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Summary.

A method of obtaining numerical values of generalised airforces on a thin wing oscillating harmonically in
subsonic flow is described. It is assumed that the linearised equations of potential flow are valid. The essence
of the method is the approximate solution, by collocation, of the integral equation relating the loading distri-
bution and upwash on the wing and the use of the loading distribution so determined to calculate the
generalised forces on the wing and control surfaces at general frequencies of oscillation.

The procedure has been programmed in autocode for the Ferranti Mercury Computer and-is available as
programme R.A.E.161A. A modification is programme R.A.E.263A for determining the loading distribution
over the wing.
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1. Introduction.

It is now becoming increasingly the practice to obtain airforces on thin wings by solving approxi-
mately the linearised integral equation relating the unknown loading distribution to a known
upwash. This practice has the advantage over analytic methods in that wings of more general shape
can be considered. Analytical methods are applicable to wings of only a few particular shapes such
as the circular wing and the elliptical wing.

When airspeeds were low and wings were straight and of high aspect ratio, the steady lifting force
on a wing was determined by assuming that the lift was concentrated on a line lying spanwise across
the wing. Even with the advent of higher speeds and the introduction of low-aspect-ratio wings
having sweepback this method continued to be used, with the extension that the lift was assumed
to be concentrated on several lifting lines.

An important step forward was made by Falkner!. Falkner considered the integral equation
relating the unknown velocity potential on the wing and in the wake to the upwash and carried out
approximate integrations by dividing the wing and wake up by a mesh of lines and assuming
simplified behaviour over the resulting lattices.

The final step towards a continuous theory for steady subsonic flow was made by Multhopp? and
this theory is known as a lifting-surface theory in contrast to the lifting-line theory. The loading
distribution is approximated by the first few terms of a series in orthogonal functions and this series
is substituted into the integral equation relating the loading distribution to the upwash. The
coefficients of the terms in the series for the loading can then be determined by integrating term by
term and comparing the values obtained with the values of the known upwash at a set of points on
the wing equal in number to the number of terms in the series for the loading. The loading may
then be determined and also any required total airforces.
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This method was extended? to the case of a wing oscillating at low frequency. Further progress
was made by Richardson* and Acum® who extended the method to deal with general frequencies of
oscillation. :

The method described in this paper is again based on Multhopp’s lifting-surface conception and
consists of a fusion of ideas presented in the theories-of Richardson* and Acum®. The treatment of
the equations is, however, different in detail from that of either of those two theories.

Following the method described in the present paper, a programme has been written in Autocode
for the Ferranti Mercury Computer for the calculation of the generalised airforces on a wing capable
of oscillation in several rigid or flexible modes at a given frequency in a flow of given main-stream
subsonic Mach number. This is available as programme R.A.E.161A. A modification of this
programme has been made so that loading distributions in the various modes of oscillation can be
determined. This modified programme is available as programme R.A.E.263A.

The theory of Falkner, also, has been extended to deal with oscillating wings and has been used
by W. P. Jones® and Doris E. Lehrian? among others. The integration concepts of Falkner are used
by Runyan and Woolston®, though they use the integral equation for the loading rather than the
velocity potential, as Falkner does.

The integral equation relating loading distribution and upwash in oscillatory flow is also the
basis of the method of Ref. 9 where the procedure is in some respects similar to that of Multhopp?.
The loading distribution, however, is not approximated to by the first few terms of a series in
orthogonal functions and integrations along the span are performed by dividing the span into several
intervals rather than using just one interval.

Stark!® uses an integral equation based on the integrated velocity potential. One important
feature of Stark’s method is that the approximation to the integrated velocity potential is not
determined by equating the upwash calculated from the integral equation to the known upwash at
a set of points but rather by minimising the sum of the squares of the differences between the two
values at a larger number of points. This can be expected to be more accurate than merely equating
the values at a smaller number of points, but because of the extra numerical work involved a similar
feature has not been incorporated into the present method.

The treatment of control surfaces by the lifting-surface theory of Multhopp leads to complications,
and as yet has not been carried through. However, a procedure based on equivalent displacements
and upwashes was proposed by Falkner in Ref. 11 for a full-span control surface, where each chord
was considered as if it were on a two-dimensional wing. Treatment of spanwise effects has since
been proposed, and Richardson in Ref. 4 describes how a part-span control surface may be treated
by considering chordwise and spanwise effects separately. In the present paper a procedure, again
based on equivalent displacements and upwashes, is put forward. With this procedure generalised
airforces on a part-span control surface may be obtained without separating the chordwise and
spanwise effects. Only some of the generalised airforces on the control surfaces can be obtained
with good accuracy but values of the right order of magnitude may be expected for the others.

2. The Integral Equation Relating the Loading and Upwash on the Wing.

The wing, which is assumed to be very thin and nearly plane, is immersed in an airstream so that
its inclination to the main-stream. direction is very small. It is assumed to oscillate with small
amplitude about a mean position in either rigid or flexible modes. Accordingly linearised theory is
applicable and the wing may be replaced by an oscillating flat plate the mean position of which is
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parallel to the main-stream direction. Wings in practice are symmetrical about a centre chord so
only symmetrically shaped wings will be considered, though in fact the theory is also applicable to
non-symmetric wings.

A system of right-handed Cartesian coordinates (%, y, 2) is introduced as shown in Fig. 1, which
is stationary with respect to the mean position of the flat-plate wing. The origin is taken to be some
point on the mean position of the axis of symmietry. The positive x-axis is taken along the main-
stream direction, the z-axis normal to the mean position of the flat plate and upwards, and the
y-axis is taken mutually at right angles to complete a right-handed system.

The vertical displacement of a point (x, ¥) on the surface of the wing at time ¢ in a harmonic
oscillation with circular frequency w may be given by

Z(x, p, t) = g(x, y)e! (1)

where, as is usual in using complex functions, only the real or the imaginary part represents the
pertinent physical quantity.

The boundary condition that the airflow is tangential to the wing surface must be satisfied and
this leads to the equation

d : '
wx, y) = V = g(%, ) + iwg(x, y) (2)
if non-linear terms are neglected. The function @(x, ¥) in equation (2), called the upwash function,

is such that the component of the air velocity in the z-direction at the wing mean plane is w(zx, y)e®,
V is the velocity of the main stream.

Corresponding to the wing displacement given by equation (1), or the upwash function given

by equation (2) there is at the point x, y on the wing surface an upward lifting force per unit area,
or loading I(x, v)eit, ‘
Reduced upwash and loading functions are introduced by the equations

o(9) = 5, 9) ©

1
A 3) = s 9) )

where p, is the density of the air in the undisturbed main stream.
Then, as shown in Appendix I, and elsewhere, the integral equation

1
o,3) = 32 [ [ Mo, 30K =0, 3=y 5)

is satisfied, where S represehts the area of the wing and the kernel K(x, y) is given by

, * . du M(Msx+ R) tw (—x+ MR
— p—tozlV —foufV - 6
Kiw y) = e [f (oM R (-] ‘ (u® + )P * R(x? +y*) P [ 14 ( 1— M2 ) }:l (©)
with
R = /{«® + (1-M?)y% (7)

and M is the Mach number of the main stream.
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If now the modified functions

a(x, y) = ofx, y)ewsV , (8)
A&, y) = A, y)etval” 9)
R(x, ) = K(x, y)eivalv ' (10)

are introduced into the integral equation (5), it becomes

1 A -
5,3) = 72 [ [ 30, yo)R(e=30, y=yhdsndy. (11

Into this integral equation introduce the new variables

1
£ = o) [ — %z(3)]

()
1
N = ;J’
. (12)
& = m [ — %7(¥0)]
1.
Mo = ~ Yo

where s is the semi-span of the wing, ¢(y) is the local chord length and x;(y) is the coordinate of
the leading edge at the spanwise position y as shown in Fig. 1. The integral equation then becomes

(&) = 47 f—1 Yo d"lof )‘(fo: 7o) (“‘ x> ¥ —Yo)dEq (13)

where )
A&y, 70) = ﬁ(xo’yo) (14)
(€, 1) = &x, ). (15)

It is convenient to split up the kernel K(x, v) into

K(x,3) = Ry(x, 9) + Ry, y) (16)
where ,
Ry, y) = fw etV _du
(—tt MRI1—M2) (u? + y?)P2
7 (iw|y| iw| y| w|y| w|y|
- =5 () [ (52 + S (7). ()] -
(—2+MRIA—M?) . du
_ ~iwulV o
J, ECEE 7
and

M(Mx+R) [ Zw(—-x+MR)]

Raod) = gy P "7 o (18

In the above /; and K| are modified Bessel functions of the first and second kinds and first order
while |H|_; is a Struve function in the usual notation (see for example Ref. 13).
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If the kernel is split up in this manner in the integral equation (13) and an integration by parts
carried out on the integral involving the first component K,(x, y) then there results the equation

s +1 1 .
(6 1) = | o [ {50, 1R, y-3,) +
+ (o) AV (&, mo)Ka(w—2%4, ¥ — yo)}dé +

s [ - N
f | RO m)R el y g (19)
-1

where

= £y _
X0 (E,, 70) = f X, mo)do (20)

Ka(x’ y) =

1 (Mx+ R)? :_z'w (——x+MR)} 21)

Rty P Ty T

and xz(y) is the x-coordinate of the trailing edge at the spanwise position y.
The integral equation (19) can be handled more easily than the integral equation (13) for now

the rather complicated expression (17) occurs only under a single integral rather than under a
double integral.

3. Approximations to the Loading Function and Location of Loading and Upwash Points.

The integral equation (19) may be solved numerically for values of the loading function A(&,, 7o)
only at a finite number of points on the wing. Accordingly a set of points, the loading points, at
which the values of the loading are to be determined are chosen at the outset and the values of the
loadings at these points are regarded as unknowns. The loading function is then represented
approximately in terms of its values at the loading points by use of interpolation functions which
have the same behaviours as the loading distribution near the edges of the wing. ‘

The upwash distribution on the wing obtained from the integral relation (19) by using the
approximations just described for the loading function cannot be made to coincide exactly with the
given upwash distribution all over the wing. Coincidence at a number of points, the upwash points,
equal in number to the number of loading points can, however, be obtained. In this way a set of
simultaneous equations for the values of the loading function at the loading points in terms of the
values of the upwash at the upwash points is set up.

The accuracy with which the loading function is determined depends on the number of loading
and upwash points taken and also on the choice of their positions over the wing.

In subsonic flow, since the harmonic velocity potential of the flow about the oscillating wing
satisfies an elliptic partial differential equation, the loading distribution can be expected to be
smooth over the wing, away from any discontinuities in the upwash distribution such as occur at
control surface edges, and also away from any discontinuities in slope of the wing edges. This
would not be so in supersonic flow where the harmonic velocity potential satisfies a hyperbolic
partial differential equation, and, for example, a discontinuity in slope of the wing leading edge gives
rise to discontinuities in the loading distribution across a Mach line from the point of discontinuity
of slope on the leading edge if the Mach line lies on the surface of the wing.

For a wing without control surfaces in subsonic flow the loading distribution is smooth except
in the immediate neighbourhood of any points of discontinuity of slope of its edges, so A(&,, 7,) may
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be approximated quite well by a few terms of an expansion in terms of elementary orthogonal
functions over the whole wing except in the immediate neighbourhood of these points of discon-
tinuity of slope. The values of total forces on the wing obtained by using this approximation should
be little different from the actual values.

