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Summary.

This report deals with the design of slender warped wings with unswept trailing edge but otherwise arbitrary
planform which have, at the design lift coefficient, zero load along the leading edge and a near planar vortex
sheet from the trailing edge. The wing can have an arbitrary chordwise curvature on which a spanwise curvature
is superposed so that in any spanwise section the wing is straight over the inner part of the wing and curved
over the portion near to the leading edges; the position of this change can vary arbitrarily in the chordwise
direction. Formulae and working charts are given for determining the local load coeflicient (and with it the
streamwise velocity component), the spanwise velocity component, the total lift coefficient and the total drag.
Numerical examples, for the gothic planform, are given to illustrate some of the effects of the various parameters
on the load distribution, the section shapes and the drag. Slender-wing theory has been applied except for
determining the wave drag which has been obtained from an approximate relation derived by the not-so-slender
theory of Adams and Sears.
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1. Imtroduction.

The flow past a wing with a highly swept leading edge at incidence usually separates at the edge
forming a vortex layer, which rolls up into -a rotating core lying above and inboard of the edge.
Sharp edges are thought to be desirable on slender wings so that the conditions under which this
separation occurs are determined. With these slender, sharp-edged wings separation will occur from
all edges except in special cases, of which the flat plate at zero incidence is an example. As the
incidence of a wing increases from negative to positive values, the attachment line near the leading
edge (see Maskell') moves from being entirely on the upper surface to being entirely on the lower
surface and vortex cores form below and above the wing respectively. However, unless the warp
of the wing (the term ‘warp’ is used in the following to describe camber and twist together) is
specially designed, there will be a range of incidence for which the attachment line crosses the
leading edge and this point of intersection will vary with the incidence. This undesirable phenomenon
is avoided on a wing for which the attachment line lies all along the leading edge at some incidence.
No separation takes place at this incidence, at higher or lower values the vortex cores lie entirely
above or below the surface.

The simplest form of warp satisfying this condition is the flat plate. On a flat plate the flow
separates at any non-zero lift from all edges. Under these conditions the vortex drag of a delta wing
substantially exceeds the value for a wing with trailing-edge separation only, at least in the range of
lift coefficient where the maximum lift-drag ratio is expected to be found2t°4. The use of other
planforms may modify this result to some extent’; but, certainly for wings not too far removed from
the delta, it is desirable to design cambered surfaces to have separation only from the trailing edge
at some non-zero lift coefficient. The condition for this is that the attachment line should lie along
the leading edge for its whole length. According to attached-flow theory, the local load at a subsonic
leading edge of a thin wing with finite slope to the free-stream direction is either infinite or zero.
‘The latter case occurs when the attachment line is along the leading edge. In accordance with the
account of separation given above, it is only in this case that attached-flow theory can be expected
to apply to a slender wing, and it is only in this case that we use it. Thus no attempt is made to
realise a flow with theoretically infinite suction peaks at the leading edge. On the contrary, warped
surfaces are proposed which in their design condition have vanishing load at the leading edge,
combined with suction forces on forward-facing surfaces inboard of it. These wings have in this
way values of the vortex drag which are almost as low as those predicted by the unrealisable attached
flow past the flat wing at incidence.
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Many different warped wings can be designed on which theory predicts the attachment line to lie
along the leading edge and the vortex drag to be low. Whether these properties persist in a real flow
depends on the development of the region where viscous forces are dominant and thus on the
pressure distribution over the wing. The pressure gradients occurring along streamlines in the flow
over the wing with finite thickness will to some extent decide whether flow separations and shock
waves inboard of the leading edge are avoided. Furthermore, the value of the load which can be
maintained at the trailing edge when the main stream is supersonic is limited by the shock system
there, which cannot be studied by the present theory.

The choice-of a wing shape will further depend on the pressure distribution at off-design con-
ditions. The aim is to achieve with increasing lift coefficient a smooth variation of the flow field
which is dominated by the primary separation developing from the leading edge and not by a
secondary separation somewhere inboard on the wing. .

The planform and camber surface, to be chosen for a practical design, are also affected by con-
siderations outside the field of aerodynamics. For example, it may be desirable to have a curved
centre section of the wing so that, at the design lift coefficient, the incidence at which the centre
section is set against the main stream is smaller than for the uncambered centre section, with the
same slope at the trailing edge. This brings a reduction of the difference in height between the nose
and the trailing edge of the wing and thus, presumably, in the height of the undercarriage. These
remarks show that we require a family of wing shapes with several free parameters from which
to choose.

In this report, thin slender wings of arbitrary planform but with unswept trailing edges are
treated. The chordwise curvature of the centre section of the wing is arbitrary, but only some special
types of spanwise curvature are considered. In a spanwise section the wing is straight over the inner
part and curved over the portion near to the leading edges. The spanwise position of this ‘shoulder’,
where the spanwise curvature begins, is a free parameter which can vary along the chord. T'wo
different types of curvature are considered; the surface slope outboard of the shoulder varies either
linearly or quadratically across the span, as in the case of wings with conical flow treated by
Brebner®. For completeness, the case of constant surface slope over the outer part is also included,
though the corresponding load distribution has logarithmically infinite values at the shoulder as a
consequence of the discontinuous change of the wing slope.

In this report, formulae are given for the local load distribution (and thus within linear theory for
the streamwise velocity increment) and for the spanwise velocity component. The total lift and the
vortex drag are determined, and the chordwise distribution of the cross load, required for calculating
the wave drag, is also determined. The given formulae apply to any slender smooth planform with
unswept trailing edges. Numerical examples have been worked out for the so-called ‘gothic’ plan-
form which has a pointed nose, streamwise tips and parabolically varying leading edges. The
pitching moments have not been determined.

2. General Outline of the Method.

The theory of lifting wings of given planform usually deals with one of the following three
problems:

(i) The load distribution is given and the shape of the wing, which has the required load
distribution, is to be determined.



(if) The wing shape is given and the load distribution which this wing has in a given flow is
to be determined.

(iii) The wing shape is to be found which produces the minimum drag due to lift for a given
amount of total lift.

When solving our special problem by the first method, it is of course easy to satisfy the require-
ment of zero load at the leading edge. It is more difficult to prescribe load distributions which satisfy
the requirement of lowish drag. The properties of the pressure distribution would of course depend
on the prescribed load distribution. If we express the latter as a finite series of some basic solutions
(as e.g. in Ref. 7), then the pressure distributions as well as the resulting wing shapes may exhibit
some waviness. A chordwise waviness in the pressure distribution implies the undesirable feature
of having several compressions on the wing.

The second method is unsuitable for solving our problem, since, for arbitrary planforms, it is
impossible to guess a wing shape such that at some C,, the attachment line shall lie along the whole
leading edge. Only if the distribution of surface slope is conical can it be assumed a priori that the
attachment line will occur at the leading edge for some Cj .

