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Summary. Formulae for calculating the -gradients and ordinates of the camber surfaces of swept-back
wings of arbitrary plan-form with subsonic leading edges, and specified load distribution, are given, including
those which have been programmed and used for DEUCE calculations for some swept-back and M-wings with
curved leading edges. :

Some methods for the numerical calculation of singular integrals are given.

For polygonal wings with simple load distributions, the equation of the camber surface is given in closed
form. This is useful for obtaining approximate results for more general plan-forms.

1. Introduction. This paper is a brief account of a method for calculating the gradients and
ordinates of thin swept-back wings of arbitrary plan-form, with subsonic leading edges. No claim
is made that anything is new except perhaps the suggested treatment of singularities for numerical
integration, and some of the formulae and integrations produced.

Integrals, based on linearised supersonic theory, for calculating the upwash or the streamwise
gradients of a wing surface for a given load distribution (the direct problem—Ref. 3) have been known
for some time. But until fairly recently, when large scale calculations with the aid of electronic
computers became possible, little use had been made of these integrals for wing design. The need
of a method for designing camber surfaces to produce specified load distributions has arisen in
connection with a research programme on problems associated with flight at low supersonic
speeds (Refs. 5, 6).

In this paper will be found: _

(1) the basic integrals and formulae for calculating the streamwise gradients and ordinates of a
camber surface to support a given load distribution, the wing plan-form being arbitrary,
with subsonic leading edges and any trailing edge;

# Previously issued as R.A.E. Report No. Aero. 2623—A.R.C. 21,430.



. (2) formulae for calculating the camber surface for some special forms of load dlStrlbuthl’l such .
that a first integration can be performed analytically;

(3) formulae in integral form (which have been programmed and used for calculations on
DEUCE) for calculating the camber surface of two particular wings: a swept-back wing
and an M-wing, with curved subsonic leading edges and straight subsonic trailing edges;

(4) some approximate formulae, in closed form, for the ordinates of the camber surfaces of
wings of arbitrary plan-form with subsonic leading edges and uniform chord loading;
(these have been used for some check calculations); '

(5) some methods for dealing with singularities. .

The chief difficulty in programming for the numerical 1ntegrat10ns lies in dealing with singularities
which do not exist in real flow, but which arise because of the approximate linear theory used
These smgularmes are of two kinds:

(1) those which arise because of the mathematical form of the problem. These singularities
cannot be avoided and can be dealt with by using the concepts of ‘finite part’, ‘Cauchy
principal part’, or ‘generalised principal part’ of an integral in the regions of the singularities
before numerical integration is attempted. This method is given in Section 5, and has
been used in existing DEUCE programmes; ' : )

(2) those which arise from the type of load distribution chosen, such as logarithmic singularities
in the gradients at leading or trailing edges, or in gradients and ordinates at centre or
‘kink’ sections (where the gradient of leading and/or trailing edge is discontinuous). These
singularities could be avoided if certain load distributions were chosen (e.g., a loading
coeflicient of the form (€, ) . (£ —F(%))Y?). But, in practice, the load distributions required
seem to be such that some of these singularities must occur.

A method for calculating the ordinates at points on leading or trailing edges, Where there are
integrable logarithmic singularities, is given in Section 5.

When the load distribution and plan-form are such that logarithmic singularities in both the
streamwise gradients and the ordinates occur at centre or kink sections on a wing (due to the fact
that the linearised boundary conditions no longer apply), an iteration method could be used to
calculate the camber surface near these sections, including both incidence and thickness. Some
calculations done for a particular wing showed that convergence could be obtained, but nothing
will be written of this here. Some other methods, which have been used for the particular wings
mentioned in Section 3 of this R. & M., are given in Refs. 7, 8.

2. Calculation of the Shape of the Camber Surface of a Wing of Given Plan-form for a Given Load
Distribution. Considering incidence effects only, and using the linear small perturbation theory
of supersonic flow, Volterra (Ref. 1) has shown that the acceleration potential Q can be expressed
in the form

19 AQ(x—£)(z— £)dS
Qx, y, 3) = — — f f , 1
©3 9 = 0w ) ) G+ G- &7~ Pl + G- D™ .

where Q = Vgc , V is the free stream velocity, parallel to the x-axis, », ¥, 2 are a right-handed

system of rectangular Cartesian co-ordinates, z being measured upwards, and ¢ is the perturbation
velocity potential. M is the free stream Mach number and 2 = M? — 1. AQ is the jump in the
value of Q across the surface of the wing, and integration is over the part, 7, of the wing surface

for which (v—£)2 — B2 [(y— )% + (x— {)?!] > O and x — £ > 0.
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AQ is given in terms of the loading coefficient, ACp, by the linearised Bernoulli equation:

2 :
ACp = 3 AQ. 2
The streamwise gradient of the camber surface is given by: (according to the linear theory)

. 1ap 1 0 (v
. f | O, 9. 3)

Taking the wing to lie approximately in the plane { = 0, the streamwise gradient at point (x, y, 2)
of the surface is given by

B_z ACpz(x— &) dé dy 4
| ), f (G~ + S~ F — iy~ + % @
The spanw1se gradlent is given by
ox  O¢ [ dp
sl ?

It can be shown that, if terms of order 22 are neglected, (Ref. 3)

2 1 ACp(x— ) dt
o 4 f 4 f (=0 {(x—£)? — By~ )%}t

P
_ Baeiema L C ACu(x—8)dn
. B A K [y e S

where f denotes the ‘generalised principal part of the integral’. (See Appendix II.)

