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Summary.---This note gives the result of an attempt to find an analytical solution of Possio's integral equation-- 
the equation which connects the downwash and the pressure distribution on an aerofoil oscillating in two-dimensional 
subsonic compressible flow. A method is given for solving this problem and for solving the corresponding problem in 
incompressible flow (the solution of Birnbaum's integral equation). 

1. Introduct ion--The problem of calculating the pressure distribution on an oscillating aerofoil 
in two-dimensional subsonic compressible flow can be approached ill tWO ways. The first approach 
is to solve the boundary-value problem for the partial differential equation of the flow. This 
has been done by Timman and van de Vooren 1, and they have obtained an analytical solution of 
the problem. The second approach is to solve the equivalent integral equation which connects 
the pressure distribution over the aerofoil with the known downwash distribution, that  is, the 
Possio integral equation. This approach has been used to obtain the analytical solution presented 
in this note. The solution is the same as that  given by Timman and van de Vooren but it is of 
interest to obtain it from the integral equation. 

As a guide in devising a suitable method for solving Possio's equation, a new method of solution 
is first derived for Birnbaum's equation, the equation to which Possio's equation reduces when 
the flow is incompressible. Although there are a number of existing methods of solution, this 
new method is of interest and is described in section 4. I t  is then used to obtain the solution 
to Possio's equation described in section 5. 

The method given in this note is possible because each of these integral equations can be split 
up into two integral equations, one of which is of a very simple type and the other an integral 
equation of the first kind with a symmetric nucleus. The integrand in the second integral equation 
has a second order singularity and the integral must be understood to take its principal value. 
This singularity causes no difficulty and the integral equation can be solved by the standard 
Hilbert-Schmidt ~ method. 

No singular solution of this second integral equation could at first be found for Possio's integral 
equation. However, when the note was in draft a paper by H. G. Kiissner a appeared in which 
he solved the problem by a combination of the differential and integral equation approaches, and 
gave the singular solution in a simpler form than tha t  given by Timman and van de Vooren. 
I t  was then found possible to derive the singular solution in Kiissner's form by a method consistent 
with the general method of th i s / repor t :  ~ : : 

* R.A.E. Report Structures 181, received l l t h  October}i1955. 



2. List  of Symbols . - -Al l  lengths have been made non-dimensional with respect to the semi- 
chord I so that  the wing covers the interval (-- 1, 1) of the x-axis. 

p Frequency of oscillation in radn/sec 

V Velocity of the steady stream 

o~ Reduced frequency parameter 

= ( l ) l ) / v  

M Mach number 

xa =  I(1 - M 2) 

o Air density 

H Pressure jump over the aerofoil 

= p V z ]  ~ eipt  

w Downwash on the aerofoil 

= V W  e > 

a Normal acceleration over the aerofoil 

= (V2IZ)A e~p t 

se.O The odd Mathieu function of order n and period 2~ 

Ne~l~l(t) Modified Mathieu function of the second kind and order n 

H1C2~(x) Hankel function 

Ko(x), K~(x) Modified Bessel functions of the second kind 

3. Principal Values of Improper Integrals.--All  the improper integrals in this note can be 
expressed ill terms of the improper integrals. 

T h e  principal value of this integral is defined by MangleP to be 

-P ~ (x -- y),+l dy = ,+01im ~ q- ,+~ (x _ y)~+~ dy + (--)~ K~(x,e) 
where 

Ko(x ,  8 ) = 0 
and 

• "-~ 1 1 - - ( - -  1) ~-~  {d*ft 
For n = 0 we get 

P - - - - d y = l i m  - /  
x - - y  ~ + 0  ~ . + ~ x - - y  ' 

which is the usual definition for the Cauchy principal value, and for n ---- 1, 

: if-" : P , ( x - - y ) ' d y = l i m , + o  , + , + , ( x - - y ) ' d Y - -  :(x)  . 
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An impor tan t  proper ty  of these integrals is tha t  we can differentiate under  the integral  sign, i.e., 

; i(,l f° a-;a p o ( x  _ y ) , ,  a y  = - n P  o ( .  _ y ) o + ,  a y .  

This fact will be used repeatedly. 

