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Summary. An improved method of solving the rotor blade flapping equation is described which avoids
the laborious computation of those at present available. Successive approximations to the solution are made
but the rapid convergence makes the second approximation sufficient for all practical purposes. The effect
of inclining the flapping hinge is considered and an analytical solution including these effects is given in an
Appendix. The results show good agreement with an exact solution.

1. Introduction. In this paper a study is made of the transient flapping motion of a rotor blade
in forward flight. This problem, which is of importance in the determination of the control response
of a helicopter, is of further interest in that the equation of motion suggests that flapping might be
unstable at high forward speeds. For this reason there have been many attempts in the past to
obtain an exact solution of the blade flapping equation. With one or two exceptions these solutions
indicate that flapping is stable for all practical values of the tip-speed ratio. Therefore, since no
cases of instability have been reported, and since an exact solution is already available, it would
seem that there is little point in presenting yet another solution. But in none of the solutions so
far presented are the physical processes- made clear, nor is the convergence rapid. As a result,
the different methods yield differing numerical results and the exact solution can only be obtained
after laborious calculation. Again, most of the previous analyses were concerned only with the
stability of the flapping oscillations and little attention has been paid to the problem of calculating
the actual blade motion. '

Hitherto, apart from the possibility that the blade might strike the droop stops, an exact
knowledge of the blade motion following a disturbance has been of little importance. But recent
strain-gauge measurements of the stresses in rotor blades have revealed that these cahnot be
correctly predicted on the basis of simple aerodynamic theory. Therefore, as part of a wider expéri-
mental programme, it is intended in the near future to make measurements of the aerodynamic
forces on a rotor blade which is in forced oscillation. In order to estimate the influence of frequency
on the aerodynamic forces it will be necessary to separate the changes in the blade motion which
are due simply to a change in exciting frequency from those which are caused by variations in
the aerodynamic forces. In other words, we must be able to calculate the flapping frequency response
when the aerodynamic forces are given and to do this the complete solution of the flapping equation
must be known. Thus it will be seen that there are good reasons why flapping should be more fully
investigated, especially if a method of solution can be found which can be extended to deal with

the motion of elastic blades.



Since the derivation of the flapping equation is straightforward, the details are omitted here,
but are given in Appendix I. For simplicity, it is assumed that the blade is untwisted, of constant
chord, and that it is stiff against both bending and twisting. The flapping hinge is assumed to be
on the axis of rotation* and perpendicular to the spanwise axis of the blade, i.e., 8, = 0 (Results
for the case when 8; == 0 are quoted in Appendix II). The lift curve is assumed to be a straight
line and the effects of stalling and reversed flow are ignored. Then the flapping equation is

d*g .
7 i ZC(t) 7 -]- P2(t) B = E(wt), | | (1)
where ‘ ‘
20(2) = no [1 + 43—" sin wt} , ©
g )
P(t) = 0® |1 + —3~ cos wt + np? sin 2wt |, (3)
E(w?) = aerodynamic forcing function (independent of jB). A 4

Equation (1) is a linear second-order differential equation with periodic coefficients and therefore
its solution consists of a complementary function (transient) and a particular integral (steady state).
At this stage we are concerned only with the transient motion, i.e., with the solution of

@p ap

e o =0 o (5)
The first attempt at a solution to (5) was given by Glauert and Shone', who neglected the second
derivative and concluded that flapping is unstable for large values of p. Bennett® later showed that
this approximation was invalid and obtained a numerical solution to (5) for the particular values
n =15 =10, 8 = 0. From his results he concluded that flapping is stable for all p < 1.

Another approximate solution was developed by Sissingh®, who assumed that B could be expressed
in the form '

+ 2C()

B = zA cos rwt + ZB sin rwt , (6)

where the 4! and B, are functions of time. Substitution of (6) in (5) leads to a set of simultaneous
second-order differential equations with constant coefficients. For the cases considered it was
found that flapping is heavily damped for small values of p. The principle disadvantage of this
method is the heavy labour required, even for the first approximation.

By far the most rigorous and precise solution was given by Horvay?, who expressed the coefficients
of (5) in complex form and then made use of the substitution ‘

+ o
ﬁ — erot z Ck eikwt’ . (7)

in which 9 and the C; were unknown. This led to an infinite set of simultaneous differential
equations in the Cj, and y was determined from the condition that these equations should be
consistent. The disadvantages of this method are:

(1) The number of equations to be solved is very large and therefore it is necessary to expand
a determinant of very high order

* The case of offset hinges presents no difficulty but is omitted here for the sake of convenience.
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(i) After expanding the determinant, y must be determined from the roots of a complex
transcendental equation.

The labour involved in these computations, whilst not prohibitive, is considerable and the method
~ does not lend itself to routine calculation, especially if ‘3;” effects are taken into account.

In a later paper, Horvay and Yuan® described an approximate method of solving (5) based on the
assumption that the periodic coefficients could be replaced by constant time averages throughout
each of the four quadrants of a revolution. Once again this technique suffers from the disadvantage
that a determinant of large order has to be expanded. It is very difficult to justify the expenditure
of a great deal of effort on a solution which can be only approximate.