Relations (6) are equivalent to

$ul§, 1) d€
ax S av f f {(x— & — Py—n)H*

) _ B BT ddE
. = 58— [ [t @

where f denotes the ‘finite part of the integral’, and ¢,(£, 7) is the velocity potential on the upper

surface of the wing. (See Appendix II.)

In general, the gradient must be evaluated numerically from (6) or (7). The integrand becomes
singular along the Mach lines thrdugh the point (x, y) and, in Equations (6), also along the line
n = y. Also, for some forms of ACp, the value of dz/dx given by Equations (6) or (7) may become
infinite along the leading or trailing edges, or along certain lines # = constant. Methods of dealing
with these singularities are discussed in Section 5.

For some forms of ACp, it may be more convenient to use characteristic co-ordinates (7, s).
Taking the Mach lines through the origin as axes of co-ordinates, the transformation formulae are:

B M
ZM(H_S)’, 7 =§B(x—ﬁy)’
1 M
= M(s””): § = 78 (x+PBy), ®)

(82476) A*



and the formula for the streamwise gradient is

J‘ f ACP ¥ —1,+5—s;)dry ds, 9)
ax s—s -7 —rP{r—r) (3_31)}112
where #; = %(5—,877), $ = % (-f—i—ﬁn) and the region of integration 7 is that part of the wing
plan-form for which # — #; > 0 and s — 5; > 0. Relation (9) is equivalent to
0% M Fr & (7, 5,) dry ds, (10)
W AV f f{(f—fl)(s—sl)}s/z ’

(which can also be put into other forms).
The ordinates z of the camber surface are found by numerical integration from

oz :
= | = - (11
s = | o ds+£09), (11)
where f(¥) is a small arbitrary function of y, or
— g = = 12
7 — 2 N dx, | (12)

where, for each value of y, z, and «, are arbitrary constants.

If ACp is chosen so that a first integration with respect to ¢ or 7 can be performed analytically,
0z/dx can be found by numerical integration with respect to a single variable (% or £).

Some special forms of ACyp are discussed below. (The y-axis is taken through the foremost point,
or points, of the leading edge.)

(1) If
ACp = Hy(n) + X [E°Ho(n)], (13)
where H\(7), H,(n) are functions of % only, and # is a positive integer,
P v

dz 1 72 Ho(n) 2 H,(n)

% _ 1 adn+ 2 [ ) (14)

ox " [ A e
where

= 2 (x—£)d¢ — x— E)2 2(nr — 722112 a2
Xol-fg1<,,>{<x-s>z o = et

G x— &) d
Fu = f g {(r— é)i - /38 —gmz}lfz ‘ (5h)
The linzits of integration are given by:
&(n) = f(n);
&) =2 =Bly—n|<gln), rx—fln)=Bly—n|
or (n) = gln) <x—Bly—n|;
b =& = 0forx —f(n) <Bly—n], (16)

where £ = f(n), € = g(n) are the equations of the leading and trailing edge s respectively. 1,, 7, are
given by the equations
% — f(n1) = Bly—m),

%~ f(n2) = B(nz—3)- (17)
4



M1 Mg are the extreme limits of integration for 7. Intermediate limits (due to the bounding of the
region of integration by other leading or trailing edges) are given by similar equations with the
appropriate functions replacing f(7;), f(72)-
Reduction formulae for the calculation of the integrals X, , are given in Appendix I
(2) It
ACE = Gy(&) + X [1"Gul8)); (18)

where Gy(€), G,(£) are functions of £ only, and # is a positive integer,

P
a 1 z
o= - iacum ) + o [[ G- oYnad+
| ;
+3 [ G E-oY,.a), (19)
n 0 .
where
. |
e dr wl{(— £ — By — e
Y, = =
1= | o p [ G
&) 7" dn
Y. . = - .
= o == B — By — )P (200)
The limits of integration are given by:
e = O3>y -35,
or m(®) =y -5 > Fuey
_ E<x
w6 = 18 <3+ 55,
o (&) =y + 225 < fHe)y;
= 1y = O for £ > x, | 1)

where 7 = f;l(g) is the equation of the leading edge. (For a yawed wing %, or 7, might be a point
on a trailing edge.) .

Reduction formulae for the calculation of the integrals Y, , are given in Appendix I.
(3) Uniform (or variable) chord loading and load varying linearly along the chord:

B (chordWise distance from L.E.)
local chord

. BE—fO) |
e o ‘ (22)

where § = f(7), £ = g(n) are the equations of the leading and trailing edges respectively and 4, B

ACp = 4 —

are constants (or functions of 7).



This is a special case of (1) with

i(m) = + H(n) = Bl{g(n) - f(n)}

Hy(m) = A+ f(n) . H(n) = k(). (23)
It can be shown that the integrated chord loading is given by

and

Ci(y) = 4 - B, 4

and hence the total lift coefficient, when 4, B are constant is
C, =A4-1%B. (25)

The chordwise gradient of the camber surface at the point (x, v, 2) can be written in the form:
(neglecting terms of order 2?)

o5 P Zf [Ho(n)— H)

. B 1
= = I =] sinh #, + zH(vy) (4, + % sinh Zu,.)i] dn

r=1,2,
Pr
T Tq
- [ f F(x, 9, 7, )dn — f F, 3, 7, u2>dn}
g g :

= X (Goo)t — 2 (Geades (26)

the summation is over the different regions of integration (cf. Section 3(b) and Fig. 4), and

— /() x —g(n)
1, = cosh™? , Uy = cosh™! 2 27
: B—al ™ T Ty )
s o 1€ given by x — f(,) = B Iy—n% E (28)
Ne» Mg L€ giVCIl by X = g(’?;) .: :8 b)_ 7)CcZ [’ (29)

that is by the points of intersection of the fore Mach lines through the point (x, ) with the leading
and trailing edges respectively. The integrands in Equation (26) are of the form

P, m){(x— €2 — By —n)H2 ¥ = ¢ |
(y—n)? Bly—mnl]|’

where £ = f(%) or g(n), and P(x, n) is a function of x and %, and thus become smgular along the
line » = vy in the region of integration.

