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Summary.

The present position of the theory of supersonic turbulent base flow is reviewed and arguments are put
forward which suggest that the theory of Korst and others is incorrect in certain respects.

The analysis of two-dimensional turbulent base flow is formulated on the basis of a modified recompression
criterion which is more consistent with experimental observation than the one previously used. At supersonic
speeds examples are submitted to illustrate the use of the theory to predict the effect of an approaching boundary
layer on base pressures and satisfactory agreement with measurements is obtained so long as the thickness of

the boundary layer is small.
The theory is also shown to account for certain features of the steady base flow at subsonic and transonic
speeds, e.g. the abrupt fall in base pressure which occurs near sonic velocity.

LIST OF CONTENTS

Section
1. Introduction
2. The Flow Model
3. The Effect of an Abrupt Expansion on the Boundary Layer
4. The Free-Shear Layer
5. The Reattachment Region
6. Special Cases
7. Some Calculated Results and Discussion
8. Conclusions
Acknowledgement

List of Symbols

References

Illustrations—Figs. 1 to 14
Detachable Abstract Cards

- * Replaces N.P.L, Aero. Report No. 1036—A.R.C. 24,000. Published with the permission of the Director,
National Physical Laboratory. ‘

(87996)

A



1. Imtroduction.

1.1. The subject of two-dimensional supersonic base flow has received a great deal of attention
in recent years from both the experimenter and the theoretician (see Ref. 1, for example), and the
basic mechanisms which control such characteristics as the base pressure are to a large extent
understood. The early attempts to construct models to represent certain features of the supersonic
base flow have now given way to two principal lines of approach, the method of Crocco and Lees
and that derived from the flow model proposed by Chapman.

Of these two the former? sets out to describe the essential balance which must be maintained
between the external stream, which behaves according to the laws of an inviscid isentropic flow,
and the viséous flow in the wake which is represented by integral relations that take some account
of the mixing process. The Crocco-Lees theory is concerned mainly with the overall features of the
base flow and was of particular use in accounting for the variations of base pressure with Mach
number and Reynolds number.

The model of supersonic base flow suggested by Chapman® was more detailed and correspondingly
more limited in scope. It had an advantage in that it rested on the dissection of the flow field into its
constituent parts each of which could be understood more readily. The solution of the complete
flow could then be built up from an analysis of the behaviour of each part under conditions which
simulated to some extent the influence of the neighbouring regions on it.

From the initial flow model Chapman et al went on? to discuss the laminar-base-flow solution for
the special case when the thickness of the boundary layer approaching the base was zero. (See
Fig. 1.) The authors were realistic in emphasising the importance which this restriction had on
the interpretation of the results of the solution and carefully arranged experiments were devised
to check the theory. ‘

In the case of turbulent base flow, Korst? and Kirk1s* employed largely the same arguments to
establish a method for predicting base pressures and for demonstrating the increase in base pressure
which could be achieved by allowing fluid to bleed at low velocity into the wake—base bleed.
Korst’s theory has been used as the basis of a number of modifications to cover special cases of base
flow, for example when a high-velocity jet is issuing from the base® 3, and in the presence of
non-adiabatic bleed”. The theory of closed base flows?, i.e. in the absence of bleed, predicts the
variation of base pressure with Mach number for the restricted case when the thickness of the
boundary layer approaching the base is zero. It compares very favourably® with a large number of
measurements of base pressure on sections for which the ratio of boundary-layer thickness to
base height is small. Moreover of the very few systematic experiments to measure the variation of
base pressure with boundary-layer thickness, two®® produced results which suggested that, at a
given Mach number, as the boundary-layer thickness tended to zero the base pressure approached
the value predicted by Korst, and in a third!® the extrapolation indicated a lower value of base
pressure which could be attributed to cross-flow effects!! associated with the small span of the model.

It would appear then that both the fundamental principles which form the basis of the theory of
Korst and the details of the solution are supported by observation and that the principles are
sufliciently understood for the theory to be extended readily to the more general classes of base
flow, for example, to explain the variation of base pressure with” Reynolds number. The objects of

* The work on base flows was carried out by Kirk in 1954 but the paper reporting it was not issued by the
Royal Aircraft Establishment until December, 1959.
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the present paper are first to put forward arguments which suggest that this is by no means the case,
and then to formulate a modified method which is more consistent with experimental observations
and should lend itself to more general application.

1.2. 'The first of these arguments is simple. Both the experiments and the theory indicate that
as the thickness of the boundary layer tends to zero the base pressure falls to some minimum value
—the limiting base pressure!—which is a function only of Mach number. The consequence of this
observation is that, at a given Mach number, base pressures below the limiting value can be reached
only by the use of such devices as base suction (negative bleed), or when cross-flow or three-
dimensional effects in the wake cause suction conditions to be approached. Thus the measurement
of base pressures, lower than the predicted limiting values, which cannot be traced to the action of
one of these agencies must necessarily cause serious doubts to be cast on the validity of the method.

Most of the tests on turbulent base flow at supersonic speeds either have been made at Reynolds
numbers high enough to ensure that the transition point was well forward of the trailing edge of the
section, or roughness elements have been used to fix transition ahead of the base. Under these
conditions a well-developed turbulent boundary layer will have had time to grow up on the surface
before it reaches the base, and very small values of the ratio of boundary-layer thickness to base
height will be difficult to reach. It is then conceivable that conditions approaching the limiting base
flow, and hence measurements of base pressure close to the limiting base pressure, have rarely been
achieved. As the Reynolds number is decreased however, the transition point moves rearward towards
the trailing edge and the ratio of boundary-layer thickness to base height is reduced resulting in a
fall in the base pressure'?. Further reduction of the Reynolds number allows transition to be delayed
to some point in the wake and the base pressure to rise again. At a particular Reynolds number
transition to turbulent flow will take place very close to, but upstream of, the trailing edge giving a
turbulent base flow in which the thickness of the approaching boundary layer is at a minimum. On a
fairly thick section under these conditions the experimental limiting base pressure may be approached.

Tests on the transitional base flow have been reported by Gadd et al'? and by Van Hise'%. In the
former the span of the model was small and cross-flow effects may have been present. In the
experiments by Van Hise however care was taken to minimise the influence of three-dimensional
effects and the investigator was satisfied that over the portion of the model span where measurements
were made the flow was sensibly two-dimensional. Base pressures substantially lower than the
theoretical limiting values were measured for a range of Reynolds number. As an example, at a
Mach number of 2-22 the ratio of limiting base pressure to ambient static pressure computed from
the theory of Korst is 0-30 whereas values as low as 0+ 23 were recorded on ogive models of thickness-
chord ratio 1/8; similar differences are found in the base pressures at Mach numbers of 195 and 2-92.

In the transonic‘speed range it is observed that the base pressure.on two-dimensional sections
falls to a local minimum?; moreover very little variation of base pressure is found with changes of the
ratio of trailing-edge thickness to chord. The reasons for this latter effect will be discussed later but
a useful result can be deduced from it at this stage. It is apparent that the increase of base pressure
on sections in the low-supersonic speed range due to the presence of the boundary layer on the
surface is small and it is plausible that the experimental limiting base pressure can again be approached.
It was thought initially that the low base pressures encountered on blunt-trailing-edge sections near
sonic velocity were associdted with the persistence from subsonic speeds of periodic effects in the
wake. Tests have now shown that at Mach numbers only slightly in excess of 1-0 the influence of
unsteady phenomena is small and similar low pressures have been observed on a backward-facing
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step!® over which the flow was essentially non-periodic. At a Mach number of 1-1, for example, the
base-pressure coefficient was found to be —0-57 compared with the value of —0-42 calculated
from the theory of Korst, or alternatively the ratio of base pressure to ambient static pressure was
0-52 compared with 0-64 predicted by the theory.

1.3. The second argument concerns the extension of the theory to include the effects of the
approaching boundary layer. The effect of the presence of the boundary layer on base pressure was
discussed by Kirk!s, who also formulated the theory of limiting base flow independently of Korst.
While it was shown from the form of the solution that the predicted increase of base pressure with
boundary-layer thickness would be qualitatively correct no computed results were presented.
The present author has since performed some calculations!” on the basis of Kirk’s theory and found
that the computed base pressure on a section with a given ratio of boundary-layer thickness to base
height was considerably higher than the measured values for turbulent base flow. A similar lack of
success was evident in the method of Carriere and Sirieix'® which was an extension of Korst’s theory
but which used largely the same approach as Kirk’s in dealing with the boundary-layer effect. The
theory of limiting turbulent base flow due to Korst has also been extended to include the effect of
the approaching boundary layer by Karashima'®. The results were shown to compare very favourably
with the measurements of Chapman et a/* for laminar base flow, or at least under conditions where
the transition point was downstream of the trailing edge of the body. The persistence of regions of
laminar flow into the wake necessarily gives rise to a higher base pressure than would be supported
by a fully turbulent base flow (see Section 1.2 above), and for this reason the comparison was not
a valid test of the theory.