The methods developed for solving the third problem of wing theory are not applicable to our
task, since the leading-edge condition does not fit in. We want to design wings of general planform
and there are cases, as e.g. the delta planform, for which the condition of minimum vortex drag is
incompatible with the condition of zero load at the leading edge. The latter leads to a spanwise
distribution of the chord load which has zero slope at the tips, whilst the condition of minimum
vortex drag requires an elliptic distribution. We do not restrict our design problem to the cases
where the total lift-dependent drag is exactly at R. T. Jones’ lower bound®?, but require that it
should be reasonably low.

It has been found convenient for solving our problem to apply a mixed procedure by prescribing
the wing shape to some extent only and prescribing some properties of the load distribution. Apart
from the consideration of more general planforms, it is mainly in this respect that the present
treatment differs from that of Smith and Mangler”. The present method has been applied by
Brebner® to conical flow. We prescribe a certain type of downwash distribution over the wing
(i.e. within linear theory, of the chordwise wing slope 9z/dx), but leave the ratio between the
downwash at the leading edge and that at the centre of the wing free so that we can satisfy the
condition of zero load at the leading edge. In some cases, we introduce the further condition that
the spanwise distribution of the chord load at the trailing edge is elliptic to obtain minimum vortex
drag. We do not introduce a condition concerning the wave drag but shall find that among the large
number of solutions there are some for which the drag value is close to the lower bound of R. T Jones.

The calculations are based on slender-wing theory except for the wave drag which is determined
by applying the not-so-slender thin-wing theory of Adams and Sears®.

We begin with a required type of spanwise downwash distribution, which contains a free
parameter to be determined later. A solution of the two-dimensional Laplace equation for the
velocity potential is taken which produces the required downwash distribution. The velocity potential
gives the spanwise distribution of the local chord load, from which the local load is obtained by
differentiation in the chordwise direction. The free parameter in the downwash distribution can
then be chosen such that the local load at the leading edge is zero. The spanwise velocity component
is obtained from the spanwise distribution of the local chord load by differentiation in the spanwise
direction. The spanwise distribution of the chord load at the trailing edge determines the total lift
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and the vortex drag. For determining the wave drag the chordwise distribution of the cross load is
required. This is obtained by integrating the local load coefficient across the span.

The above procedure is not only simple but has further advantages. It guarantees that the resulting
shapes do not exhibit any waviness and allows certain properties of the shape to be prescribed as
e.g. the spanwise extent of the inner part of the wing which is uncambered in spanwise sections.
The leading-edge condition is automatically fulfilled and the condition of minimum vortex drag
can be fed in. The method can be applied to slender wings with unswept trailing edge but arbitrary
shape of the centre section and the leading edge. A number of results can be written in closed form.

3. Details of the Method.
3.1. Geometry of the Wings Considered.
A right-handed system of Cartesian co-ordinates x, ¥, 2 is used. The origin is at the leading edge
of the centre section, the x-axis in the direction of the undisturbed stream, y spanwise and 2 positive

upwards. The wing chord ¢, at the centre section of the wing is taken as unity throughout.
The planform of the wing is given by

] < s(). (1)
s(x) and its first derivative with respect to x, ds(x)/dx, are assumed to be continuous for 0 < x < 1.
The wings considered have curved or straight sweptback leading edges such that the forward part
of the wing is pointed, i.e. s(0) = 0, s'{ds(x)/dx},_, is finite. In a planview the trailing edges of the
wings are unswept. The planforms are such that the maximum span is reached at the trailing edge.
The value of the semispan at the trailing edge is denoted by

(1) = sp. (2)
We consider slender wings only, so that s;/c, € 1. The theory is developed for arbitrary functions
s(x), but the numerical examples given in this report are calculated for the so-called gothic planform:

(%) = spw(2—x). (3)
The shape 2(x, y) of the wing surface is determined as that of a stream surface in the known
velocity field by applying the linearized boundary condition.

9x(x, y) _ v% 3, 0)
ax Ve )

where V), is the velocity of the undisturbed stream and 'vz(x: ¥, 0) the velocity component normal to
the chordal plane of the wing.

As mentioned before, we begin by prescribing the spanwise distribution of v,. Three different
distributions of the downwash will be treated in this report (see Fig. 1). Using the notation

=2 5
"= (%)

they are:
— z)Z(x) Y O) - {C(x) for 0 < |7I' s TIQ(X)

Vo |Cwe 0 [T g < < ©)

N

where v = 1, 2, 3.
The' distributions considered are thus such that for spanwise sections, x = const., the slope
02(y; x)/3x is constant over the inner part of the wing 0 < |5| < 5o(x). Over the outer part of the
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wing, |g| > ny(x), 2/0x is given by a different expression. It is either constant or varies linearly or
quadratically. The shape of the inner part of the wing is determined by the choice of C(x). The
centre section in particular can be straight or curved, depending on C(x) The values of C(x) and
no(¥) can be chosen arbitrarily but the values of D,(x) depend on C(x) and 7,(x) in such a way that
the condition of zero load at the leading edge is satisfied. The relations between D,(x), C(x) and
7o(x) will be derived in Section 3.3. '

Anticipating the results of Section 3.3, we may rewrite the three types of downwash distribution
in the form

C(x) for 0 < |7| < no(xj
N _Z®2 0 ) o
@ 7, {—am@;%;-) formy(@) < o] <1 (7
. C(x) ‘ for 0 < || < ()
L olny0) {
(i) —-—5—= (| 7] = o)
v, C(x) [1 ST — COS_I%}J for 770(30) <yl <1 (8)
C(x) for 0 < | 5] < ()
0%, 3, 0)
(i) - =020 w(|n] =02
Vo L@PMHMM%WMkaJMWWW““ ©

The ratio between the downwash required at the leading edge and the value at the inner part of the
wing, to achieve zero load at the leading edge, is:
vn = 1) D,(x)
i =1 ; 10
| =0T 0
it is plotted in Fig. 2. The figure shows that the slope at the leading edge is larger the closer the

shoulder 7, is to the leading edge and that for quadratically varying downwash the required slope
at the leading edge is larger than for the linearly varying one, if we compare for the same 7,.
From the known slope 92(x, y)/dx of the wing surface the shape of chordwise sections 2(x, y =
const.) can be determined by integration except for an additive term f{y). The choice of the function
f(), which in linear theory is arbitrary, determines the spanwise shape of the trailing edge. In our
numerical examples, we have chosen such a value of f(y) that the trailing edge becomes a straight
line, 2(1, v) = 2(1, 0) = 2,

1 9z(x’ ‘
n,3) = (1) - [ D aw (1)

This implies that the leading edge is not planar.