Methods for dealing with these singularities and those which occur at the leading and trailing
edges are given in Section 5.

4o H(v;) cosh1 (30)

3. Formulae for Calculating the Shape of the Camber Surface of Two Particular Swept-back Wings
with Uniform (or Variable) Chord Loading, and Load Varying Linearly along the Chord. Formulae
for calculating the shape of the camber surface of two particular swept-back wings (see Refs. 5, 6),
with load varying linearly along the chord, are given.

For each wing:—

The equation of the leading edge is glven by ¢ = f(n), and the equatlon of the trailing edge by

&= g(n).



The loading coefficient is

_ B{¢ — f(n)} A ‘ _
ACr = A= oy 7’ G

where A, B are constants.
* (The formulae given below also apply if 4, B are functions of #.)
All lengths are measured in semi-span lengths.
- Formulae for calculating the gradient, 9z/dx, for two swept-back wings, are given below. The
ordinate, 2, is caleulated from Equation (11) or (12).

(a) Swept-back wing with partly curved subsonic leading edges and straight subsonic trailing
edges (Fig. 1):
The plan—form of the wing is given by
< |l < f) =k |nl;
< [0 <L) =F[n] + e[l = {201 |2 3%
The length of the root chord is ¢ and the leading edge sweep-back angle is tan—24.
The streamwise gradient of the camber surface at the point (x, y, 2) is given by (y > 0)

}g(n)=6+k|n|- (32)

a _ B (™ [hn) — xH() B »
Freil N [——W sinh u, + 5 H(7n)(u, + % sinh Zul)} dn
P
"2 .
- (" Ry wdn = @00 Fa-py<e 33)
and -

az .
7 = (Gra)i = (Gyalyy Hx—fy>o (34)

where H(n) = Bj{g(n) — f(n)}, h(n) = 4 + f(n) . H(n).

The variables #, and the limits », are given by

x — f(n) x —g(n)
#; = cosh™t 212 = cosh™? ; 35
' Bly=n] : Bly—n] 9
2—fn) = By—m)  *—f(n) = B(na=2),
x—gng) = By—m)  x—g(n) = B —md)s (36)
1y, M3 being < 0 and %y, 7, > 0.
(b) The M-wing (Fig. 3):
“The plan-form of the wing is given by
<Inl<d fO) = kG- 2] g(n) = e+ k(3= [ ]);
b< o<l S = k(] =B+ all - 20~ [ e
gln) = e+ k([n|=D). . Y
The leading edges are swept forward at an angle tan—'k, (for 0 < |9 | < %) and swept-back at angle
tan=1f'(4) (3 < |9 | < 1); and the trailing edges swept-back at angles tan—lk 2(0< |7] < %) and
tan—1k(} < |7; | < 1). The length of the ‘kink’ chord (at |9 | = %) is ¢;, and is such that ¢; + £/2 <
3B/2 (so that the Wing tips at 17 = + 1 and » = — 1 are outside the Mach lines from the leading
edge tips at = — &, y = + } respectively). The length of the root chord is c.

7



The streamwise gradient of the camber surface at the point (%, y, g) is of the form (y> 0)

P

o0z _ gl
—870 B Ta
where
x = f(n)
#, = cosh™ 2210
' Bly—mn|

and f(n), g(n) are given by (37).

b
> F(x7 ¥ 0 “r) d’? =2 (Ga,b)r

7 =1or2

#, = cosh™?

(38)

| (39)

The formulae for calculating dz/dx in the different regions of the wing are given below: (see

Figs. 3, 4)
Region
F<y<l
x— By <ec— 3B
2. x—Pyzo-—if
O<y<i}
3. w—py<iB x4+ Py <o
4 w—By<iB, 5+ By >
5. thkza-By=iB x+By<g
6. hizx-PBy=iB x+Py>e
7. x — By < 3hy, X+ By <o
8. Mu<a—fy<otiBatByzotip
9. ctihza—By>e+ip

=172 ...

( x_][(nr) = ﬁ'y_nr|,

x—g(n) = Bly—mn,]s

8) are given by the equations

0%

ox

(Gl, 2)1
(Gl, 2)1 - (GS, 4)2

+ 3B (Gy, 21

+ 3B (G2 — (Gs,a)e

+ B (G2 + (G561

+ 4B (G101 + (G56)1 — (G, a)2
+ 3B (Gs,2h

(G5,2)1 = (G, )2

(G5, 2)1 - (GS, 4)2 - (G7, 8)2 :

r=1,6 (0<
r=25 (< |

r=38 (0< || <)
r=4,7 1 1

(40)

The formulae given above for calculating the camber surface of wings (a), (b) have been
programmed and used for calculations on a DEUCE computer.

