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Summary.—This report presents the first stage of an investigation of the response to random noise of a stiffened
cylinder, representing an aircraft fuselage, including an analysis of the lower modes of such a cylinder.

Preliminary investigations suggested that assumptions and approximations which are valid for the uniform, 7.e.,
unstiffened, shell are not necessarily valid for a shell with heavy stiffening, and this report therefore starts with a review
of existing theories in which the assumptions are examined critically, and, it is hoped, somewhat rationalised. There is
very little literature on stiffened shells and this review deals mainly with uniform ones, including the general analysis of
strain in a thin shell and the vibrations of a uniform cylindrical shell #»# vacuo, but includes some comments on the
effects of an acoustic medium round the shell.

The energy approach is then extended to give the resonant frequencies and natural modes of a circular cylindrical
shell uniformly stiffened with closely spaced longerons and frames, ‘ close spaced ' implying that stiffener spacing is
much less than the spacing of nodal lines. The effects of rotary inertia have had to be included owing to.the lack of
symmetry of the section about the skin, but shear deflections are still neglected. Further numerical work is required
‘before much comment can be made on the results, but they seem to be similar in nature to those obtained for the
uniform cylinder.

Finally, some indication is given of how the theory can be extended to cover higher-order modes where shear deflection
and stiffener spacing become important.

1. Introduction.—To understand either the effects of noise on a structure or the transmission
of noise through a structure it is necessary first to understand the response of the structure.
Whatever the nature of the ‘ noise ’, whether random ‘ white ’ noise, pure tones, or even excitation
which is not acoustic, this is most conveniently done after first finding the nature of the natural
modes of the structure.”. At sonic frequencies these modes, and the total response, are appreciably
affected by the surrounding acoustic medium, and in turn the pressures in that medium are
dependent on the incident noise field, but the overall problem can be broken down, firstly into .
separate mechanical and acoustic problems, and then further to give the steps :

(@) The determination of the < undamped ’ normal modes % vacuo, i.e., determination of .
mode shapes, frequencies and generalised masses

(6) The estimation of the mechanical damping

(¢) The modification of these modes by the acoustic medium, i.e., allowance for the pressure
field due to radiated sound ; adding damping and mass and modifying the frequencies
and possibly mode shapes '

(@) The determination of the response in each modified mode due to the incident noise field,
including the effects of the reflected sound, 4.e., due to the forcing pressure as it would
be at a rigid surface , ' 4 '

| (¢) The summation of the responses in individual modes to give the total response.



Each of these steps is independent of those following, or at least very nearly so ; certainly (a),
which is considered in this report, can be treated independently®. It is convenient to do so since,
for the order of mechanical damping usually encountered, (b) will have little effect on the
" quantities derived from (), that is (b) will have little effect on frequencies and does not introduce
much coupling of the * undamped ’ normal modes. Similarly the effects of (¢), which are discussed
in Section 2.1, will involve little coupling of these modes. Thus the ¢ undamped * modes can be
carried-through independently until the final summation in (¢). This, at least, is the conventional
argument, but, as shown below, it will need close examination when dealing with a cylinder.

The uniformly stiffened circular cylinder, approximating to an aircraft fuselage, seems to be a
suitable model for response calculations. It can be considered representative of a fair proportion
of the practical structures involved in noise problems, having sufficient complication, and yet
still being amenable to theoretical analysis : albeit rather more involved than for a simple
beam. One of the attractions theoretically is its lack of dependence on boundary conditions :
there is no longitudinal boundary, and the end conditions are not critical (see Section 2.4.3)

The comparative complication of the stiffened cylinder gives it some interesting properties.
In common with the uniform cylinder its natural modes are often very closely spaced in frequency?®,.
so that certain coupling terms, from (b) and (c) above, and cross-product terms, from (¢)®, must
be examined carefully. The stiffening itself introduces further effects when the structural

half-wavelength approaches the stiffener spacing, the natural modes of the complete cylinder
taking on rather unexpected shapes, similar to ‘local panel modes .

Although the vibrations of uniform circular cylindrical shells have been fairly extensively
investigated (especially Refs. 5 and 6) there is no satisfactory treatment of stiffened cylinders:
in particular, no consideration at all has been given to stiffeners which are not closely spaced
relative to structural wavelengths, or of their shear and rotational energies. This report represents

 the first stage of an investigation to consider these effects, covering the uniform cylinder and the
closely stiffened cylinder. It is hoped to cover the effects of stiffener spacing and shear strain
energy in a later report and the work here has been presented with those extensions in mind.
It must be remembered that in a typical aircraft fuselage the stiffening is much too heavy to be
treated merely as a modification to a uniform shell. -

A critical review of the relevant literature is presented, as one result of which it was found
necessary to include a review of general shell theory. The method of analysis used herein for the

stiffened cylinder follows on existing theory for the uniform cylinder®, a summary of which is
included in an Appendix.

A general description of cylinder modes is given together with a general discussion of the
effects of stiffening.. A solution for the cylinder with closely spaced stiffeners is then presented,
the detailed analysis being included in the Appendices. There are some preliminary discussions
of the extension of the theory to higher-order modes.

2. Survey of Previous Work.—2.1. The Shell in an Acoustic Medium.—The general problem of
the vibrations of a cylindrical shell in an acoustic medium has been considered by Junger™? and
by Baron and Bleich**. To simplify the acoustic problem all these papers consider infinitely
long cylinders but this need not concern the mechanical problem since the infinite cylinder can
be considered as a series of finite ones placed end to end. In fact, Junger?® does effectively do this
by introducing rigid septa which isolate the sections of cylinder mechanically. All these papers
seem to be mainly concerned with a steel shell submerged in water but filled with air.” Only
Ref. 2 takes any account of stiffening. Furtheér details of these papers follow.

Ref. 1 considers only the unstiffened cylinder with no nodal rings so that the problem is reduced
to two dimensions. Ref. 2is an extension to allow for nodal rings but also introduces the com-
Pplication of having the cylinder rigidly built in at regular intervals by rigid septa. It is necessary
to break the cylinder up into finite lengths so as to restrict the choice of distance between nodal
rings to integral fractions of that finite length, but this can be done more simply by thin
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diaphragms which are free to warp so that the normal modes are still sinusoidal along the length
of the cylinder. Junger still expands his deflections in series of circular functions which do not
mdividually satisfy his end conditions at the rigid septa. Consequently, instead of finishing with
three coupled equations corresponding to the three modes with the same nodal configuration, he
ends with an infinite set of coupled equations of which a large number must be solved together.
The present writer feels that the problem of the cylinder with fixed ends is best solved in the
manner used by Arnold and Warburton®, who used a mixture of circular and exponential functions
similar to the mode shapes of an encastre beam.

Junger also considers the effects of closely spaced stiffening rings, including their strain energy
in extension and torsion but omitting their bending energy which is the most important con-
tribution. He does nct attempt to isolate the mechanical and acoustical problems and his results
are in a cumbersome form.

Baron and Bleich do separate the acoustic and structural problems, dealing with them in
separate papers. They are concerned only with uniform cylinders, although they did remark
that the approach would be the same for a stiffened shell provided the distances between nodes
were much greater than the stiffener spacings. This remark presumably refers only to the
contents of Ref. 3, since Ref. 4, dealing with the cylinder #» vacuo, cannot be extended to cover
stiffening. In Ref. 4 they first analyse the vibrations ignoring bending stiffness and then add the
bending effects as a modification to frequencies only, using Rayleigh’s principle : this would
hardly do for a stiffened shell where the relative magnitudes of bending and extensional stiffnesses
are very different from those in the uniform shell. The advantage of their approach is that it
leads to a fairly compact tabulation of mode shapes and frequencies, all the factors tabulated
being independent of the physical dimensions of the cylinder. It is not likely that any such
‘once only ’ tabulation will be possible for stiffened shells due to the large number of possible
variables. Even for the uniform shell Baron and Bleich’s method is restricted to low-order
modes (n < 6, 2 < x).

In Ref. 3 Baron and Bleich treat the cylinder as a mechanical system with three degrees of
freedom corresponding to three modes with the same nodal configuration. These modes become
coupled acoustically through the radial components of their displacements. Their final frequency
equation (in Q) is of the form

' 1 1 1
my(w,? — Q%) + Mma(wy® — Q%) + ma(ws® — 2F)
where m,, m,, ms are the generalised masses of the three modes, referred to a radial reference
displacement.

— F(9), (20

w;, Wy, wz are the resonant frequencies of the three modes i vacuo, w, < w,, ®;, < w;.
F(Q) depends on the nodal configuration.

Now w, and w, are very much greater than w,, so that when 2 is near o, (0,* — 2% and
(ws® — 2% must be large. Also m, and m, are much greater than m, since they correspond to
modes with predominantly tangential displacements. Thus near the lowest resonant frequency
the second and third terms in equation (2.1) will be very small, .e., the acoustic coupling between
the modes will be very small. The present writer therefore suggests that the acoustic analysis
can be done on single degree of freedom systems. In fact, usually the lowest mode of each set
of three is the only one of interest since, firstly, the frequencies of the other two are generally
too high and, secondly, being mainly tangential modes they will not be excited very much by
radial forces, 7.¢., they have large generalised masses. These points have yet to be verified for
the stiffened cylinder.

2.2. The Shell wn Vacuo.—The most complete treatment of the vibrations of a uniform circular
‘cylinder 4n vacuo is that of Arnold and Warburton (Ref. 5, simply supported ends and Ref. 6,
fixed ends. Appendix II, para. 3 of this paper follows their method closely, arriving at essentially

3

(78425) A%



the same results as their first paper which differs from equations (I1.22) only in the addition of
insignificant bending terms, similar to those in equations (I1.20) but not the same. Appendix II
differs from Ref. 5 in that : slightly different strain expressions, equation (I1.9), are used ; in
the energy integrals the element 7d¢ is not shortened to ad¢ ; some note is taken of the effect of
rotary inertia, indicating the range of validity of the theory which ignores shear deflections and
rotary inertia ; the approximate equation (II.24) is obtained for the lowest mode and this equation
is used to explain the variations of frequency with nodal patterns.

Arnold and Warburton use an energy approach, deriving expressions for the kinetic and
potential energies and then substituting into Lagrange’s equations, but equations similar to
equation (I1.20) can be obtained via the equations of equilibrium of an element. The stresses
are obtained from equations (II.9), or their equivalent, and equations (I1.14) are still used, these
forms satistying the differential equations. This approach is used by Kennard’ in a * paraphrase ’
of Epstein®, by Naghdi and Berry® and by Yi-Yuan Yu®, but none of these investigate their
results to the extent that Arnold and Warburton do. At the expense of increasing the order of
the equation, the w equation can be de-coupled from the # and » equations : if a form such as
equations (II.14) is going to be assumed for the deflections, this merely amounts to obtaining
the terms of the frequency equation (I1.19). On the whole the energy approach is rather simpler
and is the only practical one for the stiffened shell with its discontinuities.

Further comments on these other papers are given later (at the end of Section 2.3).