3.2. Spanwise Distribution of the Local Chord Load for Various Downwash Distributions.
As a starting poiﬁt, we will derive in this section a relation between the spanwise distribution of
the local chord load L(x, y) and the local downwash — v,(x, y). The local chord load L(x, y) is the
integral at a station y = const. of the local load coefficient I(x, y) from the leading edge to the

station x considered:
x

Lix, y) = f ', v)dx' (12)

xLE(y)

The local load coeflicient {x, y) is defined by
[, y) = — ACp(xJ )
= —[Cpu(® y) — Cpr(x ¥)] (13)
7



where the suffices U and L denote the upper and lower surfaces of the wing. In slender-wing
theory Bernoulli’s equation is applied in the form

_P=P _ _Zv_w_vyz""vzz

P ipoVo? Vo Vet

With wings on which the flow separates only from the trailing edge, we can, to a first order,
approximate wing and wake by a planar distribution of singularities, even though the camber may
be appreciable. For planar sheets the term v,% is the same on the upper and lower surfaces, if we

ignore the contribution of the sources which would represent the finite thickness of the wing.
In this case

(14)

I, y) = 2 [”wu(x: Y) e y)}

7, 7,
2 x, 0 ,
- {a‘lsU;x ¥ ‘ﬁL‘gz y)} (15)

where ¢ is the perturbation velocity potential in the plane x = 0.

Using equations (12) and (15), we find that L(x, y) is related to the difference in the potential
function on the upper and lower surfaces of the wing, Ad(x, ¥) = dy(x, y) — ¢r(x, ), by:

L@»:%AWJ» (16)

A¢(x, y) is equal to the circulation I'(x, y) around the part of the wing in front of the station
x = const, and outboard of y = const.

In slender-wing theory the velocity potential ¢(x, ¥) is a solution of the two-dimensional Laplace

equation:

B¢ R

= = 0. 1

3y T a (17)
We have to find the solution which gives for each station x = const. in the plane 2 = 0 the required
normal velocity component z,(y, 2 = 0; x). 'T'o solve this problem is equivalent to determining the
strength dT'(y; x)/dy of a system of two-dimensional vortices (in the plane 2 = 0 and parallel to
the x-axis) which produce the given velocity v,(y; x):

1 @ d(y"; x) dy
wlin) = -5 [ S0 D 18)
T J —slz) Y N
The solution of this integral equation reads (see e.g. Ref. 10):
LY
sin
Dy, ) 1 7o 0 x) . 2
— _ & ' - dﬁl 19
2 Vs 'n'fo 7, Sndle —— (19)
Sin. —5—

where cos & = 7 = y/s(x),
Equation (19) enables I" to be found for the velocity distributions
0 for 0 < |7]| < My
vy %)

oo |Dyw [m—_’?l:n:gg)r for e < |n] < 1.

The cases v = 1 and 2 were calculated by Watson®.

8



Superposing the elliptic spanwise distribution of the chord load, corresponding to a constant
— o,(y; %) = C(x) for 0 < || <1, we obtain for the velocity distributions of equation (6) the
spanwise distributions of the chord load:

Ly(x, y) = 4C(x)s(x)y/(1=7%) + g Dy(x)s(x) {2 cospn/(1—=77) -+

D V=1 = )] /(=) = 7/ =)
vy pe wrpy/ ¢ e pl ety e gy 772)} (20)
L) = 40V (=1 + * s D{e(s) [V =) = 21y cos /(1 =1P) -
et V(=) = V(1 =Y n|no\/(1—n2)—n\/(1—%2)|
2 AT g T 770\/(1—772)+77\/(1~?702)] @

L5, ) = #OREIV (1= 77) + g, Delah(s)

{429+ 6932 s~ = S/ (1 =/ (1= 77) +
V(=7 = V(1= 79%)]
+ (no®+3 | -
O S I = AT )
1-72) — gv/(1=2¢)|
— (n3+3n,2 1n|770\/( n 0 j|
S A=) F /(=)
Anticipating again the relations (28) to (30) between D,(x) and C(x) and 7,(x) from Section 3.3,

we obtain for the spanwise distributions of the chord load:

2 —7) = o
s 9) = C) oo |~ ot VA =V
;7,0\/(1 7%) — /(1= 1,?)]
7 In 70V (1—12) + 74/(1— %2)} >

1 2 2
T e |2V V)

o V0= = V(=)
BV (e ERV (T

(22)

Ly, y) = Clx)s(x)

. }770\/1 7%) — 9/ (1=, I
2 I A=)+ /(A= no)} - 29
4

X

Fol 90 = N 13200 cos T, — Ian/ (T2
< [@01 =) cos=tay = 4/ (1= 1 (1 =) -

3 |\/ 1—7%) —4/(1- ’702)|
O I I A
|”)0\/ 1—7%) —n4/(1- 1702)| .
70V (1 = 1%) + /(1 —1o%) } (2)
9

+ (93 +3m0%n) In



The limit of L,(x, y) as 7, tends to 1 is, of course, for all three cases the elliptic loading function:
L(x, y) = Clx)s(x)4/(1—7%). (26)

3.3. Local Load Distributions.

Knowing the local chord load, we can now determine the local load J,(x, y) by differentiation-

Lxy) = 22D, @)

In particular, we can determine by equations (20) to (22) the load at the leading edge, [(x, » = 1).
The condition of zero load at the leading edge leads to the following relations between D,(x) and
C(x) and 7o(x):

/2

Difs) = = oot s OO0 28)
_ 77(1 — 7o)

Dl = = 24/(1 = 7%) — mq cos™, ) ' *)

Dys) = - A ok D C). (30)

(1+29¢?) cos™ny — 3744/ (1 — %)

The same relations are obtained from the condition that the spanwise velocity component, v,,, at
the leading edge vanishes, which is a consequence of the condition of zero load at the leading edge.
Within slender-wing theory, v, is related to the spanwise distribution of the local chord load by:

(v, y) 10V, 1 9L(x, y)

_ _ 4 L3® ) 1
7, T3y T tiTy 1)

Applying the condition v,(x, » = 1) = 0 to the functions L(x, y) given by equatlons (20) to (22),
leads to equations (28) to (30) and to equations (23) to (25).

Differentiating the distributions of the chord load given by equations (23) to (25), we obtain the
following relations for the local load:

oy dC(x) 2 ’\/1— 7%) — V(1 =%
hi® y) = dx () cos~1y, { \/(1— 7%) + /(1 —1%
| m0v/(1— 77)—77\/(1—7702)|}+
70V (1= 9% + 7v/ (1 —no?)

dsx) 2 V=) = V(=)
W (= Y/ (s /G g

+

+ 77111

dx cos—ln, +

7)0(‘”) 2 2
+ ) cmﬂ%va—nm[‘ZV“‘")‘

[ M I\/(l— 7?) — 4/(1—n4?)|
|aasti * VA=) V(e ERv e
g Imev(= )—nV(l—%)q
cos™lny NV (L —79%) + /(1 —7,%)
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lz(x’ y) =

dC(x) 1

a5 ") T ngd) — g cos T,
o W) - v —ad] /(1= 72) — /(L= 7d)