4. Approximate Formulae for the Calculation of the Ordinates of the Camber Surfaces of Wings with
Subsonic Leading Edges and Subsonic or Supersonic Trailing Edges, with Uniform Chord Loading.
An approximate method for the calculation of the ordinates of the camber surface of a wing of any

plan-form with subsonic leading edges and any trailing edge is suggested, whereby curved leading

and trailing edges are approximated by polygons. It is also useful in some cases to use an approximate
formula for the prescribed load distribution, so that formulae for the gradients and ordinates at
points on the wing can be obtained in closed form. '

8



The formulae can be used for calculations on a desk machine or for Interpretive Scheme calcula-
tions on 2 DEUCE computer. This method was used for some preliminary calculations for both the
swept-back wing and the M-wing mentioned in Section 3; these served as a partial check on the
DEUCE calculations for which the integrals given in that section were programmed.

The resulting approximate formulae. for any wing with prescribed uniform chord loading are
given below. Similar formulae could be detrived for other loadings.

Using the notation of Section 3, the loading coefhicient is

| B(¢—f(n)
ACp =4 - local chord ’ (+1)

where 4 and B are constants.
The vertices of the approximating leading-edge and trailing-edge polygons are on the edges at
points y = v, (r = 0, 1, 2, . . .), and the slope of a leading or trailing-edge segment is given by

By = (aa— ) Grar =00 (> %), | (42)

where x, = f(y,) on a leading edge,

and x, = g(y,) on a trailing edge. (See Iig. 2.)

- Thelocal chord of the segment of the ng definedbyy, S ¥ S ¥4 18 approxunated by the average
chord -

6 = He0) + 0man) — F) — o)) ' (43)

[Alternatively, circumscribing polygons could be taken, the points of tangency being (say) at
y = %—(y'r+1+yr)']

Writing
)‘r = [kr l/:B’
1
B, = )B(y_yr)/(x_‘xr)’ u, = cosh™ [0 l ’ (44)
— 1\12 12 _ {\12 12
P - (/\,._1 1 <1 + &, 0, = ()\,. 1 (1 + &, ,
A +1 1-39, A+ 1 1-9,
1+ P, 1+ 0,
=1 r =1 4
Pr - 2 10g 1 _ Pr ’ | 4 2 log l 1 . Qr ’ (45)
the formula for the ordinate z at the point (x, y) of the plan-form can be written in the form
_F A4 R, (@ B u- 2Ry(8
= A 2 (x—xr) 1( r) + 5 (‘x xr) 2( r)
dar 7, 2 z
- L3 [U-Be-aIRE) + 5 -nPR)] | (46)

with x, = f(,)in the first sum [L], and &, = g(y,) in the second sum [ T]. R (¥,), R,y(¥,) are functions
of &, given below. The summation of each sum is for values of » for which both x, — By, < x — By
and x, + By, < x + By. '



For points (¥, y) on the wing plan-form for which % & ﬁy{ £(v,) £ By,, or for a wing with all

supersonic trailing edges, the second sum [T] does not appear.
The functions R;, R, are given by

Ry(#,) = (@) + (b)

- (-

r—1
where, for &, > 0, k,_; > O:

€1 G

w_%,

@ = — Qv=A) fttr — VA—82} + (A2 =12 )00,

0) = =2/ 1= 1) . (1= Ad)p, + 24/ (K= 1) . (1= AD,)g,

_19\ 213/2
(@ = a4 E

A

- ' Ap_qlt, R '
(d) = 21 (B —22_49,) vV(1-97) - Tl {@X_—1)%?

= Ahid + 2+ 2/ - 1) (L= A8,

A A,
(6) = 3 (3=24,8) V/(1=82) = (@A =102 — 40, + 2}

+24/(A2—1). (1-\8,)%,.

(49)
' ‘ A=\ A 1\1R
When %, < 0, replace A, by — A, v/(A2—1) by — 4/(A2—1), and (m) by (A—l) | wit
Y o
similar replacements (with suffix 7 —~ 1) for &£, ; < 0. :

7
A sufficient number of points y, might be chosen so that the points (x, ») at which the ordinates
are to be calculated lie on the middle chords of the segments of the wing. Then

¥ = 40,4y, and 6, = E0ra=I)

2(.%‘ - DC,.) .
Also the approximation to the local chord might be taken as

o (Yt (Ve T
o= () s ().
If point (x, y) lies on a leading-edge or trailing-edge segment of slope =+ k,, &, = + 1/A,

u, = cosh~1},, and the last terms in (b) and (e}, [(1—A9,)g,, (1—AP,)%g,], tend to zero.
(Point (#,, v,) on an edge would be taken as a point on segment of slope &,_;.)