It is apparent that in turbulent base flow, the variation of base pressure, with the thickness of the
boundary layer approaching the trailing edge cannot be accounted for quantitatively by an extension
of the method of Korst as it stands, the theory indicating substantially higher values of base pressure
for given boundary-layer thickness than are observed experimentally. The really important point
which emerges from a study of the complete base-flow solution is however as follows. The form of
the variation of base pressure with boundary-layer thickness derived from the theory indicates that
the limiting base pressure cannot be estimated successfully by an extrapolation from measurements
made at small but finite values of the ratio of boundary-layer thickness to base height. In the
neighbourhood of the limiting condition the curve of base pressure against boundary-layer thickness
at a given Mach number has both a large slope and a large negative second derivative and it is clear
that a linear extrapolation of the curve from some position of finite boundary-layer thickness?® 10
could result in a serious over-estimation of the limiting base pressure. The apparent agreement
between the values of limiting base pressure predicted from Korst’s theory on the one hand and
from measurements with finite boundary-layer thickness on the other is thus undermined.

1.4. To sum up then we can review the present position of the theory of supersonic turbulent
base flow. The method of Korst relates to the limiting condition when the thickness of the boundary
layer on the surface of the body tends to zero, and as such should predict the lowest base pressure
which can be supported by a turbulent base flow in the absence of suction. In two sets of conditions
measurements can be made of base pressures substantially lower than the theoretical minimum
values; at low supersonic speeds (Mach numbers less than about 1-4), and at higher supersonic
speeds over the Reynolds number range in which the transition point is close to, but upstream of, the
trailing edge. At moderate and high supersonic speeds when the transition point is well forward of
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the trailing edge the measured base pressures on thick sections are found to agree well with the
values given by the theory. However no tests have been made on a section on which the thickness
of the boundary layer was zero, and it is by no means certain that a simple extrapolation of the
existing results can be made to zero boundary-layer thickness. Moreover if a correction is applied
to the theoretical value to take account of the appropriate boundary-layer thickness the base pressure
is then severely over-estimated. :

On this evidence we believe that the methods of Korst, Kirk and others do not predict the true
limiting base pressure. It becomes increasingly clear that the true limiting base pressure must be
essentially lower than is indicated by either the theory or by the body of experimental results with
which so favourable a correlation is obtained. The fact that the theory agrees so well with the
measured base pressures on a variety of sections with a small but finite value of the ratio of
boundary-layer thickness to base height is explained not in terms of the boundary-layer effect being
small, but by recognising that the theory over-estimates the limiting base pressure by just the
amount necessary to account for the boundary-layer effect in a large number of typical cases. 'This is
of course consistent with the fact that extensions of the theory to predict the increase in base pressure
brought about by various forms of bleed have shown such good agreement with experiment. None
of these methods has taken deliberate account of the approaching boundary layer but an increment
in base pressure roughly equal to the increase brought about by a typical boundary-layer thickness
has, so to speak, been ‘built in’ to the results; the further effects of bleed are then correctly predicted.

1.5. In an attempt to remedy the serious deficiency thus revealed we shall proceed to make a
thorough re-examination of the assumptions which form the basis of the theory of turbulent base
flow and to determine the stage at which the observed effects deviate from them.

The scope of the associated analysis will not be restricted to the supersonic speed range but will
be applicable also to the class of base flows generated by the subsonic flow over a backward-facing
step. The flow in the wake of a blunt-trailing-edge aerofoil at subsonic speeds is generally dominated
by the break-up of the wake into periodic vortices and cannot be represented by a steady-flow
model of the form to be considered. It has long been recognised however* that if the shedding of
periodic vortices can be inhibited the subsonic base flow closely resembles that at supersonic speeds
and can be treated in an analogous manner. The subsonic flow past a step is a good example of a
steady (or at least aperiodic) base flow and it will be seen that several of its features, such as the
abrupt fall in base pressure as the Mach number approaches unity!® can be explained in terms of
steady-flow effects.

At supersonic speeds the flow on either side of the plane of symmetry in the wake behind a blunt-
trailing-edge section is essentially similar to the flow past a backward-facing step in an otherwise
plane boundary, and for continuity with the low-speed case the analysis as a whole will be framed
with reference to the flow over a step. It will be shown that there are grounds for suspecting that the
value of a parameter appearing in the solution may be influenced by the presence of the wall down-
stream of the base region, and for this reason the base pressure on an isolated aerofoil section need not
be exactly the same as that on a step under similar conditions. At present however there is insufficient
experimental evidence to permit any definite conclusion to be drawn on this particular point.

2. The Flow Model.
In the present exercise we are concerned with the analysis of the class of base flows generated by
the flow past a backward-facing step in an otherwise plane boundary (Fig. 2). The stream approaching
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the step is regarded as steady, and uniform except close to the wall where a boundary layer is
assumed to have developed. The flow separates at the corner, S, and reattaches to the downstream
surface at R enclosing a bubble of slowly circulating fluid. In the cavity the fluid velocity is low, and
the pressure essentially constant and equal to the base pressure on the step. The external quasi-
inviscid flow is divided from the dissipative region by a free-shear layer which has its origin in the
boundary layer approaching the separation point. It is assumed that the flow in the shear layer
approximates to that generated by the constant-pressure turbulent mixing of a stream with a fluid
at rest. In the supersonic case (Fig. 2b) the separating boundary layer interacts with a strong
centred expansion springing from the corner and account must be taken of the modification to the
velocity profile before the subsequent development of the free-shear layer can be computed. At
subsonic speeds the upstream influence of the low pressure in the cavity spreads to an appreciable
distance and the negative pressure gradient imposed on the approaching boundary layer is at least
an order of magnitude less severe. As a first approximation it may therefore be possible to neglect
the effect of the pressure gradient on the boundary-layer characteristics.

The separated shear layer reattaches to the downstream surface in a region of high positive pressure
gradient (Fig. 2). This abrupt rise in pressure has the effect of reversing part of the fluid in the shear
layer to flow back into the cavity whilst allowing the fluid with higher velocity to escape from the
base region and continue its passage downstream. An essential balance must be maintained between
the mass of fluid scavenged from the cavity by entrainment in the shear layer and the mass of fluid
reversed into the region by the pressure rise at reattachment. This can be expressed in terms of the
mean streamline pattern by the requirement that the same streamline which separated from the
corner should reattach to the downstream surface. The mass balance in the cavity can be disturbed
artificially by allowing a continuous bleed of fluid through the base from some external source.
In this case the separation streamline will be distinct from the reattachment streamline (Fig. 3)
to allow a mass flow equal to the bleed rate to escape from the region. In principle both base bleed
and base suction (negative bleed) can be considered although in the present context the latter would
appear to be of little more than academic interest. The important point to be established at this
stage is that bleed is a mechanism for providing a measure of control over the selection of the
reattachment streamline in contrast with the case in the absence of bleed when the reattachment
streamline is determined from the outset by continuity requirements. _

It has been shown that the reattachment pressure rise results in the division of the flow in the
free-shear layer into two streams (Fig. 3) one of which returns into the cavity whilst the other
continues in the main-stream direction to form a new boundary layer on the downstream surface.
The two streams are separated by the reattachment streamline on which the fluid is brought to
rest when it reaches the wall. The flow in the reattachment zone.is characterised by a complex
interplay between viscous and pressure forces, and in this respect certain differences in form might
be manifest depending on the nature, whether laminar or turbulent, of the mixing process. A few
attempts have been made to analyse the mechanism of reattachment (Ref. 20, for example) but as
yet no really adequate theory has been formulated and it is usual to employ arguments similar to
those used by Stratford® in his treatment of the separating boundary layer, namely, that the viscous
and pressure-gradient effects can be applied in turn to the fluid on a particular streamline. In the
present problem it is assumed that, during its passage along the length of the free-shear layer, the
fluid on the reattachment streamline gathers momentum and that this mixing process continues in
the same way through the reattachment region, as though the pressure gradient were not present,
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until the streamline interects the wall. The recompression which takes place in reality, resulting
in the retardation of this fluid to rest, is then taken into account by equating the total pressure
attained by the fluid on the reattachment streamline to the static pressure on the downstream surface
at the reattachment point. It can be argued (Ref. 50) that the total pressure of fluid particles on the
reattachment streamline is likely to increase as they approach the wall. However in the absence of a
more detailed analysis at best a free parameter could be introduced to allow for this effect, and the -
necessity for the inclusion of such a parameter will be judged by an examination of the final results.
The analysis will therefore proceed on the assumption of a quasi-isentropic compression along the
reattachment streamline.

What cannot be substantiated, however, and this is believed to be the key to the failure of earlier
methods, is the assumption used in all known previous attempts to analyse base flow on the basis of
the present model, that the pressure rise to reattachment can be equated to the difference between
the base pressure and the final recovery pressure far downstream, which is itself assumed to be
equal to either the free-stream ambient pressure® 1618 or to a slightly lower pressure to take account
of the losses resulting from the passage of the external stream through the trailing shock? 6 718,19, 21, 23,
This reattachment criterion, if taken literally, would indicate that at supersonic speeds (Fig. 2b),
the reattachment point lies at the top of the pressure rise. Now quite apart from any doubts as to the
physical possibility of reattachment taking place at a point of zero pressure gradient, experiments
on both supersonic base flow!® 24351 and shock-wave boundary-layer interaction®-26:% are in agree-
ment that the point of zero shear stress, i.e. reattachment point, is reached before the pressure has
risen to its maximum value. The discrepancy between the observed behaviour of the flow and the
assumptions made in the theory seems to have been recognised®, but the justification of the criterion
of reattachment hitherto employed was that it appeared to lead to accurate prediction of base
pressures in supersonic turbulent base flow. The discussion in Sections 1.2 and 1.3 above should
serve to demonstrate that there is no longer a case for its retention.

