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SUMMARY

The oomputer was designed to assist in the solutions of kinetie
heating problems which coccur in guided weapon design., Its flexibility
allows it to be used for a rnumber of problems involving one dimensional
convective heating in a wall of finite thickness, providing the basie data
such as the source temperature of the conveotive medium and the heat transe
fer coefficient in the region of interest are known., Completely arbitrary
time varying functions of source temperatures and heat transfer ooelficient
are acceptable. This note describes the design and construction of the

computer,
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4 Introduction

For most convechive heat flow problems where unsteady heat itransfer
conditions exist, the englneer cannot employ an analytic method, but has
to resort to step by step solutions, An electrical analogue of the type
descrived considerably reduces the computing effort and time to produce a
solution,

The computer was primarily designed to reduce the effort in com-
pleting a large progremme of kinetic heating investigations covering a
wide range of flight programmes and conditions,

Interesting points in its design are the almost complete absence of
electronic amplifiers and the simplificity of the funetion generators for
the arbitrary +time varying quantities.

2 The be.is of the ansloguels?

The flow of heat between the convective mcdium boundary layer, at a
temperature Tr’ and a wall having distributed conductivity and thermal

capacity, is simplified by reducing the prcblem to three elements, the heat
sowrce, a transfer impedance, and the heat sink,
241 The wall

The equation of heat flow in one dimension is:

-

& [K(x) "%T;{} - pol) 5 (1)

where K(x) is the conductivity

pc(x) is the heat capacity, or "water cgquivalent",

Por a gencralised material, both K and pc are functions of x. Practical
exemples &re sandwich construction and insulating material with graded con-
ductivity. The change in thermal properties with temperature is not con-
sidered here,

The ratio _é% (x) is generally known as the "diffusavity" of the

material.

To obtain an exact electrical anslogue, distributed electrical
parameters analogous to the thermal conductivity and capacity are required.
Since such a model is not readily rcalisable, an e¢lectrical medel using
Jumped, circult elements is used, the wall being represented by a ladder
network,

Considering the n#h node of a ladder network, with the interval
between each cell of the ladder, assuming uwniform grading, to be Ax and
defining
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equation (1)} in terms of finite differences becomes

(xn+ }z_)_ (xn——é ) aT,
K__Kx [Tm—‘l - Tn:l +K Ax Tn—‘i - Tn:] = 4 JCf(Kn) W (2)

where f(x) is written for pe(x).

The R.H. S, of this egquation has the same form as the electric current
flowing into a capacitor of wvalue A}cf(xn) at a potential Tn(t). Similarly

the L.H,S. terms represent currents flewing in resistors. Equation (2) is
thus seen to represent a ladder network of the type shown in Figure 1la.
For a uniform medium divided into N equal cells and having a thickness

d, Ax = %, and the resistive arms of the ladder network have a value
R = % and the cepacitative arms a value C = - +» The cells may be

N. pe
represented ags T or % elements as shown in FPigures 1b and 1ec,

2.2 Boundary conditions

(1) At the heated surface {x = c)

The flow of heat into the wall is

dH
at - h(Tr"Tw

)

where T is the 'recovery or, adiebatic wall temperature", T_ the true

wall temperature at the surface and h the heat transfer coefficient of
the boundary layer. Tr iz the effective "source" tempereture of the con-

vective medium, and for the case of kinetic heating, generally tsken as the
stagnation or total temperature modified by the "recovery" factor.

i, e, Tr = G'I,'t where Tt is the stagnation or total temperature,

At the suwrface also, the heat conduction is given by

aH a7
ax - [:' K ax:l
X=0

so that the boundary conditions at x = 0 1ig given by

h [Tr "Tw] = EK% . (3)



In finite differences the equation becomes

‘131-T
h[Tr-Tw] —er.O[_Ax
2

(&)

*)

vihere T, is the temperature of the centre point of the equivalent "T"
cell,

Equation (4) represents the current equation for the loop network shown in
Pigure 2a.