If A, = A,and ¢,y # ¢t

(@) =) =0; () =(d),
and

RG3) =0 R) = ;- ) (@)

Cr

10
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If A ;= —Aande¢_, =c¢,
@) = —2A{u, — V(1-9,%;
(b) = 2 V(A2 =1 (o —Adm,)

ity

Rfy) = 2 [~ Mfur = v/(1-52) + \/(Af— (o~ Adw)] (50)
Ry(,) = — [AZ” 2+ @i-192 - S y(1-2)
+ /2~ 1) {2\, — (1 +?\fﬁﬁ)%}] , (51)
where
o 11ee | LTS _ gL
r 2 g ].TV—,, ’ W, = |1 _ 5
Y/ I _— rvw—l)

Ay V(=82 TToV/A-9y
When point (x, y) lies on the leading or trailing-edge segment (slope £,), (50), (51) become

R() = 2{y/(\2—1) — &, cosh 20} (52)
Ry#) = 7 [ coston, - SVye- D] (53)

For the swept-back wing (Figs. 1, 2) for which g() = ¢ + k|7 | and, for 0 < 9 < &, f(9) = k9],
for all points (x, ¥) on the wing such that x + By < }(k+f), (i.e., all points upstream of the after
Mach lines from leading-edge points y = + 1) the exact solution of the linearised equation is
obtained from (46) with (50)~(53) by putting r = 0, %y =y, =0, y;, =%, k. =k = —k,_; in
sum [L] when % + By < ¢, and in both sums [L], [T] when x + By > ¢.

It is not suggested that it would be better to use approximate formulae than to use the integral
forms, except perhaps for parts of the wing where the approximate formulae become exact. The
above formulae were used to obtain some preliminary results fairly quickly before a DEUCE
programme had been made. They were also found useful later for checking.

5. The Numerical Evaluation of some Singular Integrals. Analytical methods for evaluating the
‘finite part’ of an integral, the ‘Cauchy principal part’ and the ‘generalised principal part’ of an
integral are well known (see Refs. 3, 4 for example) and details will not be given here. For purposes
of reference, definitions and relevant formulae are given in Appendix II.

For the integrals in Equation (7) in Section 2, one of the usual methods for evaluating the finite
part of an integral can be used (see Appendix IT). Equations (6) are derived from (7) by an integration
by parts and evaluation of the finite part.

Integrals discussed here are those which arise from Equations (6):

" (1) when integration with respect to £ is performed analytically;

(2) when integration with respect to 7 is performed analytically;
(3) when the double integral is evaluated numerically;
(4) when point (, y) is on a leading or trailing edge.

11



(1) If ACp(€, %) is of such a form that a first integration with respect to & can be performed
analytically, in general, integrals of the form

f Pl ) {(s= P = B =™ .

n (y—n)*
or
P’!
., Pz, )cosh“1 A= — Fln ‘)dﬂ

have to be evaluated numerically. £ = F(z) is the equation of a leading or tralhng edge and the
functions P(x, n), F(n) are continuous in the range 7, < % < 71,.
For the numerical evaluation of these integrals when 7, < y < 7,, write’

P P
79 a 19, b
NSRS IS
17 m b . a
where a, b are suitably chosen, and 7, < @ < ¥ < & < 7,. (It is usually not convenient to take a = 7,
or b = 7, one reason being that the integrand may diverge for a different reason near y = 7, or 7,.) -

The integrands in the first and second integrals are finite and cause no difficulty. The third integral
can be put in the form

f P(x, 7) . R(®, , 7)
. P

1 1
= — —— P2, 0). R(x,y,0) — —— P(x,a). R(x, y, a
S P b). R(5,3, ) = - P, @) R(5,, )

b—
+ [P(5,9) (5= ) = P(s3) . PO log .2 o | o100
[P R p )= Pl r) |
a Yy—m .
b rP(x, — ! , 1 |
s [ [PRnee ) b)) B

where R(x, v, n) = {(x—F(7))? — B¥y—)*}'%, and the dash indicates differentiation with respect -
to 7y or y. ‘
The integrands of the three integrals in (54) are finite at = y provided that P(x, n) and P'(x, 7)
exist and are single-valued at y = y. A formula similar to (54) has been used in a DEUCE programme.
Another form (useful if the expansion converges sufficiently rapidly near n = y) can be obtained
by expanding R(x, ¥, 1) as a power series in (y— 7). Thus

P
fb P(x’ 77) - R(x, v, "7) d
o (y—2)7

- fb P(s, 7) (- (’7))[ T A } o e

a (y—m)? 2(x—F(n)® 8 (x—F(n)*
12
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- The first integral

P P
(2 P, )@ —F(n)) , _ [P 1)
fa (y—n)? = f ( _””)zdn

is equal to

Pi(a P b Py - P/

_ l;l("c’ b) . l(x’ Ll) (A y) log y J\ 1 (.X', ')7) 1 (.X', y) d77- (56)
-y y—a ¥y - a y—9

The integrands in (56) and the remaining terms of the series in (55) are finite or zero at 77 = .

The numerical evaluation of the integral

( pre ) coupr ® = FD)
f“P(”’n)COSh ﬁ‘y—ﬂd

is fairly simple (provided that AC, and F(x) are suitably chosen). One method is to write the

integral in the form

fb P(x, n) cosh™! Z I;fg?l) d
= (b— x osh-t &~ 29 @) — %, a) cosh™1 > @)
= (b—y) P(x, b) cosh B—) + (y—a) P(x, a) cosh B—a)
b P(x, m)[x—F(n)— F'(n)(y—n)]
" f @ R(x, 3, ) &
+ f b P'(x, m)(y — =) cosh~ %5%) dn, (57)

in which the integrands are finite at p = y.
(2) If a first integration with respect to 7 is possible by analytical methods, integrals of the form

P
" 09, 8) 4
o x¥—§
occur, the function Q(x, y, £€) being continuous in the range 0 < £ < x, and generally (but not
always) of such a form that the integral converges near ¢ = . The treatment of this integral depends
on the particular forms of ACR(¢, %) and F(xy).
(3) If the double integral in Equation (6) is evaluated numerically:—
The double integral to be evaluated is

f T ACH(E 7) (w— &) dgdn

(= m)(x— £ — By —m)HH=’
where the region of integration, 7, is the region on the wing plan-form for which x — £ > 8|y —1|.
This integral can be written in the form

