\IB .l DK + (B(g+ K2 (sK)12 — (Bg)ie
S8 KB =3 (5) o [{m DK% — {E(g + K™ (5K )% + <Eg)1f2} '

(sz) + g } +{(r+1) (g+ K)}2 — (rg)'?

(A.34)

Using equations similar to (A.16), (A.17), (A.18), we obtain from (A.31) for the three vertex case

Soo(7, §) = Ly(r, $)Dy(7, 5), 810(r, 8) = Ly(r +1, 5)Dyf, 5),
8117, §) = Ly(r+ 1, s+ 1)Dy(7, 5)
where

D7, s) = [ M + (r +1)N]

Dy(r, s) = [-L+ M+ (s—7)N] §

GrE™

Dy(r, 5) = R e [L — sN].
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Similarly

3_00("’ s) = Ly(r, s)Dy(7, 5), 010(7, 8) = Ly(r+1, $)Dy(r, 5),
81u(7, ) = Ly(r+1, s+ 1)Dy(7, 5). (A.37)

For the two vertex case, we have

Sool7, ) = Ly(7, $)D{'(r, 5), 810(r, §) = Li(r+ 1, YD, (7, 5) (A.38)
Sool?, 8) = La(r, $)D{' (7, s), 810(7, ) = Lo(r + 1, )Dy/(7, s) (A.39)
where
D(@r,s) = (?;E [~ M+ (r+1)N] = Dy, 5) (A.40)
, 1 I g+ K — 1)1 .
Dy(,9) = (o oy 7 = 7N] = Dy + Dy (W) : (A.41)

3. Derivation of T,y, Tuys Ouys Ouy fOr an Irregular Rhombus Adjacent to a Transonic Leading Edge.

The equations given earlier for the subsonic-leading-edge case remain valid, except that we have
to take the limit as K tends to zero. Thus in equations (A.8), (A.9), (A.10) we take K = 0; with

1 1
f— g [?172 -5 1)1/4 (A.12a)
) s\ 1
o=z () = ) A
s \12
£, = 2sin-t (;L_g) [(r+ 1)12 — 710] (A.142)
fo = 28Y7[(r +1)12 — 1], (A.15a)

To obtain the equations analogous to (A.32), (A.33), (A.34), it is simpler to perform the integrations
again from first principles, using the fact that the equation of the leading edge is now

o = §+¢g independent of p.

We obtain

L= 2[(r+1) =, (A.32a)
7 = § [+ 1) — 9] I, | (A.332)
N = 2[(+1)% - 2] I, (A.34a)

where
I T gt () 2 A42
= g [5—sn (5) | -6 (a42
1 . s\
— (a2 | . —_qin—1{ — . _ 1/2
I,= 4 (5+2) [2 sin (Hg) } 7 (=) (s, (A.43)

57



APPENDIX B

1. The Derivation of 7,,(r,s) and 7,(r,s) for an Irregular Rhombus Adjacent to a Supersonic
Leading Edge.

The procedure is much the same as for the subsonic-leading-edge case, except that now the

parameter K is negative and (oy, g, — 0)'* is now replaced by oy, — o throughout. Equation (A.7)
now becomes:

r+1 poy, @0 (a0'+ bp—i—c) (UL.E. _ 0')
) Wpoyr w7
= al{r,s, g, K) + bM(r, s, g, K) + ¢N(r, s, g, K), (B.1)
where
Ko\12 1/2 741
Lr,s,8, K) = — % |:2E (E': P) — 3E(— K )2 sin—1 (?%K_p) + {sz(E+Kp)}1/2:| +
E. 1/2 1 3/2 1 L Kisliz 1 1/2 1/2 B2
+ § —§S (7_}_1)1[2_1% - § [(7’+ ) — ¥ ] ( .)
E . — KP 12 71
Mr,s, g, K) = — [(_K)llz sin™! (T) + {p(E.}.Kp)}l/z}T i
E 1K
+ [@E + S1/2:| [(r+1)v2 — p22] 4 ;W [(r + 1)32 — 4312 (B.3)
—_ 1/27yr+1
N, 5,8 K) = 2 [(_K)m sin-1 ( K”) N (E + KP) } _
E P .
E 1 1 K
- [suz + @J [(—H- T ~ 7—1,5} + [(r + 12 — p12], (B.4)

As before £ is given by equation (A.11).
To deduce ,,(r, s) we must make use of equation (79), so that we must first express a, b, ¢ in
terms of ¢z’ o Pr'rr1, 0 Pr'n i1 Substituting the three pairs of co-ordinates into
¢z’ (p, 0)Ki(p, 0) = (a0 +bp+c) (o1, 5 —0) (B.5)

we obtain three equations which, on solving for a, b, ¢, give
_ [(]SR’Kl]r,s-l-l _ [?SRI I]r,s

a B.6
1 Z (B.6)
6z Kilis,s  [Pr'Kilys
b= A 2 B.7
T K 2 (B.7)
— ¢R Kl]?‘,._s {7+S+ 1) — [¢R K1]7'+1,s — [(}SR Kl]r, s+1 . (B.S)
g g+ K g—1
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Returning to equation (B.1) and picking out the coefficients of ¢z'(r, 5), dr'(* + 1,5), ¢z'(r, s+1)

in turn, we obtain .
Too(?> 8) = Ky(7, $)Cy(7, 3)
710(ts 8) = Ky(r+ 1, 5)Cy(r, 5)