2.3. The General Theory of Thin Shells.—One point which arises from a study of these papers
is that there is considerable confusion as to what the form of the final equations should be. This
arises through various workers applying approximations in rather haphazard manners. The
general conclusion reached is that the discrepancies are of little practical importance, e.g.,
Ref. 11 and discussion on Ref. 12, but in the reply to the discussion on Ref. 13, Joseph points
out that ‘ one does not know in general whether the modifications and corrections are of practical
importance except by considering each special case on its own merits’. Since they have only

been demonstrated to be small for the special case of the thin uniform shell where extensional
strains are generally small and in particular

(extensional strain) x 2 < bending strains .. .. . .. (2.2)

and since the relative magnitudes of bending and extensional stiffnesses are entirely altered by

the addition of heavy stiffening, the present writer decided that an investigation of the dis-
crepancies was necessary.

When making use of the ‘ thinness ’ of the shell two types of approximation may be made
which I will term ‘ physical * and ‘ mathematical * approximations. Examples of the first are the
neglect of shear strains e, and e;; and of normal stress ¢;. The second may take the form of
assuming

7

4 (1+§)ﬁ1 R X

as was done by Love, or of curtailing series expansions at particular powers of z/a. Tt is these
latter assumptions which give rise to the discrepancies, since they may be applied in various

ways. For instance (by using (2.3) in the derivation) Love (Ref. 14, page 543) obtains the
following strain expressions :

e, = Uy, — AW, , .. .. .. .. .. .. .. (2.40q)
1 w oz

62=a—‘l)¢ —I—a —E(ww—[‘vd,), .. - o o .. (24b)
1 2

elzzvx—l—o—l%——f(wm—{—vx),.. .. - .. .. (240)
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whilst two different linearised forms may be obtained from equations (I1.9) by firstly putting
rla = 1 to find

e = U, — W, , .. .. .. .. .. .. .. (2.5a)
1 w oz

62:.0_Zv¢_l_6l——;l§w¢¢’ . .. .. .. . .o (2.56)
1 b4

512,:5%‘#%_&2%(#’ .. .. .. .. .. (2.5¢)

or by expanding in powers of z to find

e = u, — W, , .. .. .. .. .. .. .. (2.6a)
1 w oz

ezzgv(ﬁ—{—&?—?(ww—l—w), .. .. .. .. .. (2.60)
1 2 1

61225%¢+Ux—5(2wx¢—5%+vx)- .. .. .. (2.6¢)

Thus apparently the same assumption, that z/a is small, can lead to different results. Equations
such as (2.4), (2.5) and (2.6) have all be used by various workers. For instance, Arnold and
Warburton started by assuming Love’s expressions, equations (2.4). One advantage of equations
(IL9) over equations (2.4) is that every term in equations (II.9) can be given a direct physical
interpretation.

The difficulty with mathematical approximations is that the power of z/a is not a true guide
to the importance of any particular term ; for instance, (2/a)%0,,4; may not be very small compared
with wy. Also, if such approximations are introduced at an early stage, many of the ‘ large’
terms used for comparison may cancel out, thus completely invalidating the assumption. For
instance, in Appendix II, the mathematical approximation (II.21) (which it will be noted is less
severe than equation (2.3)), has been applied at the last possible stage : if it were applied one
stage earlier it would eliminate two of the terms in equations (I1.23) and thus eliminate the
#® and #* terms in equation (I1.224) with consequent error when i and # are small.

It is not necessary to make these assumptions during the derivations and the present writer
feels that once the initial physical assumptions have been made there should be no more curtail-
ment until the last possible stage. The principle is the same as carrying an extra figure or two
during lengthy numerical calculations in order to avoid rounding-off errors : the extra figures
may have no significance in themselves but they do contribute to the final accuracy. Consequently
in the Notation such assumptions have been carefully avoided and the physical assumptions
made in the most logical manner possible. There is nothing new about the strain expressions
obtained (equations (II.8) and (II.9)) but the derivation from equations (II.2) has been presented
in a slightly different and, it is hoped, more logical form. It is appreciated that the modifications
to Arnold and Warburton’s results® are of no consequence in that context but they will be
important when the theory is extended to cover shear deflections and/or stiffening.

Provided unnecessary ‘ mathematical > assumptions are avoided, the energy and equilibrium
approaches will yield identical results from the same physical assumptions, spurious anomalies
being eliminated. '

A number of authors have made comments on these discrepancies. Bleich and Di Maggio™
obtain a strain-energy expression for a cylindrical shell, pointing out that functions of # can be
integrated without first expanding them in powers of z : the only expansion they use being for
the logarithmic terms. They quote strain expressions identical with equations (I1.9) and their
result is identical with equation (I1.13a).

Langhaar and Carver® agree with Ref. 11 and point out that the procedure is possible for any
shell. They say that the linearisation (in 2) of the strain equations is of doubtful validity and
after giving a statical example suggest that it may be justified when calculating the displacements
only but not when these are used to calculate strains and then stresses.

5

(78425) A¥g



Osgood and Joseph' re-derive the strain expressions, following Love’s method (Ref. 14, Chap.
XXIV) in general, but they still linearise the equations, their results for the general shell reducing
to equations (2.7) for the cylinder. They then modified the equation of equilibrium by including
terms due to the differences between the strained and unstrained axes. This is of little value

since the extra terms are non-linear and, under the assumptions of small strains and displacements,
are neglected in the linearised theory of elasticity.

Kennard’ uses a power-series approach, including the effects of shear deflections and normal
stresses, to obtain equations of equilibrium expanded up to (%/a)?, i.e., to first bending term only.
However, his method involved cutting off series at practically every stage, which I consider to
be dangerous. It should be possible to use a similar approach in which the series for the stresses
are curtailed (e.g., assume transverse shear stresses to be distributed parabolically) and thereafter
all terms are retained. The resulting equations, although not cut off cleanly at any power of
t/a, would represent a consistent approximation. For a stiffened cylinder the approach would
have to be somewhat different because of the discontinuities. In a further paper (Ref. 16),
Kennard modifies his equations by adding multiples of terms which he considers small. This

would only be wvalid for low-order modes for which shear deflections would probably be un-
important anyway.

The final equations resulting from a power-series approach are of successively higher order as

more terms are retained. This is not a serious drawback if assumed deflection forms are
substituted in the usual way.

Naghdi and Berry® start from linearised strain equations and derive equations of equilibrium
in the usual way. They then derive an equation, of increased order, in w only : if assumed
deflection forms are used this is no advantage. Their equations are no more logical than Love’s,
and they conclude themselves that they offer no practical improvement.

Yi-Yuan Yu' again obtains an equation in w alone, and then makes simplifying assumptions,
valid for long axial wavelength only, which reduce it to the fourth order so that it can be readily
solved. He obtains solutions for free ends, clamped ends, and one free and one clamped end.

Byrne'” derives strain expressions which are actually identical with equations (I1.8) although
algebraically more complex. He has still neglected shear strains and contraction of normals so
that much of the algebraic complexity of his subsequent work is of little value.

2.4. Summary of Conclusions from this Survey.—2.4.1. Approximations.—Some physical
assumptions must be made at the outset in order to make the problem tractable. The usual
ones are that normals to the middle surface remain normals after straining, that extensions of
these normals are negligible, and that normal stresses are negligible. These are adequate for

thin uniform shells up to quite high-order modes so that no great effort has been made to improve
on them.

Most authors have then made further approximations during their analyses, the most common
being that of linearisation (in z) of the strain expressions : these are of little real value and
introduce unnecessary errors. Again they are of little practical consequence for uniform shells,

provided they are thin enough : the physical assumptions would probably break down before
these errors became significant. ‘

Some authors have then simplified their results by making assumptions about the magnitudes
of the strains of the middle surface or of such operators as (%#/a)? (3/0x*. This may be legitimate
for low-order modes of uniform shells but it is easy to go astray. In Appendix II the frequency
equation has been simplified to equations (II.22) without loss of accuracy but as is pointed out
there the approximations (II1.21) cannot be applied any earlier without loss of accuracy due to

terms cancelling out. Thus manipulations on the equations of equilibrium (equivalent to
equations (I1.18)) are suspect.

All these assumptions become even more doubtful for the stiffened shell where the bending
stiffness is higher compared with the extensional stiffness than in the uniform shell : in particular,
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assumptions about the smallness of extensional strains fall down. Also the order of modes
possible in an aircraft fuselage is much higher than seems to have been envisaged in any of the
papers quoted. It is therefore concluded that all approximations, other than the initial physical
assumptions, should be avoided in the analysis of stiffened shells.

2.4.2. Method of analysis.—It seems that if the same physical assumptions are made and all
other approximations avoided, then the same frequency equation is obtained by energy methods
(Lagrange’s equations) and via the differential equation. The displacement functions which
satisfy the differential equations also give rise to Lagrange equations which are uncoupled so far
as different nodal patterns are concerned and after substitution the sets of equations are identical.

Even for the uniform shell the energy approach seems to be rather simpler as it avoids bringing
in ‘ stress resultants’, 7.e., net loads and couples on shell elements. These could be avoided by
writing the equations of equilibrium for a general three-dimensional element, substituting the
strain expressions and then integrating with respect to z. This is in effect done in some papers
but the ‘ stress resultants ’ are still introduced. They are as unnecessary to the theory as the
so-called ¢ changes of curvature .

_For stiffened shells the energy approach is definitely simpler and is used exclusively in this
work.

2.4.3. End conditions.—The analysis is greatly simpler for ¢ freely supported ’ ends than for
any other end conditions because only those conditions give purely sinusoidal normal modes (for
the uniform cylinder). The effects of the end supports are small provided the modes are described
by A(= mean circumference/longitudinal wavelength) defined at some part of the cylinder remote
from the ends. The discrete values of 2 which are allowable will, however, be dependent on end
conditions, and if it is desired to identify individual modes the end conditions must be allowed
for. However, interest is usually centred on the overall response to an excitation which covers
an appreciable frequency band, so that a considerable number of the closely packed cylinder
modes are excited. It then makes little difference what end conditions are assumed : the total
number of modes excited will be very nearly the same for all end conditions so that the total
response will be virtually the same. This applies to displacements and to quantities derived
from displacements such as loads and stresses, except, of course, in the immediate vicinity of
the ends.

The present work therefore assumes * simply supported ’ ends for the cylinder, 7.e., ends closed
by thin diaphragms. The extra work involved in allowing for other end conditions does not
seem justified, but if it is required it is recommended that coupling of the dynamical equations
should be avoided by choosing displacement functions which satisfy the new end conditions, at
least in the more important respects, but are still orthogonal. This was done by Arnold and
Warburton® for the uniform cylinder with fixed ends.

2.4.4. Application of results.—It is possible that the coupling between the radial mode and the
two tangential modes with the same nodal pattern which arises from the acoustic medium will
be small. If so, the information required from this analysis will be simplified. The results must
be examined along with the acoustical problem to see whether or not this is so.