* (0" 4o In VI=19 + V(1= Zn7 In 770\/(1 7% + /(11— 7702)]+ '
ds(x) 1

) g A=) = g oo

MRS RS NI
VA=) F V(A=77)

{2\/(1—%2)\/(1 —) +

[ V(1 =/ 7?) +

+ (10— 7% In

dno(). 1 -1 2 K
b Cn) T e |2 05 e () (=) +

1—9% —4/(1—7
+ {2/ (1 = mo?) + (92— 1o%) cos ™7} In lxv/gl n;+\%1 ZD;L

Sty 1 LTV (L) = 1/ (L= 0?) 33
294/(1 =% In 70y (L =72 + 74/ (1 — 0% } >
dC(x) 4

& ™) 314 207 cos T, — Sy
x [{zu — ) cosIng — 4my/(1 = 1Ah/(L = 77) -

(.3 2 |\/(1 7?) = v/(1- 7702)|
Ot Sm) ey + i)

[10v/ (1= 72) — 7/ (1 — o3|
It In S Ty A= |+
ds(x) 4
dx 3[(1+274%) cos™'ny — 3770V(1 702)]
x [0+ 21 cos7m = r/ (L= 9/ (1) +

o VA=) = V(=73 51 1m0V (1= — p/(1 =¥
R SCE iy pve s e S ey e ey o e

770(”) 4 %
3[(1 +29%) cos™ e — 39/ (1 —ne%)]*

+ C(%)

X

+ C(x)s(x)

x [2{%(1 —10%) + (1+ 210> — 47%)4/(1 — 1) cos g — 4ng(1 — 7) (cos o)}/ (1 — %) +

+ {(57m0% =37/ (1 = mo?) —

4 2,2 2 2 -1 |\/(1_772) - \/(1_”’702)|
— (292 — 67920 + 3192 + 372) cosTing} In W By — |
|0V (1= 72) — 74/(1— %)

o ety ol U

+

+ {(4m2— 67/ (1= ny?) + (6 —4n)m 1, cos 17} In
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The functions /(x, y) are of the form:

1653) = “S @ Pl m) + ) B Fy, ) + o) T2 By 1, . (33)

The functions F,, are zero for 5 = 1, i.e. [{x, y = s(x)} = 0 as required. The F,(ny, 1) are finite
for all values of 7, and 7, except for Fy, and Fy which have logarithmically infinite values for
m = 17, as a consequence of the discontinuity in v,y at y = n,. The load distributions (x, y) (with
the exception of the line 5 = %), I(x, ¥) and I(x, y) have, therefore, finite values over the whole
wing surface if dC(x)/dx, ds(x)/dx and dryg(x)/dx are finite over the wing.

The formulae for F,, and F,; are rather lengthy and of such a form that the numerical calculations
have to be performed with a larger number of significant figures than required for the final result.
We have, therefore, calculated the terms F,, and F,, for a few values of 7, only and plotted charts
for these terms, see Figs. 3 to 8.

The limits of F,, as 7, —1 were required when drawing these charts. The limit of (x, y) for
no =1 is of further interest since we intend to take in some cases 1, = 1 at the trailing edge to
achieve elliptic distribution of the chord load. For v/{(1 - 7,)/(1— %%} =0, the numerator and the
denominator in the F,, tend to zero. After some lengthy calculations we obtain for 7, —1:

e 2) = G-+ € Tt o L
b 2) = Gty =)+ 00 G2~k o BT L @)

For ny =1, (%, y) is infinite unless dyy(x)/dx is zero. If {dno(*)[dx}y—y = 0, then {L(x, ¥)},0_1 Is,
of course, the same for all v.

3.4. Chordwise Distribution of the Cross Load.

As can be seen from equation (67) in Section 3.7, a knowledge of the chordwise distribution of
the cross load, L(x), is required to determine the wave drag at supersonic speed by the not-so-slender
wing theory of Adams and Sears®. The chordwise distribution L(x) can also be used to calculate the
total lift on the wing. L(x) is related to [z, y) by:

L) = | Y, y)dy

—s(x)

= 2s(x) fz (%, n)dn . (38)
By equations (32) to (34) and (38)

1) = S5 () o T o/ (=) 4 M) T T /(i) +

cos™1n,
2 dno(x) 2 N » o,
+ C(X)S (x) dx COS“an\/(l _7702) {1 — 2my% — 7, cos 770\/(1 Mo )} (39)
Ly(x) = dC(x) 52(x) 274/ (1 —my?)® - C()s(n) ds(x) 4/ (1 —m2)

3[4/ (1= n¢%) — mg cos™n] dx 3[v/(1—n9%) — 7, cos™y,]

) 2{(1 % 202) cos~ng/(1— 76%) — 3mo(1 — )]
) = 3TV~ 759 — 7 cos ing?
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dC(x) 2x )77[3 cos 7o = (50— 27°) v/ (1 = me?)] |
31 +2ng?%) cosHno — 3mey/(1—7,7)]

ds(x) 2m[3 cos™ g — (579 — 219/ (1 — )]
st dx  3[(1+2n4?) cos™ 9, — 340/ (1 —7e%)] *

-+qmﬂ@@%ﬁx

Ly(x) =

4r(m0 —4n6®) (1= n0%) + (14 356> + 214*) cos™ g/ (1 — 1) — 3mg(cos—2n,)*] (41)
3[(1 +2mq%) cosThyy — Imv/(1 - ne?)*
The limit of L,(x) as 7, tends to one is infinite unless dn,/dx is zero. The limits of Ly(x) and

Ly(x) for ny —1 are:

Loy(x) = dC( )

$:(x) 2 + COR() S 4 Clape) T 2 (42)

L) = ”ﬂ(x)z + C() B by () T 2 #3)

7 w
The total load L,(x) acting on the part of the wing in front of the station x = const. can be

determined either by integrating the cross load L,(x) from the apex (x = 0) to the station x or by
integrating the local chord load L (x, y) with respect to y:

_ £ S(x)
L(x) = fo L(x)dx" =2 JO L%, y)dy. (44)

We have obtained L (x) by integrating L,(x, v) and used the relation

L(x) = L (%) (45)
as a check of our various formulae. The result is:
= o 1—19?
L) = Cptapn MV (46)
- 2 V(1=n?)?
Fal®) = O ST ) = g co5 o] *7)
Ly(x) = C(a)s2(x)2 3 coslg — (519 215%)1/ (1 — 1o?) (48)

61(1+27¢%) cos™ g — 3o/ (1 — 7]
Denoting by the suffix 7" the values at the trailing edge, the lift coefficient of the whole wing is
given by relating the total load L(xy) to the wing area, 2s,¢, (¢ is the geometric mean chord):

~ Z(”T) A
Cr = 5o = s Lo, (49)
Thus:
7 MoV (1 TNor )
Cra = 3 ACp m“—— (50)
— ar \/ (1 - 770T2)3
C,, =2 AC 51
2 =79 r 3[V (1 =0z — nor cOS 7] G
— ™ 3 cos ™ ner — (5N0p — 2102%)V/ (1 = 7e7%)
Cro == AC, . 52
B 27T 6[(1+ 2900%) cos™op — 3mopy/ (1= 1g7?)] 2
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The limit as ngp — 1 is, of course:

€y =346, | (53)

This is the lift coefficient of the flat wing set at an incidence o = Cp to the main stream if the flow
separates only at the trailing edge. The ratio Cp/(7/2)ACy of the lift coefficients for the cambered
wing and for the flat wing is plotted in Fig. 9. That the total lift is fully determined by the shape of
the wing at the trailing edge (Cpand 7,;) is 2 consequence of the assumptions of slender-wing theory.