P772 2 2 2 211/2 1
fg[ (o7 — B~ ACp(éan):'G—_n—)zdn
b ® {0 — B P 5 ACH(E, 1)
<]l e &

13
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£ = f(n) and &, = x — B|y—n| or g(n), and the first integral is of the form

r
f”zp(x»y:ﬂ)-R(x:y,ﬂ)dn <y <7
’ 1 20

71 (y_ 77)2
the same form as given in (54) and (55).
The integrand of the second integral in (58) is finite in the region of integration except near
n =%, (ACp(&, n) being suitably chosen). For integration over a strip a < % < b, the integral
could be written in the form

Jb Jx—ﬁly-ﬂl l:{(x_g) — By — 77)2}1/2 ACP &) —(x—§) = af ACP(g’ ):I

16 (y — 77)2 df d”]
.r UmiA@@m )
et o M 59)

where & = f(a) or f(b) (whichever is least), and in the second integral a(§), b(£) vary over part of
the range £ < £ < x for which the integral is to be evaluated. Before numerical evaluation, the
second integral in (59) should be put in a form similar to that given in (54).
(4) When the point (x, y) is on a leading or trailing edge (Equation: ¢ = F(%)), x = F(y) and
1, OF 71, is equal to y; 7y, 7, are given by
_—F(ﬂr):ﬁiy_"]r| 7=l:2'

Integrals of the form

f P(x, ) cosh1% Bl (nl) dn

remain finite provided that P(x, ) is finite in the region of integration. But integrals of the form

f"sz Nix—F(n)* — Ply— 71)2}1’2
- (y—n)?

become infinite unless ACp(€, %) is so chosen that

L PIF(), 1] R(x, 9, )

r=1lor2
7=, (777' - 77)2 ( )

exists.

If this limit does not exist, the integral has a logarithmic singularity when %, = y, although, in
general, an analytical integration of the singular expression with respect to x is possible (and finite)
at x = F(y). This causes some difficulty when numerical methods are used, especially with respect
to the camber shape near the wing tips.

Extrapolation near leading and trailing edges has been used in some existing DEUCE programmes.
This is not very satisfactory. A programme for calculating the shape of the surface at the wing tips,
where the distances between leading and trailing edges are small is then not possible. It may not
even be possible to obtain the shape near the tip by extrapolation, since the ordinates extrapolated
along different lines through the tip may not converge to a unique point there.

14



Some research on methods of programming for such singularities could be done. One method of
dealing with the difficulty is suggested below. (The method is given for an integration with respect
to 7, but a similar method could be used for numerical calculation of the double integral.)

If the point (x, y) is on an edge £ = F(y), so that the limit 7, = y, writing

72 a 72
o=l
1 71 R
(for small local chord, e.g., near the wing tips, @ could be taken equal to #,), the contribution to

the ordinate z at point (x, y) from an integral of the form

P

fﬂz P(x, m) . Ry, 1)
71 (y N 7])2

could be written

Az = (A2), + (A9,

where 7
(Az), = f [ f P(x, ) {(x—zé(vn_));); CACTl)s i |

d ’ f Z [P(x’ 2 (%f_ff))z - 52§1/2 — P, y){(F'()* - ﬁz}l’z} y@-ﬁ] dx (60)
(A) = = (F'O))* ~ prp limit f P(, ) ( Jf ;@) . 61

The two integrals in (60) should cause no difficulty, and (61) can be put in the form:
\ a0
(A2)y = — {(F'())* — B} [108 (y—a) fF( P, y)ax
Y.
= P, 3) (o~ F(5)) log {na(0> ¥) — 3}
. ]‘0
o]
iy

— 1
) xnz - ;y) BT F'(n2>§ . | (62)

aix' P(x', y) (' — F(y)) log (% — F(x,))

It must be remembered that in the integrand, n, = 7,(«’, ), a function of &, y, given by

& = F(y) = B(na—y),

9%, ¥) =y  when & = F(y),

and that

0%, y) >y when & > F(y). (63)

The integrand in (62) converges at &' = F(y) and it should be possible to programme (62) for
DEUCE, or other electronic computers, and thus avoid the need for extrapolation near the edges
and a certain amount of guessing at the wing tips.

15
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The formula for the total ordinate = at a point (x, ¥) on an edge would be of the form

2=zt f %z 09), (64)
"’:0 X

where 3z,/dx is the contribution to the gradient from other integrals which can be evaluated at the
edge, and x,, 2, are arbitrary constants or functions of y.
A similar formula could be derived if %, = y.

6. Conclusion. A method has been given for calculating the shapes of camber surfaces of
swept-back wings of arbitrary plan-form, with subsonic leading edges and specified load distribution,
with particﬁlar reference to some of the difficulties encountered in the numerical integrations. The
method is primarily intended for programming for calculations on an automatic digital computer.
It is obviously not possible to produce perfectly general formulae or programmes (beyond the basic
integrals from which all such formulae would be derived) to suit all plan-forms and all load
distributions. The particular methods used must depend partly on the type of load distribution
chosen and (to a lesser degree) on the plan-form of the wing.
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51

F(n)
F(x, y, u,.)