It is apparent that reattachment takes place at a point of strong positive pressure gradient and
that a substantial residual pressure recovery is achieved downstream of the position of zero shear
stress. This is at once to be expected since the reinstatement ot the boundary layer on the downstream
surface, involving a rapid decrease of displacement thickness, requires the imposition of a positive
pressure gradient®. The flow near the reattachment point can be compared with the flow past a
concave corner of the appropriate included angle to provoke incipient separation®®. In this case
also part of the total pressure rise takes place downstream of the point of zero shear stress at the
corner and is associated with the change in direction of the external stream and the rehabitation of
the boundary-layer velocity profile.

At subsonic speeds the concave curvature of the external streamlines and the resulting increase in
the stream-tube area near the reattachment point give rise to an overshoot in the pressure
distribution along the downstream surface and the pressure rise through the reattachment region
is greater than the difference between free-stream static pressure and the base pressure. (See Fig. 2a.)
It is then possible, and indeed it will be shown later to be often the case, that reattachment will
take place at a point where the local static pressure is in excess of the ambient pressure in the
free stream.

It is clear from these considerations that the base-flow solution depends on a parameter additional
to those previously recognised, namely, the ratio of the pressure rise to reattachment to the difference
between free-stream static pressure and the base pressure. In principle the acceptance of this ratio
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as a further variable does not constitute a major complication but the problem arises of determining
its value under given conditions of Mach number, Reynolds number and any other factor on which
it may depend. It may be possible to estimate the value of the parameter analytically on the lines
used in the treatment of shock-wave boundary-layer interaction and there is scope for a considerable
amount of future work in this direction. For the present we shall rest with pointing out the relevance
of this parameter and attempt to assess its value from available measurements. (Section 7 below.)

3. The effect of an Abrupt Expansion on the Boundary Layer.

It was pointed out in the discussion of the flow model (Section 2 above) that at supersonic speeds
the passage of the boundary layer through the centred expansion at the corner could be expected to
give rise to a substantial modification of the velocity profile, and that in order to take proper account
of the boundary-layer effect it would be necessary to compute its characteristics as they are presented
to the development of the mixing layer, i.e. immediately downstream of the expansion fan. This
problem which is similar to that of the viscous flow past a convex corner3* 3 is outside the province
of conventional boundary-layer theory since the streamwise gradients are not small compared with
those in the transverse direction, and in fact is even more complex than it might appear since the
interaction between the pressure field and the entropy gradient in the viscous layer gives rise to the
generation of both expansion and compression waves'®. While in principle the problem could be
tackled by making some plausible assumption about the path of the sonic line in the boundary layer
and using rotational characteristics in the supersonic region® such a Herculean task is hardly
justified in the present context,

The fact that the interaction length is short, of the same order as the boundary-layer thickness,
and that the pressure gradients are orders of magnitude greater than those normally encountered
in boundary-layer phenomena, suggests that the viscous effects may be taken into account simply
insofar as they generate the initial velocity profile. The resolution of the subsequent velocity and
temperature fields can then be regarded as due to pressure forces alone. We shall further assume that
the flow along any streamline through the interaction can be approximated adequately by one-
dimensional isentropic-flow relations.

For an iso-energic shear flow, conditions on some streamline can be expressed in terms of those
at the edge of the layer in the form

w? + 2¢, T = u? + 2¢,T,

or
%2 2c,,
1 — %2 = F‘(T" T,), (3.1)
where
u* = ufu,.

Denoting conditions at the beginning and end of the interaction (Fig. 4) by suffices ; and ,
respectively, two equations may be formed

ZCJ 7 -
1 — u* = u—72 (T~ 1) (3.2a)
€1
and
2¢
1 — u,*? = t::; (T~ T,,). (3.2b)
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Equations (3.2) are linked by the isentropic expansion along each streamline from pressures P, to P,
which are assumed to be constant through the boundary layer and shear layer respectively. Hence
we may write’

=1y
€1 L
and from equations (3.2a), (3.2b) and (3.3)
T—uw* u, T,
1—u®*  ulT,
MG 2
= ]‘715. 3.4

e
Thus it has been possible to show that within the framework of the assumptions made the velocity
of fluid on a particular streamline at the end of the interaction depends only on its initial velocity
and the ratio of the Mach numbers in the stream outside the viscous layer.

It will be shown in Section 4 below that the development of the free-shear layer from an initial
boundary layer is defined if the momentum thickness, #, at separation is specified. This quantity may
be computed in terms of the momentum thickness, @, of the boundary layer approaching the corner
using equation (3.4). Defining a stream function

%

i
= pt = 3.
A PY, 3y pu, (3.5)

the momentum thicknesses of the viscous layer immediately upstream and downstream of the
interaction are given by
0]
patf = | (1= %)

s

and (3.6)

e = | (1=,
. YYs
where i is the streamline representing the wall. In the turbulent boundary layer most of the mass
flux passes through stream tubes along which the mean velocity is nearly equal to the velocity in the
external stream. Writing
1 —u* =z,

where z is small and

M2 = S M2,
we have from equation (3.4)

Couy® = {1 —rz(2-2)}"

7 722
2y LT (D)2
1 2(2 2) 2.4(2 ) R

Il

{for r2(2—2) < 1};
and finally

1= ug* = 7(1—u*) —g(l—y)(l—ul*)z .o (3.7)
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Substituting this result into equation (3.6) an expression for the downstream momentum thickness
can be obtained in the form

Peglle, ¥ = ¥ f;s (1 —u,®)dyp — g (1-7) f:s (1= u®edip + . ..
=7 f;s (1—u,¥)dyp — -; (1-7) {2 f:s (1 —u*)dy — f:s (1- ul%z)d(/;} +.... (3.8

The integrals in equation (3.8) define characteristics of the boundary laver upstream of the
interaction:

|7 a-una = pyu,8

¥s
w
| =
S

(kinetic-energy thickness),

and so on. Hence equation (3.8) becomes

1 -+

begte = 700ty 0= 5 (208 .. (3.9)

In general for a turbulent boundary layer the term in 20 — 8** and higher terms are small and to a
first approximation we can use the very simple result

PCZZlczﬂ‘ -y = M612
Pelu616 M 2

€2

(3.10)

Hence for a given value of the approach Mach number, M,;, one can determine the variation of
the momentum-thickness parameter

pezuczﬁ

pelu810
with the base pressure ratio, since the Mach number, M, of the flow outside the free-shear layer
is given at once from isentropic relations in the form

y - 1 7y=D
p, |1t M
P = — : (3.11)
. 1+ _2__ Me22

As an example, for an approach Mach number of 2-0 the present result obtained from equations
(3.10) and (3.11) is compared in Fig. 5 with the method of Kirk!® which is valid only for small changes
in pressure, and that of Ref. 18 which retains integral terms in the final expression which must be
evaluated for each set of conditions. While being very much easier to incorporate into the complete
base-flow solution the present method appears to be in satisfactory agreement with the other two.
Moreover it is worth noting that equation (3.10) does not involve the shape of the initial boundary-
layer velocity profile but the theory specifies only that the profile should be ‘full’.
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4. The Free-Shear Layer.

4.1. The boundary layer on the upstream surface separates at the corner to generate a free-shear
layer which forms the demarcation between the external stream and the slowly circulating fluid in
the cavity. So long as the boundary-layer thickness at separation is not large compared with the
height of the step, the velocities of fluid in the cavity are small and a region of almost constant
pressure extends from the step to a point where the fluid in the shear layer first impinges on the
downstream surface. Past this region the development of the mixing layer continues without any
appreciable influence from the wall below the cavity. At supersonic speeds the streamlines in the
flow adjacent to the shear layer are straight and the pressure gradients both along and normal to the
streamlines in the layer are zero. In this case especially, the mixing layer can be analysed without
significant loss of accuracy on the basis of a flow model which considers the constant-pressure mixing
between a uniform external stream and a fluid at rest, with initial conditions to represent the
profile of the boundary layer after it has passed through the centred expansion at the corner.

At subsonic speeds the streamlines outside the shear layer are not straight and the change in
curvature from one streamline to another gives rise to a transverse pressure gradient. Nevertheless
if the thickness of the shear layer is small compared with its length and with the radius of curvature
of the adjacent streamlines it should be possible to neglect the effect of these factors on the mixing
process. It will therefore be assumed that the development of the velocities along streamlines in the
layer can be computed from the analysis of the constant-pressure flow model proposed for the
supersonic case. At subsonic speeds however there is no abrupt deflection of the flow at the corner
and the velocity profile of the approaching boundary layer represents directly the initial conditions
imposed on the subsequent development of the mixing layer.