3.5. Spanwise Velocity Component.

Our final aim is to calculate the pressure distribution on thick wings which have the warped
wings of this report as mean surfaces. To determine the pressure distribution and the direction of the
streamlines, we require the chordwise and spanwise velocity components on the thin wing.

The streamwise perturbation velocity, @, is given in terms of the local load coefficient:

) i), (54)

The spanwise perturbation velocity, v,, which is induced on the thin warped wing is, within
slender-wing theory, related to the spanwise distribution of the chord load, L(x, y), by equation (31).

We obtain by equations (23) to (25):

o(9) L a7 = V(=0

R Y (B v | %)
vy2(x’y) _ 1 %
) Vo =0 2[4/(1—m6%) — mo cos1n]

W) VO] (o= 7)) = ay/ (=)
i T T~ I T - %2)} (6)

7)1/3(96,_)))_ 1
ST T OO T cos Ty = B/ (=)

X { — 27 cos /(1= 1% — 29g7 In l:ﬁg:zg ; gg:zzzy

ino\/(l 72) — /(1= %]
O In s AT n2)+71\/(1—n02)} 57

+

For ny —1

vl/v(x’ ¥) __ T 7
7, - Wy (58)

3.6. Vortex Drag.

Within slender-wing theory, the drag which occurs on a thin wing in non-viscous flow is only
vortex drag, since lift-dependent wave drag is absent in this approximation, The vortex drag can
be determined from the spanwise distribution of the chord load at the trailing edge and the down-
wash which the trailing vortices induce far downstream in the so-called Trefftz-plane:

ST lofx = 0,y
g =~ e b0 B0y 9
14




Within the present approximation, the downwash in the Trefftz-plane is equal to the downwash
at the trailing edge, so that:

DUV ! I ! . L 7], - Nor 1 ); '
i, ye s_’['CTf L1, 9")dn" + sgpDyy (1—_—“) L1, n")dn’. (60)
2Po¥ 0 0 907 Tlor
Introducing the lift-dependent drag factor K:
K = Co
Cr2lwA
2
_ D, it (61)
%Po Vo2 L2
we obtain for the three.cases considered the relations:
K, = Z 2o oz (62)
1- Tox
— (9er®—3) (1 = nor®) — 129p5% In Nor
K, = 63
: A= ez )
{— 64707° In o + 15(cos™uep)? + (— 5410 + 287073 — 4n07°)1/ (1 — Toz”) COS™ nop +
K, = + (5107 = 68a*) (1= 0z} (64)
P [3 cos™nor — (5707 — 2702°) v/ (1 — mop?)]?

For ngy -1, K, »1. To achieve minimum vortex drag, it is only necessary to have 75, = 1 at the
trailing edge, whereas elsewhere 7, can be smaller than 1. This can easily be obtained on a wing
with gothic planform. Values of K, are plotted in Fig. 10. The infinite value of K for ngp —0 is a
consequence of

lim (_CE) _Tac,

o0 Tor 2
{see equation (50)} and of
D,, 2

o Tl O i —— | |
3poVo? e (cos™Ingp)? oz oz

For all values of 5y, the vortex-drag factors K, and K are smaller than the value X = 2 which
is the limit of K for C; —0 for a flat plate with flow separation from all edges. Values of the drag
factor which are of the same magnitude as the values of Kj are obtained for the flat wing, if at all,
only at relatively large C; — values, which are much higher than those which lead to the optimum
lift-drag ratio. But, on the other hand, the calculated results make it clear that a warping of the wing
is only useful when the wing is carefully designed. '

Let us consider wings with the same lift coefficient and the same vortex drag but with different
spanwise downwash distributions (v = 2 and » = 3). For the quadratically varying downwash the
shoulder position is farther inboard than for the linearly varying downwash, 5ops < nops. If we
take from Fig. 10 values of 7y, which give the same value of K, and determine from Fig. 2 for
these 7y, the ratio v,,(1)/v,(0), then we find that these are nearly equal. Fig. 9 shows that the values
of Cpr/(m|2)ACy are also not very different. All this means that we obtain for the quadratically
varying downwash a smoother section shapc than with linearly varying downwash on wings with
the same lift coefficient and the same vortex drag.
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This fact poses the question, of why we have not gone further in our series of downwash
distributions:

vz(x’ Vs 0) |7)‘ - 770(‘”) vl
- < o v 0 [T

for no(x) < |n1 < 1.

The reason for not doing so is that we expect the amount of work involved to be disproportionate
to possible gains.

3.7. Wave Drag.

In supersdnic flow, a wave drag, D,,, arises in addition to the vortex drag, D,. The total lift-
dependent drag, D, is equal to the sum of vortex and wave drag:

D =D,+D,. (65)

The wave drag can be determined by means of the ‘equivalent lineal lift distributions’ (see e.g.
Refs. 11 and 12). The result can be expressed as a power series in s, where

B = (Mi-1) _ (66)
and M, is the Mach number of the undisturbed flow. Adams and Sears® have determined the first
term of this series. In our notation this term is:

%fft’jof—ﬁ?:[f f_l (L, DI, 7Y In | = »'|dy'dn +
f f ( (x)) ( E:)) lnlx—x’ldx’dx——
Ls(;) = (L(x)> In (1 —%)dss + (%&2)2 { 5+ B;_Tﬂ | (67)

where (1, n) is the load at the trailing edge and L(x) the chordwise distribution of the cross load.
For some special types of the functions (1, ) and L(x)/s;, expressions in closed form for the double
integrals of equation (67) are given in Appendix I.

For a wing with given geometry, the local load varies with increasing Mach number, i.¢. increasing
Bsp. Therefore, on a warped wing, designed by slender-wing theory so as to have zero load at the
leading edge, the load will not be zero for finite values of Bs;. To produce zero load at a non-zero
Bsy, a somewhat different wing shape is needed. To determine this, one might take the load distri-
bution from slender-wing theory and calculate by linear theory the wing shape which produces that
load distribution at a given sy . We do not intend to perform such a calculation but we can determine
the lift-dependent drag which the slightly modified wing would have and use this as an approxi-
mation to the drag which the warped wing, designed for s, = 0, would have at a finite sy .