Parkus® solved (5) by means of a substitution of the type

B=Bo+ ufi+ phs+ ...+ B + ... (8)

in which the B, are functions of time. This method, which is a standard technique for dealing with
both linear and non-linear equations, is very well suited to this problem, but Parkus did not use
it to the best advantage. The convergence of his solutions was poor and the numerical results
did not agree with those of Horvay.

A much simplified approach has been suggested by Owen?’. The procedure is to assume that,
at any azimuth position, the periodic coefficients are constants corresponding to that azimuth
position. This suggests that the blade first tends to become unstable on the advancing side and
it is shown that p must be less than a certain value to prevent the onset of instability. Because it
is so simple this method has much to recommend it, especially since it may be used for blades
with more than one degree of freedom, but detailed comparison with an exact solution will be
necessary before its wider use can be justified.

In the present paper an alternative method is described which avoids many of the difficulties
of the previous solutions, particularly the expansion of determinants of high order. A method of
successive approximations is used but in the early stages of the analysis it is necessary to make
certain substitutions which, if one is not familiar with the theory of differential equations with
periodic coefficients, may appear. to be quite without purpose. Therefore, in order to demonstrate
the necessity for these substitutions it has been decided to discuss the more salient features of the
results before setting out the theory. From these results it will appear that the solution of the
flapping equation may take one of several forms and it follows that the convergence of the process
of successive approximations will be most rapid if a solution of the correct type is chosen for the
first approximation. In general it is found that this cannot be done without introducing two
additional parameters into the flapping equation. It is their presence which may lead to some doubt
and confusion, but it is possible to avoid this if it is clearly understood from the outset that the
sole purpose of these parameters is to improve the convergence of the solution. In particular, no
attempt should be made to endow them with physical significance.

2. Preliminary Discussion of the Results. 'To avoid the complication of too many variables
attention will at first be confined to the case where §; = 0; there is no loss of generality in this
but a more complete discussion including the effects of §; is given in Appendix II and Section 6.

In hovering (i.e., p = 0) the flapping equation reduces to

B +#f +B=0, 9)
5
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where dashes represent differentiation with respect to b (= w?) and ) = wt has been substituted
into (5). The solution is

n2

B(p) = e~ m™i2 I:C cos (1 - 1)1/2 $ + D sin (1 - %2)1/2 z/l:] . (10)

The oscillations following a disturbance are therefore damped and the rate of decay and the period
of oscillation increase with the inertia number, # (In practice, 0 < # < 2 usually, but if # > 2
the motion is, of course, a subsidence). '

When g =0 it can be shown that®

B) = Coe Py(y) + Cy e Py(), (1)

where C,, C,, are arbitrary constants, P(}), Py(i}) are periodic functions, and v;, v, are real constants.
For certain values of x and # it is found that forward flight tends to make the flapping less
stable, 7.e.,

n
n(say) = —5 + 4, (12)

where A is positive. When presenting the results it is convenient to express this reduced rate of
decay as an apparent reduction in the value of #, i.e., we put

na
- (13)
where
—Tapp = — B+ 2A. (14)
The degree of instability is then given by the ratio #,,,/n, where
Mapp _ 4 _ 2A
—— 1 o (15)

If nypy/n =1, A = 0 and forward flight has no effect on the stability, and if n,,,/z = 0, the
disturbed flapping motion is an oscillation of constant amplitude. If #,,,/# < 0 the flapping is
unstable. The actual values of 7,,,/% for the case 8; =0, 0 < # < 2, 0 < p < 0-4 are shown
in Fig. 1. It will be seen that A > 0 in only two regions of the y, # plane. Elsewhere, outside these
regions, A is zero and forward speed has no effect on the stability. For a blade with #n = /3,
p = 0-5, the amplitude of the transient reduces by 93 per cent per revolution so we conclude
that flapping is stable under most practical conditions. For the same blade, when u = 0-75,
the transient reduces by 87 per cent per revolution, so that the motion is still stable although the
damping coefficient of equation (1) becomes zero at some azimuthal position (¢ = 3#/2). Although
these results are of considerable importance in themselves, from the point of view of the method
of solution, there are others of even greater value.

The most important result is that within the regions of reduced stability the period of the functions
P,(f), Py(4) is a constant, whatever the values of p and n. In the lower region, i.e., for small
values of #, this period is one revolution and in the upper region (# ~ 4/3) the period is two
revolutions (frequencies of one and one half cycle per revolution respectively). Between these two
regions the period varies continuously.