4.2. Tt was shown in Ref. 36 that except in the region close to the separation point the
development of a free-shear layer from a turbulent boundary layer, and in particular the variation
of the velocities along typical streamlines, could be-represented to some considerable accuracy by
the simple method proposed by Kirk!®. The comparison of the latter method with more detailed
calculations was made for the case of incompressible flow but it was pointed out that there was
no obvious reason why the same should not be true for flow at higher Mach numbers. It was
demonstrated that the real shear layer developing from an initial boundary layer could be replaced
by an equivalent asymptotic shear layer growing over a greater distance from zero thickness, and
that the distance between the origin of the equivalent system and the separation point could be
equated to a simple multiple of the boundary-layer momentum thickness. In this way it is possible
to make reference to all the results for the asymptotic mixing layer and to allow for the effects of
the approaching boundary layer by nothing more than a simple shift of the origin. (See Fig. 7.)

The problem of the asymptotic turbulent shear layer at low speeds has been investigated in some
detail by T'ollmpien3” and Gortler®, and Abramovich® has discussed certain features of the problem
in compressible flow up to the speed of sound. It has since been recognised that the result originally
put forward by Gortler as a first approximation, that is, the ‘error function’ velocity profile,

. 1 ay
L — 4
u* = 7 (1 + erf ) ( 1)

is a good fit to the measured velocity profiles over quite a wide Mach number range'® 13, so long
as the value of the constant ¢ is chosen appropriately. There is some evidence that the value of o
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increases with Mach number (Fig. 6), indicating a reduced rate of spread of the shear layer, although
the scatter in the available data is large. In the absence of more reliable measurements it would
seemn that at best a linear interpolation could be made as suggested by Korst and Tripp?2:

o = 12(1+0-23M,,). (4.1a)

The basis of Kirk’s approximation is that equation (4.1) can be employed to describe the mean
velocity field in the pre-asymptotic turbulent mixing layer if », the distance from the separation
point, is replaced by x + &’ (Fig. 7). Thus the scale of the velocity profile at a certain distance x from
separation can be increased to take account of the initial thickness of the layer. The distance &’ is
assumed to be proportional to the momentum thickness @ of the boundary layer at separation, or in
the supersonic case to the momentum thickness ¢ of the layer after it has negotiated the centred
expansion at the corner. For consistency ¢ will be used throughout the analysis in this section but it
should be remembered that the meaning of & is interpreted as above.

The constant of proportionality, %, between x' and ¢ is determined ¢ from the argument that over
the distance x’ the equivalent shear layer growing from zero thickness should have attained a
momentum thickness, ®, equal to ¢. The momentum thickness, ©(x), of a free-mixing layer is

defined by

Peytte,® = f (I—u*)difs; (4.2)
¥B
where
Yret
) = has = | pudy *3)

(see Fig. 8), and i, is any reference streamline. The integrals can be evaluated assuming, say, the
error-function velocity profile {equation (4.1)} and the relation between velocity and density in the
shear layer for unit Prandtl number and zero heat transfer. In this way the constant & can be found
as a function of Mach number, the value at low speeds being around 30.

In the present analysis it is not usually necessary to compute the actual value of % in a particular
case but use can be made of a result which may be derived from the following arguments. Within
the framework of the assumption of a free-shear layer ip a semi-infinite fluid it may be stated that the
total momentum of the mean flow downstream of the separation point is conserved. If the equivalent
mixing layer at a station corresponding to the real separation point, i.e. a distance &’ from its origin,
is to generate velocity profiles at a point downstream which are identical to those in the real flow,
it must represent a total momentum equal to that in the boundary layer at separation. This equality
may be expressed as follows: if ¢, is a streamline in the external stream, at x = 0

i Vi
u¥*diys = w¥dis |
¥ o quiv. s Boundary
Shear Layer
Layer
= 1P', say, (44)

where #,V is the total momentum flux in the shear layer between the streamline 4, and the dead-air
region, and i, = Py, for the equivalent layer at x = 0.
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Now from the definitions of & and ®

'/’h
pastes® = | () = = s =, (4.5)
8
and at x = 0,
Wh
Pegtles® = f (1w = iy — o — ¥ (4.6)
. Yo

Hence if © is put equal to the momentum thickness & of the boundary layer at separation it follows
firstly that '

$po = s (4.7)
and secondly that if the ‘median streamline’® is defined as
hor =y — ¥ (4.8)
then ,
g —bs = Yy — o = Pezuezﬁv (4.8a)

Now the asymptotic turbulent free-shear layer grows linearly with distance from its origin and
for the equivalent mixing layer in the present problem we may express the local velocity u* in
terms of the stream function and the position & by a relation of the form

Yor = = pagitey( + ) f(u¥) ' (4.9)

where the form of f depends on the shape of the velocity profile and on the Mach number, ,,,
of the external stream. The lower boundary of the flow field in the x — ¢ plane, i.e. where u* = 0,

is represented by the curve () which is defined by

$ar — Pm = pegttes(2+2)f(0) (4.10)

andatx =0

oy — o = Pezuczx,f(o)'

Hence the distance &' between the origin of the equivalent mixing layer and the real separation
point is given by

’ llbll’[ _¢B0 ] & (411)

Pegtte/ (0)  F(0)’

and eliminating %’ between equations (4.9) and (4.11) we obtain

b= ) |
m = xf (u¥) + ﬁm)—, (4.12)

or finally, since
dhar — g = Peguegﬁ"

Vg[l—s_{/'—y u*) — —@ a
ey ) o =T (+.122)

Hence the mass flux between the separation streamline and any adjacent streamline can be expressed
in terms of functions which relate to the velocity profile of the asymptotic turbulent mixing layer,
and the momentum thickness ¢ of the initial boundary layer.
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4.3. The datum from which the function f(#*) is measured, is the median streamline. In the
asymptotic free-shear layer growing from zero thickness, the velocity on the median streamline is
constant, equal to #,* say, and i, is then sometimes termed the ‘constant-velocity streamline’.

The median streamline is defined by equation (4.8), and if the velocity profile is expressed in its
similarity form
uw* = u*({)

where { = oy/# and ¥ is the distance from the origin of the asymptotic mixing layer, the location,
{ar» of the median streamline is given by

gh gh
f phtdl =f phg] (4.13)

Enr e
where £, is some station in the stream outside the shear layer. Hence with the density and velocity
related by the equation
ot = [1 + ”_;i M, (1 —u’”)} ' , (4.14)
the position of the median streamline and the velocity, #.*, of the fluid on it are known as functions
of the Mach number, M, , of the external stream and the shape of the velocity profile.

This latter dependence is fairly critical and special care needs to be taken. The use of the error
function to represent the velocity profile is a powerful method of computing the velocities at various
stations in the shear layer and except towards the edges of the layer where there is some deviation,
good correlation with experiment is obtained. However, the form of equation (4.13) is such that the
small errors incurred by this approximation are magnified and the value of #.* derived from the
error-function velocity profile, at low speeds, is 0-62 compared with 0-58 computed by the more
precise methods of Tollmien and Gértler. This would seem to indicate that at higher Mach numbers
also the calculation of #,* on the basis of the error function, as was done in Ref. 5, would lead to
some overestimation of the correct values.

An alternative indication of the trend of #,* with Mach number can be obtained by making what
appears to be a gross oversimplification of the velocity profile but which nevertheless at low speeds
leads to a very precise value of u *. If the velocity profile is approximated by a linear relation of

the form
u* = {1+ al)

where @ is some constant, the value of #,* is given by

| 1—¢2 (1 +c\Ve
0 = [1 -0e (_“1 - ) } (4.15)
‘where
-1 ,
7 M
Cz = -‘———_'1——‘“_— 5
1+,
which at low speeds reduces to
1
¥ — _—_ _ (-578.
u, 73 0-578



Equation (4.15) is plotted in Fig. 9 and compared with the variation of #,*? with Mach number
computed from the error function (Ref. 5). It is seen that there is a considerable discrepancy between
the two curves. Further detailed calculations and indeed precise experiments on free-shear layers,
are required before a more reliable assessment of the increase of #,* with Mach number can be made.

For the present the calculations throughout the subsonic range will be based on the value of »*
correct for incompressible flow, i.e. 0-58, and for supersonic speeds u,* will be assumed to

follow the law :
u, ¥ = 0-348 + ()*018Me2 . (4.16)

which lies between the values given by the error function and the linear velocity profile. (See Fig. 9.)

