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Summary.

An analysis is given of the buckling of a plate of constant thickness tapered symmetrically in planform and
subjected to uniform compressive loading on the parallel ends. T'wo cases are considered.

(1) Different uniform loads applied normal to the ends, equilibrium being maintained by shear flows along
the sides.

(2) Equal uniform stresses applied normal to the ends, with displacement of the sides prevented normal to
the direction of taper.
Opposite pairs of edges are either simply-supported or clamped.

1. Introduction.

In a recent report! the author gives an analysis of the buckling of rectangular plates tapered in
thickness and loaded in the direction of taper. In this report a similar method is used to analyse the
buckling of a plate of constant thickness tapered symmetrically in planform and subjected to uniform
compressive loading on the parallel ends. T'wo cases are considered.

(1) Different uniform normal loads applied to the ends, equilibrium being maintained by shear
flows along the sides.

(2) Equal uniform stresses applied normal to the ends with displacement of the sides prevented
normal to the direction of taper.

Results are given graphically for plates with opposite pairs of edges either simply-supported or
clamped.

The analysis is based on the assumption that the buckled shape normal to the direction of taper
differs little from the buckled shape across a rectangular plate of constant thickness under uniform
end load with the same boundary conditions along the sides, but simply-supported at the ends.
‘Assuming this transverse buckled form, a linear differential equation with variable coefficients is
obtained for the longitudinal deflected shape using a form of the Rayleigh-Ritz method which has
previously been applied extensively by Kantorovich?. A series solution is derived to this equation.

* Replaces R.A.E. Report No. Structures 274—A.R.C. 23,973.



Klein®# has analysed the buckling of a simply-supported isosceles plate tapered in thickness and
in planform by expressing the deflected shape along the axis of symmetry as a Fourier series, and
evaluating the coefficients by a collocation method. The results obtained here, which themselves
represent an upper limit on the buckling load, are often significantly lower than those calculated
by Klein.

2. Assumptions.
(1) The plate is perfectly elastic.

(2) The transverse buckled shape is the same as that across a rectangular plate of constant
thickness under uniform end load with the same boundary conditions along the sides, but simply-
supported at the ends.

It is difficult to determine the range of validity of the second assumption, but this analysis should
give a good estimate of the buckling load when the sides make an angle of less than, say, 15° with
the axis of symmetry.

3. General Analysis.

An analysis is given here of the buckling of a plate tapered symmetrically in planform and subjected
to different uniform normal loads N, and N, along the parallel ends ¥ = 0 and x = a. The axes
and notation used are shown in Fig. 1. The deflection w of the plate can be represented approximately.

in the form
w
W = = = f(X) ®(6)
where
X y
X=1 - =
Teg ¥ b’
b Y
- — — 0=—'
P=%, L X

and b, and b, are the widths of the plate at ¥ = 0 and x = a respectively. The function ®(8)
represents an assumed deflected shape normal to the x axis and the function f(X) can be found by
an energy method.

The most general system of middle-surface forces considered here can be expressed as

G, = oy + o, X,
G, = Bo + BX, e
oy = 7Y
where
2 2
7= 2 (2) = ey o

and the coefficients «,;, 8; and y are constants.



It is shown in Appendix I that, for this system of middle-surface forces, the function f(X) satisfies
the following differential equation.

X"+ P X + (P + G X2+ 1, X3 X" +

+ (P + @ X2+ X)XS + (po+ g X2+ 7, X3)f = 0 )

where

= g etc. and

Do = pMly+ 12154 361, + 241) + 2p%u2(sy + 65, + 65,) + ptmy, )

Pr = — 4p4(l+ 6L+ 61,) — 4p%2(sy +25,),

pa = 6pMly+21) + 2p%u2s,,

Ps = —4p'l,

Py = p'h,

9o = — 12(1 =) {p%a(ly+2L1) + p2Byso} s - C)

g = 24(1—2)pkal; ,

g = — 12(1—2)p%,1,,

7o = — 12(1—2) {p2o(lp+ 20) + 2Busy — 2ypully + 1)},

ry = 24(1 = »)ply(poy —pry), |

7y = — 12(1— 1)l )
where

a
b=
I, = f:; 6D ‘:;If a6, I, = f: 0240,

©)

Hh g N A
si=f_1/26q)md0, m0=‘[—1/2(1)—d7j4d9.