3. The General Character of Cylinder Vibrations.—3.1. The Uniform Cylinder.—The natural
modes of the uniform cylinder have been described fully in the literature (e.g., Ref. 5). A typical
pattern of the radial deflections is shown in Fig. 2. There are a number of orthogonal nodal lines,
- longitudinal and circumferential ; each nodal pattern can be-described by the number (%) of
full waves round the circumference, and the number (m) of half-waves in the length (/). When
the ends of the cylinder are simply supported both circumferential and axial mode shapes are
sinusoidal so that we can write the radial deflection in the form

w = W cos ng sin (mnx/l) cos wt,

where ¢ and x are co-ordinates as shown in Fig. 1, o is the circular frequency of the vibration
and », m are integers ; # > 0; m > 1. '
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In general there is also an appreciable amount of tangential movement of the shell walls ;
to be consistent with the radial displacement this can be expressed by

uw = U cos np cos (mzx/l) cos wf,
v =V sinng sin (mnx|l) sin wt.

Clearly, a mode with m half-waves in a length / is exactly equivalent to one with 2m half-waves
in a length 2/ so that it is convenient to eliminate / by writing
l:”ﬂ, sothatwﬂyle—x.
l { a
So far as the general theory is concerned A may take any positive value, but for a particular
cylinder it is restricted to a series of values dependent on /. Modes where the generators remain

straight (z.e., 2 = 0) can be looked on as the limiting case of an infinitely long cylinder with
m = 1 (see Section 4.8). ‘

It has already been shown (e.g., Refs. 19 and 5) that, corresponding to each nodal configuration
(n, m) there are three normal modes with different proportions of U, V, W, and that the resonant
irequencies of these modes are of different orders of magnitude. The lowest mode has pre-
dominantly radial movement involving both bending and stretching of the cylinder walls ; the
other two modes have predominantly tangential movement and involve very little bending.
The lower, radial, modes are of the most interest generally since the excitation is usually radial
and also because the other modes are usually outside the frequency range considered. Both
extensional and flexural strain energies are important with these modes and these energies vary
in opposite senses with # at constant m, giving the curious situation in which an apparent increase
in complexity of the mode does not necessarily mean an increase in resonant frequency®. In
Appendix II, para. 5 it is shown that this behaviour can be predicted easily, and accurately,
from an approximate expression for the lowest root of the frequency equation.

Any system with normal modes which can be ordered by a pair of numbers such as (#, m) would
be expected to have its resonant frequencies comparatively closely packed ; much more so than,
say, a simple beam with a single modal parameter. For the radial modes of a cylinder over part
of the frequency range they are even more closely packed due to the effect mentioned above.
Thus, given a random excitation covering a given frequency band, not only will there be an
increased number of modes in that band but they will also show a greater diversity of mode

shapes, with consequent increase in the chances of finding spatial correspondence of acoustic
and structural waves® *,

3.2. The Effects of Adding Periodic Stiffening.—In a typical aircraft fuselage the stiffening is
fairly heavy compared with the skin so that it can by no means be considered as a minor modifica-
tion and is of fundamental importance in determining the vibrations of the shell. ~ We will now
discuss, in general terms, the effects of this stiffening.

Firstly, the relative magnitudes of the extensional and bending stiffnesses are completely
altered : the extensional stiffness and the mass are comparatively little changed, but the bending
stifiness is of an altogether different order. The general remarks of Section 3.1 still apply : the
quantitative results are changed, of course, but qualitatively the modes are the same (but see
the third point, below). We can no longer employ order-of-magnitude arguments depending on
the smallness of extensional strains, as used by many authors dealing with uniform cylinders,
in order to make simplifying approximations (see Sections 2.3 and 2.4.1). '

Secondly, rotary inertia and shear deflections become important for modes of comparatively
low order. Remembering that we are concerned with # and up to at least 50, which is much higher
than seems to be considered by workers investigating uniform shells, it is seen that some allowance
must eventually be made for these effects. Although they will be of quantitative importance
they are not likely to alter the modes qualitatively. _ '
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Thirdly, as shown in Appendix IV, the sinusoidal modes described in Section 3.1 are not
completely independent, the periodicity of the stiffeners introducing coupling terms between
certain of them. A sinusoidal mode with distances between nodal lines considerably larger than
the stiffener spacing will be only lightly coupled to other modes, so that a good approximation
to the corresponding normal mode will bé obtained by ignoring the coupling. However, as the
order of the mode increases the coupling becomes more important and will be very large for two
modes of which one has nodal intervals just less than the stiffener spacing and the other just
greater. The resulting normal modes will be far from sinusoidal, having the appearance of
modulated sinusoidal waves with considerably varying amplitude. Thus we can imagine a
natural mode in which one side of the cylinder vibrates with large amplitude whilst the other is
hardly moving. The so-called panel and stringer modes must arise in this way. It is hoped to
make these modes the subject of further investigations ; some preliminary thoughts are included
in the Appendices here.

The present paper is by way of clearing the ground for a fuller investigation and, in the main,
is confined to natural modes of long wavelength for which the second and third points above
are not important, but the possible extensions have been kept in mind and explain the com-
parative rigour of the treatment. The results arrived at by the summations of Appendix IV
can also be obtained by imagining the various stiffnesses of the frames and longerons to be spread
uniformly over the shell, but that approach gives no idea of the range of validity and, of course,
cannot be extended to higher modes.

4. The Analysis of the Stiffened Cylinder—Closely Spaced Stiffeners—4.1. Summary of Method.—
This is basically the method used by Arnold and Warburten® for the uniform cylinder, and which
is set out in Appendix II with minor modifications. It is an energy method, using Lagrange’s
equations, the main steps being as follows : :

(i) The thinness of the shell enables its entire deflected form, and hence the components of
strain at any point, to be expressed in terms of the displacements of a reference surface,
taken at the middle surface of the skin. This depends mainly on the neglect of shear
strains through the thickness of the shell wall, corresponding to engineers’ bending
theory.

(ii) Neglecting certain components of the stresses, the strain energy is expressed in integral
and summation form in terms of the deflections of the reference surface and their
derivatives. The kinetic energy can be similarly expressed in terms of time derivatives
of the deflections.

(iii) Sinusoidal forms are assumed for the deflections and the integrations and summations
carried out.

(iv) The final energy expressions are substituted into a set of three Lagrange equations
yielding three simultaneous equations with the maximum deflection components as
unknowns. These equations are homogeneous and their eliminant gives a cubic
frequency equation and hence three resonant frequencies, as described in the previous
section.

These steps are now covered in more detail, the mathematics being given in full in the
Appendices.

4.2. Strain Components.—In Appendix II, para. 1, it is assumed that the co-ordinate system
is so chosen that z = 0 defines the middle surface of the shell. This is not essential : the whole
of para. 1 is still valid if z = 0 is any surface parallel to the middle surface. z = 0 is simply a
reference surface at which the displacements are specified, the ¢ thin-shell * assumptions enabling
the deflected form of the entire shell to be defined by the deflected form of the reference surface.
All members of the family of surfaces # = constant are parallel and remain approximately parallel
after straining, so that assumption II.5, that normals to z = 0 become normals to the strained
reference surface with negligible extensions, have the same physical significance for any choice
of reference surface from that family. :

9



The most convenient reference surface for the stiffened shell is the middle surface of the skin,
there being no unique neutral surface for bending, and the complication of using different
reference radii for the » and 7 displacements hardly seeming worth while. If then, we neglect
shear deflections of the longerons we find that, in the longerons, normals to the skin remain
normal to it after straining so that, if we also neglect the extensions of those normals, the radial
and longitudinal components of displacement at any point in the longerons are given by equations
(IL.104) and (I1.10c). For the cylinder equation (1I.44) becomes simply

0
81 — a—x (51)

and substituting from (II.10a) we find the longitudinal strain, ¢, in the longerons to be given by
equation (11.9a). Equations (I1.96) and (I1.9c) are irrelevant for the longerons, but equation
(I1.100) still applies if we neglect lateral shearing, e,;.

Similarly, equations (II.10) and equation (I1.9%) apply to the frames.

These arguments can be generalised for any shell with stiffeners lying along its lines of curvature,
the appropriate equations from' (I1.7) and (I1.8) applying.

4.3. Strain Energy.— For the longerons, only the strain energy due to longitudinal strains is
relevant and that is given by the integral of 1Ee,* over the volume of the longerons. Equation
(I1.9a) gives e, in terms of z and the displacements so that we can carry out the z integration and
obtain the strain energy of one longeron as a line integral, equation (II1.8), in terms of #, w and
the section constants. After substituting the sinusoidal deflection forms (I1.14) we can carry
out the x integration to give equation (I1I.4). ‘

Provided the stringers are equally spaced round the circumference we can sum equation (111.4)
over the stringers, the result being exactly the same as if we imagined the various section constants
to be spread uniformly round the circumference. For instance, if the cross-sectional area 4,
were spread uniformly it would give pA,/2~a per unit circumference and we have

27
j (pA;[2ra) cos® (nd) adp = p[2 .
o
But from Appendix [V we see that, within the limits of the assumption of close stiffener spacing,

p—1
> A, cos® (R2anjp) = pj2,
=0

the two results being clearly equivalent.

It is convenient to take out as a factor the same quantity as appears for the uniform shell,
namely, wEAl[4a(l — »*) and this leads naturally to the definition of the dimensionless constants
Ly, L, L,, depending on the section constants. As longerons are normally inside the skin, the
sign of L, has been arranged to be positive then : as z is positive outwards, this corresponds to a

negative first moment of area. The final expression for strain energy of the longerons is given
in equation (IIL.5).

An exactly parallel procedure for the frames leads to equation (I11.10).

It will be noted that, as z = 0 is not the neutral surface for bending we do not attempt to
distinguish between extensional and bending strain energies. The procedure used here automatic-

ally introduces all the required section constants and actually defines them explicitly, this being
particularly convenient for the frames.

The strain energy of the skin is given by equation (II.164), as for the uniform shell, and we
can now write the total strain energy of the shell. It is found that the bending strain energy
of the skin is negligible and it has been omitted in equation (III.11). This is equivalent to

omitting a very small term when calculating the combined second moment of area of the skin
and stiffener.

10



4.4. Kinetic Energy.—Assuming that the mass of one longeron is concentrated on a plane of
constant ¢, its kinetic energy can be written, using equations (I1.10), in terms of z and the
components of velocity 4, v, @, of the reference surface, at that value of ¢ (equation (II1.14)).
Following the procedure used for the strain energy this can be integrated and summed to give
the total kinetic energy of the longerons in terms of the time-dependent displacement coefficients
71, G ¢s (equation (III.18)). ‘

It is convenient to take out the factor mphla/4, which appeared in the expression for the kinetic
energy of the uniform shell, and this leads naturally to the dimensionless inertial constants
H,, H,, H,. One unfortunate result of using a reference surface which does not coincide with the
mass centroids of the longeron-skin combinations is that we cannot neglect terms in H, and H,,
for they are not merely rotary inertia terms in the usual sense of the word. The terms in H 1§1s,
H,g.g, and H,g,* are due principally to this offset and would still arise if the inertia due to
translation of the mass centroids were calculated. A change of variables to displacements of
mass centroids would not be entirely satisfactory since the mass centroids of the frames and
stringers are at different radii.

The only term in equation (III.18) which could reasonably be dropped is that in H,g,? since
H, < H, generally. Neglect of rotary inertia would merely change H, by subtracting an amount
proportional to the moment of inertia about the centroid, with no real simplification.