4.4, Hence in principle at least, the median streamline ¢, can be identified and its associated
velocity #,* determined. The function f(u¥) is then given by

Fry = f Ot (4.17)
gJ¢

Once the value of u,* is known to the necessary precision the value of f(«*) is not unduly sensitive
to the form of the velocity profile and no significant loss of accuracy will be incurred by representing
the profile by the error function or even by simplifying it still further over that part where the
velocity gradient is nearly linear. In fact this latter is to some extent justified since the variation of
fis required principally over the range of #* which corresponds to small values of {. Initially however
the error-function velocity profile
u* = (1 +erf ) (4.18)
is assumed. :
The function f(u*) is defined by equation (4.9) and since the stream function is given by

o [ 2 [

f can be expressed in terms of the velocity i)roﬁle by

fury = 1 f D el (4.19)
. |

g

Making a change of variable from { to u#* we obtain

1 ru* dé’ .
f=- f p*u* T du*,

G Joux

and extracting the derivative from equation (4.18)

*
f= v f uc pHiuket® di*

a ux

which for small values of { becomes
FovT f R P T (4.20)
a u*
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Now from equation (4.14)

dp*
wdy* = ——

and hence a further change of variable may be made from u* to p* and equation (4.20) reduces to

AU fpc* dp* L
- — _— = ~—~——~—~]O A, 4-21
T = oo neb 2 . 57 T =2 %8 (421
where
-1

o 1+ % Mczz(l — ¥?)
A=t A (4.22)

SRS N iy ¥ 2816 PP )

3 e

Thus for small values of it has been possible to express the function f in this simple way in terms
of the logarithm of a parameter A which can be found easily from the velocity ratio u¥. Equation
(4.12a) involves also the limiting value of f as u* tends to zero and in this case the condition of small {
is strictly violated. Nevertheless the term in f(0) is small, and looking ahead to the final results which
will be derived from the present analysis it can be shown that the error incurred by computing f(0)
from equation (4.21) is negligible until the ratio of boundary-layer thickness to step height becomes
large and then the validity of the method in general is questionable. Hence it will be assumed that
both f(u*), for the range of »* in which we are interested, and f(0) can be evaluated in this way.

4.5. To sum up then we are now in a position, using equations (4.12a), (4¢.21) and (4.22), to
determine the variation of the flow parameters along selected streamlines in the shear layer, for
given conditions of the Mach number, M, , of the stream just outside the layer and the momentum
thickness, &, of the boundary layer at separation. Before proceeding to apply the reattachment
criterion however it will be necessary to attach some value to the length, /, of the shear layer. In the
discussion of the flow model, in Section 2 above, it was suggested that the mixing process in the
shear layer could be regarded as continuing until the layer impinged on the downstream surface.
At supersonic speeds since the mixing layer proceeds along an almost straight path from the corner
and the angle of declination of the layer relative to the wall is determined at once in terms of the
Prandtl-Meyer angles of the low outside the layer, the length [ is given approximately by

t
" sin (Voy = Vey) ’

(4.23)

where ¢ is the height of the step and v is the Prandtl-Meyer angle corresponding to the local Mach
number of the external stream.

At subsonic speeds in principle a relation could be derived for the external flow between the
length of the cavity and the base pressure using free-streamline theory. At present however no
suitable data are available for substitution in the analysis and the length / of the mixing layer will
be left as a free parameter.

5. The Reattachment Region.

The base-flow solution is closed by the reattachment condition. It has been seen (Section 2 above)
that the total pressure on the reattachment streamline 5 can be equated to the static pressure P, at
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the reattachment point, on the downstream surface, and that this pressure is related to the ambient
static pressure and the base pressure by an expression of the form

P, - P,

= . 5.1
—5, =V (5.1)

where the value of NV remains to be found.

Without at the moment attempting to attach a value to N some useful relations can be established.
Along the streamline 5 the pressure rise from P, to P, is associated with the fall in the velocity
from up to zero and an increase in the density from pp to some value p,, say If this compression is
assumed to be quasi-isentropic we can at once write

Py
P (_) . (5.2)
Pr B,

Now for unit Prandtl number, the recovery temperature along the wall is the same as that in the
cavity and hence the density of fluid in the cavity, p, say, is related to p, by the ratio of the pressures:

o _ D
pr PT' ’
and from the last two equations
: POy -
B (ﬁb) . (5.3)

'This equation can be expressed in terms of the density parameter A, {see equation (4.22)}. If

Ap = Land 2, = 2
Pr Py

P\ =Dy
Y (_P_) . (5.4)

2

we have =

The quantity 4, is a function only of M,, since

y -1

- 1+——2 M.} .

b ’y_‘]. ’ ( . ) .
L T M1 —u?)

and #.* is either assumed constant or varies with M,, according to equation (4.16). The parameter Ap
is a measure of the pressure rise to reattachment and equation (5.4) may be used to determine the
value of the function f on the reattachment streamline. From equations (4.21) and (5.4)

o L P, (y—Diy
flug®) = Wlog {)‘b (E) }, (5.6)
and also
’ P, (y—=1)
fagy 8 7 (5.7)
f(0) log A,

It now remains to apply the reattachment condition to the known development of the shear layer
at a distance / from separation. The reattachment streamline is located within the shear layer by the
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continuity requirement in the cavity. Assuming a bleed mass flux ¢ into the cavity from an external
source (base bleed) the streamline i, is specified by

- | O (59)

and from equations (4.12a) and (5.8),with the values of f{u;*) and f(uz*)/f(0) given by equations
(5.6) and (5.7), the base-flow solution for subsonic flow is given formally by

i pe% [Zf(uR*) ~9 {1 —%%@)H (5.9)

~ /il P, -y
= Peglle, [@_—1);@ {log ’\b log (E) } -

I P, =Dy
O E—

log A,

(S
i

(5.10)

At supersonic speeds the correction must be made for the change in momentum thickness of the
boundary layer as it passes through the expansion fan at the corner. Also the length / of the shear
layer can be expressed in terms of the step height # and the Prandtl-Meyer angles associated with
the Mach numbers M, and M,, From equations (3.10), (4.12a) and (4.23) we have

/") M2 [, fz?)
m - pclue’lg MeZZ {1 f(o) } ’ (511)

P\ -Diy
A/t {1og A, — log (J) }
P, B

= pg.l .
Pegltes (y— 1)0.7\4622 sin (ch_‘ Vcl)

| P\ =iy
M2 %8 (E)

_ Y/ R
Peytey Mezz log A,

(] = Pezuez

(5.12)

The procedure for computation is as follows:

(a) For a given approach Mach number M, values of M,, are chosen corresponding to a range
of values of the base pressure ratio P,/P; {equation (3.11)}. The parameters o (equation
(4.1a), u.* {equation (4.16)} and A, {equation (5.5)} are functions of }M,, and can be computed,

and also the quantities (py,e,/pe,te,) a0d (ve, — 7))

(b) A value of N {equation (5.1)} is assumed and for each value of P, considered in (a) the
reattachment pressure P, is found and the value of the functions f(uz*) and f(uz*)/f(0)
computed, {equations (5.6), (5.7)}.

(¢) If the bleed rate g is specified, equations (5.10) or (5.11) give the boundary-layer momentum
thickness necessary to produce this level of base pressure.

(d) If the boundary-layer momentum thickness is specified, equations (5.10) or (5.11) give the
variation of base pressure with bleed mass flow.
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6. Special Cases.

In this way the theory has been formulated to predict ot only the base pressure as determined
by the thickness of the boundary layer upstream of the base, but also the increase of base pressure
which can be achieved by the continuous bleed of fluid into the cavity. Earlier methods have
demonstrated the extent to which the effect of base bleed can be estimated theoretically, and we shall
now illustrate the use of the theory to predict the variation of base pressure with the thickness
of the approaching boundary layer. ‘

6.1. No Bleed (g = 0).
If ¢ is placed equal to zero in equations (5.10) and (5.12) expressions are obtained for the
boundary-layer momentum thickness necessary for a given base pressure ratio P,/P; to be achieved.

For subsonic flow
A(A - B)

0
1=6—73 (6.1)
where
A =log A,
P, (y—Diy
2 = log (5)
v
R VA
and for supersonic flow
6 . A(4-B)
;= C, —5 (6.2) .
where
C _ Pe2u62M322 Cl
=

2 a1 _ ’
PeluelMel sin (Vez Vel)

_ <M82 T€2> 3 Cl
Me1 Tel

Sin (v, —v,)

T,, and T, are the values of the stream temperature corresponding to the Mach numbers M, and
M, respectively, and the ratio of the specific heats y is taken as 1-4.

At high subsonic speeds, a centred expansion develops at the corner as soon as the Mach number
of the stream outside the free-shear layer exceeds unity and account should be taken of the effect
of the expansion on the boundary-layer momentum thickness. The geometry of the cavity, and thus
the value of //A, is not however specified in terms of the Prandtl-Meyer angles until the stream
approaching the step reaches sonic velocity. There is then an intermediate range of Mach number,
from approximately 0-85 to 1-0, when the solution should be written

] A(A— B) YAy
7—-" Cg—_ﬁ—“) (6.3)
where .
‘ M, T \3
C =( °2 ‘“’2) C,, fory = 1-4.
3 Mcchl 1 ‘)
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It is to be remembered that in the subsonic cases, equations (6.1) and (6.3), the solution contains
two parameters which are as yet unspecified, the length [ of the free-shear layer, and the
reattachment parameter N which appears in the quantity B. The present theory makes no attempt
to assess the value of these terms analytically. The length of the shear layer would appear to depend
both or Mach number and on the base pressure ratio. The reattachment parameter N which is
also involved in the solution {equation (6.2)} for supersonic base flow will be seen to be principally a
function of Mach number.

6.2. Limiting Base Flow (6 = 0).
As the thickness of the boundary layer approaching the step decreases to zero, the base pressure
tends to its limiting value and the solution becomes simply '

A= B,
i.e.
P
P = Oupir, (6.4)

or in terms of N {equation (5.1)}

. ©9
Pl lﬁn 1 + % {(Ab)'yl(y—l) — 1} ' - )

Xy is given by equation (5.5) for the value of M,, obtained by assuming the stream of Mach number
M, to expand isentropically from pressure P; to P, {equation (3.11)}. It is noted that the limiting-
base-flow solution does not involve the length of the free-shear layer and can therefore be applied
directly to the subsonic case without further reference to empirical factors.