(11) At the inner surface of the wall (x

d)

For a wall not cooled or warmed at the inner surfacc, the temperature
gradient at x = d is zero and the boundary ccrditions are fulfilled by
leaving the network open as in Figure 2b, If convection to or from the
surface occurs, due to an internal heat source or cooling plamt, similar
boundary conditions to those pertaining to the heated outer surface apply
and are represented by a similar analogue,

3

2o

The complete analogue

Figure 3 shows the complete electrical model for a wall warmed on one
surface only, with zero heat transfer at the imer surface, Table I below
shows the corresponding thermal and electrical quantities,

TABLE I

Thermal quantity

Electrical guantity

Temperature T

Potential +

Heat flow SH Current I (= a9
at on = 5
Heat H Charge Q
Heat transfer coefficient h Conductance -1;—
h
Heat capacity per cell at x = j Capacity CJ.

}

Ax (pc)j

Conductivity per cell at x = J} Conductance 2

K, ] %3
-
Ax
Resistance per arm of a "T" cell
Eg_ o Ax
L 2 &y
Time ¢t Time




3 Units and scale factors

To convert the thermal guantities into amalogous electrical parameters,
it 48 necessary to fix scale faotors, The three basic conversion factors
chosen here relate true and model time, temperature and electrical potential,
and heat and charge, These goale factors must be chosen by the operator
setting up the problem on the machine to produce readily realisable
electrical circuit elements such as resistance and capecity, and a time

scale suited to the arbitrary function generators for input temperature and
heat transfer coefficient,

3.1 The scale factors sre derived ag follows:

(1) Diwe

_ Heat problem time £
Time scale = ogus $ime o= h

(i1) Potential

Temperature T
ial le = = = oo
Fotent soate Electrical potential v m
(111) Quantity
Quantity scale = —eat. . B _ o
Charge Q

From these may be derived the model parameters, as below.

3.11 Heat transfer coefficient

1
Ry ™n
But R = L - Sm _ .z I _ .z 1
h ag ai/p mn dH mn h
at Tt at!
. O S )
e Ry = mn * h

2,12 Cell resistance

K
Conductivity per cell at x = jth node is 7§i




For a uniform wall and uniform grading,

R = where N is the numbsr of cells

. 4
men ° MK

This resistance is the total resistance per cell and for a "I' cell,
each arm will be half this value.

3,13 QCell capacities

Capacity per cell at x = jth node is Ax(pe)j =Gj
H/
.8 _ Y _HE m_n
But o, V_T/m._T,rﬂr.ax(pc)j

2.2 System of units

The system employed in the computer is given in Table IT below.

TAPLE II
Symbol Unit Meaning |
d feet Wall fhickness
T oKX Temperature
K C.HU./ft sec %K Thermal conductivity
c C.H.U./1b K Specific heat
h C.H.U, £+2/sec °K Heat transfer coeff.
p 1b/ft3 Density
N - Number of cells
v volts Potential
I Amperés Current
Q Coulombs Charge
H C.H.TU, Heat
C Farads Electrical capacity
R ohms Resistance




L Medifications to the anslogue

In addition to problems of the type described in para, 2.3, variations
of the problem requiring very amall modifications and additions to the basic
elrcuit of Figure 3 may be studied. One such variant, in which other
conditions hold than zero heat tranafer at the immer surface has been
mentioned in para, 2,2. Convection from the surface, radiation, or cooling
to a fixed temperature (ref‘rigeration), are easily represented, Several
such problems, those of thermal radiation, sandwich construction, and the
solution of problems in which the heat transfer coefficient is dependent on
wall temperature are described below,

Lo Thermal radiation

The radiation from the heated inner or outer surface of the wall
becomes important at clevated temperatures.