Equation (2) can be solved by expanding f as a power series. To improve the convergence of the
series at the ends of the plate at X = 1 and X = 1+ p, the expansion is performed about
X =1+ 0-5p by substituting

f=2 3 a,Z"
=0
where !
Z=X-2A
and ‘
A=1+4+0-5.

The index ¢ is found by equating the coefficient of Z¢~¢ in equation (2) to zero, giving the indicial
equation

c(e~1)(c—2)(c—3) = 0.

(87118) A2



Thus, as equation (2) is linear, the required complete solution is

= xan ®)

where the coefficients ay, g, a5 and a; are arbitrary. In general a coefficient @, , . is obtained by equating
the coefficient of Z7 in equation (2) to zero, giving

[ro + (=3)rs + (n=3) (n—H)rs]a, s +

+ [g0 + 327y + (n—2) (g +4Xry) + (n—2) (n—3) (g2 +5X75)]a00 +

+ [290 + 3479 + 3(n—1) (g1 +2r)) + (n—1) (n - 2) (4gx + 10Arp)] Aayp oy +

- [po + Ny + Xorg + n{py+ 30 +400r,) + m(n— 1) (py +6Xgy + 10Xr,) +

+ n{n—1) (1= 2)5 + nn—1) (n—2) (n—3)palay, + (n-+1) [py + g, + ¥y +

+ n(2py+4N2qy + 5X%,) + 3n(n—1)py + 4n(n—1) (n—2) p)Aa, 4y +

+ (n+2)(n+ 1) [Py + Xy + Ny o+ 3npy + On(n—1)pyNay s +

+ (143) (1 42) 1+ 1) [y + 4npu] P+ (14 (143) (1+2) (4 D)iapey = 0. (6)
Coeflicients with negative suffices which occur in equation (6) when # is less than 3 are zero by
definition.

If the stress coefficients @,; and 7, are assumed to be proportional to &,,, the latter can be used
as the buckling coeflicient. This is evaluated using a digital computer. A value of &, is first assumed
which is known to be numerically less than the correct solution, the coefficients a,, of the series are
then calculated in terms of the arbitrary constants a,, 4, @, and a3 using equation (6). Four linear
simultaneous equations are obtained for these constants from the boundary conditions along the
ends. The buckling condition is satisfied only if the determinant of the coefficients of these equations
is zero. This determinant is evaluated for the assumed value of 7,,, which is then adjusted until the

" determinant changes sign. Subsequent approximations to &, are made by interpolating and re-
evaluating the determinant.

4. Middle-Surface Forces.

The most general system of middle-surface forces considered here is made up of a linear variation
of N, along the plate with a consistent N, distribution. In this section expressions are derived
for N, under the prescribed conditions on the sides of the plate.

N,, N, and N, are related by the middle-surface force function

32 xy?
V= Ny 5T (Nya— Ny1) Byt 4(x)
so that x
Nq: = Na:l + (Nx2_Nx1) P

1\ N, X
- Nm(l + ~) A (N- N,
P P P

N, = g"(X), (7
Nmy = - (Nw2_Nm1):£

i

Y
- (N%Z_le) -
12

4



If the sides make an angle n with the x axis as shown in Fig. 1, the normal and shear forces NV, and

N, along them are given by

N, = N,sin?y + N, cos?n + N, sin2y )]
Ny, = Ny, cos2n — §(N,—N,)sin27.

T'wo kinds of loading are considered here:

(1) No load normal to the sides.