In the following theory the positions of the leading and trailing edges of the wing are specified
at only a relatively small number of stations along the span and it is assumed that a sufficiently
good approximation to the leading and trailing edges is obtained by taking the equations of these
edges to be polynomials which give the correct values at the specified stations. This leads to small
errors in the neighbourhood of discontinuity of slope in the leading and trailing edges but the
overall effect on the total forces is expected to be small.

The loading function A(&,, 7,) has a singular behaviour like 1/4/§, near the leading edge and
tends to zero like 4/(1 — &) near the trailing edge. These are the behaviours near the leading and
trailing edges of a two-dimensional wing, which must be followed near the leading and trailing
edges of a finite wing.

The selection of upwash points along a chord will be made on the basis of two-dimensional
steady-flow theory. For a particular finite oscillating wing there may be better selections but the
problem of their choice remains. The selection made on the basis of two-dimensional theory should
be better than an arbitrary selection.

An approximation to the loading function A(&), n,) along the chord at 7 = 7,, and which has
the correct behaviour at the leading and trailing edges is given by

W0 = | '3 atwtr] [(F52): 22)

If X*¥(&,, no), for a particular value of 7,, represents the loading on a two-dimensional wing

"lying between &, = 0 and &, = 1 in steady subsonic flow, then the corresponding upwash at any
point £ in (0, 1) may be calculated. If this calculated upwash is equated to the prescribed upwash
at each of # pointé ¢ in (0, 1), then there results a system of # simultaneous linear equations which
may be solved for the values @,(n,). The values of the a,(7,) so obtained will depend on which
points have been selected as the # upwash points £ in (0, 1).

The values of the a,(n,) for which X*(&); n,) of equation (22) is the best approximation to
M¢&q, ) are deemed to be those for which

[ (or w0 = o060, 0 /(27 2 @)

is a minimum for a given value of n,. This best set of values of the a,(»,) cannot be determined
exactly since the function A(&,, 7o) is not known explicitly. However, it is possible to select the
n upwash points £ in (0, 1) so that the values of the @,(7) calculated in terms of the two-dimensional
steady-state upwashes at these upwash points are, in general, as good approximations to the best
set of values of the a,(n,) as it is possible to get with z points only. The procedure for doing this
involves rewriting equation (22) in terms of orthogonal polynomials.

If the set of polynomials /,(£,) of degree 7 is defined as an orthogonal set over (0, 1) with respect
to 4/{(1— &)/ &} as weight function, i.e.

[ e (D) deo = b o)
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where 3, ; is Kronecker’s delta, and the series (22) is written

(1) = 'S b)) /(2 %) o

then the integral (23) is a minimum when

1
) = [ M g, O<r<n— 1. (26)

The b,(ny) are the coefficients of the first # terms in the infinite expansion of A(&q, ) in terms

of the L(£,):
M = | 5 sooneo] J(F52). @)

Corresponding to the loading distribution

o, (59

on the two-dimensional wing in steady subsonic flow let there be an upwash distribution o, (€).
Then o, (&) is given by the integral formula

(8) = [ K- JEE) (23)

where K(¢) is the steady subsonic two-dimensional kernel, and ¢ is distance aft of the leading edge.
The function a,(€) turns out to be a polynomial of degree # in €.

Then, corresponding to the loading distribution X, 7,) of equation (27) there is a two-
dimensional upwash distribution u(¢, 7,) given by the formula

w6 m) = X b, (29)

If equation (29) is written down for » separate points £ in (0, 1), a set of equations is obtained
which may be solved for the 5,(7), 0 < < 7 — 1, in terms of the values of the two-dimensional
upwash u(£, n,) at these points and of the b,(mo), ¥ = n. Approximate values of the 5,(1,), 0 < r <
n — 1 are then obtained by neglecting all the b (770) v > n, If, however, the » separate points ¢ in
(0, 1) are chosen to be the # roots

£, E=1,2...m (30)

of the polynomial equation

a,(€) = 0 ' (31)

then the values of the b,(5), 0 <7 <7 — 1 do not depend on the value of b,(7,). The approximations
to the b.(n), 0 <7 <n— 1, will then, in general, be better than those obtainable using the values
of u(¢, n,) at any other selection of # points ¢ in (0, 1). The corresponding values of the a,(7,)
are then the values which are to be taken as the approximations to the best set of values of the
a,(mo). It follows that the points (30) are, in general, the best ones to take for the chordwise positions
of the upwash points on a two-dimensional wing in steady flow. As mentioned earlier, these points
will be taken as the upwash points in the case of a finite oscillating wing. The points are numbered
in order from the leading edge.



The functions «,(€) and ,(¢) are in a simple relationship, as the following analysis shows:
Since the function «,(1 —£) is a polynomial of degree 7 it may be written as a linear combination
of the /,(§) with p < r. It then follows from the relation (24) that

[[aa-eue, [(F5F) de = o (32)

when r < 5. If 7 > 5, the integral relation (28) is used, and we obtain

g)@(f)J(—f) a- [ ON, (F55) 2 f K(-¢-e(c), | [ gog" dt,
e J (15;5) [ Ka-e-e)i Jl 1;—5) d
- [ - J ("5 a2,

= 0. (33)

Therefore o, (1 — £) must be proportional to ,(£) and the # upwash points are given by

£ = 1 — ¢0 E=1,2...,n (34)
where
i=n—Fk+1 (35)
and |
£ i=1,2,...,n, (36)

are the roots, numbered in order of increasing size, of the polynomial equation

L) = 0. (37)

As is shown in Appendix III, the points &% are given by

1 1 2t—1
O - _Z¢ R =
£9 =53 (ZHW) i=1,2...,n. (38)

The approximate values of A(&,, 7o) at z points along a chord may be determined from the
approximation forrnula (22). Reciprocally the approximate formula for A(§,, 7,) may be determined
in terms of the approx1mate values at these 7 points by the use of interpolation functions having the
correct behaviours at the leading and trailing edges. It is very convenient from the point of view of
mathematical formulation and numerical computation if these # points are taken to be the # points
£ defined above in equation (38). These 7 points will be called the chordwise loading points.

Corresponding to each point {®, an interpolation function %z,(¢,) is formed which is unity at
the point £ and zero at the other (n— 1) loading points, and which is the product of V(1= £y)/ &)
with a polynomial of degree (n—1) in &;:

| hM(€q) = ot fnfO)n(fo)J \/ (1 fi(l«;ia)) \/ (_1;_050) . (39)

dé, §0=E;
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The approximation to the loading along a chord of the wing may then be given as the sum

Mo m) = T KO, 1hi(60) (40)

where the asterisk has now been dropped from the A, for it is no longer required if one bears in
mind that the quantities denoted by A are henceforth approximations to the actual quantities.
Formula (40) is exactly equivalent to formula (22).

The loading distribution behaves like 4/(1—7%) near the starboard tip of the wing and like
4/(1+ %) near the port tip. These are the behaviours near the edges of a very slender rectangular wing,

An approximation to the spanwise function A(£%, n,) may then be taken as the product of
4/(1 = 1e?) with a polynomial of degree (m—1) in 7,. Following the procedure for the chordwise
variable &,, a set of polynomials y,(7,) of degree r is defined as an orthogonal set over (0, 1) with
/(1 —n,?) as weight function, ie.

ﬁMWMWVﬂw@%=%Y (41)

To choose the spanwise locations of the upwash points it is observed that the kernel K(x, y) in
equation (11) behaves like 1/y* near y = 0. The spanwise distribution of upwash w,,(7) corres-
ponding to the loading distribution y,,(7,) 4/(1 —74%), and upon which the choice of upwash points
depends is then taken to be '

i —1 (n—0)* oo

where the singular integral is a principal-value integral which has to be evaluated using Hadamard’s

‘Finite Part’ method of integration. The function w,(n) turns out to be a polynomial of degree
m in 7. The spanwise locations of the upwash points are then chosen as the m roots '

n®  r=1,2...,m, ‘ (43)

of the polynomial equation
W) = 0 , (+4)
for reasons similar to the ones for which the chordwise upwash points were chosen. The spanwise

points are numbered in order starting from the starboard tip.
The points (43) are given by

‘ 7 = — r=12,...,m (45)
where
j=m—r+1 (46)
and
N (+7)
are the roots, numbered in order of decreasing %; from 5, = 1 to 9, = — 1, of the polynomial
equation
Ym(m0) = 0. (48)

The relations (45) and (46) are obtained by an argument similar to the one used in obtaining the
relations (34) and (35).

The points 7; are symmetrical with respect to 7, = 0, in view of the symmetry of 4/(1-7y%
about this point, so that the spanwise locations of the loading and upwash points are the same.
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As is shown in Appendix III, the points v; are given by

nj=cos(m]:1), i=12...,m. (49)
Again it is convenient if the m points »; defined in equation (49) are taken as spanwise loading
points and the loading given in terms of its values at these points. ‘
Corresponding to each point 7; an interpolation function g;®(z,) is formed which is unity at the
point 7; and zero at the other (m— 1) spanwise points, and which is the product of /(1 —»,?) with
a polynomial of degree (m—1) in 5,:

m 1— 74
gj(m)(no) — Y. (7]0) '\/(1 —7)02) . (50)
B d V(1=27)
(0= 5} | 7, Ym{70)
Mo 0=
The approximation to A(£®, 7,) is then given by
MEL, mo) = 3 A& 1,08, (n0) (51)
j=1
so that, from equation (40),
Méo, mo) = 2 3 MEL, k™ (£0)g,™ (o) - (532

i=1j=1

To end this section formulae for the loading and upwash points on a finite wing are given.
The totality of loading peints are given by

%5, = ()& + 22()) i=1.2 .. . . =n
¥ b ) (53)
. i=12...,m :
Yi =51
and the totality of upwash points are given by
X, r(w) = C(yr)glc(w) + 'xL(yr) k= 1, 2, , 1
— J = 1: 27 3 (54)
Yr = Sy

4, The Numerical Integration.

Substituting the approximation (40) for A(&,, 7,) into the form (19) of the integral equation

results in

e (O,
wem) = 5 [ L) gy, g, g (55)
. i=14 —1 (17— o)
where

S

L, 105 €) = g ely) (= m0)" U (&R o — 50, y—0) +

T oyt (E) Rl — 0, y — o)y + B M(1)Ro(w —sp(3y), y—yo)] (56)

and
5
o) = [ . 7)
0
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The function I,™(z, n,, ¥) may be developed into a series of the form

L, mg, €) = Z E, (0, €) (n—m0)* + (n— o) log | n—nq| E 5, (1 &) (n—mo)® (58)
8= §=10
in the neighbourhood of 7, = 7.