The heat flux is given by the well known relation

t w o)

i e(T’*—Tl*) (5)

where To is the ambient temperature, For significant radiation

Twl"» Tol" and equation (5) is usually written

EH-E = enH (5)'
t w
The electrical amalogue 1s
d
__i_!'.:‘_ = I = K.V b where K is a constant,
dat T w

To simulate this a non linear resistive device is required. TFor the problems
so far presented to the machine, radiation losses have constituted 5% or less
of the total heat flux, and the fourth power lew has been represcnted by a
simple two line curve, as in Figure 4(a)., Such a current/voltage curve is
casily obtained by the biased dicde circuit of 4(b), wherejthe current
flowing in R,‘ follows the "two straight line law" OB-BA ~“« Resistors R

and R3 are made smell with respect to R
Vb (~ Tb) is given by

2

s SO that the biasing voltage

R,
v T —— v
b R2 + R3 S

ard 1s readily adjustable., The analogue scaled slope of tangent line BA
is adjusted by altering R

_1-
0 - vBc~ oo
1 IAG é&_};)
t



The circuit can be readily eleborated to cobtain a closer approxima-
tion to the radiation curve using a mumber of tangent lines, as in
Figure 4(c), should this prove necessary,

4,2 Sandwich construction

Walls consisting of several sandwiched materials may be readlly
represented by groups of ladder network cells connected in series, each
group having resistance and capacitative values analogous to the corres-
ponding wall layer, “Semi~infinite" heat sinks connected to wall inner
surfaces may be represented by single large capacitances.

k.3 Tterative solutions

In the simple relation for heat transfer given by

& - ) [Tr('h) - Tw(t)]

the assumption thet h(t) is independent of mw(t) can lead to error.
If some knowledge of the dependence of h(t) on Tw(t) is available, the

equation
S = (1) T (%) —Tw(t)]

may be solved by the electrical analogy in two ways

(1) A feedback loop from the ladder network input node to the "h"
function generator may be used to modify "h" according to the required law,
This is a complicated device and not readily adaptable to this machine,

(i1) The sccond solution, used in this machine, is not so elegant,
but has been found to yield satisfactory results without increasing the
problem solution time excessively,

An iterative method is employed which is found to converge repidly
in the problems so far undertaken., #n approximation to h(%t) independent
of Tw ig calculated and the problem run through, From the solution, an

h(t) dependent on Tw(t) , is calculated, and the problem is again run

through, obtaining a new solution Tw(t) . A second iteration may prove
- 2
necessary if [?w(t):] and [%w{t):L differ appreciably. The only
1

dependent function needing alteration in the machine is h(t) and the
small alterations necessary are usually easily accomplished on the
continuously variable resistors comprising one element of the "h" function
resistors (see para. 5.1).

5 The desipn of the computer

The basic circuit of the machine is shown in Figure 3. To ensble
the widest possible range of problems to be solved, the voltage generator
representing Tr and the conductance representing boundary layer heat

transfer coefficient h were designed to allow these quantities to be



completely arbitrary time varying values., For the free flight kinetic
heating case, Tr and h are functions of speed and altitude.

The thermal properties of most wall materials are to some extent
functions of the temperature of the material, especially when temperatures
are very high. No provision was made for this, though this is planned in a
later model,

For walls at very high temperatures, too, loss of heat by radiation
becomes an important factor. Provision was made to represent this, as
described in para, 4.1, using & very simple non linear resistive device.

5.1 The arbitrary function generators1’2’4’5

A variety of ways exist of gensrating Tr(t) and h(t). These include

memial or avtomatic curve following, electronic function generators or
sequential superposition of step functions, After examining the possible
alternatives it was decided that the cheapest, most flexible and most
reliable method of generating the variable voltage and resistance functions
would be the step by step method, using mechanical switching. Using a
Post Office uniselector, a function consisting of 48 discrete changes in
level could be built up, the complete function being traced through in a
minimum of two seconds,

This was considered to be completely adequate for the type of
culminations envisaged, and standard 25 way, multibank uniselcctors with
meke~before-break contacts were used for both input temperature snd transfer
coefficient functions. The rate at which the uniselectors are driven is
determined by the time scale employed, and the duration of the heating of
the wall,

Analogue time is derived from a standard continuocusly variable audio
frequency oscillator, This triggers a "driver unit" which in turn operates
a "dividing switch". Pulses from this switch are taken to the main
arbitrary function uniselector motor,