N, is obtained in terms of IN; and IV, by substituting equations (7) in equation (8) and putting
N, = 0. Expressing tan » in terms of p and g, this gives

1 N, 3pX
N:El <1+_) .’t2§ _ 4P2
P 7

(NxZ_le)'

P

__
v 4_M2

Thus the loading can be expressed in the notation of equations (1) as

(1-5) ot
o = Typ? (1=}, o = T —,
p p
_p? A 35
Boz—%lz(l—;>: Br= — A:HPA,
Y= _~m1f'LA
where
N,
A=_2_
Nwl

(2) Constant longitudinal stress and no displacement of the sides normal to the direction of taper.
Here
Nyt = N, ag = Tpyp®,

Nz/ = vV, By = va1?,

N, =0, o =B =y =0.

xy

5. Applications.

The preceding analysis has been computed for plates with opposite pairs of edges either simply-
supported or clamped. Expressions are given in Sections 5.1 and 5.2 for the constants required in
equation (2) under these conditions and a list of the results plotted is given in Section 5.3.

5.1, Plate Simply-Supported along Sides.

The assumed transverse buckled form, which is here given by
® = cosnd,

does not completely satisfy the condition of simple support along the sides of the plate. It is shown in
Appendix IT however that the total work done on the plate by the spurious moments introduced
along the sides is zero. The analysis given in Appendix I thus remains valid.
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The constants required in equation (2) are here

1 't

lo 2; mO—"Z‘"

1 w2
ll=—1) Sp = _"is

1 2
Iy = — 24(77 —6), 51=z,
I 26 ™ (2
3=R(77* )s 52=2;1_‘(7T —6).
I = (mt —2077 —I—120)

160

5.2. Plate clamped along sides.

'The assumed transverse buckled form is here represented approximately by

® = coshpd — gcospd
where p is the first positive root (4-73004) of the equation

smh"i cos?i + coshz—j s1n‘2 =0 )
2 2
and P
. cosh 5
cos b
J

(9)

"This deflected shape which satisfies completely the boundary conditions along the sides, gives
values of the buckling load for rectangular plates less than 19, above the exact value.

The constants required in equation (2) are given by

1
=5 @+1),

o
1t

1
—_ (a2
@+,
P* b yy 1
b= @-D+E@-1k— @),

3p? 3 15
Z3 P (2 1)+_p(q4_1)1/2+§(q2+1)’

15
R A L Jo
my = ply,
So _ _Z_b — — 1Y
5= o@D+ @D,
3 3
% - F@-n-5 @1,

s 2 ' 5 5
2= @) =T @+ -,

6

27
- 2
7 @+ D),



5.3. Results.

The variation of the buckling coefficient 5,, with a/b, is plotted for a series of values of b,/b, and
No/N,; in the figures listed below with various combinations of the boundary conditions. The
corresponding curves for rectangular plates, which are also given in these figures, have been obtained
where possible from R.Ae.S. data sheets; other cases have been calculated by a method similar

to that given in this report.

(a) Buckling coefficient of plate with no normal load along sides.

End boundary Side boundary Ny Fi

conditions conditions Ny &
simply-supported simply-supported 0-8 2
2 Eb 1 3

» » 1-2 4
clamped ’ 0-8 5

1 b2 1 6

EH] 3 1-2 7
simply-supported clamped 0-8 8§
bh b2 1 9

» » 1-2 10
clamped ' 0-8 11

» » 1 12

" " 1-2 13

(6) Buckling coefficient of plate with no displacement of the sides normal to the direction of taper.

End boundary Side boundary {V 2 i
conditions conditions 2l &
simply-supported simply-supported 1 14
clamped " 1 15
simply-supported clamped 1 16
clamped " 1 17

- Specimen buckled shapes for the above loadings are shown in Figs. 18 and 19.




Suffices 1 and 2 on stress, middle-surface force and length symbols indicate values at x = 0

NOTATION (See Fig. 1)

and x = a respectively.

a, b
t
%,y

1 ’
X,y

S

. Length and width of plate

Plate thickness
Cartesian co-ordinates
Local Cartesian co-ordinates on side

Deflection

1+0-5p

Angle made by sides with x axis

Young’s modulus

Poisson’s ratio (taken as 0-3 in computations)
Flexural rigidity = E3/12(1 —1?)