7. Some Calculated Results and Discussion.

7.1. We have seen that the base-flow solution for both subsonic and supersonic flow depends
on a reattachment parameter which must for the present be assessed empirically. Some data on this
parameter have been collected from the results of experiments on various types of reattaching
flows and are presented in Fig. 10, The scatter is considerable but a definite trend of N with
free-stream Mach number is clearly evident. At subsonic speeds reattachment generally takes place
" at a point where the surface pressure is greater than the ambient static pressure (Fig. 2a) as is
shown by the values of N being greater than unity. In incompressible flow the value of N would
appear to be in the region of 1-6 and with increase of Mach number through the subsonic range
its value is seen to fall slowly followed by an abrupt decrease as sonic velocity is approached?®.

At supersonic speeds there is no significant overshoot in the static pressure along the downstream
surface and the pressure at reattachment is less than the static pressure in the free stream (Fig. 2b).
The tests of Ref. 15 extended to a Mach number of 1-10 by which time the value of NV had fallen
to 0-35. This figure also appears to be a rough mean of the available results for supersonic
reattaching flows. There is a need for systematic tests to measure the reattachment parameter in the
supersonic range and to investigate any dependence it may have on factors other than Mach number
such as the thickness of the reattaching boundary layer. It would also be interesting to know whether
the operation of base bleed would have any appreciable effect on its value.
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It is worth noting at this stage that since the pressure recovery which takes place downstream of
the reattachment point in the supersonic case is assumed to be associated with the rehabilitation of
the velocity profile, it is by no means certain that the conditions which determine the value of N
for the flow past a step will be precisely similar to those which determine the value of the
corresponding parameter for the case of the flow in the wake of a blunt-trailing-edge aerofoil.
Indeed it could be argued that the absence of the solid boundary in the latter case must necessarily
* lead to a redistribution of local shear stress in the recompression region and affect the ability of
fluid to negotiate the residual pressure rise from the point of stagnation onwards.

7.2. The variation of base pressure with boundary-layer. momentum thickness at a Mach
number of 2-0 is illustrated in Fig. 11. The theoretical curve is computed from equation (6.2)
taking N = 0-35 and assuming #,* to vary according to equation (4.16). The predicted values are
compared with the available data on the base pressure on backward-facing-step models from tests
by Sirieix'®, Thomann® and Badrinarayanan®, and it is seep that the measure of agreement obtained
is very encouraging. Also presented in Fig. 11 are some data on the base pressure on blunt-trailing-
edge aerofoil sections.} From the tests by Gadd et a/'® a point is shown representing the minimum
base pressure reached when, with increasing Reynolds number, the transition point moves upstream
past the trailing edge. (See Section 1.2 above.) The momentum thickness has been estimated on the
assumption of laminar flow on the body surface. A similar data point has been extracted in this way
from the tests on transitional base flow by Van Hise'* by an interpolation between his results
for M = 1-95 and 2-22. These cases demonstrate the extent to which small values of the ratio of
boundary-layer momentum thickness to base height can be achieved during the transitional phase,
and it is observed that the measured base pressures under these conditions are in good agreement
with the values predicted by the present theory. "

For the case when the transition point is well forward of the trailing edge, Chapman et a/® present
the results of a large number of tests on aerofoil sections in which the ratio of boundary-layer
momentum thickness to base height was varied over a wide range. The momentum thickness was not
measured during the tests but an assessment of it can be made since the Reynolds number is quoted
and the flow can be assumed turbulent downstream of the transition wire fixed to the models.
The mean curve derived from the results in this way is shown in Fig. 11, and lies below the values
computed from the theory and the data points from Refs. 24 and 31 relating to the base pressure on
step models. It is extremely unlikely that an error of sufficient magnitude could have been made in the
estimation of the momentum thickness to account for such a discrepancy and the measurements of
Chapman et a/ should be reliable. .

The test by Thomann® was carried out at 2 Mach number of 1-8 and therefore for a true
comparison with the other data in Fig. 11 a correction would need to be made to the base pressure
to take account of the difference in Mach number. According to the present theory however the
correction would not be large at this relatively high value of /¢ and at most the data point in question
could be displaced downwards by about 0-015 in P,/P; and would remain distinct from the values
given by Chapman et al. Thus if this result and that of Badrinarayanan?? are to be believed it would
appear to be an indication of a general effect that when the thickness of the boundary layer is large

1 For the purposes of comparing the results of the aerofoil sections with those of the backward-facing-step
models the height # is in the former case identified with the trailing-edge semi-thickness.
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the variation of base pressure with momentum thickness is not the same for the blunt-trailing-edge
aerofoil and the backward-facing step. As suggested above a mechanism does exist for some
divergence between the values of N for the two cases which could lead to a difference in base pressure,
but it would be premature to come to any definite conclusion on the evidence currently available
and further experimental resulis are required. If the value of N and hence the base pressure is
influenced by the presence of a solid boundary in the recompression region it would be a simple
test to insert a thin splitter plate into the wake behind a blunt-trailing-edge section in a supersonic
flow and observe any change in base pressure which might be brought about.

If further experiments do not show a significant difference between the results for steps and
isolated sections it would seem that the validity of the present theory deteriorates when the ratio
of boundary-layer thickness to base height ceases to be small. Indeed this would not be unexpected
since several of the assumptions then become questionable. For instance the equivalence between
the free-shear layer developing from an initial boundary layer and one developing over a greater
distance from zero thickness is reasonably precise only at distances from separation greater than
some multiple of the initial thickness. At low speeds®, for distances from the separation point less
than about 80 times the boundary-layer momentum thickness Kirk’s approximation predicts a
lower velocity on typical streamlines than is found from a more detailed analysis. In the present
-problem at high speeds, as the thickness of the approaching boundary layer increases the ratio of
the length of the shear layer to the momentum thickness falls and the velocity on the reattachment
streamline may tend to be underestimated also. This will lead to an overestimation of the base
pressure under these conditions which is qualitatively consistent with the trend observed in Fig. 11.

Some further calculations based on the present theory are presented in Fig. 12. At a Mach number
of 2-3 it is seen that there is a significant discrepancy between the predicted values and the
measurements of Fuller and Reid?. However it is difficult to interpret this since the experimental
data in question are not in line with measurements at neighbouring Mach numbers. It must be stressed
that the scarcity of reliable data on base pressures is acute, and until more systematic tests are
carried out under conditions where the ratio of boundary-layer thickness to base height is relatively
small a really valid comparison with the theory cannot be attempted. In I'ig. 12a two data points
are shown derived from the tests on transitional base flow at M = 2-22 by Van Hise!4, and are seen
to be in good agrecment with the predicted values.

At a Mach number of 3 (Fig. 12b) the experimental data, which include base pressures measured
by Gadd et al'? on models at the Reynolds number for which the transition point was located at
the trailing edge, correlate more closely for small values of 8/t and do follow the trend established
by the theoretical curve. Comparing this diagram with Fig. 11 it would appear that the stage at
which, with increasing boundary-layer thickness, the theory begins to overestimate the base
pressure, is reached earlier as the Mach number is increased. The theory can be brought into line
with the experimental results by accepting a progressive reduction in the value of N with increase
of the thickness of the boundary layer at separation. However it is conceivable that the flow model
on which the present method is based becomes less valid at the higher Mach numbers, and in
this respect we may note the findings of Charwat and Yakura!® that strong interactions between
the component parts of the model become increasingly apparent at a Mach number of 3. Even
viewed in this light the theory is seen to be a substantial advance from earlier methods?® 1819 in which
the significance of the parameter /N was not considered. That of Carritre and Sirieix!® is typical of
these and is illustrated in Fig, 12b.
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Also shown in Figs. 11 and 12 are the points given for 6/¢ = 0 by the theory of Korst? and it is
seen that a number of data points lie below the level indicated by this method. The limiting base
pressures derived from the present analysis are substantially lower than the predictions of Korst
and’ are not violated, according to the evidence available, by the occurrence of cases where lower
base pressures can be measured.

Before leaving this discussion on the comparison between the available data and the predictions
of the present theory it must again be stressed that the validity of some of the measurements could
be questioned. Indeed we have already pointed out (Sections 1.1 and 1.2 above) that in a few tests
the small span of the models employed may have led to significant cross-flow effects and that these
can provide a mechanism for some decrease in the base pressure from the values appropriate to
strictly two-dimensional flow. However the justification of the present method does not depend on
these data, and moreover the fact that in general satisfactory correlation is found between the results
of these tests and those obtained under more ideal conditions tends to suggest that the effect of
cross flows on base pressure may not always be large.

7.3. The apparenf success with which certain base pressures measured *»* in the transitional
Reynolds number range have been correlated with the results of the present theory leads us to attempt
a further exercise. It was found that the minimum base pressure reached when the transition point
was located on the aerofoil surface but close to the trailing edge could be predicted from the theory
by estimating the boundary-layer momentum thickness on the assumption of laminar flow on the
body surface. With increase of Reynolds number from this condition the transition point moves
upstream over the body and the increasing thickness of the boundary layer at the trailing edge brings
about a rise in base pressure®!2. It would seem then that if the boundary-layer growth could be
estimated during this phase the increase in base pressure with Reynolds number on a particular
section could be predicted.