To1(7, 8) = K(r, s+ 1)Cy(r, 5)

where
1 N
Cir,5) = P [-L—- M+ (r+s+1)N]
1
Cir ) = g (M 7] >
1
Cy(r, 5) = P [L — sN]J.
Similarly ’

Tool¥s §) = Ky, s) Cy(r, s)
T10(7, 8) = Ko(r+1, 5)Cyf, 5)
Toa(ts §) = Ko, s+1)Cy(r, 5).

(B.9)

(B.10)

(B.11)

For the three vertex case it will be clear that the point Q must lie outboard of T and hence

g>1,
must be satisfied.
s
r+l,s Q
L.E.
l iq
R \/
r,s
In a similar manner we find for the 2 vertex case
a=10
_ e Kidrn,s _ [$r Kl
g+KkK g
SN (5. W X5 Y
g g+ K

Equations (A.26), (A.27) now hold good as before, where
’ 1 g - 1
Ci(r,s) = E[— M+ (r+1)N] = C1+T C,
Cy'( - [M—-rN}j=C
0 (7, 8) = 7+ K rN} = C,.
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Clearly for the two vertex case, we must have:

-K<ggl. : (B.17a)
!
> LE.
R, s {g
For the one vertex case we get
a=0, b=0, c:wl*g—l]“f. (B.18)
Hence
To?, 8) =K (7, $)C," (7, s}, Too(7, 8) = Ky, $)C (7, s), (B.19)
where
N
Cy'(r, 8) = g (B.20)
For the one vertex case
0<g< - K. (B.21)

2. The Derivation of 8,,(r,s) and §,(r,s) for an Irregular Rhombus Adjacent to a Supersonic
Leading Edge.

The method of procedure is the same as above with L, replacing K;, L, replacing K, and
1/(po)"2 replacing 1/4(po)¥2.

The counterpart of equation (B.1) becomes

1 POLED (ao+bp ) (o g — O
J'T fs (ao+ P?;)O?)I(IZL.E. )dp do
= al(r,s, g, K) + bM(z, s, g, K) + c¢cN(r, s, g, K) (B.22)

where
1

8

— 4
Lr, 5,8, K) = | 13 AE+Kpy® | — 350 B K) +

+ |:% §52 g Ess/z:l [(r + )42 — 712] — g K532 [(r 4 1)32 — 4302) (B.23)

M(r, s, g, K) = % 77 E, K) + E“ §302 _ %Esllz} [(r+ 1)3/2 — 732] gsllzK [(r+ 1)5/2 — 752 (B.24)

Nr, s, g, K) = ; jolr, B, K) + E shi2 4Esl/ﬂ [(r+ 1)v2 — 202] _ ;fslfzK [(r+1)%2 — 432 (B.25)

and

EB T . — Ko\ Y2 E
j1(7’, E, I<) = l:_ m {é — 2sin™! (Tp) } + @(E_{—ZKP) {p(E+KP)}1/2 +
+ %p(E +Kp) {p(E +K’°)}1’ZTH (B.26)

jolr, B, K) = [ﬂ sint (_—K”) "y % (5E+2Kp) {p(E + Kp)}llﬂ (B.27)

H—K)® E

r+1
L r
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Using equations similar to (B.6), (B.7), (B.8) for the three vertex case, we obtain from (B.22)

800(7’ s) = Ll(rr S)D1(77 s) ’ 810(7'7 s) = L1(7’+ 1 S)DZ(V, s) ’

So1(7, 8) = Ly(r, s+ 1)Dy(7, 5) (B.28)
where '
1 - _
Dy(r, 5) = P [—L—-M+ (r+s+1)N]
1 ‘ . (B.29)
Dy(r, 5) = T K [M—7rN], Dy, = =1 [L — sN].
Similarly
Soo(t, 8) = Lafr, $)Dy(7, 5), 8107, 8) = Lo(r+1, $)Dy(r, 5)
- (B.30)
801(7, $) = Ly(r, s+ 1)Dy(, s)
For the two vertex case, we have equations (A.38), (A.39), where
, 1 — - g—1
D(r,s) = g[—M-l—(r—i—l)N] = Dl-q-TD3 (B.31)
1 o
D,/ (r,s) = FE [M — N} = D,. (B.32)
For the one vertex case, we have
Boolt, 8) = Lu(r, $)Dy"(7,5),  Baolrs ) = Lafr, )D1"(r, ) (B.33)
where
Dz, 5) = ;X . (B.34)
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Rectanqular wing. A/R =2

5 =10
¢ =10
Delta wing. Ajy =I5
s = 375
< =4

Tapered wing. A/p = 433

s =1{37
c zl0

- L]
Mog=ts

Fig. 1. Planforms for which derivatives were evaluated.
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