An identical procedure leads to equation (III.24) for the kinetic energy of the frames. The
form of the approximate expressions (II1.23) and (II1.25) is another result of the difference
between the radii to the reference surface and to the mass centroids. The kinetic energy of the
skin 1s still given by equation (II.160), as for the uniform shell, the effect of rotary inertia of the
-skin about its own middle surface being completely negligible for fairly heavy stiffening, and so
the total kinetic energy of the shell can be written as in equation (II1.26), a crude approximation
being given by equation (II11.27). However, (F, - L,) can easily be of the order 0-01 to 0-05
so that equation (II1.27) can only be expected to be useful for the very lowest modes.

4.5. The Dynamic Equations—We now have the strain energy as a function of the ¢, and the

kinetic energy as a function of the ¢, and since the ¢, are independent we can use them as
- generalised co-ordinates in a set of Lagrange equations (111.29), giving three homogeneous linear
equations (II1.30), in the maxima of the displacement components, U, ¥ and W. The eliminant
of these equations can be expanded to give a cubic in the frequency parameter 4 :

KA* — KoA* + K4 — Ky =0

where, for instance, K, is the determinant of the coefficients of the inertial matrix [B] and K, is
the determinant of the coefficients of the strain energy matrix [C].

This cubic can be solved for three values of 4 and the corresponding frequencies obtained from

f=z71za»\/(é<%m)~

There seems to be little advantage in actually obtaining expressions for the K from equations
(IT1.30) as the results would be extremely involved. When obtaining numerical solutions for a
particular cylinder the best course seems to be to first substitute numerical values of the F,,
G,, H,, L, and » into equations (III.30), obtaining the elements of [B] and [C] as functions of 2,
n only. Particular values of 1, # are chosen, the K, evaluated and the roots of the frequency
equation obtained. Alternatively the K, could be expanded as functions of the 1, # only, after
the first numerical substitution.

The lowest root of the frequency equation can be obtained rapidly by iteration from the form

__KO K2 2 K3 3

since, for that root, 4 is generally appreciably less than 1.
11
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4.6. The Ceneralised Mass—We are concerned with radial excitations and so refer the
generalised mass M to the co-ordinate ¢, it being defined by

T, = $Mdgs .
The ratios (¢:/ds), (/ds) are the same as (U/W), (V[W), these being obtained from equations

(II1.30) after evaluating the roots of the frequency equation, so that by substituting for 7', from
~equation (IT11.26), we find M as in equation (III.33).

In general, for the lowest, radial, mode, (U/W) and (V' /W) will be rather larger for the stiffened
cylinder than for the uniform cylinder. This is due partly to the relatively lower extensional
stiffness of the stiffened cylinder, and partly to the difterence between the radius of the reference
surface and the radii to the centroids of the shell wall.

4.7. Note on the Assumed Mode Shape.—Stfictly the deflections should be expanded completely
in the forms
# =" {qium COS ¢ €08 (A%[a) + i, Sin ng cos (Ax[a)}

n m

U= 2 z {q2mn Sin 74‘?5 Sin (/196/@) —i— g;nm COS %QIS Sin (/1.%/@)}

n m

w = z Z {g&tm Cos %(]S Sin (ﬂ-x/&l) "|" qgm SiIl ’nd’ Sin (}.X/ﬂ)} .

These are complete expressions, capable of describing any arbitrary mode shape and would
yield 6nm independent Lagrange equations. For the uniform shell or for the shell with closely
spaced stiffeners these 6nm equations would be grouped in 2um sets of 3 coupled equations with
no coupling between the groups. Also the #m sets in the ¢, would be identical with the nm sets
. in the g,” so that the ¢, may be ignored completely. This is equivalent to saying that the choice
of origin for co-ordinate ¢ is immaterial.

The substitution of equations (I1.14), with no summation over # and s is therefore justified
for the uniform or closely stiffened cylinders. ‘

When considering higher modes, however, these coupling terms will not all disappear and we
must retain the full expressions as above.
4.8. The Special Casesn = 0, 4 = 0.
(i) =0, 2 s 0.

This amounts to replacing deflection forms (II1.14) by
u = ¢, cos (Ax/a) ,
v =10,
w = gy sin (Ax/a) .

It is easily verified that the strain and kinetic energies are obtained correctly by putting #» = 0
and ¢, = 0 in equations (I11.11) and (II1.26) and doubling the remaining terms. The {requency
equation is then obtained from equations (II1.30) in the same way except that the doubling
cancels out. Putting ¢, = 0 has eliminated the trivial solution 4 = 0 and we are left with a
quadratic in 4. The generalised mass is obtained from equation (III.33) by putting » = 0 and
V = 0 and doubling the remaining terms. ‘

(i) » #= 0, A = 0.

This is a limiting case obtained by letting /— o with m = 1. The corresponding deflection
forms are

u=20,
v = @, Sin né ,
W = (53 COS N ,
12



where, paradoxically, sin (1x/a) has been replaced by 1 and cos (Ax/a) by 0. This arises since
as I — o we must let x— o as well. The expressions for the strain and kinetic energies must
be taken over a finite length, so we will consider a finite length / out of an infinitely long cylinder.
We then find that the strain and kinetic energies are given from equations (III.11) and (II1.26)
by putting 2 = 0 and ¢, = 0 and doubling. The dynamic equations (II1.30) are treated similarly,
the doubling cancelling, and the frequency equation is reduced to a quadratic in 4, a root 4 =0
having been eliminated. The generalised mass is obtained from equation (II1.33) by putting
A= 0and U = 0 and doubling.

(iii) » = 0 and 2 = 0.

This corresponds to displacements

=0, =20, W = qu
and we simply apply (i) above together with (ii), multiplying by four where appropriate.

5. Exiensions of the Theory.—5.1. The Coupling Effects due to Stiffener Spacing.—We consider
what happens when we use the full expansion for the deflections as given in Section 4.7. All
coupling terms vanish during the integrations, and couplings between the ¢ and ¢’ terms vanish
during summations as seen from equation (IV.11), but equations (IV.9), (IV.10), (IV.12) and
(IV.13) show that there will be coupling between sinusoidal modes with

At n=0, +p, +2p....
and/or’ my+my, =10, 4-2¢, -4 4q.
If we start from a mode (#, m) we find that it is coupled to the following modes, assuming
n < pl2,m<q:
(n, m) (n, 29 —m) (n, 29 +m) . ...

(p—n,m) (P-_—%,zq——m) (p—m, 29 +m)....
(2 + n, m) (p+m 29 —m) | (p+mn) 29+ m)

This is a doubly infinite set of modes, every one of which is coupled to every other one, but to
no others, 7.e., it is a closed set. There are in fact about p/2 X g such sets. Although the
magnitude of the coupling problem is reduced in that large proportion it is still considerable.
Assuming #, m to be small, as assumed in Section 4, the other eight modes in the above array
represent only the next order of magnitude of mode number, and yet there are already 27 coupled
equations. It appears that any complete investigation will require a digital computer.

The magnitude of the coefficients of the uncoupled equations is dependent on the order of the
mode numbers. The direct coupling terms between (#, #) and the other modes will be of the
general order of the (#, m) coefficients, and consequently much less than the coefficients of the
other modes.. To a first approx1mat10n then, if #, m are sufficiently small, we can split the array
up into four groups as shown by the dashed lines. This is the ]ust1ﬁcat10n for the procedure of
Section 4. It should be possible to obtain some idea of how small #, m are required to be, by some .
approximate method and this is being followed up. The other three groups could also be investi-
gated since they are of amenable order.

A group which will be interesting when investigating these couphngs is that starting from

(0, 0), viz.,
(0, 0) (0. 2q) (0, 4q) . ..
(2, 0) (2, 29) (2, 49) -
(22,00 (2p.29) (2P, 49) ..
This set should give something like the so-called ¢ panel ’ and * stringer " modes.
13



Similar coupling will also arise from irregularities in the stiffening. For instance, some extra
heavy longerons could be added as extra stiffening with large spacing, so giving coupling between
quite low modes. '

It is proposed in the first instance to get some idea of the importance of these effects in a few
numerical calculations, starting from the uncoupled modes and adding first order corrections
for the coupling.

5.2. Relaxation of Thin-Shell Assumptions~The most important step in this will be the allow-
ance for shear deflections. This can be done, in a similar manner to that already used on beams,
by separating the shear and bending deflections. The present analysis applied to bending
deflections will allow the resultant bending moments to be calculated and the equations of
equilibrium will then give the corresponding shear forces so that shear deflections can be calcu-
lated. The details of this analysis have not yet been worked out. For instance, it is not yet
clear whether it will be better to have the final equations in terms of bending deflections or total
deflections. The principle is, however, reasonably clear and should lead to a straightforward
development, the first object of which will be to find when the effects become important.

6. Remarks and Conclusions.—A theory has been developed which gives the lower resonant
frequencies and corresponding mode shapes of a right circular cylindrical shell with uniform,
closely spaced stiffeners in the form of circular frames and straight longerons. Further numerical
work is required to establish the influence of the various parameters, but, within the limits of
the assumptions, the general character of the results appears to be similar to that of the uniform
cylinder results. Some indication is given of the possible extensions of the theory to cover
higher-order modes where stiffener spacing becomes important, and to investigate the importance
of various assumptions, including some which are common to usual shell theory. This has
involved an investigation of the general theory of thin shells, leading, it is believed, to some
degree of rationalisation of the method and assumptions.

No numerical results are presented here, but some preliminary calculations on a typical fuselage
indicated a very large number of modes with frequencies in the range present in jet noise ;
a number which would probably be further increased by the inclusion of higher modes. If
thorough calculations are carried out for some typical fuselages and plotted in the form of curves
of frequency parameter, 4, against longitudinal wavelength parameter, 4, for a series of values
of circumferential mode number, #, then it is possible that on any fresh fuselage it would only
be necessary to calculate a few key modes, the rest being obtained by interpolation. The complete
investigations would require the use of a digital computer, for which the problem is well suited,
involving systematic variation of parameters.

The results would need to be incorporated in the investigations, which are proceeding, of the
effects of the acoustic medium, the final presentation possibly being of the modified modes.

Some experimental checks would also be desirable but the overall theory is not yet advanced
enough for a model to be designed, there being a large number of structural and acoustic para-
meters to be considered. TFor instance, it is not yet certain whether we will wish to have the

. stiffeners very close together, as in full-scale practice, or whether to have relatively few stiffeners
to accentuate the coupling effects due to stiffener spacing. The overall scale of the model will
depend on the nature of the interaction of acoustic and mechanical effects which is not yet fully
understood. The answer may be to have two models ; one small with few stiffeners for studies
of the mechanical features ; the other larger and more complicated for studies of overall response,
including acoustic effects and damping, both acoustic and mechanical.
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NOTATION

General Notation and Co-ordinate Systems

(%, 4,7)
F4

61: 52: 63
, v, W
1, 42, 43
uv,w
¢

w

A

7

m

A

Sl; Sf: St
Tl: Tf.l Tt
€1, €3, €3

€93, €31, €12
01, 03, O3

023, 031, 012
Suffixes, 5 5
Suffixes, ,
Suffixes, ;,

Dots (e.g., %)

Right-handed cylindrical polar co-ordinates, origin at one end of cylinder
7 — a (Perpendicular distance outwards from middle surface of skin)

Linear displacements in the longitudinal, tangential and radial directions
at any point in the shell :

Linear displacements in the longitudinal, tangential and radial directions
at any point on the middle surface of the skin.