The principal value integral in equation (55) could be evaluated approximately by using the
interpolation formula

m
MEL, n) ), 10, €) = = AL, )L, my 5 £)gf™ (o) (59)
=
and integrating each term obtained by putting this series into (55). The accuracy of the value
obtained would however be adversely affected by the presence of the logarithmic terms in the
expansion (58), and in particular by the lowest-order logarithmic term, especially if the value of m
is small. The accuracy can be much improved if the lowest-order logarithmic term is removed
from L™z, 7n,, £) and dealt with separately while the remainder is dealt with by using the inter-
polation procedure. In order to do this an expression for the function F, (y, £) is required and
this is found in Appendix IV to be

1
4 c(y)

To evaluate the principal-value integral in equation (55) a procedure similar to that of Mangler
and Spencer!* is carried out.
Put

By §) = g 2 [ = (L= M) + 27 hioE) + 1 @) (60)

L(n, mg, €) = Li*(n, my, €) + Fo (n, €) (n—n0)? log | — | (61)

and write the identity

z(f7l(l)> 770)11(")(77, o> f)

= 30 ) LTI (100, €) = 1%, 7o, 6 +
+ (M0, 7L, mo, €)= KO, )‘ﬁf "°){I<ﬂ><n, 8 = L, m, 0] (62

The lowest-order logarithmic singularity is missing in the expression in square brackets so the
interpolation process is to be applied to that expression. We then obtain approximately

€D, no) L, my, £)

= %6 ) L) B 0, .= og I =l + 5, (K60, 2)190 10,6 -
= e, ) YT By 90, ©) =) 108 [, | o). (63)
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Hence, from (55) we obtain the approximate equation

o X(g'b » 1)

(g, 7}) = 1 '\/(1

- Fo, {(n, €) U logln ol v/ (1 —mo?) —

” 4 +1 g () Vd
- X (=) log |n—7[v(1 =1 @‘D—zﬂ
j=1 -1 (n—"0)

+ Z Z X(‘fi(l)) 777')1'5(”)(7]: Mo > g)

i=14=1

1 g (ng)dn,
10 6
f—1 (1 —mn0)? ( Y

If the equation (64) is written down for the mn upwash points (x; ,*), v,) on the wing there
results the following set of m#z simultaneous linear equations

X N +1
(1) = 5 S o, €00 [ [ 10g |1, = o v (1= )i —

- E (777' 773)2‘1(’8!777«— 771|\/(1 77]2) J‘+1&—(Z;O)lzd7)0:|

n m)
+ Z 2 (f O 7]3)’[ (n)(?]'m 55 gk(w)) J\ L(no)z d’qﬂ

i=1§=1 -1 (77 — "o
k=12 ..
r=1,2...,m (65)

for the mn unknowns A(£0, ;).
Integrals required for the evaluation of the coefficients in equations (65) are

i 2 m 2 ™
[ 108 | = m (1 = nidng = 22 =1) ~ G log 2 (66)
-1
and
T R
g () 2 4/(1-77)
& (Mo)270 :
P = [ S 2 /(1) : (67)
1 (m,—my) D) (=) 7 + j an odd number
0 7 +j an even number and # = j.

Multhopp obtained the expressmns (67) in Ref. 2, but their derivation is included in Appendix ITI
for completeness.

Also required in equation (65) are the values I7(,., 7;, £,*).

If 7 +j values of this quantity may be obtained by performing numerically the integrations
appearing on the right-hand side of equation (56). The performing of these integrations is quite
straightforward, but care must be exercised when the integrand is changing rapidly with &, as
happens if (7, —7;) is small when £, is near to &(xy,,*, ;). It is suggested that the chord of the
wing be divided into a number of intervals over each of which a Gaussian numerical quadrature
formula of low order can be used with good accuracy. The lengths of these intervals depend on
the value of (»,—7;) and the location of the interval with respect to x,, ). These intervals will be
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short when (7, — ;) is small and when their x-coordinates are near to x; ,* and longer otherwise.
The singular behaviours of £,™(£) and £ "(&,) near the leading and trailing edges of the wing
have to be taken into account in the numerical integration formulae used.

If » = j the integrands in equation (56) are singular and non-integrable so that the value of the
quantity can only be obtained by taking the limit as 7y — 7. It is shown in Appendix V that this
process leads to

19(n, 2, &) = 5 D aonie. (68)

The values of F, ™(z,, £,%) are obtained straightforwardly from equation (60).
All the coeflicients of A(£%, ;) in equations (65) may be determined and then the set may be
solved.

5. Matrixz Formulation of the Equations. ,

In what follows it will be assumed that the number of spanwise points m is an even number,
Then there is no spanwise point on the centre section and the set of simultaneous linear equations
(65) may be written as the matrix equation

at A+t AT 2t
= _ (69)
& At A— AT
where the elements are submatrices defined below.

[&*] is a column matrix of jmn elements with the element
£, n) k=12 ...,n 70
I W,
™ . r=1,2...,m2 (70)

in the n(m[2 —¥) + k’th row.

[#7] is a column matrix of {m#n elements with the element
(£, k=12 ...,nm -
(ER Npiagy) r=1,2...,m2 ( )

in the n(r —1) + k’th row.

[A*] is a column matrix of Jmn elements with the element
D i=1,2,...,n (72
) i=1,2...,m2 )

in the n(m/2 —j) + ¢’'th row.

[A-] is a column matrix of mn elements with the element

A(EP i=12...,n | 7
EO i) 5y g h
in the n(j— 1) + #’th row. |
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and

[A+F] is a square matrix of order {mn x imn with the element

L ("77‘) UE flcw)) J‘—l( (;;}0))2 Mo

1 +1
+ 85, F0, (M5 £4) \/(Tﬂ—z) [f 110g l’?r - ’70[\/ (L —no?)dn, —

- m)
= % (9= ) log |1, = np| v/ (1=7,7) f_l fp( e dﬂ}

+

p=1 7]0)2
i=12,...,n; k=12...,n _
i=1,2,...,m2;, r=12...,m2 (74)

in the n(m/2—7) + k’th row and #(m[2~) + Z’th column.
[A+-] is a square matrix of order §mn x ymn with the element

) g m/2+j(m)(")0)

[i(n) s o ,,éfb_(w) d
(> Mmiars»> €4 1 (np—mo)? Mo
i=12,...,n E=1,2,...,n
i=1,2...,m2; r=12...m}2 (75)

in the n(m/2—r) + k’th row and #(j — 1) + ¢’th column.
Since the wing is assumed to be symmetric about the centre chord the remaining submatrices

may be defined by
A=+ = At ; (76)

A= = A+, (77)
It will be noticed that the + sign is associated with the starboard side of the wing and the — sign

with the port side. ‘

The arrangement of elements in the above matrices corresponds with counting the points from
the leading to the trailing edge along the chords at each spanwise section in turn, starting with the
spanwise section nearest the wing centre line and proceeding towards the tip. This applies to both

starboard and port sides of the wing.
Let the elements in the column matrices in equation (69) be written as the sum of symmetric

and antisymmetric components by

RN EAE [21 e

where

0] =l + o], ¥ =

§I+ K
@] = 4ot -], M= p[ -5
d

[x*
[At—A
Then from (69) in virtue of relations (76 ) and (7 7),
= A+t A A+t At bl
_ (80)
@] [A-r A A+ A [ =
which may be replaced by '

w = [ 24 1 -
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The set of mn equations in mz unknowns has therefore been reduced to two sets of tmn equations
in $mn unknowns corresponding respectively to symmetric and antisymmetric oscillations.

The equations (81) may be solved for the matrices [2)¢] or [2A9]. Then A(&,, 7,) may be obtained
from equation (52) and so the reduced loading A(x,, 7,) may be obtained by using equations (9) and
(14). Programme R.A.E.263A has been constructed to determine values of Ay, o) at points
(%, ¥o) on the wing when it is oscillating in given symmetric or antisymmetric modes at a given
frequency in a main-stream flow of given Mach number.

6. Modes of Oscillation and Associated Generalised Forces.

If the wing surface may be displaced in a linear combination of a number (% say) of independent
modes of displacement then the vertical displacement Z(x, y, £) of the point (x, ¥) on the wing at
time ¢ in any vibration involving these modes only can be given by the formula

I
Z(x,y,t) =173 fp(xi y)bp(t) ‘ (82)
»=1
where / is a typical dimension of the wing, the f,(x, ¥), p = 1,2, ..., k, define the shapes of the
k independent modes and the b,(#), p = 1,2,..., %, are independent generalised coordinates

which are functions of the time. ‘
If at time # the wing surface undergoes an incremental virtual displacement

k
SZ(x,3) = I S f,(x )5, (83)
p=1
where the 8b,,, p = 1,2, ..., k are incrementally small and arbitrary, then the virtual work done

by the airforces on the wing at time ¢ in this virtual displacement is given by

SW = ffs L{xy, vy, £)32(x,, Yo)dxody,

z 85,1 f f Lo, 30, )f 60> o)dody, (84)

where L(x, y, ?) is the upward lifting force per unit area, or loading function, at a point (x, ¥) on
the wing at time ¢ when the wing is vibrating according to equation (82).
In a small incremental virtual displacement, however, the virtual work is given by

S 0,0, (55)

where Q,(2) is the generalised aerodynamic force in the p’th mode at time .
Comparing (82) and (83), noting that the 8b,, are arbitrary, leads to

0, =1 f j L0, 30, Do, 300y (86)

When the wing is oscillating harmonically with circular frequency w the generalised coordinate
b,(2) is written
by(t) = be™t. (87)
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Since the governing equations of the flow about the wing are linearised the principle of super-
position holds and the loading may be given by '

k&
Lix,y,8) = pV? I A, y)bgpe™ (88)
=1
where ¢
pV2A (1, y)eiot (89)

is the loading distribution on the wing corresponding to the harmonic oscillation

Z (%, 9, t) = Ify(x, y)e™t. ) (90)
If the expression (88) for L(x, y, £) is substituted into (86) there results

Il

I
O(5) = pVPL 5 byt f f RACHERIYCRERTE
g=1

k .
= pV%i2 21 Oy, dbaoe™ (91)
g=
where
1 ,
Qs =3 [ [ _Foloor 50loo, ety ©2)

The quantity Q,, , is a generalised aerodynamic force coefficient and is a dimensionless complex
number. For similar wings oscillating in similar modes p and ¢, from dimensional considerations
one can see that it depends only on the Mach number M of the flow and the frequency parameter

v, where
v = w7l . (93)
In flutter theory it is often convenient to write
Op¢ = Dod +70nd (94)

where Q,, ,/ and O, " are real numbers.
By making the transformation of variables from (x,, y,) to (&, 7o) as defined in equation (12)
in the integration variables of (92) there results

Ops= [ By [ foto, 0L, 0¥

¢
-["® ‘y") no [ Fulo 3R 6o, n)de ©3)
-1
Then, using the expression (52) with the suffix ¢ attached to the A’s this becomes
¢
= 3 a0 ) [ O gt [ OGN, e (00
i=1j=1

It will be assumed that an adequate approximation to

e(Po)e oV f1 (%, Yo) (97)
over the whole wing may be given by a double polynomial of degree not greater than the #’th in &,
and not greater than the m’th in 7. This approximation may not be so good near points of discon-
tinuity of slope of leading and trailing edges of the wing, as obtains for example at the wing apex,

17
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but this is expected to be only a local effect in subsonic flow, and is equivalent to modifying the
wing contour so that there are no such discontinuities. The values of (wx,/V) must also not be too
large anywhere on the wing, its greatest permissible magnitude being determined mainly by the
number of chordwise points. If large values of (wxy/V) occur then oscillations in the function
e~"[V become important and this would need special treatment.

In Appendix III it is shown that if a(&)) is a polynomial of degree not greater than the #’th in &,
and if e(x,) is a polynomial of degree not greater than the m’th in 7,, then

1
f a(ENh(ENdE, = a¢O)HD (98)
0
and
+1
f e(n0)2, "™ (no)dn, = e(n;) G0 (99)
-1
where i
. 1
H» = f hi(E ), (100)
[1]
and
+1 )
G = | g (ng)dx,. (101)
-1

So equation (96) may be replaced by

- 3 3 e W ey (= 2w 0) fila 0 3)AERm) (102

t=1j=1

or, in matrix form

Qp,q = [fp+’fp_] |:B 0 [xq+ ,
0 B} zq—} (103)

for a symmetric wing. The submatrices appearing as elements in equation (103) are defined below:
[f,*] is a row matrix of $mn elements with the element

=12 n
. .(l) k b PR
T3, 5% 3) i=12...,m2 (104)
in the n(m/2 —j) + #’th column.
[fp~] is a row matrix of Jmn elements, with the elefhent
i=12 7
. [0 ) y L~y s e ry
fp(‘xz,m[z-l-] >y7n/2+7) ] — 1, 2’ e, m/z (105)

in the #(j — 1) + #’th element.