F(n)
Y&

(Ga, b)r

G(£)
&(n)
¢
H,(n)
H(n)

k()
k

k,
M
P(x, 1)
Py(x, 1)

NOTATION

A constant coeflicient in Equations (22), (31)
A function of %, y (Appendix II) |
cf. (54), (59), (60)

A constant coefficient in Equation (22)

; [40)

>
d 71
=0 °

cf. Equations (54), (59)

(n— y)r:l (Appendix I)

5 [(—"—1—) A9(5)(=7Y | (Appendix 1)

r=o L 71

Integrated chord loading coefficient
Lift coeflicient

Root chord of wing

‘Kink’ chord of wing

Value of ¢ on a leading or trailing edge

B

1R = D b v, 1 )+ 3 simh 22,)]

=] )

Value of £ on a leading edge

Value of 7 on a leading edge
P

¢l
b Flx,y,n, u)dn, r =1or2
e

cf. Equation (18)

Value of ¢ on a trailing edge
Value of 7 on a trailing edge
cf. Equation (.13) |
Bl(g(n) — £(n)

A +f(n) . H(n)

Tan (sweep-back angle)

cf. Equation (42)

Free-stream Mach number

. A function of (x, 7). cf. Equation (54), etc.

P(x, 1) (2~ F(x))
17



NOTATION—continued

Ay — N2 1 a2
e Gas) ()
A +1 1-9,
1+ P,
Pr = %].Og ‘ 1 _ Pr -
Ox,y,6) A function of (%, y, £). cf. Section 5, (2)
' A—1 + 9\ 12
o - (1) (755
1+ 0,
= 1 v
4 = 3 1 ‘1 _ Qr
Ry, R, cf. Equatlon (46)

Rs,y,7m) = {(x=F(n)) - By—m)pe

o= 5 z (x By) (a characteristic co-ordinate)
as Element of wing surface (Equation (1))
S = 5 5 (x+ By) (a characteristic co- ordmate)
x—£
@ = cosh™t| >
Bly—m)
1y, Uy - cf. (27), (35)
= -1
o, cosh~ [ {} | —(cf. (44))
V Free-stream velocity
1 /02— 1\
Vo= 5 ()
1+ 7,
o = %lfl_v
A2 — 112
W = o ()
w, = 4%log H i W,
x Chordw1se co-ordinate (measured in the free stream direction)
Y Spanwise co-ordinate (positive to starboard)
z Normal co-ordinate (positive upwards)
B -

18



AC,
AQ

&

iy

3 v Uy

NOTATION—continued

Loading coefficient

Jump in the value of Q across the surface of the wing

cos™?! B fcy__ ;7)
B(y —yr)/(x - 'xr)
|%, |18

Chordwise co-ordinate—cf. (1), etc. (variable of integration)
Normal co-ordinate—cf. (1), etc. (variable of integration)
Spanwise co-ordinate—cf. (1), etc. (variable of integration)
Region of wing surface for which

CE= P =P+ DT 2 08— £>0
Velocity potential

Acceleration potential

19
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APPENDIX I

Evaluation of the integrals:

@)  X.= fgm En(n—£) dé

g (2= € — By — )%}

P
i _ (8} ,qn d77
@ Yia= | o = (o= B — By — ™

(1) Writing
, ¥ = fﬁz(ﬂ) EM(w— £y de
) g W — €)F — By — )72
nr = xXn,r—l - Xn+1,'r—1: nz0,r>1,
and thus
Xn,l = xX'n,O - Xn+1,0 (65)
for all values of n > 0.
Forr» = 0:
nX, o= (2n—DxX, 1 ¢— (m-1){x*—-B(y—-n)} X -2, 0
- £
+ [ (- 27— =]
£
= @n—1X, 10— (1= 1) — FH—1))Xs a0
+ By =) [sinh u {x — B(y —n) cosh u}"“lJ ’ , nz2. (66)
. g
x— & []% ,
X, =[—cosh“1 } = — uy + Uy, 67
0,0 ﬁ(y _ 7’) 51 2 1 ( )
12
Xy = 8K + | (e 87 - Bz(y—n)2}1’2L
1
= %X, o + B(y—1) |:sinh u] S (68)
ug
where
1 = cosh™?! Lg
Bly—m)
Also ,
g2 . ug
Xy = [~ (e~ PO~ n)z}”zl = —Ay—7) [siahu . (69)
1 Uy
(i) Writing
Y, = f’iz(f) " dy )
"’ mte (V=) {(x— €)2 — By — 7)1
Yn,’r = yYn——l,r - Y’n—l,r—l: nzl, r>1,
and thus
Yn,2 = J’Yn—l,z - Yn—-l, 1 nx1, (70)
and
Yy1=9Y01— Yoso n> 1. (71)
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Forn=20

[l 8 — By — e
Yos = | ) ]

L [ B £+ {— 82 =y~
Yo1= [x —¢ [Iog

B(J’—’?) =91
1 1 + sin 67%
= x—f[log cos @ Ll;
Forr = 0:
Y, o= (2n-1)yY, 1, + {(x EP — B Y, a0
1 . L)
— |t (e — )2 — By — )P
5 |7 6= 92— PO—0) ]
(272 1)y Yn 1,0 + {(x 5)2 Bz 2} Yn~2,0
TR (x 3] [sm gy % ; gcos 0 n_l:|z )
1 2
Vio = 3¥s0— g5 | (5= = PO—np2 ]
7
=yY,, — — 8
=YX Bz(x £ {sm Ll,
A By—m)r _ 1
Yoo _B[cos pac 1 = 5 (0= 0,
where
0 = cos*lM .
x— &
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APPENDIX II -
Stngular Integrals—Definitions and Formulae

The ‘Finite Part’ of an Integral

J

The order of integrations f cannot be reversed, each definite integral being independent of

*

The symbol f denotes ‘finite part of an integral’, and is equivalent to Hadamard’s symbol

for single ihtegrals, but not for double integrals. (See Refs. 3, 4.)