Coefficients in the Fourier expansions, in space, of #, v, w. IFunctions of
time only : used as generalised co-ordinates

Maximum values of ¢,, ¢,, g = maximum values of %, v, w

Time

2=f (Circular frequency : time dependence taken in form cos wt)
pa*(l — »*)o?*/E (Non-dimensional frequency parameter)
Number of full waves round circumference

Number of half waves in length /

M circumference at skin medjan

Z —— longitudinal wavelength
Strain energy of longerons, frames, and total shell

Kinetic energy of longerons, frames, and total shell

Direct strain components at any point in shell, referred to (x, ¢, #)
Shear co-ordinates

Direct stress components at an oint in shell, referred to (x, ¢, 7
mp yp
Shear co-ordinates

Refer to co-ordinates (x, ¢, #) or (¥, ¢, 2)
Denote partial differentiation 9/ox
Refer to longerons (or stringers), frames, and total shell

Denote partial differentiation 9/8¢

Also, in Appendix II, para. 1 only, we use

(&1, &5, &)
N1 N2y Y3
(&1, &5, 2)

R, R,
A, B

Suffixes; 5 5

General curvilinear co-ordinates
Quantities converting elements 4¢ to lengths
Co-ordinates for general shell

Principal radii of curvature of surface z = 0

- Values of 9y, y,at 2 =0

Refer to (&, &, &) or (&4, &, 2) co-ordinates
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Physical Constants

P Py

511 ﬁf

NOTATION—continued

Youngs Modulus of shell material, assumed constant (differences could be
incorporated in areas)

E[2(1 + ») (Modulus of Rigidity)

Poissons ratio for skin material

Density of skin material

Densities of longerons, frames, variagle with », but averaged over width

Densities of longerons, frames, averaged over complete section

Dimensions of Cylinder

a

h

Radius to skin median

Skin thickness

Length of cylinder

Number of longerons ; longeron spacing = Zna/p
Number of frame lags in length ! spacing = I/g

Net breadth of longerons, frames : functions of »

b, dz (Area of longeron section)

depth

b2" dz (rth moment of area about skin median of longeron section)

depth

b dz (Area of frame section)

depth

bz’ dz (vth moment of area about skin median of frame section)

depth

f p.b, dz (Mass of one longeron per unit length)
depth .
pibyz" dz (rth moment of mass of longeron per unit length about skin

median)
depth

4 oo . .
f Psb; - dz (Mass of one frame per unit circumference at skin median)
depth
7 T .
p fbfa 2’ dz (vth moment of mass of frame per unit circumference at skin

depth median, about skin median)
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NOTATION—continued

Dimensionless Constants

A0 — )

L = (=1 Qmha’t*
S

Hy, = 2?;:2@&,)(15—1#)%

H o= (s L

G = Tt (Fa— F)

¢, = (—1yil. b (F, — F,.,)

phla”  p(1 — %)

Note that forrodd, L,, F,, H,, G, are negaﬁve when the longerons/frames are outside the skin.

g = n/124*
A, u, A Defined above
Miscellaneous
K, K, K,, K, Coefficients of frequency equation expressed as cubic in 4
[C] Matrix of coefficients arising from strain energy
[B] Matrix of coefficients arising from inertia

17



10

11

12

13

14

15
16

17

18
19
20

21

M

M

E.

P

Author
. C. Junger ..

. C. Junger ..

. H. Bleich and M. L. Baron

. L. Baron and H. H. Bleich

. N. Arnold and G. B. Warburton
. N. Arnold and G. B. Warburton
H. Kennard

. S. Epstein

P. M. Naghdi and J. G. Berry

Yi-Yuan Yu ..

H

H

. H. Bleich and F. Di Maggio

. L. Langhaar

W. R. Osgood and J. A. Joseph

A. E. H. Love

H

. L. Langhaar and D. R. Carver ..

E. H. Kennard

R. Byrne

C.

T. Wang

W. Flugge
A. Powell

A. Powell

REFERENCES
Title, etc.

Vibration of elastic shells in a fluid medium and the associated
radiation of sound. J. App. Mech. Vol. 19. 1952.

The dynamic behaviour of reinforced cylindrical shells in a vacuum
and in a fluid. J. App. Mech. Vol. 21. 1954,

Tree and forced vibrations of an infinitely long cylindrical shell in an
infinite acoustic medium. J. App. Mech. Vol. 21. 1954.

Table for frequencies and modes of free vibration of infinitely long
thin cylindrical shells. J. App. Mech. Vol. 21. 1954,

Flexural vibrations of the walls of thin cylindrical shells having freely
supported ends. Proc. Roy. Soc. (A). Vol. 197. 1949,

The flexural vibrations of thin cylinders. Proc. Inst. Mech. Eng. (A).

Vol. 167. 1958.

The new approach to shell theory.—Circular cylinders. [J. App.
Mech. Vol. 20. 1958, Discussion, same Vol.

On the theory of elastic vibrations in plates and shells. [J. Math.
Phys. Vol. 21. 1942.

On the equation of motion of cylindrical shells.

J. dpp. Mech.
Vol. 21. 1954

Free vibrations of thin cylindrical shells having finite lengths with
freely supported and clamped edges. [J. App. Mech. Vol. 22.
1955.

A strain energy expression for thin cylindrical shells. [. App. M. ech.
Vol. 20. 1953.

A strain energy expression for thin elastic shells. J. App. Mech.
Vol. 16. 1949. Discussion. Vol. 17. 1950.

On the general theory of thin shells. J. 4pp. Mech. Vol. 17.
Discussion. Vol. 18. 1951.

The Mathematical Theory of Elasticity. 4th Ed. Cambridge Univer-
sity Press. 1952.

On the strain energy of shells. J. App. Mech. Vol. 21. 1954.

1950.

Cylindrical shells : energy, equilibrium, addenda and erratum.
J- App. Mech. Vol. 22. 1955.

Theory of small deformations of a thin elastic shell. Univ. of Cali-

fornia. Pubs. in Math. N.S. Vol 2. 1944.
Applied Elasticity. McGraw Hill. 1958.
Statik und Dynamik dev Schalen. Edwards Bros. Mich. 1943.
The problem of structural failure due to jet noise. C.P. 17, 514.

March, 1955.

On the fatigue failure of structures due to vibrations excited by
random pressure fields. C.P. 17,925. October, 1955.

18



APPENDIX I

Summary of Assumptions

1. The Cylinder Model.
(i) It is a right circular cylinder with constant skin thickness.

(ii) The stiffening consists of uniform equally spaced circular frames and uniform equally
spaced straight stringers.

(iii) Frames and stringers are both attached directly to the skin.

(iv) The cylinder is closed at the end by thin diaphragms rigid in their own plane but free
to warp, t.e.,

atends v = w = 0 ; « unspecified
u,=0=w,, ; v, u, unspecified.

(v) The distances between successive nodal lines is large compared with the stiffener spacing.

2. Analysis of Stress and Strain.

(vi) Strains and displacements are small. This is essential in order to use a linearised theory
of elasticity.

(vii) Normals to the middle surface of the skin remain normal to it and straight after straining,
i.e.,
€y = by = 0.

(viii) The effect of the changes in length of the normal are negligible, ¢.e.,
Gy =@ .
(ix) The normal stresses are negligible, 7.e.,

oy = 0.

For the stiffeniers we also neglect strain energy arising from
(x) .. .shear in the plane of the skin
(xi) . . . torsion

(xii) . . . transverse stresses in the plane of the skin.

Assumptions (i), (iv), (vi), (vii), (viii) and (ix) are common to the usual theory for the uniform
cylinder. ~

3. Comments—Future Developments—Work is in hand or contemplated to relax some of these
assumptions, or, at least, to investigate their importance, as follows :

(i) The effects of taper on the cylinder will be considered. This is one reason for presenting
Appendix II, para. 1 in terms of the general shell.

(ii) Irregularities of stiffening will give effects similar toc those discussed in Section 5.1 and
under (v) below.
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(iii) When frames are attached to the inside of longerons a separate degree of freedom is
introduced, the circumferential frame displacements not being the same as those of
the skin. A first approximation is given by dropping bending strain energy of the
frames, but the problem can be isolated and the frames solved separately under
arbitrary radial displacements.

(iv) This is covered by Section 2.4.3.
v) First thoughts on this problem are given in Section 5.1.
g P g

(vi) Strains are certainly small but radial displacements may be appreciable compared with
the shell thickness. If displacements are not assumed small, then the strain expressions
become non-linear in displacements. This was followed through for the uniform
cylinder giving rise to a very large number (over 300) non-linear terms in the strain-
energy expression. It is hoped to apply a simplified procedure to the stiffened shell,
retaining the most important non-linear terms, so as to get some estimate of the
magnitude of displacement at which the effects become important. This knowledge
will be important in any experimental work undertaken.

(vil) The relaxation of this is mentioned in Section 5.2.

(viii) to (xii) These effects are almost certainly small, except possibly (xi), but their import-
ance can be estimated, at least for a given numerical example.

It will be appreciated that a number of these points require numerical investigation to establish
orders of magnitude and importance of various factors. These would, in the first instance, be
carried out by hand to obtain a general picture, but any detailed investigation, particularly of
coupling effects, or covering a wide range of mode numbers, could be programmed for a digital
computer.
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APPENDIX IT
The Unstiffened -Shell

1. General Theory of Thin Shells.—Strain Components.—Let (&, &, &) be a set of right-handed
orthogonal curvilinear co-ordinates. ~

Let #,, 04, n; be factors converting distances along co-ordinates to lengths, thus an element of
length is given by
(ds)* = (11 d&1)* + (1> A6s)* + (15 dEs)* . R (1 8 )

In general #,, %,, 7, are functions of £ &, &,

Let 4, 85, d5 be the three components of displacement at any point referred to the tangents at
that point to the &, co-ordinates. '

Then the six components of strain are given by
‘ 198, | 8 n | 8 Oy

T g 08, nan 08, (I1.24)
= %gg—: 77(:;32—?32 ni;z%’ (11.20)
TR e 1122
em:%%(%)Jrz—:% (3_1) O 1 -7
62322-:;?2(2—:)—]—:%%(%>, .. .. .. .. .. (II.Ze)l
oo — Z—:% (%) + Z—‘*{&— (%) L e

See, for example, Wang®®, page 336, equations (12.45). These equations assumé only small strains
and small displacements, as always assumed in the linearised theory of elasticity and apply to
any three dimensional body.

We now change the co-ordinate system to one which is suitable for describing a thin- shell.
Let the surface & = 0 be the mid-surface of the shell.

Replace &; by z, the normal distance from the mid-surface.