[B] is a diagonal matrix of order }mn x ymn with the element

=1,2,...,n

M (n) (m; _ig .(l)} ’
] HUGmexp |~ X j=1,2...,m2 (106)

in the #(m/2—7j) + ¢’th row and column.
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The column matrices A,;* and A,~ are defined by (72) and (73) only now with the addition of the
suffix ¢.
The equation (103) may be replaced by

. Op,q = L1 [B] [2A7] + [f,°] [B] [2A] . (107)
wnere
(5] = 3t + 77 ] = [t = ] (108)
[qu] = % [Xq+ + Xq—] 3 [an] = % [Xq_l- - Xq_] (109)

are respectively symmetric and antisymmetric components of the row and column matrices appearing
in equation (103) ’
The matrices [2A,°] and [2X, %] in equation (107) are obtained by solving equations (81) with
suffices ¢ added to the A’s and the &’s, and on using these solutions in (107) there results

A+ AT

-1 A+t — A+
(05 = U B[ 55 | 51 + 15181 |25 | [ (110)
where @, is obtained from equations (2), (3), (8) and (15) on putting
g%, ) = Ify(%, ¥) (111)
and the suffix ¢ is added to the «’s in these equations.
So
9 .
O‘q(x’ y) = lﬁfq(x’ ¥) + ”’fq(x’ ¥). (112)
Now define column matrices [o,*] and [, 7] as follows:
[o,*] is a column matrix of Jn elements with the element
k=1,2,...,n
(’LU) H b ?
el r) r=1,2...,m2 (113)
in the n(m/2—7) + k’th row.
[«,7] is a column matrix of jmn elements with the element
k=1,2...,n
(xq(xk, m/2+'r(w » r) —

1,2,...,m/2 (114)
in the n(r—1) 4 k’th row. -
* As before, define
[o,*] = & [t + 7] [eg®] = & [0, " — 7] (115)
as the symmetric- and antisymmetric-component column matrices.

Then for a symmetric wing

[%°] = [D] [, [%"] = [D] [¢7] (116)

where
D is a diagonal matrix of order imn x imn with the element
iew kR=1,2,...,n
exp {7 "”’“”'(W)} r=1,2,...,m2 (117)
in the #(m|2 —r) + &’th row and column.
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The expression for [Q,, ,] may now be written

A+ 4 AT T+ — At

100 = U108 [~ D+ 5 181 2 2 oy

In flutter theory the modes of oscillation f,(x, y) are either purely symmetric or purely anti-
symmetric. Hence only one of the matrices [f,°] and [f,%] is non-null and also only one of the

matrices [o,f] and [«,%] is non-null. So if p and g refer to modes which are not both symmetric or
not both antisymmetric then

[qu] = 0. : (119)
If p and g both refer to symmetric modes, then
FAF 4 A1
0y = IF11B) |~ 22| D] (120)
while if p and ¢ both refer to antisymmetric modes, then
A — A+
0o = 1B |52 | (D] ] (121)
where in both (120) and (121) '
[fp] = [f19+] (122)
and ‘
[eg] =[] (123)

The row matrix [f,] and the column matrix [«,] are made up of numbers associated with the
displacement and upwash on the starboard half of the wing in both symmetric and antisymmetric
oscillations.

Equations (120) and (121) as they stand determine just one of the possible k% generalised airforce
coefficients Q,, ,. '

If the rows [f,], » = 1,2,..., %k are arranged consecutively beneath each other to form a
matrix [f] of order £ x mn and if the columns [«;] are arranged consecutively alongside each other
to form a matrix [«] of order mn x & then for symmetric modes of oscillation

[0 = 8 [~ 101 (124)
and for antisymmetric modes of oscillation
[0 = A [~ | 01 (125)

where [Q] is a square matrix of order k£ x & with the element O, , in the p’th row and ¢’th column.
The matrices obtained from the products

7 [ o (126)
and ,
A+
B[] o (127)

mavy- be respectively called the symmetric and antisymmetric influence matrices for the wing
oscillating at a given frequency parameter in a flow of given main-stream Mach number.
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_ A programme in autocode for the Ferranti Mercury Computer has been constructed which can
be used to determine the matrix Q of generalised airforce coefficients given by equations (124) or
(125). Details of wing geometry, number of chordwise and spanwise points, frequency parameter
and Mach number of the main stream as well as the matrices [f] and [«] are required as data by
this programme. '

The programme is available as programme R.AE. 161A.

7. Examples.

The first example taken will be that of a symmetric tapered wing as shown in Fig. 2. The typical
dimension / of the wing. will be taken to be the root chord ¢, = 2. The -wing will be assumed
immersed in a subsonic flow with free-stream Mach number M = 0-9 and to be oscillating with
frequency parameter v = 0-6 in one of two rigid modes of oscillation defined by

Slw y) =1 (128)
and ,

Fim3) =7 | (129)

The number of spanwise points across the whole span of the wing is taken to be m = 4 and
the number of loading and of upwash points along a chord is taken to be n = 2.

The %-coordinates of the loading and upwash points on the starboard half of the wing are found
by using the formulae (53) and (54). They are:

%y 0 = 0-6715 xy .0 = 0-3745 '

w5 0 = 1-1255 %y, o = 1-2389 (130)
and :

2 ,® = 0-8745 iy 0 = 0-7611

2 1@ = 1-3285 %y, 50 = 1-6255. (131)

The matrices A+ and A+~ whose elements are defined by (74) and (75) are found to be

At = [=0-3026 —0-0091 +0-0204 +0-00017 + 4 [ —0-0298 —0-1021 —0-0196 —0-0201
—0-2848 —0-5001 +0-0441 +0-0602 +0-0057 —0-0780 —0-0100 —0-0250
+0-1121 +0-0159 —0-2543 +0-0117 ~0-0493 — 00659 —0-0147 —0-0504
+0-1367 +0-1081 —0-2356 —0-4223 —0-0321 —0-0881 +0-0028 —0-0385

(132)
A+= = [40-0559 —0-0098 0 0 7+i[—0-0432 -0-0394 0 0
+0:0879 +0-0920 0 0 —0-0225 —0-0663 0 0
0 0 —0-0020 —0-0032 0 0  —0-0015 —0-0001
0 0 —0-0010 —0-0032 0. 0 —0-0028 —0-0025
(133)
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The modes of oscillation are symmetric modes, so the symmetric influence matrix defined by
(126) is required. This is

) Attt 4 A+
7 [ o
= [+1-507 —0-102 +0-132 —0-0577 +4 [—0-008 —0-526 —0-069 —0-142

—0-881 +1-451 +0-013 +0-208 +0-469 —0-080 +0-085 —0-088
+0-212 —0-039 +0-443 —0-006 ~0-074 —0-149 +0-026 —0-077
+0-016 +-0-109 —0-371 +0-429 +0-070 —0-057 +0-053 +0-013 (134)

To obtain the generalised airforce coefficients, matrices [f] of the displacement at the loading
points and [«] of the upwash at the upwash points are used. These are

[fl=T7T 1 1 1 1
10-1873 0-6195 0-3358 0-5627} (135)
and
[o] =0 17+0-6T1 0-3806
10 1 1 0-8127
0 1 1 0-4373
10 1 1 0-6642 (136)
The matrix of the generalised airforce coefficients obtained using equation (24) is then
[O] = [—0-336 —3-4507 + 0-6i [ —3-064 —1-022
Lo-(m -1-137] [~1-075 —0-995] (137)

The values of the elements in (137) cannot be expected to be really good approximations to the
generalised airforce coefficients since the number of spanwise and chordwise points is rather small.
A better matrix of values is obtained by using m = 8 and # = 2. The matrix is then

[0] = {—0-331 —3-446} +O-6i[—3-068 —1~O61}
+0-042 —1-145 ~1-087 —1-060

and these values are not far removed from the values (137).

Intermediate results have been given in the above example to illustrate some of the matrices
obtained in the procedure. In the next example only the final result will be given.

The second and final example is that of a circular wing oscillating at very low frequency in
incompressible flow. The reason for choosing this example is that van Spiegel'® has also obtained
values for airforces on a circular wing oscillating at very low frequency in incompressible flow.
van Spiegel’s method' is completely different from that of the present paper in that he solves
directly the differential equation governing the flow about the wing, and so it is of interest to
compare the two sets of results obtained.

The quantities Q,, ,/ and Q,, ,” defined in equation (94) are now for the limiting case of vanish-
ingly small frequency parameter.

(138)
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The typical dimension / of the wing will be taken to be the radius of the circle.
First, the symmetrical modes of oscillation defined by

fi(x ) =1 (139)
Sl ) = 7 (140)
fo(x, ) = Jli: ' | (141)
S ) =% (142)

are considered.

The values of the quantities O, ,/ and O, ,” obtained from the method of the present paper will
be given with the corresponding values obtained from van Spiegel’s method!® written in brackets
beneath them.

The values obtained from the method of the present paper were obtained by Woodcock with
m = 12 spanwise points and # = 4 chordwise points using programme R.A.E.161A and are
reported in full by him in Ref. 16 together with a collection of other results he obtained using this
programme.

Van Spiegel’® did not determine Q,, and Q, ,/ for all combinations of p = 1,2, 3,4 and
g = 1, 2, 3, 4. Here only those values which were also determined by van Spiegel are given. They

are ‘
Oi/= 0 Q1,4 = —2:820 Oy = —2:963 Oud = 0
(0) © (—2-812) (—2-931) (0) (143)
Qo,1' = 0 Qpp = 1:485 Qs5 = —1-398 Qs = 0
0) (1-465) (—1-379) (0)
0..1" = —2-820 0, = —3-822 O = —0:822 0,4 = —0-698
(—2-812) (—3-766) (—0-809) (—0-695) (144
Qo = 1:485 Qy5" = —0-885 05" = —0:945 0., = 0-309 )
(1-465) (—0-847) (—0-935) (0-302)
Secdndly the antisymmetrical modes of oscillation defined by
fiw,9) =% (145)
x
film5) =5 (146)
are considered. The values of Q,, ,// and Q, ,* in this case are
Os,5 = 0 Qs = —0-386 Qa5 = 0 Qe,6 = 0-186
(0) (—0-385) 0) (0-181) (147)
Q55" = —0:386 . Q54" = —0:550 Qes = 0-186 Q6" = —0-100
(—0-385) (—0-527) (0-181) (—0-102)

The two sets of values are seen to be in good agreement in all cases.

23



The values given in van Spiegel’s report!s are those given here divided by «. The value of Os.6
given by van Spiegel (in a different notation in his paper) is incorrect. Woodcockl6 discovered a
wrong sign in formula (3.4.13), page 102 of Ref. 15, and when this sign was corrected the above
result was obtained. The values Qg ', Qg 5", Qg ¢’ and Qg " are not given at all by van Spiegel but
their values have been obtained by Woodcock from intermediate results given by van Spiegel.