4. Solution for Incompressible Flow.--4.1. For a two-dimensional  aerofoil in incompressible 
flow, the  downwash velocity VW(x) is related to the  pressure p V2P(x) by means  of Bi rnbaum's  
integral  equat ion 5' ~, viz., 

f* f+~ F(v) dv . . . . . . . . . .  (4.1) 2~W(x) e ~ - * = -  - ~ e  ~'*du _ ~ ( u - v )  ~ ' 

where W(x) is known for Ix] < 1 and _r' must  satisfy the  Kut ta - Joukowski  condit ion at the 
trailing edge, i.e., /'(1) = 0. 

The integral  equat ion can be split up into two integral  equations" 

W(x)  = - -  f i =  e'°~'~ G(u) du . . . . . .  

and 

From equat ion (4.2) we get 

d (w(x)e  'o~} 
e ~°* G ( x )  - d x  

= - e ~°~-* A ( x )  , . . . . . . . .  

where A (x) is the  normal  acceleration. 

4.2. Solution of Equation (4.3) for [u I < 1 . - -When  we put  u = --  cos 0 
(4.3) becomes 

~'= r(~o)sin ~o &0 
2~G(0) Jo (cos 0 --  cos ~o) ~ . . . . . . .  

To solve this we use the  integral  relation 

( a)F sin 0 sin 9 sin nq~ d~ 
sin nO= - - ~  o ( c o s O - - c o s ~ ) ~  

which is proved in Appendix  I, section 1.1. 

Let  

/~ --  ~ a, sin n 9 .  , • . . . . . .  
1 

F(~) = 0 and so the  trailing-edge condit ion is satisfied. 

From equations (4.5) and (4.7) using equat ion (4.6) we get 

2zG(0) sin 0 = ~ a,~(-- nz) sin nO 
1 

and so 

2 | ' -  G(O) sin 0 sin nO dO D 

3 

. . . . . .  (4.2) 

. . . . . .  (4.3) 

. . . . . .  (4.4) 

, v = --  cos ~, equat ion 

. . . . . .  (4.5) 

. . . .  (4.6) 

. . . . . .  (4.7) 

(71242) A~ 



Therefore 
4 

I'(9) - -  - G(O) sin 0 sin nO dO 
1 n o 

- l _ f ~ G ( o ) s i n o [ 4 ~ s i n n ° s i n n 9 1 d o  
7~ 1 " n 

f ~  1 - cos (0 + 9) d o  _ ~1- oG(O) sinO l O g l _ c o s ( 0 _ 9 )  

- -  G(O) sin 0 L(0,9 ) dO 
0 

(4.8) 

= 1"1 say 
where 

L(0,9) = } log  1 --  cos (9 + 0) 
1 -- cos (9 - -  0) . . . . . . . . . . . . .  (4.9) 

I t  will be shown in section 6 and Appendix  I, section 1.2 tha t  F0 = cot ½9 is a singular solution 
of equat ion (4.5) which satisfies the trailing-edge condition. The complete solution of equat ion 
(4.5) is therefore 

= g c o t  g91  _ _  ~ 0 G(O) sin 0 L(0,9) dO , . . . . . . . .  (4.10) 

where ~ is an arbi trary constant.  

4.3. We have not  yet  used all the  given data. To find _r we have used, not  the  given downwash 
W, but  only the  given normal  acceleration over the  wing, A. Since A = (dW/dx) + i~oW, any 
downwash of the form W + C e-~% where C is independent  of x will give the  same acceleration A. 
We shall use the fact tha t  the downwash over the  wing is W and not  W + C e -~-~ to find the  
value of e. 

To do this the normal  acceleration A induced ahead of the  wing by the pressure distr ibution 
(equation (4.10)) will be calculated by using equat ion (4.3). The acceleration will be linearly 
dependent  on ~. Equa t ion  (4.2) will then  be used to calculate the induced downwash over the 
wing and ~ will be chosen so tha t  the induced downwash is equal to the given downwash over 
the  wing. 

4.4. Determination of the Constant o~.-- 

Let 

2 ~ d ( u )  = ( u  - v) 2 dv 

For I~ I < 1, ~(~) = G(~). 
F o r u < - -  1, if we w r i t e u = - - c o s h t  a n d v = - - c o s 9  we have 

f~ C, F o +  _F~ 2~ G(u) = (cosh t --  cos @2 sin 9 d9 

= 2a ( 4  -}- g) say. 

The acceleration ahead of the  aerofoil A ---- --  G is now known. 
downwash I/V induced by/~.  