‘Thus 7y = 1, for all &, &, z. .. . .. . .. .. (I1.8a)

Since (&,, &,, 2) are orthogonal co-ordinates then £, = constant, &, = constant must be lines of
curvature of z = 0 (theorem due to Dupin ; see Love (Ref. 14), page 51). The z co-ordinates
are straight lines and the z co-ordinates through two adjacent points on the line (&, — constant,
z = 0) must meet at the centre of curvature of that line. It follows that

» n=A1 —z2/R) .. .. . .. .. .. .. (IL.3b)
and similarly

: 7y = B(l — z2[R;), .. .. .. .. .. .. (IL3¢)
where A, B are the values of 5;, 5, at 2 =0, and R, R, are the principal radii of curvature of
z = 0, taken positive when the centre of curvature has a positive z co-ordinate. '
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Changing the co-ordinates (&, &, &) to (&, &, 2) and using equations (II.3), we can write
equations (I1.2) as : ' '

1 06, 8, My A

62:;7—152__—1 @9—5_2_?71—&5’3’ (11.44a)
¢ — ;_2%-2— 7%; Z_Zl _ 7_7;%2 5, (T1.45)
f="2%, . (T1.4¢)
o = Z_:aisl (z—:) + ’1%% (%) U | 77
ezgzig—zernz%(%), S T %)
o — %gf;— + ’71"% CZT) . (IL4f)

These equations are just as general as equations (I1.2).

Now é,, 8,, 85 are functions of &, &, and 2z, but, provided the shell is thin, it is possible to make
assumptions which enable us to describe the displacements, and hence the strains, at any point
in the shell in terms of the displacements at the middle surface, which are functions of &,, &, only.
We assume that normals to the middle surface remain normal to the strained middle surface, 7.e.,

shear strains e, = ¢, = 0, .. .. .. .. - .. .. (IL.5q)
and that changes in length of the normal are small compared with the radial displacements, z.e.,

normal strain ¢, < w/h . .. .. .. . .. .. .. (11.5%)

Equations (IL.4¢), (I1.4¢) and (I1.4f) then reduce to

863 53 !

R e (16
o (6, (1\*0 . |
B_z(n_(_ (%)_852, T | 4.
0 (6 _ _ 1)2% |
a_z(a)_ (m e e (116

Equations (I1.6) can be integrated, substituting for 7, 7. from equations (I1.36) and (I1.3c¢), to
give ’
7y Zow

61: Z% _/TB—EI’ (II76l)

__ 2 _g?ﬁ{”_ .
b= B — G 5e | (I1.76)
8 = w , .. .. .. - .. .. .. .. (IL7¢)

where #, v, w are the displacements at the middle surface.
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Substituting from equations (I1.7) into equations (II.44), (1I.46) and (I1.4d) we find
10 v Z dw Aw

2% _ga_we v £ ow) Aw 11.8
61_771 08, A% A 9¢, ™ 0&, 7713 771’723 0§, 771R1’ ( . a)
1 2 (g, Zawg 8772% w Z 81@% " Bw
= Y — = — — — —— - I1.85
& Ny 0 sz B 08,y 0&, 772A 7717’/2A 0¢, 772R2’ ( )
_Mm 0 (v Z dw ’ﬂ_azﬁ_ia_wi 118
612_771 0¢, |B 772B 0&, 7y 0 4 771A 0&,) "’ ( . C)

which are the generally accepted expressions for strains in terms of displacements at the middle
surface of the shell.

The thin shell assumptions only enable us to define these three components of strain. The
subsequent assumption that o; = 0 (equations (I1.11)) effectively defines ¢, in terms of ¢, and e,
but it is not useful to write it out unless assumption (II.5a) is being relaxed.

2. Unsform Cylindrical Shell—Strain Components.—We now apply equations (I1.8) to the special
case of the uniform circular cylinder.
The co-ordinates (&, &, z) become (x, ¢, 2)
-and 71, 72 become 1, (= a + 2) ,
A, B become 1, a,
R,, R, become o, — a.

Equations (II.8) now become :

6= U, — ZW,,, .. .. .. .. .. .. (I1.9a)
1 w oz

32:6—;7’_!—;_“510‘#4;, . .. .. .« .. (II.gb)
1 7 1,1

512=;%¢+;Z7)x_2(;l+;)wx¢~ .. .. .. (IL.9¢)

It is, of course, possible to simplify the preceding work by restricting ourselves to cylindrical
polar co-ordinates from the start, but the steps in the argument are unaltered.

It is useful to write the particular form of equations (I1.7) for the cylinder. viz.,

8, =u — z2w,, .. . .. .. .. .. (I1.10a)
7 z

62:&11—671%, .. .. .. .. oo (110109)

bg=w. .. .. .. .. .. (IT.10c)

Equa,tions (I1.9) are identical with those derived by Flugge®.

3. Uniform Cylinder —Dynamic Equations.—Assuming plane stress in the shell we find

: E
Glzm{el—l— 1’32}, .. . . .. .. (IIlIﬂ)
E
0'2:-1—_—_—;‘2{32—{"’1/61}, .. e . . - (IIllb)
E
(712 — Gem p— m 312 3 (II.I]C)
03 =0 = 0643 = 03 . .. .. .. .. .. (IL.114)
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The strain energy of the shell can therefore be written

E 1 p2n ph/2 . \ 1— » )
S= 20 — 9 fo JO f"7l/2 &’ + &’ + 2vee, 4 5 et ¥ dx d dz . .. .. (I1.12a)
The kinetic energy is given by
p I p2n phj2 i . i
Tzﬁff f {0, + 67 + Sy rdadp dz . - A € 8 ) 1)
0Jo J —we2 : .

After substituting from equations (I1.9) and (I1.10) we can carry out the z-integration to find

B+ (0 + )+ oo + ) + 5 G+ an) +

S = za(lEﬁ —‘,,z) J J (&lzwm (a*w,, — 2au,) + (@ + wy,)* + 2va*w,. (0, — vy) +
0J 0 —]— :8 1 — 9
l—F 5 (aw,, /—I— w)* -+ g— (1 — »)(aw,, — av,)?

L —
dg dx , e (I1134)
pha [t (= [4° + 0 + ©® - } A
2 d .. .. (IL.13b

where § = h*[12a’.
Logarithmic terms arising from infegration of 1/r have been expanded as far as (#/a)*. The

next terms in the expansion are in (4/a)%, i.e., % so that equations (II.13) can be considered as

mathematically exact within the limitations of the physical assumptions in equations (IL.5) and
(IL.114). '

Equation (I1.134) is identical with one derived by Bleich and Di-Maggio™.

We now assume the displacements to have the form

u = U cos n¢ cos lg COS wi = ¢, COS #¢ cosl;—i, .. .. .. (II.14a)

v =V sin np sin /12 COS wf = ¢, Sin ng sin Zg,' . .. (I1.140)

w = W cos n¢ sin Ag COS wf = g5 COS #g Sin Ag, - . .. (IL14c)
where 2 =mzfa; m=1,2,83,...; n=1,2,....

Equations (II.14) satisfy the boundary conditions of thin didphragmé, i.e.,

v=0,w=0atx=0,7. .. .. .. .. . .. .. (I1.15)

They are also self-consistent and on substituting into equations (I1.13) every term in theintegrands
involves squares of circular functions only. As a corollary, if displacement forms involving
different circular functions (e.g., # = ¢, sin ¢ cos ix/a) were added to equations (II.14), then,
on substitution into equations (II.13) terms in, for instance ¢,¢," or ¢,¢;" would also involve a
function such as sin #¢é cos n¢, and would therefore vanish on integration. Similarly, if we added
terms with different values of # and m, all the resulting cross product terms would vanish on

integration. We are therefore justified in selecting equations (I1.14) from the complete Fourier
type expansions for u, v, w. :
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Substituting from equations (I1.14) into (I1.13), integrating and re—arranging the terms we have

_ [ -
L 5 w2 g — (1 4 »)ingqs — 292¢,g9; +
11— ‘
2 22 22 2 o5 32
Szy%ﬁﬁ—w%+ o hje T Ty . (IL16a)
1 —» 3
LB Tt (1 — )t — 228qgs 5 (1 — 9)2%* +
L L (8 = v)APngags + {(A* + %) — 2m® - 1} ¢ ]
| hla . . . _ qu.lq.a “I‘ 39.22 "I“
T =7 [ 21 g2 g [ ﬂ 11.165
4 e A + 4%9.293 + (ZZ + %2)932 ( )

We take ¢i, g5, ¢; as the generalised co-ordinates of Lagranges equations for free vibrations :
4Ty o s
at\ag,) — aq, " aq,
Substituting from equations (I1.15) and (I1.16) and multiplying through by 2a(t — »*)/zEhl cos wt
we find, since §, = — w?j,,

[ 4+ 2 31— )+ H{L — )] U + [— K1 + )in]V +

0, r=1,838. .. .. .. (IL17)

+ [ABA — vd + A1 — »)an — YW =0, .. (I1.18a)
[— 31+ )4]U + [~ 4 (14 38) +u° + 31 — »)22 + (1 — »)2%1V +
' + [— 204 +n + 38 — )W =0, .. (I118)
(264 — vi + BE(1 — 9)2n* — 29U + [— 2064 + 0 + §(3 — »)2*np]V +
- +[— AL+ (A2 0y + 1+ B{(A + ) — 20 + 1JW =0, .. (IL.18g)

where 4 = {pa*(1 — v} 0%}/E .

Note that it is dangerous to start neglecting too many of the § terms at this stage since many
of the extensional terms cancel out in the frequency equation. Equations (II.18) yield the
frequency equation ' :
' o KA* — KoA® - K4 — Ky =0, . e .. (IL.19)
where

K,

31— 9) (1 — »)2% 4+ F(1 — »){(A* - n¥)* — 202° — 62%% — (8 — 20)A%* -

I

+ 2n® + (4 — 30924 + FH(7 — 3w)awE 4+ uf},  co. . . .. (I1.20q)
K= 31 = 2)(2" + 0 + (1 — #)(3 + 20)2* + (1 — »)n® 4 B(2 — »)(A* + n?)* +

+ 18 — 9 + 2092t — (6 — » — »)2%% — L(7 + 30\t +

+ 3O — 4y =32 L KL =T}, .. . L L .. (I1.208)
Ky =14 338 — »)(A 4+ n%) + 18{(5 — »)(2* 4 #?)® 4 (6 — T)2® —

— L8 + 5v)n* + 5}, e o S .. (IL.20¢)
Ky, =1+ g{(2* + #®) + 3}. Co e e e oL (11.20d)

25

(78425) B2



Owing to the neglect of shear deflections many of the g terms in equations (II.20) are of
doubtful value. It is to be expected that shear deflections would introduce terms of the same
order as those arising from rotary inertia, 7.e., of order A28 or #*g times the extensional terms.

It seems then that the present theory should be restricted to cases where shear deflections and
rotary inertia are small. 7.e., where

(P+w)p<l. .. . . .. . .. (I1.21)
Equations (I1.20) can then be simplified to
Ky =31 — ) (1 — )2+ L1 — )B{A* 4 wA)* — 2n° 4 nt}, .. (I1.224)
K, =31 — )2 4+ %92 + 31 — »)(8 + 29)22 + H(1 — »)n?, .. (11.225)
Ky=1+ L8 — »)(2 +n?), O € § 925
K,=1. .. . . . . . . . .. (11.224)

Had the assumption (I1.21) been made in equations (II.18), then the #® and #»* terms in (I1.224)
would have been omitted : these are essential when A and » are small (i.e., for a long cylinder
with # and w fairly small). However, all the terms in equations (I1.22), together with some
additional small g terms, are obtained from the following simplified forms of equations (II.18) :

[— A+ 2+ 31 — 9)w? U + [— 31 + )]V + [— »2]W =0, .. (I1.23a)
[— L1+ )an]U + [— 4 +#2 + 31 — )2V + []W =0, .. (I1.23]
[— v2]U + [V 4+ [— 4+ 14 p{(2* +n¥* — 2w +- 1YW =0. .. (IL.230)

Thus we have effectively neglected rotary inertia and all the bending terms in the strain energy
except those associated with W2 ‘

As has been noted before (e.g., Arnold and Warburton®, equation (II.19) yields three solutions
for 4, corresponding to three normal modes with the same nodal pattern but with different
values of U/W and V[W. In each mode one of the three components of displacement pre-
dominates and the three values of 4 are of different orders of magnitude. We are principally
interested in the lowest root corresponding to predominantly radial displacements.