8. The Treatment of Control Surfaces.

If there are control surfaces on the wing then modes of displacement are possible in which the
displacement function f,(x, y) of equation (82) is not smooth across all the inboard edges of the
control surfaces (i.e. edges of the control surface which are not outside edges of the planform),
Such modes of displacement will be called control-surface modes. If the mode ¢ is a control-surface
mode then (¥, y) as given by equation (112) is not smooth near the inboard edges of the control
surfaces and this in turn leads to a corresponding reduced loading distribution A (%, ¥) with
singularities at these inboard edges. An approximation of the form (52) for Aféy, mo) is then not
valid and it should be replaced by an approximation which takes into account the singularities at
the inboard edges of the control surfaces. The subsequent procedure would be considerably more
complicated than that which has been described already in the present paper, and as far as the
writer is aware this has not been carried through to a successful conclusion. For a control-surface
mode f,(x, ) the approximation to (97) by a low-order polynomial would not be permissible and
the evaluation of the integrals in (95) would have to be carried out by a different procedure from
that described in Section 6.

The procedure described below for obtaining the generalised airforce coefficients Oy, ¢ 1s valid
only when p and ¢ do not both refer to control-surface modes at the same time. This procedure is
related to that of Richardson?.

Even though the procedure is not justified when both p and g refer to control-surface modes it
may be used to provide estimates of the coefficients Q,, ¢ in these cases until a proper procedure is
available.

If the mode ¢ is not a control-surface mode, then it may be expected that the corresponding
reduced loading function Aq(%q, ¥o) can be represented with good accuracy by the double series of
a finite number of terms ) .

A%, Vo) = .Zl 'Z'l‘)‘q(xi, 5 ¥R Eo)g (o) - : (148)
i=1j=

This equation is quite similar to equation (52). The difference is that a factor e®®” was intro-
duced by equation (9) to modify A(x, ) so as to simplify the integral equation, whereas here no
such factor has been introduced to modify the reduced loading in equation (148) since the analysis
in simpler without it.

A form of equation completely equivalent to (148) is

Moor ) = 5 3 @bt [ (+5) via-ag) (149)

where the coefficients a,, are constants. The generalised force coefficient to be evaluated is

1
Qp,q ey ff fp(xo:yo)}‘q(%:yo)dxodyo

= [y [ 10, 500, BGED

24



and if the series (149) is substituted into this it becomes

#n—1 m—1

Qp,q = Z 2 arsbrs . : : . (151)
r=0 §=0 . .
where

b = [0 mgvit-ian [ 160 (L5 2) o0t 152

The constants b, can be determined, even when p refers to a control-surface mode, by numerical
integration procedures. The generalised airforce coefficient Q,, , can then be determined from
equation (151) provided the mode ¢ is not a control-surface mode.

It is possible to write the equation for the coefficient Q,, , in the form of equation (102) provided
the values of f,(x; %, y;) in that equation are replaced by equivalent values as described below.

Define the equivalent function f,@(&,, 1,) by

n—1m—1

Z Z b?sl1 (50)73(770) (153)

(UTGSO

f'p(e)(go ’ 7]0) =

Then using the orthogonal properties (24) and (41), we obtain

b= [ B a=atans [ g, aonten J(22) at s
so that :
Oni=5 5 an [ Crmwt—nsim [ ot noncea  f(F52) e
= [t [ 700, nolon 0 (155)
and then using (148)
0o = 3 5 M3 [ S5 giny [ 700 oot (156)

Now from (153) we see that
A )
: i_yi)fp%, 7 (157)

is a double polynomial of the »’th degree in &, and the m’th degree in 7, so usmg the properties
(98) and (99) we can replace equation (156) by

Qv En; g H®G,m (yf)f«z)(g%a), 1€ 22 3)

i=1g4=1
o 5 oG ) (yg) W o) F OO (£
=2 X H G €Xp | — _‘V— X4, 5 fp (57, ’ nj)/\q(gi ’ 777') (158)
i=1j=1
which is analagous to equation (102), with the values f,(x»; ,©, y;) replaced by the equivalent values
&L, m)-
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Now from (153) and (152) we have

ll

100 = = 2 S U [ D vt -, x

d)ﬁ r=0 $=0

x fofp(xo:yo)lr(fo) \/(1 ;ofo) dé,

- y]) . C‘QQ ZLEO Ys(n3)vs(10)v/ (1 = no")dmg X

n—1
f Foeon 30) 5, LEDIED J ) at,

H (mG ™ ¢(y,) f JI)O) & (no)dng fofyp(xo » Yo)h{(€o)déy (159)

on using results from Appendix III. The double integral in (159) is to be evaluated numerically,
taking into account the discontinuities of f,(%, ¥o) and its derivatives at the inboard edges of the
control surfaces. The equivalent values f,(£9, ;) are then obtained from (159) rather than from
(153) and (152). ’
If the function
(o) p(%0 > ¥o) (160)

can be represented with good accuracy by a polynomial of degree not greater than # in £, and not
greater than  in 7, then using the properties (98) and (99) in (159) leads to

FAOED, ) = Foloe ) (161)

so that in this case the equivalent values are equal to the actual values of the displacement function
at the loading points.

If the mode ¢ is a control-surface mode then the reduced upwash distribution «,(x, y) of equation
(112) is not smooth at the inboard edges of the control surface and it cannot be expected that
equation (148) will hold with good accuracy. The value of the generalised airforce coeflicient
Q,, ; can, however, still be obtained with good accuracy provided that the mode p is not a control-
surface mode. This is justified with the aid of the reverse-flow theorem??.

If the reduced loading function A(x, y) in the direct flow corresponds to the reduced upwash
function «(x, ¥) and if the reduced loading function {,(x, ) in the reverse flow corresponds to
the reduced upwash function f,(x, y), then according to the reverse-flow theorem

= f‘f To(¥as Yo) A% > o)dxodyy = J‘f atg(® 5 ¥0) Lp(%0, Vo)dxady,y . - (162)
s s

Since f,(x, ) is now assumed to be smooth, the reduced loading {,(x, y) can be represented by
a series of the form (148) with the difference that the singularities at the leading and trailing edges
of the wing are reversed. This series is

En(%0s Y0) = z % Lp(@,n% 37) B(1 = €0)g; (o) (163)
e=1 1=

for according to (34) the loading points in the reverse flow become the upwash points in the forward
flow.
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The integral on the right of equation (162) may then be replaced by the integral

Opa = [ [ 5d8t0s 10y 3oy » (164

where &,9(&,, 7y) is an equivalent upwash function obtained by repeating the process by which
" fo &, mg) of equation (153) was obtained, only with &, replaced by 1 — &.
Applying the reverse-flow theorem to (164) then leads to

Op.q = ffs 28N %q > Yo)f p(%o Yo)dxodyy (165)

where A9(x,, y,) is the loading corresponding to the equivalent upwash function (&, 7,) in
the direct flow. ,

To obtain A,@(x,, v,) by the procedures of the present paper the values of &,(£,®), %,) are required
on the starboard half of the wing. These are obtained by analogy from equation (159) on replacing
&oand £P by 1 — £ and 1 — €9 respectively and then taking

£ =1 £0 ' (166)
where, from (35)
kR=n—1+1. (167)

These values are given by

5,O0(E, W B 1 ! 1 e(y,) (o) h (%, Vo)t (1 — £,)dé 168
&g \SE s 777') = Hn——k+1(n)Gr<m) c(yr) L1 &r "\ Mo)8%o O‘Xq 0> Yo)ln—rk41 0)4So - ( )

The double integral in (168) is to be evaluated numerically, taking into account the discon-
tinuities of o, (%, ¥o) and its derivatives at the inboard edges of the control surfaces, and then the

equivalent values &,@(£,™), 7,) are determined.
If the function
‘ &(Fa)og(%o > Yo) (169)
can be represented with good accuracy by a polynomial of degree not greater than # in &, and not
greater than # in 7, then using the properties (98) and (99) in (168) leads to

&q(e)(é:lc(w)’ M) = O‘q(xk,r(w)a V) (170)
so that in this case the equivalent values are equal to the actual values of the upwash at the upwash
points. '

If the leading edge of a control surface does not coincide with the hinge then the displacement
function corresponding to control rotation will have a finite step jump at the leading edge and
consequently the upwash will have the behaviour of a dirac delta function at the control leading
edge. The integral (168) can still be evaluated and no difficulty occurs,

Hence Q,, , can be determined when at most one of p and ¢ refers to a control-surface mode
provided equivalent values of displacement or upwash are used in equation (102).

9. Conclusions.

A lifting-surface theory has been described for determining generalised airforces on a flat-plate
wing oscillating harmonically in a subsonic stream. The calculations are long but straightforward
and are best carried out on an electronic digital computer. For this purpose programme R.A.E.161A
has been constructed. Also programme R.A.E.263A has been constructed for obtaining loading
distributions on a wing.
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Only two examples have been given. The first is put in to illustrate some of the numbers occurring
during the course of a calculation and is concerned with a symmetric tapered wing. The second
example gives results for the generalised airforces on a circular wing, and these results are seen to
compare favourably with results obtained by a completely different method by van Spiegel®®.

No other examples are given. Systematic application of programme R.A.E.161A to a selection of
wings of different shapes using different numbers of chordwise and spanwise points and with
different frequency parameters and flow Mach numbers would provide results which should
indicate how many chordwise and spanwise points are to be taken in the case of any particular wing
to obtain reliable results. The results of Woodcock!® obtained using programme R.A.E.161A are a
selection of such results. A
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SYMBOLS

Speed of sound in the undisturbed main stream

Generalised coordinate

Matrix, the elements of which are defined in equation (106)
Wing chord at spanwise station y

Matrix whose elements are defined in equation (117)

Defined in equation (58)

Shape of p’th mode of oscillation

A function equivalent to f,(x,, v,) and defined by equation (153)

Mode shape, defined in equation (1)

Interpolation functions, defined in equation (50), j = 1,2,...,m
+1

f &)

Interpolation functions, defined in equation (39),7=1,2,...,n

Defined in equation (57),i = 1,2,...,n

f 1 hi(n)( § 0)d§ 0

Defined in equation (56)

Kernel function defined in equation (6)

Modified kernel function, defined in equation (10)
Constituents of K,(x, y) defined by equations (17) and (18)
Defined in equation (21)

Typical dimension of the wing

Loading function

Polynomial of degree r satisfying equation (24)

Upward lifting force per unit area at time ¢ at a point (x, y) on the
wing

Number of spanwise points, taken to be an even number for most
of this paper

V/a, Mach number of the main stream
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Submatrix elements appearing in equation (69)

Strength of doublet distribution

|4

Transformed variables, defined in equaﬁon (12)
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APPENDIX 1
Derivation of the Integral Equation

Besides the system (x, ¥, 2) of right-handed Cartesian coordinates introduced in Section 2 of the
main text, another system (X, Y, Z) of right-handed Cartesian coordinates is introduced which is
stationary with respect to the main-stream flow and which coincides with the system (%, y, 2) at
time ¢ = 0. Then at time ¢ the following relationships exist between the coordinates of a point in
the two systems

x=X+TVi
y=Y (171)
2 =27,

If the flow of air about the wing is assumed to be irrotational then a velocity potential ¢ exists
such that the velocity q of a fluid particle relative to the (X, Y, Z) coordinate system is given by

% .9 9
= 172
1=igptigy ez (172)
where i, j and k are unit vectors directed along the X, Y, and Z axes respectively.