With the exception of the periods of oscillation, the numerical values in Fig. 1 apply only to
this problem, but the fact that the period of oscillation is constant in the less stable regions applies
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to any blade configuration. Indeed, this result appears to hold for any linear differential equation
with periodic coefficients. The above results provide the starting point for the method of solution
described in Section 3. '

Because the period remains constant for A > 0, the solution is more easily obtained in the less
stable regions of the u,n plane. We shall therefore demonstrate the procedure by looking for
solutions which have periods of one and two revolutions of the rotor,

3. Determination of the Solution when A > 0, 8; = 0. 3.1. General. 'The first step in the analysis
is to reduce the flapping equation to a more convenient form. When 8, = 0, the left-hand side of
the flapping equation becomes

B+ n(l + fpsing) B’ + (1 + 4npcossh + nu?sin 268 = 0. (16)
If we put
: 2
B) = exp | = 5+ 3omcosy ), (17)
then (16) reduces to | |

2 \

2 2 2 2
v+ (1 — nz__ §n2,u,2 + g np cos iy — §n2p, sin ¢ + ap?sin 24 + §n2p,2 cos Zz/r)v =0. (18)

This equation for »(f) contains no first derivative (»'). Now (18) itself is a linear differential
equation with periodic coefficients and therefore its solution is of the form

(i) = e $() , (19)

where ¢(6) is periodic and A is a constant. The substitution of (19) in (18) now yields
& + 22" + ...

2 2 2 2
.+ (1 _nz —§n2,u2+ A2+§npcos¢—§n2,/,sinl/1+n,u,zsinZz/;

+ %nzpz cos ZIﬁ)g[) = 0. (20) -

At first sight this may seem to be a retrograde step since the first derivative has reappeared, but if
we put g = 0 then (18) reduces to

72

v+ (1 - X)V =0, (1)

the solution of which is periodic for #» < 2. Hence, when u = 0, A = 0, and v(s}) = ¢(¢). Thus
if the exponent A does exist it can only do so in forward flight (1 > 0) and this is the case in which
we are interested. Therefore, if we solve (20) for ¢ and A the effect of forward flight on stability
will be immediately evident. '

In principle the method of solution of (20) is straightforward. At this stage only solutions whose
period is one or two revolutions are sought and therefore we require ¢(3}) to have one or other of
these periods. Also the equation for ¢(s) must reduce to (21) when p = 0. X is to be positive and
must vanish when p = 0.

(791986) A% 2



Now g is small, therefore a possible approach is to expand ¢(s) and A in ascending powers of
K, 1.e., we put

¢ = o + pb + 1y + ..., : (22)
A= pd + pe + ., (23)

where the ¢; are periodic functions of ¢ and the A; are constants. This substitution satisfies the
conditions that A vanishes when p = 0 and that ¢ = ¢, when p = 0. If ¢(b) is to have the
necessary period then either

o = Elcos% + F, sinl-'bz—
(24)

or
do = Eycosp + Fysin il

But equation (21) shows that this is only possible when # = 0 or 7 = +/3. We shall consider the
case 7 = +/3 first, since the results are of greater practical interest and the less stable region is
wider and more easily determined.

3.2. Solution when plw = 3. When p = 0, the period of oscillation is determined by the
constant part (1 — n2/4) of the periodic coefficient in (20). In this case n = /3 when p =0
and 1 — #%/4 = L.

When p > 0 the constant part becomes 1 — {n? — 2n2u? and for a given value of p there is
only one positive value of 7 for which 1 — }n? — 2n%u® = }. Because p is small the period must
still be dependent upon this constant part but the form of the dependence is as yet unknown.
Therefore the constant term in (20) will be replaced by

2
1—%—%n2p2:%+yai+p2az+... (25)
where the ¢; are constants to the determined. When p = 0, equation (25) is satisfied by # = /3.
In other words, whatever the values of u and #, the constants ; must be adjusted in such a way
that (25) is always satisfied. (25) is the first of the substitutions discussed in the Introduction.

In order to solve (20) we substitute (22), (23) and (25) in (20) and obtain

bo" + pd + p2 4+ o+ 2ph o pPAe )b s Ry )
v+ [ opa + oplay oo+ pPAR + 2000 + ..+ Bupcos g — FnPusingd +
b mptsin 2 + Bt cos 20] (b + pdy + wiby +..) = 0. (26)

The terms may be regrouped as coeflicients of the ascending powers of u:

| - , 2 2,
b+ 20k [+ B0 20+ ady + 3 cos o — 5 sin i |+ ..

2 2 .
e [4)2” + % + 200" + 20" + aydy + asdy + A + 37 cos by — §n2 sinpy + ...

oo\ + msin 24, + 2n% cos 21/1(;50:| pEd ... =0. (27)
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If this equation is to be satisfied for all values of g, then the coefficients of individual powers of p

must vanish separately, i.e.,

P 28)
” é]; _ ' - g g, 2 Q1
¢ + i~ 2Ny a$p 3 n cos Py + 3 n? sin ¢, (29)

»n / 7 2 -
$y" + %g = — 200y — @by — 2N — ad — APy — 37 co8 by + ...