Middle-surface forces

. Middle-surface stresses

% (b 2etc
(o)

2
Middle-surface force function such that N, = i etc.

oy?
Assumed transverse deflected shape

Function of X



NOTATION—continued

V2 Laplacian differential operator
V4 Biharmonic differential operator
Py q Defined by equations (9)
@, By Coefficients defined by equations (1)
Ly my s, Coefficients defined by equations (4)
Do Qo ¥5 Coeflicients defined by equations (3)
a; Coeflicients defined by equations (5)
T Work done by middle-surface forces
U Strain energy
M, M, Moments referred to x, ¥ axes
M, Moment about side
T Work done on one side of plate by moment distribution M,,.
REFERENCES
No. Author(s) Title, etc.
1 G.G.Pope .. .. .. .. Thebuckling of plates tapered in thickness.

A.R.C. R. & M. 3309. October, 1961,

2 L. V. Kantorovich and V. 1. Krylov  Approximate methods of higher analysis.
Chapter 4. English translation of 3rd Russian edition by
C. D. Benster. Noordhoff. 1958.

3 B. Klein .. .. .. .. Buckling of plates tapered in planform.
J. App. Mech. (Trans. ASME). Vol. 78. June, 1956.

4 B. Klein .. . .. .. The buckling of tapered plates in compression.
Airecraft Engineering. December, 1956,

5 8. P. Timoshenko and
S. Woinowsky-Krieger .. .. Theory of plates and shells.
Chapters 4 and 10. 2nd edition, McGraw-Hill. 1959.
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APPENDIX I
Basic Analysis of the Buckling of an Isosceles Trapezoidal Plate of Constant Thickness

In classical small-deflection theory3, the strain energy of bending of a plate is given by

o= [ - (35 (2]

0x 0y
The increment of the strain energy due to an infinitesimal arbitrary variation 8w of the deflection

is thus
: O%w 028w 020w 3w Pw 0w
— 2, 2 — _ — .
SU = ffD%VwV (dw) — (1—v) [axz 57 T aE oy zaxay axay”dxdy.

Provided the variation w satisfies the boundary conditions of the plate and the flexural rigidity D is
constant, this expression can be integrated by parts twice to give

dedy.

SU = D” SuViwdedy. . (10)

The work done on the plate by the middle-surface forces IV,,N, and N, is given by
1 [ Qw2 dw\? ow dw
4 o (2 o (2
Thus the increment of the work done due to the variation dw is given by
ow 96w dzv 08w ow 06w  ow 06w
T f[EwE N e (E )
Provided both the deflection @ and the variation dw are zero along the edges of the plate and the
middle-surface forces are in equilibrium, the increment 87" of the work done can be integrated by
parts to give

02w 02w
ST = ”aw(waz Ny 53 ZNMaa)dxdy (11)

Equating expressions (10) and (11), we obtain

JJoe =

2, 2,
Vew — (N N, 2% o, T )
which may be rewritten in the non-dimensional form

oot TNt e gy
B AW A W
I/V 4 2,2 4 _ — 12,2 {5 p2
”8 PiaxE T2 gy T e — AL (%P oxz T

dxdy.

dxdy.

dxdy = 0

W oW
where
W= X=1+p2 y="2,
a a by
by a
b A

E—ﬂza ﬁ)2 G, = G ﬁzetc
e 2(1—AEd =\7)’ v AT '

and b, and b, are the widths of the plate at x = 0 and x = 2 as shown in Fig. 1.
10



If W were the true deflected shape of the plate and the variation W were completely arbitrary,
this integral would yield the differential equation for the deformation of the plate. In the present
analysis however W is represented approximately by the expression

W = [(X)0(0)
where
Y
i=%

and @ is an assumed function. The ordinary differential equation for f is found by considering a
restricted variation §W such that

SW = @ 3f.
As the variation §fis arbitrary, the integration sign with respect to X can be removed from expression
(12), leaving

B (g AW W
4 2,,2 4
f_x,z ® 1o axz T 2 gz T Gy

oW
12(1- ) (awp‘l o

oW W )

Now the most general system of middle-surface forces considered here is

Em = C¥0+ Och,
Gy = By + BX,
Ty ='VY:

where the coefficients «;, B; and y are constants.
Substituting for W in terms of f and @ in equation (13) and integrating with respect to Y, the
following differential equation is obtained for f.