We insert the load distribution by slender-wing theory {(x, y; Bsp = 0) into equation (67). This
gives us an estimate of the wave drag of the known wing which is correct to the order of f%;* or
B4spt In Bsp, because the difference between the load distributions determined for Bs; = 0 and
Bsp = 0 is of the order %2 or B2 In Bsy . We are thus able to determiné the wave drag due to lift
to an absolute accuracy which is better than that for the wave drag due to thickness which we can
determine easily only by slender-wing theory. The relative accuracy of the wave drag due to lift is
of the same order as for the drag due to thickness.
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For a given wing, the coefficients of the total lift and the vortex drag vary also with increasing
Bsp. The correction terms to the results by slender-wing theory are of the order B?sp2. But the
vortex-drag factor Cp,[(Cy2/mA) varies less with increasing fBs, than the vortex-drag coefficient.
There are cases, as for instance the flat delta wing at incidence, for which the vortex-drag factor is
independent of Bs;, i.e. equal to the value by slender-wing theory. For some other warped delta
wings, see Appendix II, the error in the vortex-drag factor by slender-wing theory is only of the
order B%,* We may thus expect to obtain a satisfactory estimate of the total lift-dependent drag
factor for small finite sy by relating the sum of the vortex drag from slender-wing theory and the
wave drag determined by equation (67) (from the load by slender-wing theory) to the term CrilnA
determined by slender-wing theory:

Cp _ ColBsy = 0) + Cp,{(x, y; Psp = 0)} (68)
Crllnd [Cr(Bsr = 0)]*/mA

4. Calculated Examples.

Some shapes of warped wings having zero load along the leading edge at the design C; have
already been given in Refs. 6 and 7 for the delta wing planform. The cambers considered are conical
which in our case would mean straight shoulder lines {constant »,(x)} and a straight centre section
{constant C(x)}.

For the numerical examples of this report, we have chosen a wing with a gothic planform. The
chosen aspect ratio is 075, i.e. sp/c, = 0-25. The design lift coefficient is Cy, = 0-1. The spanwise
downwash distribution outboard of the shoulder varies quadratically. Preference was given to
the quadratically varying distribution since it produces smoother section shapes without any
discontinuity in curvature. The centre section is straight. Since we have made the trailing edge
straight, this implies that the inner part of the wing, |y| < y,, is uncambered. The leading edge is
not planar. If we had made it planar the spanwise sections would be cambered across the whole span.

'The position of the shoulder, y,, has been varied. We have chosen two shoulder lines. The first
has 7oz = 1, which produces an elliptic spanwise distribution of the chord load at the trailing edge
and thus a wing with minimum vortex drag. The corresponding wing shape has rather highly
curved spanwise sections near the wing tips (see Fig. 13). The manufacture of this type of warped
wings may be difficult since these highly curved parts occur at positions where with ordinary wing-
thickness distributions the wing is relatively thin. It is also not quite certain whether it is justifiable
to apply linear or slender-wing theory at these highly curved portions of the wing. We have, there-
fore, also considered wings with non-elliptic spanwise distribution of the chord load at the trailing
edge (7op # 1). This means that the vortex-drag factor is larger than 1. For the chosen example
nor = 0-8 the factor is 1-07. We may, however, assume that a vortex-drag factor of 1-07 is still low
compared with the drag factor on the flat wing with leading-edge separation, specially for the small
value of the/design lift coefficient chosen in our examples.

To simplify the geometry of the wing shapes, we have chosen two straight shoulder lines, one
joining the apex to the tips and one joining the apex to the point at )+ 8 semispan of the trailing edge.
With these shoulder lines dyg(x)/dx at the trailing edge is finite. As a consequence the load at the
trailing edge of these wings is finite, because it follows from equation (35) and Figs. 6 to 8§ that the
load at the trailing edge has a positive finite value if {ds(x)/dx}; > 0, or {dno(x)/dx}p > 0, or
{dC(x)/dx}g = {%(x, 0)/3x%}y > 0. For planforms with streamwise tips, such as the gothic plan-
form, {ds(x)/dx}, = 0.
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The considered chordwise variations of the position of the shoulder are such that the farther back
on the wing the closer the shoulder is to the leading edge, as a consequence the spanwise sections
are more highly curved near the trailing edge than near the apex. The least curved sections are, of
course, obtained for wing (2) where the shoulder is everywhere more than 0-2 of the local span
inboard of the leading edge.

Span- and chordwise distributions of the local load, span- and chordwise section shapes and
spanwise velocity components for the two wings are plotted in Figs. 12 to 17.

The chordwise pressure distributions on the two wings show adverse gradients for most of the
wing. So also do the spanwise distributions, if we consider a flow direction from the leading edge to
the wing centre. We can, however, not yet decide whether the gradients are too large. The pressure
distributions on thick warped wings, which have one of the two wings as their mean surface, depend
at the small design C to a considerable degree on the thickness distribution. As a first step, to find
out whether the pressure gradients are too large, we have to determine from the span- and chordwise
velocity components on the thick warped wing the direction of the stream lines and then the pressure
gradients along the stream lines. This has not yet been done. But we know that most thickness
distributions have a beneficial effect on the pressure distribution, since thickness alone produces
a positive pressure coefficient near the leading edge. We may, however, recall that the magnitude
of the pressure coefficient near the leading edge, calculated by linear theory, is somewhat doubtful
(see e.g. Ref. 13). There exist thickness distributions which give also farther inboard a beneficial
reduction of the chordwise and spanwise pressure gradients (see e.g. Refs. 13 and 14). Let us
choose e.g. a thickness distribution which has a cross-sectional area distribution corresponding to
the distribution V of Ref. 14, cross-sections of diamond shape and a centre section with a thickness-
chord radio of 0-08. Superposing this thickness distribution on the mean surface given by wing (2)
we obtain, at the design C,, chord- and spanwise pressure distributions which are almost free of
adverse gradients.

For wing (1) we have determined the wave drag for non-zero sy by equation (67). For wing (1)
noy = 1 and therefore the load distribution at the trailing edge /1, ) is of the type given by
equation (69) in Appendix I, so that the first double integral in equation (67) can be evaluated
explicitly by equation (71). For the cases with ngy + 1 and {dng(x)/dx}r + 0 {as e.g. wing (2)},
no explicit value for the integral has yet been found. '

The value of the second double integral in equation (67) can be estimated by means of equation (73)
of Appendix I. For the wings considered, the chordwise distribution of the span load L(x) (see Fig. 18)
is such that it can be approximated by a polynomial in x, equation (72). The resulting drag factor,
equation (68) is given by 1 + B%5,2(1-83—0-08 In fs;); for the flat wing the factor is 1 + B2%,? X
2-33. For wing (2) {for which we have not yet calculated the first double integral in equation (67)
since ngp = 1}, we can assume that the wave drag is of the same order as that for wing (1), since
the chordwise distributions of the span load are very similar (see Fig. 18).