2 2
RS gnz sin f; — n sin 2y — §n2 cos 2, (30)

et e

Thus the original differential equation with periodic coefficients has been reduced to a set of
successive equations with constant coefficients. The general solution of (28) is,

b = E; cos{—g + Fy sin%. (31)

But since (20) is linear its solution is only determined to within an arbitrary constant; therefore

we can, without loss of generality, assume that
¢ = sin (% - cr) . (32)

The ‘phase’ angle o is the second of the parameters mentioned in the Introduction; the reason
for introducing it here is explained below. If we now substitute (32) in (29), (30), etc., (29) becomes

961"+q—}= —)mlcos<l—p2——o) —alsin(%—a) —gsin(%—a) —%E
cos(%[,—cr)—l—gsin(%+cr)+7?cos(%+0‘)+.... (33)

Now ¢, must be periodic, but the solution of (33) is not periodic unless the coefficients of
sin (¢ — o), cos (33 — ¢) in the right-hand side are zero, i.e., unless

A= g (sin 20 + # cos 20) , (34)
n .
Q=3 (cos 26 — msin 20) . (35)
Note. In arriving at (34) and (35) use has been made of
sin(%+o) =Sin(—l/2;-—-—cr+20)

cos (_Sé_f + a') = COS (ﬁ + 20)

(36)



It is now possible to explain the introduction of ¢ in (32). The solution of (33) would be non-
periodic if a term in either cos (46 — o) or'sin (§¢ — o) appeared in the right-hand side. Therefore,
since these two functions are independent, at least two arbitrary unknowns must be made available
to ensure that the coefficients of both cos (3 — o) and sin () — o) are zero. But the @; are not
completely arbitrary since equation (25) must also be satisfied. Thus if it had been assumed
that o = 0, (25) could only have been satisfied for one value of p. But ¢ may take any value, even
complex, without affecting the form of the solution. Therefore it is possible to satisfy (25) for
all w if a; is given by (35).
With a; and A given by (34) and (35), (33) becomes

2
el S
so that
b = 7_61 [sin (%/i - a) + 7 cos (3¢ 0)} . (38)
If we now substitute for ¢, ¢;, (30) can be written in the form
: 2
" + ?-63— — A cos(%—— 0') - [az + /\12-1—%(1 +n2)] sin(%— o) + ...
2
— [%)\1 +gcos% - %sinZa} cos (3—21/‘ — o)
2 2
[n AF 5 sm 20 + %— cos 20} sin (37(/1 - a)
0 3
[l G

¢, will not be periodic unless the coefficients of cos (3i) — o) and sin (4 — o) are zero. Hence,
we must have

Ay =0 (40)

n? ‘
ay = — A% — 1—8(1 + n?). (41)
Then

2
by = |:4/\ +12n +400820—%sin20jcos<§21~/1—0)+...
2 2
+ [gal—%)\l—gsianr—in—gcos%:l sin (371/1—0)

+ [5243 1712] cos (Szlﬁ 0') - [112)2—8 (n* — 3):| sin (52—1/’ — 0') . (42)

This process of solution and substitution may now be continued indefinitely, depending upon
the degree of accuracy required, but for small u it has been found to be sufficient to stop at the
second approximation. Then to the second order in u we have, from equations (25), (35) and (41)

n? 2 1 n . n?
1 - T —gn pe = 7+ p,g(cosZo — nsin Zo) — p? I:)mlz + 1—8(1 + nz):| (43)
and from equations (23), (34) and (40),
A= pd = p(sin 20 + n.cos 20). (44)
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The method used for the computation of stability boundaries (i.e., the determination of A for
given u and #) is given in Section 4.1.

3.3. Solution when p/w = 1. The analysis for this case is exactly similar to that described in
Section 3.2. The substitution corresponding to (25) is

2 ) .
1_»1_6”2“2:14_”41-}-/1,2612-*—... (45)

Using (22), (23) and (45), equation (20) becomes
" + pd + pis” + oo+ 2(pA + pRy XDy +opd] ey L)+
oo [+ pa + play + o+ PR 4 2u3A A, + L+ Emapcosyd — Emlpsing 4+ L.
co A+ np?sin 26 + 202u? cos 2] (¢ + pdy + pihy + ... ) = 0. (46)
Regrouping the terms as coefficients of ascending powers of u:
' bo T o+ [H" + b + 2hdo + by + Fn cos Py — Fa¥sin Polp + ...
oo B+ ba + 255" 4 2Md + ay + agpy + APhy + Fncos P — ...

. — Zn?sin b, + msin 2hd, + 242 cos 2¢¢0]p2 +...=0 (47)
As in Section 3.2, on equating individual powers of u to zero, -
bo" + bo =0, (48)
¢+ by = — 20y — apy — §n cos by + §n® sin Yy, ) (49)
bo’ + by = — 2hefy’ — @by — 20y’ — ayhy — APpy — Fncosyd + ...
+ 2n?sin b, — nsin 2hd, — 2n2 cos 2, . (50)
¢s" + by = ..., etc.

The general solution of (48) is
¢o = Eycosyp + Fisini.

As in Section 3.2 we assume that

do =sin(f — o). ‘ (51)
Then (49) becomes
¢ + ¢ = —2M\cos(f — o) —aysin(f — o) — Encosypsin(f — o) + ...
. + 2n?sinsin (f — o). (52)
But ¢, must be periodic, so that
A =0, . . (53)
a =0. (54)
(52) may now be written
n n? n
¢ + ¢ = §(” cos ¢ + sing) — 7 o8 (2 — o) — 3 sin (24 — o), (55)

which has the solution
¢ = g(n cos o + sin o) + g [7 cos (24 — o) + sin (2¢ — o)]. (56)

9



(50) now becomes
b+ by = l: 27, + 9 smza - z(% —f—gz-nz) cosZc] cos (b — o) + ...