*

succeeding operations. In using the symbol J‘ all singularities for which the order of integration

is irreversible are excluded from the area of integration and are treated separately. This symbol is
not used in this report.
By definition:

[ (2" A (e v A
f a (55) (_3’—77)1’20’777 - <8y) = ,7)1'2‘1’7 (77) |
and hence |
PAM) L (=Lyzeela\n v A(y)
f a (y—n)"+”2d77 (! (a_y) LW‘Z’% (78)
n> 1

A sufficient condition for convergence is that the function A(n) is continuous at n = y and
integrable elsewhere in the region of integration. :

ody (=lpzeala\m v dy
Jy—m T (2n)! (5}) f o (y—m)'?

-2

In particular,

T Cn-1)(y—ay-1r n =0 (79)
Also
v Ay, ) o, (=1)ym22mp | 3\ (¥ A(y, 7)
J o= T ) (‘85) G (80)
provided vthat
timie [ (5= ()" 400 )] =
n—>y
Writing
*
A g f’ Alr) = Clov ) f C(y, 1)
o (y — )i o (y—m)nil (y— n+1/2
where

e = 2 [S am)0-],
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it can be shown that

?(Am P U ECCLY

o (v — Ytz i QW@Z— n
(<tpri 21
+ 2 [(n y)l (2r = ) At (y)(y_a)r_l,,a}, (81)
where AY(y) denotes ( aa ) A().
Similarly
*y‘ Ay, 1) _ (MA@ = Cosym)
fa(_’}:'——-—’);jmdn - fa (y n)n-l—l 77
O 2 1
+ 5 (G0 e A0 gl
where

Il

cwivn = 5[5 4,50

.
and A%(y, y) denotes [(ai) Ay, n)}
7

In both (81) and (82) the integrand on the right-hand side is finite at 9 = y.

7=y

It is also useful to remember that if the indefinite integral f (_i% m = F(y, ) exists, and

ifa < y < band f(y, n) is real in the interval @ < % < b, then
#* *
v S ) f” fG, )
= —dy = Re | ——~—
J 5 o (y =y

= Re [F(y, b) — F(y, a)]- (83)

The methods shown above can also be used to evaluate an integral of the form

ff A(x, y, €, m)dédy
{(x— €2 — By —m)2pn+ie’

where the region of integration is defined by (x— £)? > 8%(y — 5)

The ‘Generalised Principal Part’ of an Integral
P

The symbol f denotes ‘generalised principal part of an integral’.

By definition:

P
* An) 1 79 \»+L
e dn = — — (5o A1 d
(=2 T Tl (E}y) f (n) log [y—n|dy
1 /3\™ [? Ay
= — U d’ 8
"1(331) Jamn—5"" (84)



When n = 0, the above integral becomes the Cauchy principal part

[° A 9
—dn=———f/11710g n—y | dn. 85)
Ji—yP = Ty ) A loe [1-y] (
For convergence it is sufficient to assume that A(») and its first » derivatives exist and are single-
valued at y = y, and that elsewhere, A(7) is continuous or with integrable singularities.

In particular
P

J‘b dn 1 (8)” [t dy
e e o — c ——
o=y wl\y) Jan—vy
1 1 1
= — - , n=1. 86
n [(b—y)“ (a—y)”} (86)
Also
+ P -
b Ay, m) 1 (3)" f’ A(y, 1) -
gy = | — dy, n>0 87
o=yt T w ) ) =y @ ®7)

provided that A(y, n) and its first # derivatives with respect to y and y exist at = y.
Writing
P P
PoAl) g f” A(n) — B(y, 1) f” By ) 4
o (=)t o (n=—yytt o (=)t ’
where ‘

B(y, ) § [Am(y ) (n ~y)’},

s—oL 7!
it can be shown that

[ A() (P A(m)— B(,m) AD) by
d f Io

am T o (=)t nl gy_a
_rramyy 1 1
2 o= G-y (a—y)f” (85)
Similarly
P .
b A(y, 77) dn = fb Aly, 77) — B(_’y;y, n)d N A(n)(y, D) o b —y
fa (n =)yt - a (p—y)*t Y al gy —
IR L ) TR W
1-%1 [ (m—r)lr [(b—yY (a_y)rﬂ . (89)

In both (88) and (89) the integrand on the right-hand side is finite at 7 = y.

Ay, ) J

It can bevproved, by induction, that if the indefinite integral f =y w = H(n, v) exists,

and y # g, b, then

P
b A, ) _
a (n_y)n_ﬂ - H(b’ y) H(tl, y) (90)
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Fic. 1.

Swept-back wing (a), plan-form and regions of integration.

Fic. 2.

P

. ("Nh\ﬂfﬂ)
Ky

x=%r B YY)

x=9(4,) \i\
x‘?’(‘iru)

Swept-back wing () (leading edge approximated
by a polygon).



%3

Fic. 3. M-wing (5) (Plan-form and regions of integration).

)
o (0.72) >y
Y
%%
Fic. 4. M-wing (8), showing the different regions.
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