Standard methods are available (e.g. Ref. 47 for low speeds) for computing the momentum thickness
at the trailing edge of an aerofoil once the position of the transition point is specified. From the
results of Gadd ef al'? and Van Hise! the transition Reynolds number appropriate to their test
conditions is known since it is equal to the chord Reynolds number at which the minimum base
pressure was reached, in fact in the former paper the stage at which the transition point moved
on to the body is indicated. Assuming the transition Reynolds number to remain constant the
extent of turbulent flow can be assessed at any higher chord Reynolds number and hence the
momenturmn thickness of the boundary layer at the trailing edge computed.

The variation of 0/t, where ¢ is the trailing-edge semi-thickness, with Reynolds number for the
wedge section in Ref. 12 has been calculated (on the basis of flat-plate theory) and is shown in
Fig. 13a. The transition Reynolds number indicated by T was taken as 0-8 x 108 For these values
of 6/t the corresponding variation of base pressure with Reynolds number, derived from the present
method, is seen to be in reasonable agreement with the measurements. The correlation would
incidentally have been marginally better if the transition Reynolds number had been taken at the
actual minimum in the measured curve, i.e. approximately 10 rather than the value quoted in the
paper. This of course raises the issue that transition from laminar to turbulent flow occurs in fact
not at a point but over some finite distance and if for the purposes of an approximation an equivalent
‘transition point’ must be assumed there can be a measure of latitude in its selection according to the
particular problem. The discontinuity of slope in the predictéd variation of base pressure with
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Reynolds number is also of course introduced as a result of the assumption of a definite point of
transition. _

A similar comparison between the measured and the theoretical variation of base pressure with
chord Reynolds number for the test on an ogive model by Van Hise'? is illustrated in Fig. 13b for a
Mach number of 2-22. Here the transition Reynolds number is taken as 2-4 x 108 which corresponds
to the point of minimum base pressure. The predicted increase of base pressure with Reynolds
number is in good agreement with the measured values except for a slight difference in overall
level of approximately 0-02 in P,/P;. In view of the number of uncertainties in the present
calculations, such as the variation of ¢ and #,* with Mach number or the value of IV, a discrepancy
of this magnitude is not to be considered significant.

These two examples serve to illustrate the use of the present theory to predict, firstly the minimum
base pressure reached in the transitional Reynolds number range when turbulent flow first occurs
at the trailing edge of the section, and secondly the variation of base pressure with increasing chord
Reynolds number from this condition. It is important to note the consequence of the higher transition
Reynolds number in the tests by Van Hise as compared with that in the tests by Gadd et al. In this
latter the transition Reynolds number was 0-8 x 10% and the onset of turbulent flow at the trailing
edge occurred while the laminar boundary layer was still relatively thick. Thus the value of /¢ did
not fall below 0- 012 and the minimum base pressure ratio was approximately 0-32. In the experiment
by Van Hise however laminar flow was preserved up to a Reynolds number of 2:4 x 106 allowing
the thickness of the boundary layer to continue decreasing. Hence when the transition Reynolds
number was finally reached the value of /¢ was as small as 0- 007 (the ratio of trailing-edge thickness
to chord was the same in the two cases), and the transition to turbulent flow resulted in the fall
of the base pressure, even allowing for the difference in Mach number, to a substantially lower value,

Thus it would appear that the longer laminar flow is preserved, (in terms of Reynolds number),
the lower will be the base pressure when the onset of turbulence does take place. This fact should
be taken into account when boundary-layer laminarization schemes for blunt-trailing-edge wings
are being considered.

7.4. The present theory has been applied to the problem of predicting the variation of base
pressure with boundary-layer thickness for both backward-facing steps and blunt-trailing-edge
aerofoils at supersonic speeds. The agreement between theory and experiment has been very
encouraging especially for the cases when the ratio of boundary-layer thickness to base height was
not large. We shall now attempt to use the theory to explain certain features of the subsonic flow
past a backward-facing step. _

It was seen in Section 7.1 above that the variation of the reattachment parameter N with Mach
number through the subsonic and transonic ranges was marked and it will be shown that this will
dominate the variation of base pressure. In this respect the calculations will depend to a large extent
on empirical data and this dependence will be all the more so since it is recalled that the base-flow
solution for subsonic speeds in all but the limiting condition involves an additional free parameter,
namely the length of the turbulent mixing layer. It will not therefore be possible to make any
predictions of the base pressure in general cases at this stage, but the validity of the analysis will be
checked against the results of an experiment on the flow past a step by Nash e al'5. In this series
of tests the base pressure on a backward-facing step was recorded and measurements were made of
the location of the reattachment p%int and its position with respect to the pressure rise through the
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reattachment region. Hence a set of data was obtained relating the base pressure, the length of the
~ free-shear layer and the value of N through the Mach number range 0-4 to 1-1.

The variation of IV with Mach number derived from this experiment was presented in conjunction
with other data in Fig. 10 and has been referred to already. (:See Section 7.1.) Using these values the
variation of limiting base pressure with Mach number can be computed from equation (6.5). At
subsonic speeds the base pressures can be expressed more conveniently as coefficients and the
results are presented in this form in Fig. 14. The limiting base pressures are indicated by the
chain-dotted curve. It is te be noted at this stage that the abrupt fall in the base pressure near sonic
velocity is accounted for by the theory and is in fact directly associated with the similar decrease
in the value of V.

The length of the free-shear layer, or to be more precise its projection on the downstream surface,
over this range of Mach number is shown (inset) in Fig. 14. Through the subsonic range the value
of I/t is seen to increase steadily reaching a maximum of 11 but shortly after the flow adjacent to
the cavity becomes sonic the shear layer begins to deflect sharply at the corner and the value of
I/t decreases again. As soon as the flow in the free stream becomes supersonic the wake geometry is
known in terms of the Prandtl-Meyer angles of the external stream and the empirical values of //z
are no longer required.

Hence with these values of N and /[t the present theory is used to estimate the base pressures
corresponding to the appropriate boundary-layer thickness. In the experiment of Ref. 15 the ratio
of the boundary-layer momentum thickness to the height of the step was found to be in the region
of 0-026 and this value has been assumed in the calculations. The base pressures are computed for
the three flow régimes. In the range where the flow is everywhere subsonic the solution is given by
equation (6.1) and is valid up to a free-stream Mach number of approximately 0-86. When the flow
is everywhere supersonic equation (6.2) is used. In the intermediate range of mixed flow the wake
geometry is not yet specified and the calculations must continue to rely on the measured values of
![t. However the effect of the abrupt expansion at the corner is beginning to be felt and the
correction must be applied to take account of the decrease in momentum thickness suffered by the
boundary layer as it negotiates the expansion. This is provided for in equation (6.3) which is seen
(Fig. 14) to link the other two solutions for wholly subsonic and wholly supersonic flow. In all these
calculations the values of ¢ and u,* correct for incompressible flow were assumed.

In this way the variation of base pressure with Mach number through the subsonic and transonic
ranges has been computed in this particular case, and the measure of agreement with the experimental
points is demonstrated in Fig. 14. It is observed that both the extent and the position, with respect
to Mach number, of the transonic fall in base pressure has been estimated with good precision and
it would appear that the reasons for its occurrence are understood and can be represented adequately
in the present flow model. The abrupt decrease in base pressure is seen to be associated with the
change in the pressure distribution through the recompression region at reattachment brought
about by the establishment of supersonic flow outside the reattaching boundary layer. With the
disappearance of the overshoot (IFig. 2a) in the pressure distribution along the downstream surface
reattachment takes place at a point where the pressure is below free-stream ambient pressure, and
in order to accommodate the pressure rise to reattachment determined by conditions in the
free-shear layer the base pressure is forced to decrease.

A further point worth mentioning concerns the magnitude of the increase in base pressure from
the limiting values brought about by the presence of the boundary layer upstream of the base.
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The effect of the initial boundary layer on the reattachment process, and hence on the base pressure,
arises insofar as the velocity profile at separation causes the development of the free-shear layer
to depart from its asymptotic form. As the length of the shear layer increases therefore, the influence
of the initial perturbations is diminished and the base pressure will decrease towards its limiting
value. In the case under consideration the length of the free-shear layer increases to a maximum at a
Mach number of 0-95 after which it falls again as supersonic flow is established and the layer
begins to deflect sharply at the corner, and over the short Mach number range in which the values
of I/t are high the presence of the boundary layer is seen (Fig. 14) to result in only a small increase
in base pressure. This result might explain to some extent the fact (see Section 1.2 above, and
Ref. 1) that at Mach numbers near unity the base pressure on aerofoil sections does not vary
significantly with decrease of the ratio of trailing-edge thickness to chord until values of this ratio
as low as 0-02 are reached.