4 1 '
.+ [—ag—l—’gcosZc—l-n( 5 2)s1n20+27 (1+n2)}sin(¢r—o)+...

2,7 (n2 ~4)sin(3p — o) + n ( 55 2) cos (3¢ — o). (57)
Since ¢, must be periodic,
4 1 2' .
Ay = % sin 20 — g (z - §n2) cos 20, (58)
4 2
a, = %— cos 26 + n (% + §n2> sin 2o + 22—7(1 + n%m?, (59)
and hence
v = 2t~ 4)sin (3 o Z) s 3 60
by +¢2—ﬁ(n—)s1n(glx—a)+n2 55 7] cos (3 — o). (60)
The equations determining A to the second order in u are:
nt . n({l 2 :
A= p, = p? [ﬁ sin 2o — 5 (E + §n2> cos 20} (61)
n? 2 S [nt 1 2 2
1 — ‘4— — —9f71,2‘u,2 =1 -+ /1,2 I:ECOSZO' + n (z + 671)811120' + == 2(1 + ﬂz):l (62)

A discussion of the results, together with methods of computation, are given in the next Section.

4. Calculation of Degree of Instability and Transients. 4.1. Stability when plw = L. Tt was
shown in Section 2 that the degree of instability is given by
Map _ g _ 22
= 1 i (63)
In other words, for a given blade and forward speed the stability is determined by A. For the case
where the period of oscillation is two revolutions the relationship between A, u and 7 is obtained
by eliminating o from (43) and (44). Since both (43) and (44) contain first-order terms in w, and p
is small, it is possible to obtain an approximate solution by ignoring u2, i.e., the equations

nz 1

1 =% =4+ p3(cos 20 — nsin 20), (64)
A= u’g (sin 26 + 7 cos 20) (65)
are solved simultaneously.
Noting that
cos 20 — nsin 20 = 4 cos (20 + ¢), (66)

where A% = 1 + %2 and tan ¢ = #, it follows that

Asin (26 + €) = sin 20 + 7 cos 20 . : : (67)

10



Therefore (64) becomes

3 — n? n
7 = W gA cos (20‘ + 6) . (68)
and .
" .
A= ,u,gAsm(Za-i— €). 7 4 (69)
Then if n,,,/n = N, (68) and (69) give
‘ . 3 |
sin (20 + ¢€) = m(l - N), . (70)
and finally, _
9 3 — n?)? :
m' = 162 [(T) +4(1 - N)ﬂ ’ (71)

where p, is the first approximation to pu.

-On including terms in p? and eliminating o from (43) and (44) a quartic equation in w is obtained.
Newton’s method for finding roots of polynomials has been used to find w to the second approximation
(p2), L€ B , |

o Sm)
Ko = 4 — f’(p'l) ) (72)
where f(p) = 0 is the quartic in w. The resulting expression for u is

o [1 ~ % C2pt gg (2BC - D)pg? + (BZ + E)} , 73)
pt + 32ZBC — D)
where T “ '
R
C = ggs - )
= %2(1 + #?)
_ ’:—2'(1 ~ Ny,

.The stability diagram (Fig. 1) is obtained by choosing N and solving (71) and then (73) for p
over a range of n. It will be seen that (73) provides a direct estimate of the difference between
first and second approximations to p. Fig. 2 indicates the error for corresponding values of u
and #, and suggests that the first approximation is sufficient for most practical purposes. For this
reason the transient motions derived in Section 4.3 are to the first order in p.

4.2. Calculation of Blade Transient Motion when p/e = %. In Section 2 the transient flapping
motion is given as :

Bib) = CL PPy () + Cp e Py() ' | ' (74)

CiBi(h) + Cabo() (75)

where C; and C, are arbitrary constants. The two solutions () and By(b) are determined by the

11
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two values (oy and o) of o which satisfy (64) for a given # and u. From (64),

3—n% 3 .
& md’ (76)

so0 that oy and o, are easily determined for inclusion in ¢o(¥), ¢ () in P(). The exponents v Ve

are given by (12) as

cos (2o + €) =

n
o= =t Ao
) (77)
Y2 = T + Aoy)
But from (65),
A= pydsinQo+ 9, (78)
so that on eliminating o from (76) and (78) we see that
Aoy) = — Xoy) ' (79)
for all p and = in this region (p/w = ). The complete solution is therefore ‘
B() = exp [§np cos ] [Cy e ¥ DY 4, o) + Cy 4 7H7 (), 0,)] . (80)

The constants C; and C, are determined by the initial conditions. For example, Fig. 3 shows the
resulting motion for

(i) B(0) = 0, B'(0) = 1

(i)) B(0) = 1, B(0) = 0

with# = 1-6 and p = 0-3.
Fig. 4 gives the corresponding results for 8; = + 5 deg. The analysis for this latter case appears
in Appendix II.