Let  f" T~(x) e '°-~ = - -  e ~°~ C(u) a u .  
- - o 0  

We must  now calculate the 
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Then for Ix] < 1 

#(~) e ' ° ' =  _ e ~" G(u) du - e '°'~ ~(u) du 
--1 

d {e,o. w ( . ) }  ~ 

f_l f2 - ~ _ 2  e ~ ° " / ( ~ )  d ~  - e 'o'~ g(~) d~ . . . . . . .  (4.11) 

To evaluate  the second and thi rd  integrals we shall use the integral  relation ( s e e  Appendix I, 
section 1.3) 

f " sin 0 sinh t 
o (cosh t --  cos 0) 2 sin nO dO = n~ e- '" . . . . . . .  (4.12) 

In section 6.2 it is shown tha t  

/'o = cot ½0 

m a y  be replaced by  the divergent series 
co 

2 ~ sin n0 .  
1 

Using this result we have for the second integral on the r ight-hand side of equation (4.11) 

2~ -~  e'°~" f ( u )  du = -co e '~" du -1 (u - -  v) ~ 

f ~  f~ s in~  ro(~) d~ e-i  . . . .  h~ sinh t dt (cosh t --  cos ~)2 
0 0 

f ;  f~ s in~  = 2 e - ~  cosh t sinh t dt 0 ( G o s h  t - -  COS 9)) 2 d~0 1 sin n~o 

f :  ~ f ~  sinh t sin ~ sin n~ d~ 
= 2 e -i'°c°sht dt n = l  0 ( G o s h  t - -  COS ~ ) 2  

--2~f;e-' . . . .  h * ~ n e - ' " d t l  

= - -~ i~  {K0(i~)+ Kdio~)} . . . . . . . . . .  (4-13) 
(see Appendix II) where Ko(ico) and Kdico ) are modified Bessel functions of the second kind. 

Similarly for the third integral on the r ight-hand side of equation (4.11) we have 

f - i  f ~ i  f ~  rdv) dv 2~ -co e ;°'' g(u) du = e ~*'' du (u - -  v) ~ 

, f ]  f~ sin~o ' = e ~'°°~ sinh t dt (cosh t --  cos ~)2 F~(~) d~o 

f ;  f~ sin~o d~ _ ~4- e ~ . . . .  h~ s i n h t d t  o ( c o s h t - - c o s ~ ° )  ~ 

× f l  G(O)s in0  ~1 sin n0nsin n~ dO 

= - - 4  ~ f l  G(O)s in0  s inn0 dO f i e  ~ . . . .  ht--~t d~ 

= 4  A(O) sin O sin nO dO e-~ . . . .  h t - . ~  d t  ' . .  . .  (4.14) 
n = l  0 

where A(O) is the normal acceleration. 

5 
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I t  is shown in Appendix I I I  t ha t  this result can be simplified and we get 

f-1 t i~° (;W(O) (Kd~o) + Ko(i~) cos 0)dO ~ W(O) e-¢o I 2 ~  - ~  e ' ~  g ( u )  d u  = 4 ( 2 do  - -  ~ " 

Therefore wi th  these results, equation (4.11) becomes 

~ ( x )  e ~ =  w ( x )  e ~°-~ - W ( -  1) e - ' °  

i~o 
+ ~ ~-  {Ko(ia) q- Kdim)} + W(- -  1) e - ~  

f i ~  [/~7(O){Kl(ico ) @ t~o(i(D ) COS 0} d 0  
:r~ 0 

and so since I~(x) = W(x) we must  have 

= - w ( 0 ) { c  + (1 - c )  cos  0} do 
$C 

where 
C = Kdico) 

!~o(¢~) + Kd¢~)" 
The solution of Bi rnbaum's  integral  equat ion from equation (4.10) is then 

-i 

+ [5: + 
+ ½ -dO + ico sin 0W log 1 - -  cos (0 + ~) sin 0 dO 

o 1 - c o s  ( 0  - ~ )  " 

This is the  s tandard  solution obtained by  other  methods (see Neumark  5 and Kfissner6). 

5. Solution for Subsonic Compressible Flow.--5.1.  Possio's Integral Equat ion . - -The  analyt ical  
method  developed in section 4 will now be used to solve the corresponding problem in subsonic 
compressible flow. The pressure p V2F(x) is now related to the downwash veloci ty VW(x)  by  
means  of Possio's integral  equat ion 4, 

2xW(x) e '~  ~Mtgv ' (1  --  M~) C ' " d u  (/"(v) e x p ( - - i M ~ t ? v ) } H l ( ~ ) ( M ~ l u - - v l ) d v ,  (5.1) 
2 i  ~ -1 lu  - vl  

where W(x) is known for Ixl < 1 and/"(1)  mus t  be zero. 