With the usual assumptions of linearised theory it is found from Euler’s equation of motion of
inviscid flow, the continuity equation, and the adiabatic equation of state that ¢ satisfies the wave

& az 22 1 3%
(axz azz) = a2 ] (173)

equation

The airflow must be tangential to the surface of the wing and this leads to a boundary condition.
‘Within the accuracy of linearised theory it is permissible to apply this condition at the mean position
of the wing in the plane Z = 0 rather than on its surfaces. The condition may then be written

o '
(8_2)2=0 = w(x, 3, 1) (174)
over the area of the wing in its mean position, where
H= |V 4,29 Z( { 175)
w3, 8) = (V55 + 5) 2050 (

and Z(x, y, t) is the vertical displacement of the point x, y on the wing at time £.
The function

WX Y20 = - a {’M; (176)
where '
r = X=X+ (V= Yo + (Z—Zof) (177)

and p(z) is an arbitrary differentiable function, satisfies the wave equation (173) and corresponds
to the potential about a doublet of strength () at time ¢ placed at the fixed point (X,, Y, Z,) and
orientated in the positive direction of Z.
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If there is a doublet layer on the Z; = 0 plane then the potential of the flow about this layer, by
the principle of superposition, is

1 3 (WX, Yo, t—7|a)
X,Y,Z,z=—_H [_{ ﬂ AX,dY,. 178)
¢( ) 4 Zy=0 plane oz r Zg=0 0 o ( )

As is usual with doublet layers, there is a discontinuity of potential across the layer: In Appendix IT

it is proved that the discontinuity in potential across a layer at any point on it is of amount equal
to the strength of the layer at that point, so that

Xy, Yo, +0,8) — $(Xo, ¥y,—0,7) = (X, Yo, 2). (179)

In linearised theory the wake shed by the wing from its trailing edge is plane and parallel to the
main-stream flow. The wing and its wake will be replaced by a doublet sheet and the strength of
the sheet will be adjusted so that the boundary condition (175) is satisfied on the wing and so that
no loading is sustained by the wake. The flow about this system will then be exactly the same as
that about the wing and its wake and the airforces on the doublet sheet will be equal to those on
the wing.

The linearised Bernoulli equation is

a -
L - (2 —2) ‘ (180)
ot Po
where p is the pressure at a point in the flow, p, is the free-stream pressure and p, is the free-stream
density.
Let

L(XO’ YO! t) = P(XO’ Yoa—'o’ t) "—P(XOy Y0:+0) t)

a :
= po 7, [#(Xo, Yo, +0, ) — ¢(Xy, Yo,—0,2)]

d
= po5; [(Xo, Yo, 7)] (181)

be the upward force per unit area, or loading, on the wing.
The equations of the leading and trailing edges of the wing are respectively
x = x7(v), z=0; (182)
and :
x = xp(y), z=10. (183)
Since the two systems of axes coincide at time ¢ = 0, the point (X, ¥, 0) is on the leading edge

of the wing at time
_ wp(Yo) = Xp .
ty = ——3r—— (184}
provided
| Y| <. (185)
Before time ¢, the strength of the doublet layer at the point (X, Y,, 0) is zero for the wing has
not yet reached it.

Integrating equation (181) and making use of this last observation leads to

10 ‘
w( Xy, Yo, 8) = — f L(X,, Y, u)du. (186)
Po J {ep (¥ p-Xo}iv
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On making the change of variables

X0 = Xg + Vu (187)
in the integral in (186) we obtain
Xo+7t _ _
o Yot = 2 [ 0, vy, 0% oy, (188)
poV Jarwy 4

The velocity potential, due the presence of the doublet layer, is then according to equation (178)

- X
W%J@MV%WJ . (189)
Zo=0

(x> ¥, 1) = L(Xy, Yy, ) (190)

where x,, y, in the («, ¥, 2) coordinate system corresponds to X, Y, in the (X, ¥, Z) coordinate
system, then /(x,, vy, t) is the loading distribution on the wing and wake as a function of the
coordinates fixed relative to the mean position of the wing, and it is non zero only on the wing.

1 rXot¥V-rla)
dXdY, [; f

I PD] az wing and wake

xL(YO)

Since

_X - X -~ X
L<X0,Y0,—X°V °}=1{XO+V(X°V °),YO,?§°V O]

= 10, Yo, 05 + ] (191)

the expression (189) for ¢ becomes

o 29— M
dxo 0 g} o

$(x, 9, 2, 1) ! af“df 4 X—%+4d (192)
X, Yy 2, = T 95l T » y !
7 4mpeV 92 ) Yo zrlyg [7] xrlyg Xo» Yo 4 Xo

where :
[r] = Vi(x—x)* + (y—p0)* + 2% (193)
M = g. o (194

The order of integration of the inner two integrals in (192) is to be changed. Relevant areas of
integration of the corresponding double integral are shown shaded in Figs. 3, 4 and 5 for the three
cases (1) M < 1, (ii) M > 1 and (iii) M = 1.

The curved boundary of the areas has the equation

Xo = % — M[r] 7
= %0 — MA/{(x—x0)% + (y—3,) + 22}. (195)
To invert the order of integration the points of intersection of this curve with the straight line
Xo = const, ' (196):

must be obtained. These can be obtained by solving equation (195) for &, in terms of x,. The
result is

Xo = % + ﬁ {x0o = 2 £ M/[(xo—%) + A= M3{(y—p0)* + 2%} (197)
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Since, according to (195)
— X >0, (198)

only the positive sign of the square root in (197) is applicable when M < 1, and so the boundary
curve is intersected in only one point by the straight line (196).
If M > 1, then from (195)

® = xo = (0—%) + My/{(m = + (y =30 + 2% |
>0 (199)
and so both signs are applicable in (197) provided
% = X0 > VL= 1{(y—20)* + 2] | (200)

-while there in no intersection at all otherwise.
If M 1+ 0 the second point of intersection moves to infinity and there is then a point of
intersection only if
x—Xp,>0. (201)

If, for the present, the case M < 1 is considered, then changing the order of the inner two
integrals in (192) yields

1 @ J‘
X, Y, 3,1 d
qS( Yy ) 47Tp0V 82‘ y() xL(yO) X[)
& e — d
xf z[XO,yO,X_"-—”i“H}ﬁ’ (202)
U= DDy 1 gL~ M Dy +22)T} v I7]

1 2 (e
dx,y, 2,1) = — —— —— d f dyo X
d’( ¥ ) 47TP(]V oz f—s Vo wL(yo) Xo

«® o do
x o3
f {10 M Mg+ Wgoma)2+ 1My —yg2+22} Xos o V] a/{(o—a+x0)* + (y—30) + 2%
(203)

If the wing is oscillating harmonically, then we may write

Uz, y, t) = x, y)e (204)
where only the real or imaginary part of a complex function represents the physical quantity. So,

_using the fact that

[z, y,2) = 0 (205)
for :

x> xp(y), (206)

i.e. beyond the trailing edge, the expression for the potential becomes

glot +s 2plig)
P(x, y, 2, 1) = l(x0> Yo)dxo *
47'rp | 4 82

27y

i do
X : g~twolV’ (207)
f {M/(l—-MZ)}{M(xO—w)—i—1/[(;(0—w)2+(l—Mz){(y—yO)z—i—zz}]} Vo —x+xo)* + (y—y0)* + 2%}
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The upwash due to the doublet layer is then

w(x, ¥, 1) = (g_i)Fo

glwt i 22 +s P x(yg) ] J
- W;f; P J_s Vo f (Xos Yo)dxo X

zy g
®© . d
% j e—-zwa{V > d 2 3 (208)
(MDD Mg+ Upg— 21—y g2} 1} Vile—x+xof + (¥ =30 + 2%
Let
* [ . do
K(x,y) = lim — — j g~twol?
es0 O J (i MDN-MatRY Vilo—x)? + 3% + 2%
= lim — g—twal? Kl J ” e—ioull du
5-0. 02 J Cormrla-1? V(P +y% + 27)

= lim — e~V 72

2—>0 £
iw [—x+ MR,
J‘“’ ) & du Mz exp{ 7( 1— M2 )}
X — e—twulV [
(—a+ MR- (W2 +y2+27%% Ry ( ( —x + MR\? 1oy g2
1— e Y
= lim — e~twalV 9 x
z—>0 az
[ © . 2 du M(Mx+ Ry)= iw (—x+ MR,
[ ™ i B 5 (72485
(—z+ MR 1—M2) (P +y*+ 2% Ry(x®+y%+2) 4 1 — M
— e—iwle ®
T . du M{(Mx+ R) iw (—x+ MR
X e~ toulV + ex < - = (7) ” 209
|:f (—z+MRI0-M2) (u2+y 2)3l2 R(xz +y 2) P v 1 - M? ( )
where
Ry = Vo + (1) (y*+ 2%)} (210)
R = /{x* + (1- M?)y?}. (211)

If then the limit and differentiation are taken under the first two integral signs in (208) we obtain

the equation
1
w(,9) = oy [ | oo, 5K G0, =3 (212)
"where X, has been replaced by x, as it is only a variable of integration, S is the wing area and
w(x, y) is defined by

w(x, v, 1) = w(x, y)e’. (213)

The kernel K(x, ) of the integral has a non-integrable singularity at x = 0, y = 0 and this is to
be dealt with using Hadamard’s ‘Finite Part’ method of integration.
Using equations (3) and (4) of the main text in (212) then leads to the form of integral equation

given in equation (5).
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If M > 1, the infinite upper limit in equation (202) must be replaced by

1) =) — My/[(xo— ) — (M= D)f(y—yo* + 233 - (214)
when ‘
%= xo > V(M =1){(y—p0)* + 2%, (215)
and the whole inner integral must be replaced by zero otherwise.

The procedure following equation (202) is then followed, and it again leads to an integral equation
of the form (212) with the kernel K(x, y) given by

. @+ MBIME—1 du M(Mx— R) iw (x+ MR
e—-wz/V f e—quV 5 e + 5 5 ex { —_ ( e )}
(w~MBIQ12—D (u?+y?) R(x*+y?) VM- 1

Kw) = M(Mx+ R w (% — MR
+T((x2—9-ci—-+—yT))eXP< 17(———1); x> /(M2—1)|y]
O x < 4/(M2-1)|p].  (216)
If M = 1, the lower limit in equation (202) must be replaced by
lim s+ (T_l—M) (0= + MY/ llxo— ) + (1~ M3)(y ~30 + =7

M—>1-0 -

L(y—p0)® + 2*
X=xp) + 5 T,
% , ~ X0 < 0. (217)

The same procedure again leads to an 1ntegra1 equation of the form (212) with the kernel K(x ¥)
given by ‘

. © . du 2 iw 2
~iwxV —ioufV _ .
K(x,y) = ) [f—x/Z—I—UZ/Zx ) (u? + y7)3 T ¥ P <2V (x Zx) ” %> 0

0 x<0. (218)

The kernel (218) would be obtained by proceeding to the limit M = 1 — 0 in (209) or to the
limit M = 1 + 0 in (216).
If the change of variables

%9 — Xo > 0

A=

R|E

[—u+ V(@ +y%)] (219)

is made in the integral on the right-hand side of equation (218) then the following form of the
kernel function K(x, y) is obtained for the case M = 1

. 2 1w yz 7 wxlor 7 w2y2 .
—iwxla — _ _ — A
K(xy) = | e -] el (-5 s> 0

0 x<0. (220
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APPENDIX II
Discontinuity across a Doublet Layer

We have to consider the behaviour of

¢(X’ Yv Z’ t) = “iff |:_a_ {u(XO’ Yo’t—y/a)
4o Zy=0 plane oZ

near the plane Z = 0, where

7= VX=X + (Y= Yo + (Z—Zp)%} (222)

H dX,dY, (221)
Z0=0

4

The doublet strength u(X,, ¥,, t) is assumed to be non-zero only in a strip of finite width
—§ < Y, <5, for in general the integral (221) is not convergent.