4.3. Stability when plw = 1. The analysis for determining the range of instability in this
region closely follows that described in Section 4.1. Since both @, and A, are zero, the method
of successive approximations is not necessary. However, since for this region 0 < # < 0-4, it is
possible to ignore powers of # higher than the second. The equations to be solved are (61) and (62).
From (61) and (63) with n,,,/n = N,

cos (20 + ¢) = — Z’%—éa - N), (81)

14\ 2 1 2 \2
2 _ (*° of = o “_a
A—(g) +n(2+9n)

or, ignoring powers of # higher than the fourth,

where

712
g 2
4 4
Substituting for (20 + ) from (78) in (62) yields the following quadratic in u?: 4
(0 — 8)put — 208p? — (B + o) =0, (82)

where « = A% B = #%(1 — N)? and 8 = 8#2/27. The curves correspondlng toN =10, N = 0-9,
are given in Fig. 1. The motion becomes unstable at p = /2. ‘

12



Although most helicopters have blades with # in the range 1-6 < z# < 2-0, the solution for
n ~ 0 is expected to be of value in connection with wind-tunnel experiments on model rotors.
No blade motions have been calculated and no attention has been paid to ‘83’ effects but it should
be borne in mind that full-size machines with tip-jets would also have a low value of #. These
extensions would present no difficulty either in analysis or computation.

In order to complete the solution of the flapping equation, the solution for the region in which

plo = % or 1is discussed in Section 5.

5. Determination of the Solution when plw =% or 1. 5.1. Solution when % < plo < 1.
Between the p/w = } and pjw = 1 regions there exists a region of complete stability, i.e., A = 0
for all p and n. The analysis is therefore much simplified because it is only necessary to look for
periodic solutions of equation (18). For a solution of frequency p, (25) becomes

nz 222 2 2
l—z—gn,u, = p? + pa, + pla, + ... (83)

and ¢()) may be written

$(p) = sin (P — o) + pdy + Py + .., (84)
where p’ = p/w. Substituting (83) and (84) in (20) with A = 0 and following the methods of
Sections 3.2 and 3.3, the results ‘

a =0, (85)
231 + #7)
% = ST = 1) (%9

are obtained. Then from (83), (85) and (86), the variation of frequency ratio (p/w = p), with =
and p may be expressed analytically by

n?

.9 [(41"2 - 1)(1 ~F 1"'2)} . | (87)
B = w204 — 1) + 2(1 + #9)

A few curves along which the frequency of the solution remains constant are shown on Fig. 1.

5.2. Solution for n > 2. On examination of equation (10) it will be seen that the flapping
frequency becomes zero when # = 2, u = 0. When forward flight is considered for #z > 2 it is
found that a region of reduced stability exists throughout which the flapping frequency remains
zero. Since it is of little practical interest the analysis for this region of the stability diagram is
omitted.

6. Conclusions and Further Developments. An analytic solution of the rotor blade flapping
equation has been obtained by a method of successive approximations. The necessity of approxi-
mating to the flapping equation has been eliminated and the excessive labour of computation of
previous exact methods avoided. The convergence of the solution is rapid and the first approximation
is correct, within the accuracy of the basic assumptions, for p < 0-3. These improvements have
made it possible to take into account the effects of the 8, flapping hinge inclination.

13



The results confirm that flapping motion is stable over the normal range of advance ratio (u)
and inertia number (), and that there exists a region of reduced stability in which the frequency
is constant (half the rotational frequency). Of considerable interest, however, is the discovery of a
second region in which stability is reduced with increasing forward speed and in which the frequency
remains constant at one oscillation per revolution. This reveals the necessity of obtaining the correct
inertia number in experimental work employing model blades, more especially as the aerodynamic
forces have been shown? to depend acutely upon p/w.

For a typical blade (# = 1-6) a small positive 8; has a considerable effect on the stablhty For

example, when p = 0-3 the percentage reductions in the transient in each revolution for corres-
ponding values of 8, are (see Figs. 3 and 4):

33 = — 5 deg, reduction of 94-0 per cent per revolution
33 = 0 deg, reduction of 96-2 per cent per revolution
33 = + 5 deg, reduction of 99-1 per cent per revolution.

Although this paper has been concerned with a single-degree-of-freedom oscillation the method
can be extended to two or more degrees of freedom. Combined flapping-bending or flapping-pitch
oscillations or flutter can be considered in this way and it might have some application to the
ground resonance problem especially if friction dampers are used.