Through the subsonic speed range the base-pressure coefficient appears to be relatively constant
and the predictéd level is in satisfactory agreement with the measurements. The present analysis
could be claimed to go some way towards providing a method for estimating the base pressure on
rearward-facing steps. If the values of IV derived from the experiment of Ref. 15 are representative
the limiting base pressures can be assessed, and if data become available on the length of the
free-shear layer under different conditions the variation of base pressure with boundary-layer
thickness could be readily predicted. In general, at subsonic speeds the wake behind a blunt-
trailing-edge aerofoil is dominated by periodic effects and the present flow model does not
adequately represent the true picture. However if techniques are perfected for inhibiting the
formation of vortices and steady flow can be achieved, the base pressures on aerofoil sections could
be predicted on the basis of the present theory.

7.5, At this stage it is well to examine more closely the implications of the main point made
in the present paper, namely the significance of the parameter N. It has been seen that for turbulent
base flow at both subsonic and supersonic speeds the acceptance of values of N different from
unity not only pays more attention to the observed behaviour of the flow in the recompression
region but leads to a greatly improved representation of the effect of the approaching boundary
layer on base pressure. Moreover it enables the theory to explain more readily certain anomalies
arising from the concept of the limiting base pressure. However aside from the discussion presented
in Section 1 above, it could still be argued that the assumption of N = 1 in the analysis is more
well-founded than is indicated just by the agreement obtained in the supersonic case between the
method of Korst and the body of experimental data to which we have already referred.

Indeed although for the present we have dealt with the turbulent case it remains to look for a
moment at the relevance of these results to the laminar base flow. At supersonic speeds the variation
with Mach number of the limiting base pressure has been computed by Chapman ef al* on the
assumption, to use the present notation, that IV is equal to unity. If in the case of turbulent base
flow it is conceded that conditions of zero boundary-layer thickness at separation are impossible to
realise in practice, it is important to remember that Chapman et al were able to devise experiments
on laminar ‘base flow’ in which separation was provoked at the leading edge of the models in order to
reduce the influence of the initial boundary layer to a minimum. The fact that good agreement
was obtained between the base pressures measured under these conditions and the values predicted
by the theory is highly significant and some indication of an explanation is certainly called for.
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While further examination of this point is necessary it would seem at first sight that the difficulty
could be resolved by one of two arguments; either the assumption of N = 1 is valid for laminar
flow, or again the true limiting condition had not in fact been approached in the experiments in
question. The first is more unlikely since there is no obvious reason why the laminar reattachment
should be qualitatively different from that in turbulent flow, and indeed the data on the value of N
submitted in Fig. 10 include a result obtained in tests on laminar flow®. In the context of the latter
suggestion a definite conclusion must await some calculations to determine the extent to which the
limiting base pressure can be approached under experimental conditions. If the value of 0P,/
in the neighbourhood of the limiting condition is an order of magnitude greater in the laminar case
than the present analysis indicates for turbulent base flow (and this is not implausible), one might
well be led to question the assertion in Ref. 4 that the boundary-layer effect was negligible. Moreover
the term ‘leading-edge separation’ itself needs careful interpretation.

At low subsonic speeds the theory of steady base flow makes no distinction between the limiting
base pressures in laminar and turbulent flow since the velocity on the median streamline under
asymptotic conditions is in both cases approximately 0-58. As an exercise the theory of supersonic
laminar base flow was extrapolated to M = 0 by Chapman et al%, and the value of the limiting
base-pressure coefficient so derived, —0-526, was found to agree well with Roshko’s measurements®®
of the base pressure on the leeward side of bluff cylinders when the wake was stabilised by a splitter-
plate. Now in the supersonic case the implication of the present theory was that the true limiting
base pressure was lower than that predicted by previous methods. At subsonic speeds however
the available evidence suggests that the value of IV is greater than unity and therefore the theoretical
limiting base pressure ought to be higher than that indicated by the pressure coeflicient computed
by Chapman ez al. If the values of N at low speeds suggested by the data in Fig. 10 are 1‘epresentative.
of conditions relevant to the flow past bluff bodies, it would be necessary to examine more closely the
discrepancy between the predictions of the present method and the experimental results of Roshko.
It might be argued that the length of the splitter plates used in these tests was insufficient to
completely stabilise the wake but similar low base pressures were measured on the rear of a flat
plate normal to the stream by Arie and Rouse® when the length of the splitter plate (in terms of the
height of the model) was considerably greater. More probably the values of IV indicated in Fig. 10
are not representative of the subsonic flow past bluff shapes. The extent of the overshoot in the
pressure distribution would appear to be dependent on the thickness of the reattachment shear layer,
and it could be argued that the value of N will decrease with increase of thickness of the shear layer.
In the case of bluff sections the length, and hence the thickness at reattachment, ot the free-shear
layer are proportionately greater than the corresponding values for the flow past a step. Thus for a
bluff shape a reduced value of N could be to some extent anticipated, and the observation of lower
base pressures in this case would not necessarily undermine the essential argument put forward

in the present paper.

8. Conclusions. ,

(a) The present position of the theory of supersonic turbulent base flow has been reviewed and
attention is drawn to a number of shortcomings. In particular an examination has been made
of experimental data which appear to evade Korst’s predictions of the limiting minimum
base pressure approached at a given Mach number as the thickness of the boundary layer
upstream of the base tends to zero. On the basis of this exercise and of considerations of
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the magnitude of the boundary-layer effect in other results it is suggested that the theory
of Korst is incorrect and that the true limiting base pressures are substantially lower than
the values predicted by that theory.

(6) The analysis of two-dimensional turbulent base flow has been formulated in general on the
basis of a flow model which considers the passage of a stream past a backward-facing step
in a otherwise plane boundary. In contrast with the reattachment criterion used in previous
attempts at the solution the total pressure on the reattachment streamline is equated not to
the final recovery pressure far downstream of the base but to the static pressure at the
reattachment point which is left to be determined. Experimental results on reattaching flows
are collected which indicate that reattachment does not generally take place at a point where .
the local static pressure is equal to the final recovery pressure and a parameter N is introduced
which is the ratio of the pressure rise to reattachment to the difference between ambient
static pressure and the base pressure. At subsonic speeds IV is shown to take values greater
than unity while at supersonic speeds the value of NV is smaller and, on the evidence available,
appears to lie in the region of 0-35.

(¢) At Mach numbers between 2 and 3 the theory is used to predict the variation of base pressure
with boundary-layer momentum thickness and satisfactory agreement is obtained with the
available data, at least until the ratio of boundary-layer thickness to base height ceases to be
small, if N takes the value 0-35. It is pointed out that a mechanism exists by which the
base pressure on a step may not be the same as that on an isolated aerofoil section under
nominally identical conditions. The experimental evidence can be interpreted as indicating
that this is true when the thickness of the boundary layer approaching the base is large, but
any definite conclusion on this matter would at this stage be premature.

Attention is drawn to the extent to which the low base pressures observed in the
transitional Reynolds number range can be attributed to the very small values of the ratio
of momentum thickness to base height which can then be reached. It is shown that both
the minimum base pressure and the rise of base pressure with increasing chord Reynolds
number from this condition can be estimated by the present theory once the transition
Reynolds number is known.

(d) At subsonic speeds the validity of the present flow model is checked against the results of an
experiment on a backward-facing step by Nash e# ¢/'%, and the basic assumptions made in
the analysis for subsonic flow appear to be supported. At transonic speeds the abrupt fall
in base pressure which occurs as sonic velocity is approached can be accounted for on the
basis of the present theory and is seen to be associated with a similar decrease in the value
of the parameter N referred to above.
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X, ¥

u, v

t

q
fu®)

)

A, B, Cy, Cy, Cy
N

LIST OF SYMBOLS

Cartesian co-ordinates
Velocity components
Pressure
Temperature

Mach number
Density

Specific heat

Ratio of specific heats
f pit dy, stream function

Prandtl-Meyer angle corresponding to Mach number M -
Momentum thickness of boundary layer approaching base

Momentum thickness of boundary layer immediately downstream of centred

expansion
Momentum thickness of free-shear layer

Integral defined by equation (4.4)

Parameter related to rate of spread of shear layer {equation (4.1)}

Distance between virtual origin of equivalent shear layer and separation

point
Distance from origin of equivalent asymptotic free-shear layer

ay

X

Length of free-shear layer

Height of step; equivalent to semi-thickness of blunt trailing edge
Base-bleed mass flux

Non-dimensional stream function defined by equation (4.9)
Density ratio defined by equation (4.22)

Functions defined in Section 6

Reattachment (or recompression) parameter {equation (5.1)}
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LIST OF SYMBOLS—continued

Subscripts

. Conditions outside viscous layer

1 Conditions far upstream

5 Conditions in free-shear léyer

b Conditions in cavity behind base
, Conditions atreattachment point
o Conditions at x = 0

Conditions on specific streamlines:

s Separation streamline
I Reattachment streamline
M Median streamline
¢ Conditions on median streamline of asymptotic free-shear layer
h Conditions on reference streamline outside free-shear layer

Ratios of quantities in the viscous layer to those at the edge of the layer are denoted
by an asterisk, e.g. ¥ = ufu,, p* = p/p,.

Conditions in the free stream are denoted by subscript . , e.g. M, , .

P-P

1 2°
2P61u61

The pressure coefficient C,, is defined by C), =

The term ‘external stream’ is used to refer to the quasi-inviscid flow adjacent to the
viscous flow in the boundary layer and free-shear layer.
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