We have plotted in Fig. 19 also the drag factor for the plane gothic wing with trailing-edge
separation only, i.e. assuming at s, = 0 a drag factor of 1. The wave drag on the flat wing is
17 per cent higher than the minimum wave drag for very narrow wings, which is obtained with an
elliptic chordwise load distribution (R. T. Jones’ ‘lower bound’).

With the irrelevant exception of very small Bsg, wing (1) has a smaller drag than the plane gothic
wing; the values are near R. T. Jones’ ‘lower bound’. The elliptic chordwise loading is only the
optimum for small values of Bsy . It is therefore theoretically possible to obtain for larger values of
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Bsy for some cases {as wing (1)} a smaller drag factor than R. T. Jones’ lower bound for narrow

wings.

5. Conclusions.

The aim of this report is to design warped slender wings such that the calculated flow represents
a realistic physical flow and that low values of the drag due to lift are achieved. Existing methods of
designing warped wings which have, at the design C;,, zero load along the leading edge are usually
restricted to wings of delta planform and to conical flow. In this report, the problem has, therefore,
been extended in three directions:

(i) Slender wings with pointed nose and straight trailing edge but otherwise arbitrary planform
are treated.

(ii) The basic wing can be plane or curved, i.e. the centre section can possess an arbitrary
chordwise curvature.

(iif) The spanwise downwash distribution can vary along the chord, e.g. on a delta wing with
straight centre section the flow need not be conical.

With the present method one can satisfy a variety of conditions, though not all at once:

(1) It is possible to choose for a given thickness distribution a mean surface so that no adverse
pressure gradients or a limited adverse pressure gradient (if one knew what is desirable)
occurs on the wing.

(ii) One can choose the amount of the rise in pressure required from the flow behind the wing
to return to the free-stream pressure.

(iii) Low vortex drag, even the minimum value, can be obtained.
(iv) Low wave drag due to lift can be obtained.

(v) A spanwise section shape, in particular the position of the shoulder, could be chosen as to
ensure that in off-design conditions the primary separation from the leading edge dominates
the flow field, if one knew the geometric requirements.

(vi) One can choose from a variety of geometrical shapes to meet other than aerodynamic
requirements.

(vii) One can choose the position of the centre of pressure at the design C; .
(viii) One can choose a compromise between the various requirements.

The calculations are based on slender-wing theory except for the wave drag which is determined
from an approximate relation derived by the not-so-slender wing theory of Adams and Sears®. By
making use of calculations by Lance'®, who has applied linear supersonic gheory to warped wings
of delta planform, it is shown that the value of the slenderness parameter Bs;, up to which slender-
wing theory is applicable, depends to a large extent on the chordwise curvature. However, the drag
factors, determined by the approximate relation, are reasonably accurate for s, < 0-4.

The theory, as available at the present, cannot yet give us an answer to the following questions:

(1) What is the range of the validity of slender-wing theory for warped wings of other than
delta planform? Is the surface slope near the leading edge on the wings, as designed in this
report, small enough to allow the application of linear theory?
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i) How do viscous effects alter the calculated pressure distribution and the drag at the design
p g g
Cp?
(iii) How do the wings behave at off-design conditions?

(2) Does the flow separation from the leading edge dominate the flow field?

(b) Is it more profitable to cruise at the Cy, where the attachment line is along the leading
edge or at a slightly higher C; — value? The answer to this question will determine the
value of the C;, for which the warped wing ought to be designed.

(c) How do the warped wings behave at high lift and under asymmetric conditions, e.g. yaw?

(d) How does the centre of pressure vary with C,? Is there a need for a special study of
warped wings with fixed centre of pressure?

It is hoped that answers to at least some of these questions will be given by experiments now
planned.
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LIST OF SYMBOLS

Cartesian co-ordinates; origin at the wing apex; x along the free-stream
direction, y spanwise, z positive upwards; all lengths are made dimensionless
with the root chord ‘

Ordinate of wing surface
Ordinate of the trailing edge
1, chord of the centre section
Geometric mean chord

Local semispan

Semispan at the trailing edge

Spanwise position of the ‘shoulder’ where the spanwise curvature begins

(l), non-dimensional spanwise ordinate
s(x

%;), non-dimensional spanwise position of the ‘shoulder’
Value of 7, at the trailing edge

2%’ , aspect ratio

Velocity of the undisturbed flow

Components of the perturbation velocity

Mach number of the undisturbed flow

V(M —-1)
dz(x, 0
_ 92(x, 0) - _ v 0, 0) , downwash at the centre section
ox Vs

Downwash at the trailing edge of the centre section
Parameter in the downwash equation, see equation (6)

Local load coefhicient

x
f i, y)dx', local chord load

.’IIL E(y)

S(x)
f {x, y"dy', cross load
—sle)

z S(x)
f L)dx' = f L(x, y)dy, local total load
0 —s(z)
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Suffices

LIST OF SYMBOLS—continued

Total lift coefficient

Vortex drag

Lift-dependent wave drag

Total lift-dependent drag
Vortex-drag coefficient

Wave-drag coeflicient

Total lift-dependent drag coeflicient

Cp
ELz/ﬂA

lift-dependent drag factor {

Perturbation velocity potential in plane 2 = 0
Difference of ¢ on upper and lower surface
Circulation

Factors in the loading equation, see equation (35)

Suffix which characterises the type of the spanwise distribution of the down-
wash, see equation (6)

Trailing edge
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APPENDIX I

) ’ SN
. Some Special Integrals N
For ‘ R
1 §
1, 7) = av/ (A=) + b —~—3t 69
(1) = av/(1=7) + b Z—s (69)
the double integral ,
+1 p4l ~

I =f J K, ), 7 I — o'y (70)

can. be evaluated in closed form. We consider first the function

Lo = [ [avi-s ”bva i Il =l

Its derivative with respect to 7

a(n (AT . 17 dy
o = | ova- Hb\/(l—n"")]n—n'

can be determined explicitly. We introduce

7" = cos P
7 = cos ¢
then
dly(m) J"’ asin’} + b i
dy ) ycosé — cos
= qm COS ¢
= aqmm).
Therefore :

Ii(n) = a 271 + Ii(n = 0)
Il(»f,=0)=zf [av(l 17)+b\/(1 ,2)]11177

a a
_ —W(Z_+§ln2+bln2)

I(n) = = (gnz—-%—gan——ban).
Inserting this expression of I;(n) into equation (70) we get finally
[ [ ava-m b g [ava=9+b ] 1nln = ladn =
. v (1=7%) v/ (1—7"%)

— E’% ( +b) an:I. (71)



For a polynomial expression of L(x)

L A
SLx) =cx + dx® + ex® + fx* + g«b
.

the double integral

f J. (L(:)) (L(x )) In |w — &' |dw'dx K

_ can be evaluated in closed form. The result is:

T ) ()t

3 35 17 497 7 11
— 2 —_ - —_ —_ g2 . —
5¢ 3cd 5%~ % of 150 % 4d 3 de

|

67 56 25 1021 53 . 137 . 143
—_—— — — 2 . - —__f2__ —
BV B gy ¥l T B 8
1 L(x) L(x")
1 - I ! _
fof dx(sT)dx(sT)n‘x xldxdx
2 MO [ (1) L ()
sp Jodx 2\ sp
7 7 101 3
cd+zce+§cf+ §6—cg+1d + 2de +
22 17 7. 8 _ 143 19 101
- _ e2 _~ f2 i T2
tgdft gl tydt gt P efaty
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APPENDIX II

Comparison of Results Obtained by Slender-Wing Theory,
Not-So-Slender-Wing Theory and by Linear Theory

To investigate the range of validity of slender-wing theory for lifting wings, we make use of
calculations made by Lance's for warped wings of delta planform, applying linear supersonic
theory. No such calculations for wings with highly swept leading edges but other than delta plan-
form are known to the author. We shall compare some of the results of Ref. 15 with those by
slender-wing theory.