14
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NOTATION

Constants
Blade chord

Constants

. Blade moment of inertia about the flapping hinge

Inertia number, # = ( 9y R4) / 81y

Apparent value of #, p > 0

Papp

n
Flapping frequency
Frequency ratio (p/w)
Periodic functions of i
Tip radius

Time

e ()

Forward speed of aircraft
Angle of attack

Flapping angle measured from undeflected position

dg d*p

& df

First and second solutions to flapping equation
Exponent in Horvay’s solution

Constant exponents

Angle that the flapping hinge forms with the blade span axis
Exponent in v(f) |
Coeflicient of p’in A

Advance ratio p = V/wR ‘

Phase angle

Periodic function of

Coeflicient of pu' in ¢(f)

Azimuth position (measured from aft) = wt

Rotational frequency
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APPENDIX 1

Derivation of Flapping Equation of Motion

To avoid continual reference to previous work, the flapping equation of motion is derived in
this Appendix. When the blades are rotating with angular velocity w, the centrifugal force experienced
by each is

R R
C=f d0=f rw? dm | (A1)
1] ¢

where dm is the mass of the blade element at radius ». The blades also experience lift forces

R R dc,,
f dL =3 | pe—=2(¢ + U dr, (A.2)
0 0 o

where p is the air density, ¢ the chord, dCy/dw the slope of the lift curve, ¢ the blade pitch angle,
? + ¢ the angle of attack, and U is the resultant air velocity (see Fig. 5a).
In the course of forward flight the tangential component of air velocity at element dwm is

Up = 7w + powR sin : (A.3)
and the perpendicular component is

Up = NwR — 8 %ﬁ; — pwRB cos i . (A4)

In (A.4), XwR is the difference between the sinking speed of the helicopter and induced velocity
through the rotor disc; it is called the inflow ratio. The flapping motion of the blade is governed by
(see Fig. 5b):

4=

IFEz—szr(dL—gdm—,BdC). (A.5)

Since ¥ and ¢ are small,
(9 + §)U2 = UplUp + U2, " (A.6)

Substituting (A.1), (A.2) and (A.6) into (A.5), and performing the integration (A.5), we arrive at
the equation of flapping motion,

a - d
s 2C() d—f + PYt)f = E(wt), (A7)
with ' ;
2C(t) = nw[l + %p sin wi] (A.8)
Pt) = w?[1 + %p cos wi + np? sin 2wi] . (A.9)

E(wt) is a forcing function containing periodic terms which are independent of 8. On replacing
wt by #, (A.7) becomes

2

j_zpz + 7 [1 + %u sin ] gg + [l + %npcosy + np2sin 24] B = EQY).  (A.10)
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APPENDIX TII

Consideration of ‘8, Effects

In Ref. 5, Horvay and Yuan derive the flapping equation for the case when the flapping hinge
makes an angle (37 — 8;) with the blade span axis. The equation for the transient motion then
becomes

T+ 200) 5+ PR = 0, (5.1

where '
2C0(p) = n[1 + 4 psin ] (B.2)
Py = [1 + npu(§coss + psin2) + ntan 85 (1 + p? + Spsing — u2 cos 24)] . (B.3)

The procedure for determining stability and transient solutions is no more difficult than that
described in the main text and so only the results will be given. These results have been derived
for the p/w = } region and are as follows (it has been found convenient to abbreviate # — 4 tan 8,

= 7):

& = 7 [c05 20 — m sin 20] ‘ (B.4)
7’!2 n2 .

ayg = — 1_8 - ﬁ 7’l12 - /\12 (BS)

M:=§[dn204—n1am2ﬂ (B.6)

Ay =0 (B.7)

and the equations to be solved by means of (B.4), (B.5), (B.6) and (B.7) are:

A= p (B.8)

3 — »n? . '
7 L. 2 nPu? 4+ n(l + p?)tan 8; = pa; + pla, (B.9)

to the second order in .

Ignoring u? and eliminating o from (B.8) and (B.9) yields the first approximation to w in the form

(cf. equation (71)).

The second approximation is then obtained by Newton’s formula,

2, 4 . 2 2
1 C2pt + (2BC mm4wB+Eq’ (B

2 —_
“‘MP ) C?ut + 3(2BC — D)

18



where

3=

4

C = 7 [*n? — 3n(n — 6tan 8)]

+ E

(¢f. equation (73)). The solution for ¢,(}) is (¢f. equation (38)),

¢ () = g |:sin (% - 0) + #, cos (§2‘£ - 0):' .

The transient motions for # = 1:6, u = 0-3 and §; = — 5 deg are shown on Fig. 4.

19

(B.12)



0¢

z [Elo
It 1]
- (]
o &
IS

0-5

N=;.0/0.9,

///ggion of dest:abilfsatfo?’

P

1 bt =1 ll .
03 04 2

ot 0-2

F1c. 1. Regions of destabilisation, 65 = 0.

2:0
n
Lo
=|
-8 %
J3
X
1-6
Resulbs of reference 4 xxxX
152 Approximalion 0000000 Ny
2" pproximation
- 4 I 1 P Q3¢ >
Ol 0-2 0-3 0-4
H

Fic. 2. First and second approximations to stability diagram
(P/w = %) compared with results of Ref. 4.



1-0

£ Radians

6 @= Ao —o—o—o—

4:@ : @@= BE)=0 -X—x—x—x—%—

71}2 Tf 324 IR B |
Fic. 3. Flapping transients g = 0-3, 2 = 1:6, 8; = 0 deg.
0
£ Radians

p=03, n=1'6," dy=t 5°
g ©=0, &=

Fic. 4. Flapping transient, o = 0-3,2 = 1-6, 8; = + 5 deg.

21




@

®

Fics. 5a and 5b. Velocities and forces at a blade element.