PaX" 4 XY + (Pt X2+ X)X + (P + ¢ X247 X2) XS +
+ (P + X2 +1,X0)f = 0 (Z)

where the coeflicients are defined by equations (3) and (4).

The arbitrary constants in the solution of equation (2) are found from the boundary conditions
at the ends of the plate. When the ends are clamped these conditions are satisfied completely;
when the ends are simply-supported however the condition of zero moment cannot be satisfied
exactly, but is represented approximately by the expression

2
Wf" = zhf' =0

which satisfies the requirement that the variation f should do no work on the boundary.

1



APPENDIX 1II
Plates with Stmply-Supported Sides

In this report the buckled form of plates simply-supported along the sides has been expressed
in the form

We=fod
where the function @ satisfies the boundary conditions

do
[@lpmsyp = [P]pr1p = 0, where @' = ¥ etc.

The bending-moment distribution M, about the sides of the plate which would strictly be necessary
for the plate to assume this buckled form is given by

1 .
My = 157 (M, + M, )5 - (14)

Now the bending moments M, and M, are given by

D oW W D oW oW
= —— 2 —

M, (p %3 + vu? 8Y2) M, (,u el + vp? axz) (15)
where the derivatives of W can be expressed as

azW 2w 1

L0 14 ! 14 ’ —_ 14

X7 [@Xf —200°Xf" + 6(6D" +20")f], 557 = ¥ 'f. (16)

Substituting equations (15) and (16) in equation (14), we obtain
2D(I)’

Now the slope of the plate normal to the side 6 =  is given by

O 8Wcos + aWsin
[5?}0:1/2 TRy TR T Pex PR
f‘I"

I

(18)

Hence from equations (17) and (18) the total work done on the side § = } by the moment M,,
is given by

(y, cos n — zsm 77)

225,2 (V« cos n — gsm 77) ﬂ g 5 (Xf'—f)dX

p2D®"? 2t
i (,ucosn —Zsmn) [le .

Now the deflection at the ends of the plates considered in this report is zero, hence

]1/

T = 0.

Similarly integrating M,. along the side § = £, it can be shown that the moments along each side
are self-equilibrating.

12
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Fic. 3. Buckling-stress diagram. Sides and ends
simply-supported. No stress normal to sides.

NxZ/le =1

Fic. 2. Buckling-stress diagram. Sides and ends
simply-supported. No stress normal to sides,

NxZ/le =0-8.
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Fic. 4. Buckling-stress diagram. Sides and ends
simply-supported. No stress normal to sides.

N[Ny = 1-2.

F1c. 5. Buckling-stress diagram. Sides simply-
supported. Ends clamped. No stress normal to sides.

Nyy[Ng = 0-8.
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Fre. 11. Buckling-stress diagram. Sides and ends
clamped. No stress normal to sides.
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clamped. No stress normal to sides.
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clamped. No stress normal to sides.
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Fic. 16. Buckling-stress diagram. Sides clamped.
Ends simply-supported. No strain normal to axis of
taper. N,/N,, = 1-0.
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No/N,, = 1-0.



wE €9/9 S LS8U/¥9 M (BILL®)

FREE NORMAL DISPLACEMENT OF SIDES

ENDS

ENDS .
SIMPLY-SUPPORTED

SIMPLY - SUPPORTED
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Fic. 18. Specimen buckled shapes, sides simply-supported. Fic. 19. Specimen buckled shapes, sides clamped.
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