The integrand in the integral (221) becomes infinite at X, = X, Yy = Y when Z - 0. However
for any point X, Y, outside a finite neighbourhood of the point (X, ¥) in the Z, = 0 plane the
integrand remains finite as Z —0, and so the value of the integral over the area outside this finite
neighbourhood is continuous in Z at Z = 0.

The integral -

KX, Y,Z,8) - — 1177 f f . [582 {"‘(,X“’ Yo, 2~ 7/“)”20:0 iX,dY, (223)

2

is now considered. The point (X, Y) is taken within the doublet strip, and the finite neighbourhood
C of the point (X, Y) is taken to be a circle radius R and centre (X, V) lying entirely within the
doublet strip.

Write
(X, Y, Z,) = — 41_ f f Bi {M” iX,dY, (224)
v fed 2 7 Z0=0
({12 (X Yoot —rja) (X, V.t~ rfa)
1X,Y,Z,t=__” [_{ _ ” dX,dY, (225
A = -wl] [ y r L RdT, (229
then
IX,Y,2,1) = L(X, Y, Z,0) + X, Y, Z, ¢). (226)

" Introduce polar coordinates (o, §) by means of the eqﬁzitions

Xo—X =o0cosf
(227)
Yo— Y =occos
so that o
[l = V(o +22). (228)
Then -
1 27 Ero (uwX,Y,t—r/a)
I _ 1 g A, LsE TG
(X, Y, Z, ) 47,.Zf0 dﬁfo [80{ 7 Hzozo d
V(R + 77 2| |
__IZ{M{X’Y’t_“a—*}_M(X’Y,t_7)}' (229)
=3 V(R + 77 |=|
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Thus, on making Z -0 from above and below, the equation

I(X, Y, +0,8) - I(X, Y, - 0,2) = w(X, Y, 2) (230)
is obtained.
Also i
R — —
I(X, ¥, Z,1) = —-Zf d@f [ GSUR (LA L 7/“)} o do +
Zo—

2r — — |
—_ Zf a8 f H’i(XO’ YO’ t 1’/61) _ /’Ll(X! Y’ ¢ 1,/a)j| o do. (231)
.ar? ar* Zy=0

It will be assumed that u(X,, Yy, #) satisfies the uniform Lipschitz condition

w(Xo, Yy, 8) — (X, ¥, 8)| < Bo (232)
inside the circle C, where B is a constant.

The Lipschitz condition is certainly satisfied by any function wu(X,, Yy, f) whose derivatives
with respect to X, Y, are uniformly bounded. The assumption that these derivatives exist every-
where is, however, avoided by taking the Lipschitz condition (232).

It will also be assumed that u(X,, ¥y, t) is bounded inside the circle C, i.e.

‘f"’t(X(): Yo: t)l <D

within and on C, where D is a constant.

So
‘f dof (X0> YO’ t—r/a) (X’ Yaat_r/d)jl o do
r Zg=0
o?do
< 2B f e
V(R®+Z?%) + R R
= 2w B —
. [log { 7 } Szt 1} (233)
and
27
Xy, ¥y, t—v/a) (X, Y, t—r/a)
IR A AT I
Zg=0
< 47D odo
S Rcers
27D R2LZ2 :
- 1og{V( 7 )}. (234)
It follows, therefore, that
;ii% I(X,Y,Z,8)=0 (235)
so that
X, Y, +0,8) = §(X, ¥, = 0,2) = p(X, Y, 1 (236)

which is the required discontinuity relation.

If the point (X, Y, 0) is outside the doublet strip all the integrands are finite and ¢ is continuous
across Z = 0.

If the point (X, Y, 0) is on the boundary of the doublet strip, then a point W1th1n the strip is
first considered and the limit taken as the point on the boundary is approached.
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APPENDIX III
Properties of Orthogonal Polynomials
If, in the integral relation (24) of the main text, the change of variables
1
& = 3 (1—cos 8,) (237)

is made in the integrand, the relation becomes

T _ 9 .
f L (17) 1 (1429_> COSZ%’dgo ~ 3., (238)

0

It follows that

' (r + 1) 6
cos A
I (1*_“’%) _ J (E) v 2 (239)
2 m
cos 5 8,

for this is a polynomial of degree 7 in the original variable &, and (238) is satisfied.
There are just # values of cos 8, at which the expression (239) is zero when » = n and these are

2 - 1 . |
C0590=cos(2n+1)7r i=1,2...,n (240)

so that the # chordwise loading points are given by

ﬂ”:%—%cosﬁi i=1,2...,n (241)
where
¢=-22;;+11w i= 1,2, . .0 (242

The interpolation function defined in equation (39) of the main text may be given by the
equivalent formula

1 .1
1 — cos 6, cos (n + E) 8, | ‘ (cos 8y~ cos 8;) sin 5 &,
™ ( 3 ) = 1 ——. lim i
sin - 8, (cos By —cos ;) gy, cos (n + —) b
2 2
cos (n + ! 8
0 —
-1y ( 2) 0 1
= csin = 6, . 243
Gty S besing b —— {cos B,—cos 0y) (243)
sin 5 &,
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Then

. 1 m —_
Hm = f RAP(E)dEy = % f B (L;LB") sin 6,46,
0 /

0

1 1
, €08 (n -|— E) 9, cos 5 N

(=, 1
=2 (2n+1) sin 0; sin 2 b J-o (cos 8, —cos 8,) 4
(( 1)”; sin 6, sin % 6, f 0 cos (Z:; ?f"czs";: "% 46,
((2711 El) sin ; sin % b [Sin 8(331 & Ssllr;neg}
= ((2 )_L:?W sin ! -0, sin ( %) 0, cos% 8;
(2 7:_1) sin 0. ‘ 4

Now suppose p,(;) is a polynomial of degree not greater than the »’th in £, then

Pa(0) = gu(é0) (§o— &) + Pul€7) (245)

where g,(&o) is a polynomial of degree not greater than the (z— 1) st. So, using the definition of
h{™(&,) given in equation (39) of the main text, we get

fl Pl ERE0)dEy = po(£O)H + f 1 7n(0) (€o— EMRLTAE)E,
0 0 .

1 1 1 -
= po(EMH™ & : T—¢p J-O MENINEN ,\/ ( 7 fo) dé,
L'(£9) ,\/ ( 30 )
= puEOH | (240
since

for g,(&), being a polynomlal of at most degree n — 1, can be expressed as a linear combination of
polynomials /(£,) with # < # — 1 and then relation (24) applied to each term gives the result.
Now %,M(&,) can be given by the sum

n—1 1 _ -
K = 5 die 55") (248)
=0 0

where the coefficients d, are found by multiplying equation (248) by I(£), integrating between
0 and 1, and applying the relation (24) and (246). Doing this leads to

h(E) = H(n) Z (§(l))lr(§o) \/ ; 50 (249)
0
or
1 —cosé 4 sin} g7}
hi(m( : 0) BT it 3 cos (r—|—1)0 cos (r+3)0, . (250)
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If in the integral relation (41) of the main text the change of variables

Mo = cos | (251)

is made in the integrand, it becomes

f " ,(c05 Bo)y,(<0s o) sin? goddy = 3, ,. (252)
It follows that °
nleos g = [(2) D (253)

for this is a polynomial of degree 7 in the original variable 7, and (252) is satisfied. There are just
m values of cos ¢, at which the expression (253) is zero when » = m, and these are

. .
coS ¢y = cos (m]—i— 1) i=12...,m ' (254)

so that the m spanwise points are given by

7; = COS ¢y i=4L2...,m (255)
where
_ = .
¢j—m+1 i=12...,m. (256)

The interpolation function defined in equation (50) of the main text may be given by the
equivalent formula

it ) = S (M Dy (0 — cond)

cos ¢y — cos ¢, do>¢; \ SN (M + 1),

(= 1Y+ sin (m+ 1), sin ¢;

T (m+1) (cos dg—cos ¢ (257)
Then
. +1 ki .

G = f & (no)dny = f £{"™(cos ¢y) sin gydep,
-1 0
, Sing; 7 sin (m-+ 1), sin ¢,

=V o ) o fomcos gy

_ ; 11 sin ¢, ['™ cos (mpy) — cos {(m+ 2)do}

= (=07 2(m+1) ), (cos g — cos &) @

_ 1y T Sin¢; [sin (mé)) __sin {(m+2)d;}

,"( 2 i(m+1)[ sin ¢; sin ¢; J
= (=1 gy cos {On D sin
= (_m_—l——l—) sin ¢;. (258)

43



If 7,,(7y) is a polynomial of degree not greater than the m’th in %,, then it follows in exactly

the same manner as that used in proving equation (246) that

+1
j 1000 = ()G

and in exactly the same manner as that used in proving equation (249) that

m—1

g(n) = G §]0 vs(myrs(mo)y/ (1= %)

or
m—1
&™(cos ¢y) = 1) 2 2 sin (s 4 1)¢; sin (s 4 1), .
Define
(m)(,,] )
P, o = f 8"0) 4
" —1 (o=, o
Then using the expression (261) this becomes
2 7 sin (s + 1)y sin ¢,
. m) —
P = Gy 5, s e 0 [ I
Now

7; s(i:o(ss;ﬁl_ol—)i(())?;lr;o o = f ﬂ sin (s 1go a%o [Cos By i cos <15J 4o
_ cos (s+ 1),
= 6D [ e emann gy
— —m{s+1) W

where the integrals occurring are principal-value integrals.

Hence
pre 1 m—1
P, m = — (m2+ Ty g (s+1) sin (s + 1), sin (s + 1),
ar 1 m—1
- T S (6 Dleos (4 D (#=4,) = cos (-4 D (8 +4)]-
Then
. 77 1 11 1 — (m+1) cos 2me; + m cos 2(m+ 1)¢;
B = ~ s Dysing, [2Mm D+ 2(1—cos 24;)
7 1 1
- - GrnEg (2 1]
_ (m+1)
24/(1-72"
Also, forr 7
pomo T 1 l:—l—i—(m—]—l) cos m(¢; —¢,) — m cos (m+1)(¢; (;57)
b (m+1)sin ¢, 2{1 — cos (¢; —¢,)}

-+

+ 1 — (m+1) cos m(¢;+¢,) + m cos (m+1) (¢j+¢,.)i|
2{1 — cos (¢;+¢,)} ’
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(264)
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Using the relations
cos (m+1)(¢; + ) = (=1)™*

cos {m(¢; £ ¢,)} = (—1)* cos (¢; = ¢,)

and

[1 = cos (#;—¢,)] [1 — cos (¢;+,)] = (cos §;—cos ¢,)°
in (267) we obtain

Pj’ r(M)

(268)

(269)

(270)

1)+
) +

 (m+1)sing, 2{1 = cos (¢;—$,)}
L 1= (= 1)mt 1) cos (¢-+4y) + m(— 1)7‘#}
2{1 — cos (¢;+,);
m 1 [eos(di+¢,) — cos (b~ )] [1 — (- 1)™]
(m+1) sin ¢, 2(cos ¢; —cos ¢,)?
- sin ¢; |:1 — (- 1)5+71
~ (m+1) (cos ¢;— cos ¢,)? 2 '

Hence
0 if (j+7)isevenandj 7
2m4/(1 — ;%) e . A
—rx 7 if (j47) is odd
Pz’, r(m) = (m - 1) (777* - 7)]')2 (] )
m (m+1)

_ ifj=r.
20— 7
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APPENDIX IV
The Lowest-Order Logarithmic Singularity

Instead of equation (56) we may write the equivalent equation .