Let us consider the cases where the downwash is of the type:

_ J— 1
v, = vA".

These downwash distributions are different from those in the present report since they lead to wing

shapes which have infinite load at the leading edges. We quote the load distributions from Ref. 15.
In our notation:

— 9, = V!
7y 1 1
I(x, v) = 4s Vo EVA=a (75)
— U, = VX!
LY 1 — B2 2(2—1n%)
Ue:9) = % 5 s E T PR v (76)
— 7, = V5%
4. P2 (e — 1)
LR A=) "
where:
B 4(3 —5B%" + B4 E — 26%%(3 — 5% K (78)
© T G 10pT R AR ET + ST+ BSOKE — SPKE
o 2(4— 7322+ BAYE — 4B%%(1 — 2821 K (79)
P T @ 19p + 4B E? + 8B%(1+ BA)KE — SPKE
— v, = Ugx%:
4 Vg ®(eg—eqm®—c5n?)
U, y) = 4s 2 A= (80)
cy = &;ﬁ ) 16— 15822 + 58453 — 48O E — B33 — 9B%* — 284 K] (81)
¢y = ZQ%BZLZ) [(18 - 518% + Bist — 8BS E — B25%(9 —458%2 —4B%) K] (82)
¢ = %}_55232) [(3+ 722 — 2B%YE — B9 — B3?)K ] (83)

D = (12— 11982 + 151%" — 648555 -+ 32858) E* +
+ 2B25%(24 — 5P — 15885 — 168550 KE — B4sH(27 — 31022 — 8B4HK2.  (84)

E and K are the complete elliptic integrals of the modulus &, with 22 = 1 — k2 = 1 — %2 and s is
the ratio between the semispan at the trailing edge and the root chord.
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The load distributions of slender-wing theory are obtained by putting 8s = 0. In Figs. 20, 21 we
have plotted the ratio between the values of the local load obtained by slender-wing theory,
ix, v; Bs = 0), and by the more exact theory, X, y). For the constant and the linearly varying
downwash distributions (z = 0, 1), this ratio is the same for all points on the wing, but for the
two other cases (n = 2, 3) it varies somewhat with the spanwise position of the point considered,
see Fig. 21. In Fig. 20 we have compared the values of the load at the centre section. It has been
suggested in Ref. 13 that for sharp edged delta wings the pressure distribution due to wing thickness
can be estimated fairly well by slender-wing theory for values of 8s smaller than about 0-3 (except
very close to the leading edge where linear theory and slender-wing theory fail). Fig. 20 shows that
for the pressure distributions due to camber the agreement between the exact results and those
calculated by slender-wing theory depends noticeably on the wing shape. The error is largest for
the wing with the largest value of the maximum curvature of the chordwise sections, i.e.
[3%2(x, ¥)/0x%],pax - This was to be expected since with relatively large values of the maximum of
the chordwise curvature and correspondingly large variations of the chordwise curvature the
assumptions of slender-wing theory are less justified.

Generalizing the present results, we may expect that for wings with relatively small values of
[22(w, y)/0x?],,.« slender-wing theory gives reasonable estimates for values of s of about 0-3, but
for wings with not so small values of [92z(x, ¥)/0%%],,< @ value of Bs smaller than 0-3 is required to
obtain a sufficiently accurate estimate of the load distribution.

Using the exact load distributions of Ref. 15, we can also check the accuracy of the drag values
obtained from the approximate relation, equation (68), which was derived by the not-so-slender
wing theory of Adams and Sears. From the exact load distributions we have determined the total
lift coefficient, Cy, and the coefficient of the total lift-dependent drag, Cp, taking account of the
chordwise component of the suction force, Cg,:

Cp = Cpp — T | (85)

The coefficient of the local pressure drag at the section y, Cpp(), is given by

Cort ) = = [ D yyas. (86)

xy, E(y) X

If the load distribution near the leading edge is expressed in the form:

i(9) = s 7 (87)

where

_ X dm
e R

the chordwise component of the local suction force is:
Csoly) = — 7F2/(tan? ¢ — %) (88)

and in the special case of a delta wing:

Coly) = — msF2/(1 %), (89)
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Finally, we determine the drag factor, Cp/C2/wA. The results are:

— VU, = YUg: C_D -
Cr2lnA = 2E — v/(1-p%?) )
T = Co _B[(1-2PNE+FeK] 1 0 o,
i, P -5 VA=F) | 1)
e = v Cp _16Q-a) = V(1-F¥) (a—c)’ (2)
Cp2lmd 3 (261~ o)

Cp _ 40(1Les—4cy) — /(1= B (5¢5—4cy)?

— = 93
CpimA (11eg—4cy)? ®3)

Using the load distribution derived by slender-wing theory, Xx, y; Bs = 0), we have determined
the wave drag by equation (67) and related it to the value of Cz2/nA for Bs = 0.
For the present examples the spanwise distribution of the chord load for Bs = 0is elliptic and thus

()=
Co2lwd) gso

The approximation to the drag factor for small Bs obtained from equation (68) is thus for

— v, = 7
Co
— =14 8%22In2 — In Bs 94
G B’ Ps] (94)
— v, = VX B
e ?mz—E_?mﬁs} (95)
Cp2lnA L2 8 4
— U, = VX2 B
> ipe 81n2—§3——41nﬁs} (96)
Cr2lnd L 12
— 9, = vgx® _
_CD = 1 + [33%? g-S-InZ—gl——‘gélnﬁs}. 97)
Cr2lnA L2 % 4

Expressing the exact results for the drag factor, equations (90) to (93), as a power series in fs, we
obtain for the first terms the same relations as in the approximations, equations (94) to (97). This
is a consequence of the fact that for the present examples the power series for the vortex-drag factor
Cp./(Cr2[wA) does not contain a term of order p%2. Fig. 22 gives a comparison of the exact and
approximate values of the drag factor. The accuracy of the results obtained by the approximate
formula, equation (68), is sufficient for Bs < 0-3 for all examples.
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