For the Tr(t) function, the voltage steps approximating the con-

tinuous function are derived from a potential divider conmected to a 210
volts direct cuwrrent mains supply. The divider has 100 tapping points, so
that voltages in 2 volt steps from O to 200V arc available., To maintain
a source impedance low compared with possible values of Rh’ the total

divider resistance was kept to about 200 olms., To prevent large circulating
currents flowing during the brief period of shoriting of adjacent contacts -
the wiper is a make-befors-break cne - resistors are ingerted between
divider tapping points and the uniselector contacts. In setting up Rh

values thesc resistances should be allowed for, though for all practical
purposes, the value of these resistors, 100 ohms, is negligible compared
with even the lowest values of Rh usually required,

The tappings from the divider are taken to a plugbnard, as shown in
Figure 5. Porty eight plugleads are connected to the uniselector contacts,
each contact position represcnting a time interval. By plugging the leads
into the appropriate divider taps, the desired approximation to the Tr

input function is rapidly set up.

The variation in Rh between the first and last steps is very large
in many problems, and to cbtain the greatest flexiblility in values of Ry,
cach step of Rh was designed to be a separate resigtance. Each resistance
arm is composed of two "plug-in" fixed resistors and a "plug-in" varisble

-1l ~



resistor, By suitable choice of these three elements, and final adjust~
ment of the variable resisgbtor, a wide range of Rh values is readily set

up. To assist in this, a built-in components bridge has been installed to
enable adjustment to be made in situ,

5.2 The time base and driver unit

The arbitrary function driver unit was briefly mentioned in para. L.,
Figure 6 shows the arrangement in more detail, Basic time is derived from
a stable varieble frequency oscillator operating a thyratron pulse
generating unit which drives an intermediate uniselector, This device
enables the switch to be driven at speeds up to 50 steps per second, This
uniselector is used as a pulse dividing device, the division factor being
selected by the position of a five-way twelve pole Yaxley switch.

The main uniselector, driven by pulses from the divider, generates
functions Tr and Rh on banks T and II and IIT and IV, In addition the

uniselector supplies a time base voltage, This is derived via the
"horizontal deflection" network of Figure 6, and consists of a chain of
resistors connected across a D.C. supply, and from which a stepped voltage
is tapped by benks V, VI, VII and VII of the uniselector.

5.3 The recorder

The temperature at any point in the wall, at the imner or cutcr
surfaces, or within the msterial, is given by the voltage at the corres-
ponding point in the analogous R-C ladder network. This volbage is tapped
by a crocodile clip connected directly to the recorder. To determine heat
flow, the voltage differsence across a known conductence, elther Rh’ or

one of the cell resistance elements, is determined, rather than a direct
neasurement of the analogous quantity, electric current.

The recorder used is a cathode ray tube, chosen for its very high
input impedance, a very important factor in the analogues of some problems
on the computer where an input impedance less than several megohms would
result in a severe loss of charge from the ladder nstwork capacitances and
very serious errors in the solutions,

Criginally the output from the wall was connected directly to the

'I'1 plate, Y2 being earthed, but the asymmetrical asrrangement resulied in

severe defocussing and consequent loss in accuracy of reading., A simple
phase-splitting valve circuit giving a balanced input to the tube solved
this problem - see Figure 7.

The X_,' XZ plates are connected to the time basge resistance network

described in para, 5.2, The time base voltage output is also a balanced
one to avoid defocussing of the image.

The C.R.T. face is photographed on 5" roll film, Figure 10 shows a
print of a typical record., Since the time base in stepped, and the tempera-~
ture at any point in the wall will very with time, the trace drawn during
the time interval when the spot is stationary horizontally results in a
vertical line, one end of which represents temperature at the beginning
of the time interval and the other the temperature at the end.

5.4 Calibration

In order to read the film records directly, calibrating voltages are
fed into the recorder at the end of each run, These allow a check to be
made on the voltage scale factor and the linearity of the recording tube,
At the end of a run, a cam attached to the main uniselector operates a

-12 -



switch which starts the calibration network uniselector, This uniselector
is comnected to a resistance chain inserted across the D.C. 240V supply -
see Figuwre 8. The input to the Y plates of the C,R.0. is changed over
to the stepped voltage ocutput from this selector. A 50 ¢/s alternating
voltage is applied to the X plates. The resultant picture is a series

of horizontal voltage or temperature calibration lines, These lines are
photographed on to the film which has just previously rscorded the
temperature/time solution. By brightness modulation, and altering the
trace duration, these calibration lines may be graded in density for easicr
reading,