4. Approximation to Lowest Root of Frequency Equation.—A first approximation to this root
is obtained by neglecting the tangential components of inertia, ¢.e., omitting the 4 terms in
equations (II.23a) and (I1.23b). The frequency equation then becomes

4 (=92 4 B+ )t — 20 - )

FF . .. .. (11.24)
A better numerical approximation is actually obtained by putting
A_—Kl, . .. ‘e . .. .. .. .. (I1.25)

and it can be improved by iteration from equation (II.19), a single iteration giving quite good
accuracy as pointed out by Arnold and Warburton®. If the convergence is slow it follows that
the assumptions of this theory are no longer valid.

5. Note on the Anomalous Variation of Frequency with Mode Numbers.—Equation (I1.24) (or
(I1.25)) is adequate to demonstrate the variation of frequency with 2 and # . for instance, with
4 constant it indicates a minimum frequency at about

'nz[z(l_ﬂvz)m—ﬁ]m,.. ... ... (1128
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which agrees very well with the curves given by Arnold and Warburton. This curious effect,
namely, that an increase in mode number does not necessarily increase the frequency, was
pointed out by them, but they only demonstrated it in theory by carrying out a large number of
calculations. Equation (I1.24) (or (I1.25)) has the merit of summing up this behaviour in a
compact form. The explanation (given by Arnold and Warburton) is also readily apparent
from equation (I1.24) : for when # is small the first term in the numerator predominates (provided
A 1s such that the right-hand side of equation (I1.26) is > 1) and we have
At . .
4 ~ GERTE decreasing as » increases.

Eventually the second term of the numerator takes over and we have 4 ~ §(2* + #2)?, increasing
with #. :

The minimum of # is reached when the two terms are equal giving equation (I1.26). It is clear
from equation (I1.24) that when # is less than the value given by equation (I1.26) stretching
energy predominates and when it it is greater bending energy predominates.

Remembering that # is a positive integer, i.e., # > 1, equation (I1.26) indicates the range of
A over which this reversal can take place.
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APPENDIX III
Details of Analysis of Stiffened Cylinder
(The analysis is described in Section 4)

1. Strain Energy of Longerons.—It is reasonable to assume that o, and ¢, are small so that
longitudinal stress and strain are related by

o, = Ee, .. .. .. .. .. .. .. AU .. (IIL.1)
and the total strain energy of one longeron is then
l
dsl:%—Ef felzbldzdx, OO € § 821

depth .
where b, = breadth of longeron at any height 2, and strain energy of shear is neglected (this
includes torsion).

- Substituting for ¢, from equation (I1.94)

!
s, = 1E f dx f (0, — 2200, + w,,")b, dz
. 0

depth

l |
— iE f (At — 24, Pumw,, - APw,?) dx ¢ 5 )
o

where A, = J- b, dz = area of longeron section,

depth

AW = f zb, dz = first moment of area of longeron section about skin m'edian,

depth

AP = f 2?0, dz = second moment of area of longeron section about skin median.
depth -
Note that A4 is only positive when the longeron is outside the skin.

Assuming sinusoidal deflection forms we can substitute for # and w from equations (II.14)
obtaining, for the rth longeron, provided 4 £ 0,

AL o A3 M, o A @), 2 2
a‘zsl:ﬂ&?Alql — 2l AP+ T AP ot (@amlp), . . .. (IIL4)
where p = number of longerons, » = 0,1...$ — 1, the longerons being assumed to lie at
¢ =0, 2an/p, danfp, . . ., their finite widths being ignored.

From equation (IV.3) we see that
p—1
> cos® (2anfp) =p|2; n£0,p/2,p. ...
r=0

7 = 0 is dealt with separately. The other singular values are excluded by the assumption of
closely spaced stiffeners, implying /2 > n.

Hence equation (IT1.4) can be summed over the p longerons to give
nEhl

Si= fa(1 — 9 22Log® 4 28°L1quqs ~+ A*Logs®t .. - .. .. (II1.5)
PN pAPI ) pAPU
where 0 = 9l ; Ly = D c L, = e

Note now that L, is (positive/negative) when stringers are (inside/outside) the skin.
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2. Strain Energy of Frames.—Neglecting o, and o3 we have
o, = Ee,,
2
iS, — 1E f f ber db dz
0

depth

where b, = breadth of frame at any radius » = a + z.
Substituting for e, from equation (I11.95)

b4

1w
—y - — —wy,t rdz
a "5+7 ar

25
dsf:lEf d$ f b,
0

depth

v, (A P :?A f‘l)) + 2vwA; — §v¢w¢¢A A+
27 ’
E 1 1 1 1
= Z_aj 1w (Af —CAO A — ) — %ww,, (;lAf‘l) — A+
o :
1 1
where
4, = f b; dz = area of frame section
depth
A = f 2'b; dz = rth moment of area of frame section about skin median.

depth

‘Note : for v odd, 4, is negative when frame is inside skin.

Assuming deflection forms (I1.14), for the #th frame, provided # = 0,

#? (Af -+ ;—Af(l)) g + 2n (Af -+ 5t ;—Af(l’) g:qs +
1 1 1

de:%S -+ )(Af_‘ &Af(,l) + .. ) -+ 2n? (Af(l)gi — EAf(z) —+ .. .) + sin? (7;:_;) .

Pt =
i a
Where frame spacing = //g,

r=1(0),1,2...9—1,(g).
From equation (IV.7)

mra

(AN D 4 ‘ | ‘
2 — 2 Y __ 1 . __
1sm (——qa>_ > sin (ng)_zq, mEq,29. .., (l_ ]

r= r=0

(111.6)

(TI1.7)

) (I1L.8)

(I11.9)

),

where again the singular values are excluded by the assumption of close spacing which implies

q> m..

The limiting case 4 == 0 is dealt with separately.
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Thus equation (I11.14) can be summed over the frames to give

S wEnl | 7H(Fo — Fi)g* + nF, — n*F)q.q,
= T s - ‘ .| » (ITL.10)
F{Fo+ Fit o) —28(F i+ Fot ) 0t + Fo+ .. )l
where . '
_ 4,1 =) 40 =
Fo=™=0r—3 FB=0E0""72mm—

Note now that for » odd, F, is (positive/negative) when frames are (inside/outside) the skin.
The series of F, in the g,* term of equation (I11.10) will generally converge rapidly, probably only
two terms being required.

3. Total Strain Energy of Shell—The strain energy of the skin is given by equation (II.16a).
Adding equations (I1.16a), (III.5) and (I1.10) we have

{21 + Lo) + 3(1 — »)n%q® — (1 + v)Angig. —

wEhl — 2{vi — BLijggs + {(#*(1 + Fy + Fy) + {1 — »)2%g,* + :
S, = . (LIL.11)
4a(l — v*) | 4 2n(1 + Fy) — w*Filgugs +{(1 + Fo + F, + .. .) —
— 20}(Fy 4 Fo+ .. ) + 0M(Fy + Fo 4 .. ) 4 22L5)g: J

The bending energy of the skin has been omitted since we are concerned Wlth relatively heavy
stiffening and can assume 4
B LF, Ly<<F, L. .. . . . .. .. (II1.12)

Most of the skin bending terms appear in direct company with these quantities : the others are
of little importance even for the uniform shell.

4. Kinetic Energy of Longerons.—The kinetic energy of one longeron is given by

14
dleéfJplbl{éf—[—éf—l—‘éﬁ}dzdx, N A R

depth
where p,b, is the mass of the longeron per unit depth and length.

Substituting for the ¢ from equations (II.10),
I
T =4 [ dx [ o |zt (2 v—_w¢) +w} L. (TTL14)
0 ,

depth
| — 20 i, + (my + 21,0+ 2 T0) 0 4
— 1 1 1 v, (LIL15)
2 (5 1o ;l-z-m)) b, + I P2 4 le-zmz@f o
where :

m, = f p:b, dz = mass of longeron per unit length,

depth

Il(l) - f Zplbl dZ
depth
7o — 2%p;b; dz = moment of inertia of longeron per unit length about skin
o .

median.
depth
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If we average out the rivets, etc., give to a mean density 5, then
Substituting from deflection forms (II.14) into equation (III.15),

mg,* — 2 %Iz(l)g.lq.:s ‘I_g‘g-[z(z)g.:f + m, 4| cos® (275%;) + |
iT; = EI i j(m, T gm ° %m) g & .. .. (LL17)
1 1 .0\ . n ol 4
_— 2n (;l IW+ ;lgIL( )> g:gs + ?11(2)93; ?11’12 (Zn%}) |

As with the strain energy we can sum over the longerons to find, finally, provided # == 0,
A #=0,

7 _wphla [Hq + 22H1Gig + (Ho — 2H, + Hy)g:* + (IL18)
l 4 + 2%(H1 — Hz)q'zq.s -+ (Ho + 2*H, + ”2H2)£i32 ’ ‘
where :
_ pm - LY _ pI®
Hy = 2mahp’ H, = 2nhpa®’ 7 Onhpa®
when density is averaged out to j,,
~ b1 ) - P —_ P
H, = P Ly; H,= P L,; H,= i L,. .. .. (IT1.19)
Note : signs of I,™ and H, are as for 4, and L,.
5. Kunetic Energy of Frames.—The kinetic energy of one frame is given by
‘ 27
AT, = %f f PSS 82+ S dpdz, .. .. .. .. .. (I1L20)
0

. depth R
where p;b, is the mass of the frame per unit depth and per unit circumference at radius 7 = a + z.