1 A A
191, 10, €) = = ) (1= | BéOE) [Rat =0, 3 =30) + Koo, 5=30dly — @279)

which comes from the form (13) of the integral equation on using relation (16). -
Now, by integrating by parts, we obtain

1 A
f B ENR (% — 59, 9 —yo)dEy
0
£ N : 1 1k )
=7 sewake-sy-n] - [ ([0 how) 85 w0y y—y0)ds
£, wp) o JolJewmuy o€y

~ E(x, vg)
= Ry(x—wr(yo), ¥ —90) f B + Ry —35(70), 9~ o) f B du —
0

£, yg)

BK
— [ S -y f )i
. £, yo)

R 1
= Ryw—x2(30) ¥—0) f ' B + Rolse— (), y— o) f h(w)du +

£z, yg)

+ c(yo)f Ry~ 09> 910 f hi(as)du 274)
tle, vy
where

£ ) = 7o [ = ). (275)

Hence
Ii(n)("?’ Mos 6)

§ A~ £, Yo)
= o0 = {Rale=00), 3 =30) [ 7 ) +

+ Rym—52(30)» ¥ o) f i) +

e, vy

f REENR o — 50, 9 —yo)dEy + (o) f Ro(w—20, y—y0)déy f ksm(u)du-} (276)

The various terms in (276) are now considered.
In

&, yg

By(x, y) = f ) tetarm B 277)

n (w+ MR- (2 £y’
if »# < 0 the lower limit of integration is positive and the integrand therefore remains integrable
throughout the range of integration as y — 0. So a logarithmic singularity does not occur in this case.
If, however, & > 0, the lower limit of integration is negative when v is sufficiently small since
M < 1, and the integrand does not then remain integrable in the neighbourhood of # = 0 as y —0.
This case must therefore be investigated further and to do this the range of integration is split up

so that
K ( ) j—z? f f e(—w Py . (278)
x, y) =
whJ (—z+ M RIA—112) s (@B+y 2)3/2



where 8 is any positive number. Only the integral over the interval (—3§, 8) contributes to the
logarithmic singularity for this is the only interval over which the integrand does not remain
integrable as y — 0. The integral over this interval may then be written
8 giaP 1 ol gl=iePiylo
f o = f 2 dv
—s (@ +y%) V2 sty (D 1)

’ w
o ol cos (I—/yv)
J,

=3l e ©
2 (_1)3 wy 2s pdflvl %
= — —= —— dv. 2
2o (7) ], e e7)
If y is so small that
8/|y| > 1 (280)

then

ilyl 028 g 1 o2 P 81yl s (1 1 —3/zd
[, wtme = [t [, oo (1)

1 28 P 8llyl ses |—1 =32\ 1 —8f2y 1 i
_ 5~ . _
_J.0(7’2+1)312 v+f1 ¢ L +(1 )7)2+(2 )7)4+”.:| Y

sll /-312\ Jo :
f ( ) o + terms not containing log |y| if s & 0

1 s—1

—3/2
( ) log (8/|y|) + terms not containing log |y if s & 0. (281)

s—1

If s = O there are no terms at all involving logarithims.
The contribution from (279) to the lowest-order logarithmic singularity comes from the s = 1

term only of the summation and hence

8 gl—twlPyu e\ 2
f (7;+_yz)372 du = (%,) log |y| + higher-order logarithmic terms + other terms. (282)
-8

It follows that the contribution of

s N &z, v
— &(30) (n—710)% { Ky(x —x1(0) » ¥ — ¥o) b (w)du +
4 0

+ Ra—sn(on) 390 | By (283)
£,y
to the lowest-order logarithmic singularity is given by -
1 s Joc( yo))2 . J:E,(w, vo) ]
—— — lo - R (u)du ‘ 284
4‘776(3)0) ( V (7] 7)0) g |7} TIOl 0 (1 ( ) ( )

since & — x7(v,) < 0 and so no logarithmic singularity arises from Ky —2p(¥0) s ¥ —Yo)-
Next the term

s 1 N .
- (o) (1 —10)? fo BN E) Ky(— %9, ¥ — Yo)do (285)
is considered.
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Now

1 A~
f P(ER (50, 3=,

- j hEENR(30) (€ 30)— &0)» $(m— o))y

£, v ) N .
- f i h{(E(xy v0) — E)Kale(wo)éo s s(n— m0)]dé,

£, yo)—1

&z, ¥,
[ [T e - R0k sl 256)

where 8 is any positive number such that

& < &%, yo) (287)

and
8 <1 — &x,v,)- (288)

Only the middle interval can give rise to a logarithmic singularity for this is the only interval inside
which the integrand does not remain integrable as 7, — 7.
Using the convergent Taylor expansion

1
R, y0) = €o} = BHE, yo)} — £l {E(x, )} + 5 EPhE(x o)} + - - (289)

in the integral over (— 3, 8) we obtain

[ hioets, 0~ R detven str—nolit
_ MIM(06, + v/ + (1~ M — )]
- [ H 3080 e g e g
i) [= (90 + MV + (1= Mg — o)
xexp [~ () 2o - | az,

= 1 fc(yowl(sw—w) JA0) {S(x o) — s|n - 770[”0] M{Mwv, + +/(v,*+1 - M?)}
Yol — mo ’ 10 (o) 1+ 094/ (v + 1 — M)

——(}(7]0)5|(S|7]-—770!)

X exp [(zw) S(IIVI ]‘;7:)| {v, — M\/(7)02+1~M2)}J dv,

c(yp)f(sly—ngl)

. . | [ R
- sC(yo)lﬁ - ’701 J‘_c (wolsl—ng) [h( ){f(x,y ) - ( ) o {E(x, Vo)t + ] X

M{Mwvy + 1/(vs%+1— M?)} iw\ s\ — 7o ) )
(1+7’02)'\/('002+1—M2) {1 + (-T/:) ES [0 — MA/(v+1—M?)] + .. } dv, |

- wodlsh—mob T M fiw s|m — mo| M? (@)
h Sc(yo)l”ﬂ - 77()| f [{1 + v,2 ( ) (1 + o0/ (02 + 1 — Mz) } B{{E(x, yo)} +

N : s — 70| M2oy? (Zw> $(n—mo)* Moy
o(yo) L+ o)/ (0 +1-M%)  \V /] c(ye) 1+
. } B (€, yo)b + - } do, | | (290)
where the omitted terms do not contribute to the lowest-order logarithmic singularity.
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The lowest-order logarithmic term in (290) is obtained by assuming that ¢(,)8/(s|n— 7,|) is very
large compared with unity, expanding the integrand near the upper limit of the integral in ascending
powers of 1/v;, and retaining only terms in 1/v,. On doing this we obtain

+5 N
| heetn, 30— 0Ruletoton sl — nolldty

2D
(o)

+ higher order logarithmic terms +

R E(x, vo)} log [ — m| +

+ other terms. (291)
The contribution of

S

1 A
1 00 (= | Rl 9=y (292)

to the lowest-order logarithmic singularity is therefore given by

M2 s
2 S g, — )2 log | — 4] 203
2 {£(%, 20)} (n —mo)? log |7 — 7] (293)
Finally
$ 1 Lo .
o= [ Rie=so,y=30dt0 [ héou)da (294)
T Q g(x,yo)
is considered.
Now
1 £o
[ Ria=soy—yodto [* miouyda
(i} gla, vo)

£z, vo) . £, yg)—Ep
- f Rfc(30)€y, 5(n—no)}dé, f O i
£, yg

§(a:, yo)—l

£, Yg)—!

—5 +8 &, ¥o) £o
= [ T Rt sty [ hiowa (299
Ela, yoi—1 -8 )

£z, yg)

where 8 is any positive number, such that

8 < &(x, o) (296)

and

5 <1 &, y,). (297)

Only the middle interval can give rise to a logarithmic singularity for this is the only interval
inside which the integrand does not remain integrable as 7y .
Using the convergent Taylor expansion

£z, yo)—£p 1
f hi(u)du = — Eh{™{E(x, yo)} + 5 &6 {ECS o)k + - - - (298)

tlx, yg)
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we obtain

[ Rictozorstn-ntaso [ iotuyaa

£, yo)

s &, yo)~£g [Mc(v9)€y + V{eH(30)€? + (1 — M2)s%(m — mo)2}]?
(),
f U & (”)d”} VIEER + (1= IB(n— 103 [F(I0)E* + (7 — 1o

X exp {_ (i’) [— c(o)éo + Mv/{X(y0)ée® + (1= M2)s(n — m,)z}]}

-8 o, yo)

v 1 — M?
S s|n = no| 20y’ (i) S
= ———— _— — J— _ x
5c(0) (1= 10 oy Tred \7) ")

[ogt -+ o0%(1— 2049 ;
X oo (e o] s o)+

{1 §2(m —no)? v A(MPve® + vy2 + 1 — M?) 1 (Z(_u) M
2 Ay (49224 (v2+1-M*)  2\V 2(¥,)

v (M2 — M )
x _E#W) +.. } B Ex, yo)} + - - } dv, ‘ (299)

R S DL S Uk i
Szc(yo)(n~no)2: (V) (o) RI{E(%, yo)k +

+ ;S (:;( 77)0) (M2 + 1)hi(n)’{f(x, yo)}} lgg |77 - 710' +

+ higher order logarithmic terms +
4 other terms. ‘ (300)

The contribution of

—C(yo) 7 no)zf Ky(o—2g, y— yo)dfof R () (301)

e, yo)

to the lowest order logarithmic singularity is therefore given by

4177 C(;O) (1= m0)* log |7 — 7| [2 (%) c(o)h{E(, Yol — (1+ MO (E(x, yo)}} )

Then, by adding together the contributions (284), (293) and (302) and expanding c(y,) and
&(x, v,) as Taylor series about y, = y we obtain

§

& €) = 477 (y)

L (1= MORO{(E(x, 3)} + 2( )c(y)hém{f(x, )+

w2 £, )
+ 73 A(y) f . h,;<n)(u)du] . : (303)
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APPENDIX V

Determination of a Limit

It is required to determine

hm L:(")(% To> g)

ny—=>1
) iy , 1 L N
= lim —e(y,) (n—10)% | 2(Ep) [Ki(— %5, ¥ — o) + Kyl — 29, ¥ —30)]dE0
n9—>1 4 0

where the form. (273) has been used for Z(x, 7, £).
Using (17) we obtain

. @ ) du
lim 92K;(x, y) = lim. 52 f etV
i 10 J CotMRIQ-MD (u®+y?)%°
T ol %
>0 % J WD mmia-m2) (v +1)%
Now

1im1(_x+MR)_ —® ifx>0
a0 [y \ 1 = ME + o if 2 <0.

Henceif x > 0

N 1 pe dv
3 2 —_ — R —
il_l’:; n Kl(x, J’) - 2 f—w (7)2+ 1)3/2

]

hml [\

andif x < 0
. " 1 = dv
Iim 772K1(x; _')/) = ;2‘ f (‘222+ 1)312

7—>0

= 0.

From (18) we see that K,(x, v) is finite as y -0 for both x > 0 and x < 0, so

lim n2R,(x, y) = 0.

7—0

Hence using the limit relations (306), (307) and (308) in (304) we obtain

£
tim 1m0, 6) = 5 20 [ hgograc.
T Jo

no—>1

(304)

(305)

(306)

(307)

(308)

(309)

The point # = 0 has not been considered in the limit relations (306), (307) and (308), since the
expressions are indeterminate in the neighbourhood of # = 0. This does not affect the result (309)
however, since the expressions concerned are never infinite and the point x = 0 corresponds to an

isolated point in the integral in (309).
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