22

(79196) Wt 54/8210 K.5 9/61 Hw.



Publications of the |
Aeronautical Research Council

ANNUAL TECHNICAL REPORTS OF THE AERONAUTICAL
RESEARCH COUNCIL (BOUND VOLUMES)

1941 Aero and Hydrodynamics, Aerofoils, Airscrews, Engines, Flutter, Stability and Control, Structures.

1942 Vol. 1. Aero and Hydrodynamics, Aerofoils, Airscrews, Engines. #5s. (post 25. 3d.)

Vol. II

63s. (post 2s. 3d.)

. Noise, Parachutes, Stability and Control, Structures, Vibration, Wind Tunnels. 47s. 6d. (post 1s. 9d.)

1943 Vol. I. Aerodynamics, Aerofoils, Airscrews. Sos. (post 2s.)
Vol. II. Engines, Flutter, Materials, Parachutes, Performance, Stability and Control, Structures.

1944 Vol. I
Vol. II

1945 Vol. L
Vol. II.

Vol II1

Vol. IV,

1946 Vol. 'L
Vol. II.

Vol. ITI.

gos. (post 2s. 3d.)
. Aero and Hydrodynamics, Aerofoils, Aircraft, Airscrews, Controls. 84s. (post 2s. 6d.)

. Flutter and Vibration, Materials, Miscellaneous, Navigation, Parachutes, Performance, Plates and
Panels, Stability, Structures, Test Equipment, Wind Tunnels. 84s. (post 2s. 6d.)

Aero and Hydrodynamics, Aerofoils, 130s. (post 3s.)
Aircraft, Airscrews, Controls. 1305, (post 3s.)
. Flutter and Vibration, Instruments, Miscellaneous, Parachutes, Plates and Panels, Propulsion.
. ) 1308, (post 2s. 9d.)
Stability, Structures, Wind Tunnels, Wind Tunnel Technique. 1305 (post 25, 9d.)

Accidents, Aerodynamics, Aerofoils and Hydrofoils. 168s. (post 3s. 3d.)

Airscrews, Cabin Cooling, Chemical Hazards, Controls, Flames, Flutter, Helicopters, Instruments and
Instrumentation, Interference, Jets, Miscellaneous, Parachutes. 168s. (post 2s. 9d.)

Performance, Propulsion, Seaplanes, Stability, Structures, Wind Tunnels. 168s. (post 3s.)

1947 Vol. 1. Aerodynamics, Aerofoils, Aircraft. 168s. (post 3s. 3d.)

Vol. II

Special Volumes

Vol. I

. Airscrews and Rotors, Controls, Flutter, Matetials, Miscellaneous, Parachutes, Propulsion, Seaplanes,
Stability, Structures, Take-off and Landing. 168s. (post 3s. 3d.)

. Aero and Hydrodynamics, Aerofoils, Controls, Flutter, Kites, Parachutes, Performance, Propulsion,
Stability. 126s. (post 2s. 6d4.) C

Vol. II. Aero and Hydrodynamics, Aerofoils, Airscrews, Controls, Flutter, Materials, Miscellaneous, Parachutes,

Propulsion, Stability, Structures. 147s. (post 2s. 6d.)

Vol. IIL. Aero and -Hydrodynamics, Aerofoils, Airscrews, Controls, Flutter, Kites, Miscellaneous, Parachutes,

Propulsion, Seaplanes, Stability, Structures, T'est Equipment. 18gs. (post 3s. 3d.)

Reviews of the Aeronautical Research Council

1939-48 3. (post 5d.) 1949-54  55. (post 5d.)

Index to all Reports and Memoranda published in the Annual Technical Reports

1009—1947 R. & M. 2600 6s. (post 2d.)

Indexes to the Reports and Memoranda of the Aeronautical Research Council

R
" Between Nos. 27512849 R.
R
R

Between Nos. 23512449 R. & M. No. 2450 2s. (post 2d.)
Between Nos. 2451-2549 R. & M. No. 2550 2s. 6d. (post 2d.)
Between Nos. 25512649 R. & M. No. 2650 2s. 6d. (post 2d.)

Between Nos. 2651-2749 . & M. No. 27750 2s. 6d. (post 2d.)
& M. No. 2850 2s. 6d. (post 2d.)
. & M. No. 2950 3s. (post 2d.)
&

M. No. 3050 3s. 6d. (post 2d.)

Between Nos. 28512949
Between Nos. 2951-3049

HER MAJESTY’S STATIONERY OFFICE

Jrom the addresses overleaf



© Crown copyright 1961

Printed and pubiished by
Her MajesTY’S STATIONERY OFFICE

. "'To be purchased from
York House, Kingsway, London w.c.2
423 Ozxford Street, London w.1
134 Castle Street, Edinburgh 2
109 St. Mary Street, Cardiff
39 King Street, Manchester 2
50 Faitfax Street, Bristol 1
2 Edmund Street, Birmingham 3
8o Chichester Street, Belfast 1
or through any bookseller

Printed in England

R. & M. No. 3178

R. & M. No. 3178

5.0, Code No. 23-3178