5.5 Analogue reset

To examine the temperature gradient through a thick skin, and %o
avoid duplication of recording devices, the problem is re-run through
completely for each node point measurement required. At the end of each
run the wall is in its "heated" condition and must be “eooled" to the
initial conditions, This is done by discharging the condensers to the
common earth bus-bar. This operation may be carricd ocut manually, but for
speed of operation, discharging relays have been fitted which are auto-
matically closed at the termination of a sequence,

5.6 Radietion term analogue

The circuit used in the machine is identical to that described in
vora. L.1. Thermionic diodes were found to be preferable to other rectifiers
in most cases.

5.7 Layout of the computer

The machine has been built on what is virtually a "breadboard"
construction, The various units, such as plug boards, driver unit, uni-
selector banks, oscillator and power packs, are placed on shelves as shown
in Figure 9, They are very accesgible for servicing and easily removed for
modification. This construction effords the maximum flexibility and ease
of medification as well as keeping cost and menufacturing time to a minimum.
Qscillator, power packs and component bridge are all proprietary items.

5.8 Clrcuit elements

Standard good quality radio camponents are used in the wall ladder
networks and "Rh" function generator. High stability carbon resistors

and paper dielectric condensers arc used, their values being chosen by
selection to be within 1% of the required analogue value. The condensers
sre tested carcfully for leakage., In some problems, leakages of several
megohms can result in apprecisble errors. (Where condensers are reguired
to have wnrealisably large leakage resistance - capacity time constantis,
a new time scale factor should be chosen).

6 Accuracy

Por the solution of enginecering problems of the heat transfer type,
excesgive accuracy is not warranted, since the physical constants employed
and the theoretical laws con which the problems are based cannot be
guaranteed to very high accuracy., A solubtion giving, as an arbitrary
figure, an accuracy to within 2 to 3% of the rigorously computed value is
admissible,

Errors arise in the machine due to
(i) Time inaccuracy,

(i1) Component value inaccuracies in ladder network, Tr(t) and h(t)
analogues,
-3 -



(11i) Reading errors from the film record,

(iv) The representation of Tr(t) and h{(t) by superimposed step
funetions.

(v) The representation of the wall by a multi-cell ladder network,

Errars arising from {i) and (ii) can be made as small as one pleases
within the limits of measuring equipment and component stability. Such
errors are estimated to be within 1% on this machine,

Error due to film reading is difficult to assess. It is known that
such errors can be large, up to 5% when readings are a amall fraction of
full scale deflection, Frrors largely depend upon the clarity of the spot
and the skill of the reader. GCreat care has been taken in obtaining a
well defined cathode ray spot image.

Also difficult to assess are errors due to (iv) and (v). In simple
cases these errors can be assessed analytically, but in actual problems,
determination of error is a formidable task,

The error diminishes with the increase in the number of steps making
up the time dependent functions and the munber of oells making up the wall,
The diminution in error is rapid, especially with increase of the number
of cells in the ladder network, As simply realisable wvalues, 48 steps for
"‘I‘r" and "h", and 10 cells for the wall were taken, Overall computer

error has been determined by an empirical method, comparing computer
solutions with step by step hand worked solutions. Differences of up to
3% have been found, a generally acceptable measure of agreement,

7 Conalusions

The machine described affords a ready means of computing certain
types of heat transfer problems by making a simple electrical model of the
heat flow system from readily obtained standard electrical components,
This approach yields a computer far less complicated and costly than one
using the differential analyser method, and eliminates reliance on valve
and amplifier characteristics.

The analogue used has been described many times, the literature
extends back to the beginning of the century. The references in para, 8
are but a fraction of those readily available,

The computer was built in a few weeks by one and sometimes two
people, and affer over a year of continuous work, has already saved a
considerable amount of computing effort.

Being an analogue device, exact solutions are not cbtainable, butb
errors in problems so far worked appear to be much less significant than
the uncertainties in the input data.

A seorious limitation in the machine is its present inability to deal
with walls of temperature dependent physical properties, It is hoped to
incorporate provision for this, in certain specific problems, at a later
date,
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