Substituting for the 6 from equations (I1.10),

’ 27 2
iT, — %f i f 1/pfbf§(1}t—zzé)x)2—|— (2v—§w¢) +wtldz .. .. .. (IIL2])
depth

| it — 2000, 4 T2 4 (m, + O%Ifﬂ) + %Iﬁ) i* +
—1 f 0 1 1 1 | i,  (I11.22)
—2 (& I® Ejf(z)) 10y + 5 P2 -+ gt
where -
my = f psb; gdz = mass of frame per unit circumference at the reference surface.

depth
= (total mass of frame)/2za ,

o= f pibs 2z dz

depth

4

depth

Both per unit circumference at the reference surface.
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If the density is averaged out to p, then

My == py

O -~
I/ = p;

A;l>+%A;2)§,.. L)

1@ = p, iAfw) -I--;/lf(s)

Substituting from deflection forms (II.14) we obtain an equation similar to equation (II1.17),
which can then be summed over the frames to give, finally, provided # # 0, 4 # 0,

__ wphla [Goéf + 206ug + (Go — 260+ G)g" + (II1.24)
T4 | 2(G — Gguds + (Go + 2Ga + #2G)gst |
where
_gmy _ e _ P
Go — hlp > Gl - hl&lp Y GZ - hlazp *

When density is averaged to 5,

o~ P _ . —~ Py . . o Py .
Go = =5 (F F); Gi= (0= 57 (Fo = o) 5 o= oo (= (Fy — Fy). (I11.25)

6. Total Kinetic Energy of Shell.—The kinetic energy of the skin is given with sufficient accuracy
by equation (I1.160). Adding equations (I1.165), (IL1.18) and (I11.24) we have

[(1 + Go + Hogs® + 24(Gy + Hi)gigs +

T — nphld + {(1 + Go + Ho) — Z(Gl + Hl) + Gz + Hz)}g-zz + (III 26)
A 4 2{(G+ H) — (G Hi)Yds +
_l‘ {(1 _|_ Go ‘!‘ Ho) _{“ (12 “l" %2)(G2 ‘l‘ Hz)}§Z32
A crude approximation is given by
‘ hl T
Tt:”P4“(1 G HYGE+ P ¢S . .. .. .. .. .. (I1L27)
This assumes, for instance, that
(A2 4 0 (Ge + H,y) <14 Gy + H,, .. e .. (I11.284q)
which is equivalent to
(A2 4 w¥)(F, + L,) <€ 1. .. .. .. . .. (I11.280)
7. The Dynamac Eq%ations.—-We write Lagrange equations in ¢, ¢s, ¢ : |
a (0T, ol, 85, - :
;ﬁ(ﬁ) — S Tag =0 =128 L (U129)
Now ﬁqr:‘j’: — o, = — w®cos wt (%, v, or W) ,

so if we substitute for 7", and S, from equations (III.11) and (I11.24) and multiply through by
2a(1 — »*) /= Ehl cos wt we can write the three resulting equations in the form :

w
[C—AB]{?}}:O, .. .. .. .. .o .. (111.80)
w : .
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where 4 = pa*(1 — »*)0*/E, and where [C] and [B] are square matrices defined by

221+ Ly) + 31 — »)n*, — 3(1 -+ »)in ,
€] = | — 31 + »)in , WL+ Fy— F) + 31— o),
| — vi 4 A3F, , n(l + F,) — #’F; ,

— wAd 4 A,L,

n(l 4+ Fy) — nPF,
(14 Fo+...) —2n¥F, +..) +#4Fs +...) + 2L,

1 _I—-GO_!_HO: O : . 3
[Bl={0 o (U Gy + H) — 26y + Hy) + (G, + Hi)
MG+ H,) , n(Gy+H, — G, — H,) ,

MG, + H))
WGy + H, — G, — H,)

(1 + Gy + Ho) -+ (3-2 -+ %2)(62 -+ Hz)
The eliminant of equations (II1.30), <.e.,

[C —4B]=0 .. . .. .. . .. (II1.31a)
can be expanded to give a cubic in 4, _
KA — K, A* - K4 — Ky =10, .. . . . .. .. (I11.318)

giving three real positive roots, in general.

After substituting these roots back in equations (II1.30) the mode shapes can be determined,
as defined by the ratios U/W, V/W. :

8. The Generalised Mass.—The generalised mass M is defined by .
T, =4iM¢g*. .. .. . .. .. (I1I.32)

Comparing equations (IT11.82) and (I11.26), we find

(14 6o+ 7 (7) + 2406, + 1) (1) +

mphla| {1+ Go Hy) — 2G + Hy) + (G + Hy)} (5‘17) i

M =" .. .. (IIL.33)
2 14
+ 2{(Gy + Hy) — (6, + H} () +
F{(1 4 Gy + Hy) + (2* 4+ n) (G, + H.)}
since, e.g.,

¢ _ —oUsnowt U
gs — oWsinewt W™
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APPENDIX IV
Evaluation of Swmmations over Frames and Longerons

s—1
o . . 4
1. Two Preliminary Summations.—First we evaluate > cos (kn 3 ) ,
r=0
where k = integer or zero,
7, s = integers.

s~1 s—1
Now > cos (kng)z % > exp (thm v[s) , 7=4/—1.
r=0 r=0
But this is a geometric progression with s terms, common ratio of exp (¢k=/[s) and first term = 1
s—1

AN 1 — exp (k=)
Therefore ZO COS (kn S—) — R T exp @m]s)

2 &P (— thn|2s) — exp (125 — 1 kxn/2a)
exp (— tke[2s) — exp (thn[2s)
— sin (kn/2s) — sin (25 — 1 kwz/2s)
— 2 sin (kn[2s)
., sin (k=) cos (hn[2s) — cos (kx) sin (km/2s)
=+i+- 2 sin (ke [25)
=+ 1M1,
provided sin (kz/2s) 7 0,ie., B # 0, 2s, 4s. ...
But if sin (kz/2s) = 0, then cos (k=[s) = cos (knr[s) = 1 and hence
. (0, kevenbut #£ 0, -+ 2s, - 4s...
> cos(knt) = {5, k=0,£2, 4 45... L v
" 1, kodd
. e 7\ _ cos (km|2s) — cos (2s — 1 kx[2s)
Similarly ZO sin (kaz s ) = 3 sin (i [25)
cos (km[2s) — cos (k=) cos (kz[2s) 4 sin (kx) sin (kn/2s)
2 sin (kz|2s)
13— 1)y S em/2S)
=& }sin (kw[2s)

But when sin (kz/2s) = 0, sin (k=7/s) = O : hence
s—1 ¥ O
z sin (k% 3) == |\ cos (km|2s)
= sin (km/2s)’

, keven

b odd (IV.2)

2. Summations Arising from Single Sinusoidal Modes.
Longerons

We have p longerons spaced at ¢ = 2a7/p, » =0,1,2...p — 1.
-1 p—1
> cos® (2mnr[p) = % > {1 + cos (danr[p)}
r=0 =0



I

Comparing this last summation with equation (IV.1), 2 = 4n, s = p, we see that

p—1 ip 0, 1o, e
> cos? (2unr[p) = [”5 s jp ? } O 4 A V%
L r=0 p , N = 0 , §j) ; ? e )
Similarly,
=1 3P, 0, 3p, - ‘
> sin? (2mnr[p) = [21[) "7 . P } . . .. .. (IV.4)
r=0 0 , "= 0 ; %p , P N '
Also -
sin (2rnr[p) cos (Lany/p) = L sin (danr[p) .
Comparing with equation (IV.2), with 2 = 4#n, we see that
—1 . -
Pz sin (2anr[p) cos (2mnr[p) = 0 for all n . .. . . . .. .. (IV.5)
=0

Frames

We have frames spaced at intervals of l/q, i.e.,
at ’ x:lg, r=1,2...9—1.
The addition of » = 0 will not affect the summation.
cos? <Wm g) =14 Lcos (Zmn—;) .

Comparing with equation (IV.1), with 2 = 2m, s = ¢, we see that

~1 ig, #< 0, , 2g...
QZ cos? (sz/) = {2q ” 7. A ] : . .. .. (V.
i=0 q g, m=0, ¢qg, 2q9... ,
Similarly
—1 ilg . 0, , 29...
) sinz(mf):[ﬂ mEY, g ] v
7=0 g 0, m=0, g, 2¢...
Also
n (1 7) - cos () = goin (2ma 7]
sin | mm - cos (mm - | = = sin | 2mn ~
q 2
Comparing with equation (IV.2), with 2 = 2m, we see that

. ~1
qzsin (mn—;) cos (Wm—;)'zofor all m . .. . .. .. .. .. (IV.8)
=0 .

3. Coupling Terms between Different Sinusoidal Modes.
Longerons

e.g., terms which would arise from

jz: En: cos (2%%;) + Z sin (Znn;—b) %2 .

Now

cos (Znnl;’;) cos (2%1@%) = 1 cos (an;) -+ 1 cos (an;—b-) )
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p—1
Therefore > cos (Znnl 1:) cos ( 21, Z)
r=0 P p

0 |, 7,0 L p, £2p. ..
=i4p, (At m)or(m—m) =0 , +p, +2p...5... (IV.9)
P, (mtm)and (m, —m) =0, +p, +2p...

Also sin (2%%1 ;) sin (Znnz ;’;)

—_—
= — L cos (Zaml + 7y~

P) -+ 1 cos <2nm;) .

=1, 7 . Vg
Therefore > sin <2n%1 —) sin (Znnz—)
=0 P p

0 , #, 450 . +p, +2p...
={3p, (m+m)or(m—m)=0 , +=p, +2p...}... (IV.10)
0O , (m+n)and (m, —m) =0, -9, +2p...

Also sin <2m¢1§5) cos (275742;)

= % sin (2%%1 -+ %2;) + 1sin <2:/m1 — nz;,—)) .
=t 7 4
Therefore > sin (Znnl—) cos (271%2-]—5)
- r=0
—Oforallm,m. .. .. .. L. .. .. .. (IV.11)
Equations (IV.3), (IV.4), (IV.5) are special cases of (IV.9), (IV.10), (IV.11).

Frames

e.g., terms which would arise from

qf > cos (mw g) '—}— ; sin (74/m g)

2

r=0\ m

Now coS (mln Z) coS (mzn 7 )
q q
1 —_— 7 _— 7
= 1 cos (ml—I—man]) + 3 cos (ml— mzng)

d 7 7
Therefore > cos (mln 7 ) cos (mzn 7 )

r=0
0 , m; 4 m,even but 5= 0 , +29, 44g9...
3, (mitme)or my —m,) =0 , +2¢, H4g...
- , (my+my) and (my, —my) =0, 429, +4g...{
, My + m, odd |

(IV.12)

— MY
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.. 7=l 7 . 4
Similarly sin (mln é) sin (mgaz ZZ )

0, m +m 40 , +2¢, +4q...
=1{3q, (m+tm)or(m —m)=0 , +2¢, F4g9...). (IV.13)
0, (m + my)and (m, —m,) =0, 4+ 2¢, J4q...

il ry - 7
and > sin (mlaz 7 ) cos (mzaz 7 )

=0
0, m, -+ m,even .
= {cos (m, + m,n|2q) | cos (my, — m, 7[2q) e L g 0dd [ (IV.14)
sin (m, + my =f2q)  sin (m, — m, w/2q) ’ ! 2

Note: This last summation can only occur in a very long cylinder where the end conditions are
virtually indeterminate so that we can have displacements varying as'either sin (max/l) or
cos (mnx/l). :
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(a) Polar Coordinates

Figs. 1a and 1b.

u,v,w are at r=aq, i.e. z=0

8,,6,,6; are at any r

(b) Deflections

Co-ordinate system.

—X
L._"_—__:\i S===7 S ————r
| l |A/7Nodal lines
] 7
| 1 !
I . |
I - .
. | | | ]
B S N — [T —
Section XX looking X
in +ve x direction X
l
W= q,c0s n ¢ sin m;rx; nN=3, mMm=24

F1G. 2. Typical radial deflection form.

(78425) Wt. 3523/8210 K7 8/60 Hw.
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