This form of Possio's equat ion has been derived from tha t  given b y  Ktissner 4 ; it can be obta ined 
direct ly in this form by  the use of the acceleration potent ia l  method.  

This equation, like Bi rnbaum's  equat ion (section 4), can be split up into two integral  equations" 

f e '~  W(x) = - -  e '~" G(u) du . . . . . . . . . . . .  (5.2) 
- oo 

and 

2~ G(u) ---- Z /"*(v) HI(~I{MX2 lu --  vl} dv 
l u - v t  

where 
/"*(v) = exp (-- iM2sqv)/"(v) . . . .  

and 
= z~M~9~/(1 --  M ~) 

2i 

From equation (5.4) it follows tha t  /"*(1) = 0. 

(5.3) 

(5.4) 

(5.5) 



B y  d i f f e ren t i a t ing  e q u a t i o n  (5.2) we see t h a t  

e"~ G(x) - dxd [ e ~  W(x) l  

= - e A ( x )  . . .  (5.6) 

5.2 .  
e q u a t i o n  (5.3) b e c o m e s  

.f~ Hl(2'{MX2[cosO- cos ~v [} 
2~ G(O) = 2 _o /'*(~0) s in 9 [cos 0 - -  cos ~ [ d~ 

T o  solve  th i s  we  use  t h e  i n t eg ra l  re la t ion ,  p r o v e d  in A p p e n d i x  IV,  

se,~ 0 = , l ,_o  sin 0 s in ~ [cos 0 - -  cos 9 ] d ~ ,  (5.8) Sd n o u m ~ 

w h e r e  t h e  2,~ are f u n c t i o n s  of Mr2 a n d  se~ 0 is t h e  o d d  M a t h i e u  f u n c t i o n  of o rde r  n. T h e s e  
f u n c t i o n s  are o r t h o g o n a l  a n d  are chosen  so t h a t  

se,, O se,, O dO = ½~ m = n 
, o  0 m ¢ n .  

L e t  

_r'* = ~ a,, se,, q~ . . . . . . . . . . . . . . .  (5.9) 
1 

The Solution of Equation (5.3) for [u [ < 1 . - - W h e n  we p u t  u = - -  cos 0, v = - -  cos % 

(5.7) 

T h e  M a t h i e u  f u n c t i o n s  are s u c h  t h a t  se,,(~) ---- 0 a n d  so t h e  t r a i l ing -edge  c o n d i t i o n  is sat isf ied.  
F r o m  e q u a t i o n  (5.7) 

~ a n  2ze G(O) sin 0 = 2 Zse,~ o 
1 , ~ 

a n d  so 

T h e r e f o r e  

4~,, ('~ G(O) sin 0 se, 0 dO 
a , - -  2 3 o  

1 ~* ~ ~ a n Se n q9 
1 

4~° f --  ~ ~ L, se, 9 o G(O) sin 0 se,~ 0 dO 

4 °~ f~ 
= --  ~ ~ ~,, se,~ 9 o exp  (- -  iMPS? cos 0) s in 0 se, 

- -  4 ~  2~A,~se~9 
2 1 

o A(o) do 

= / ' 1 "  s ay  . . . . . . . . . . . . . . . . .  (5.10) 
w h e r e  

A,, = exp  ( - -  iM2Y2 cos 0) sin 0 se,, 0 A(O) dO . . . . . .  (5.11) 
0 

T h e r e  is g o o d  r ea son  to  be l ieve  t h a t  t h e  s ingu la r  s o l u t i o n  w h i c h  gives t h e  cor rec t  s i n g u l a r i t y  at  
t he  l ead ing  edge  is 

Fo* = 22,~ se/  0 se,, 9 
1 

(see sec t ion  6). 
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T h e  c o m p l e t e  s o l u t i o n  of t h e  i n t e g r a l  e q u a t i o n  is t h e n  

r* ---- ~r0* + r~* 

= c~ Z,, se,/ O se,~ 9 ---~ ~., A,, se~ c~ . . . . . . . . .  (5.12) 
1 

As be fo r e  t h e  p r e s s u r e  r *  m a y  i n d u c e ,  n o t  t h e  d o w n w a s h ,  W, b u t  a d o w n w a s h  W + C e -~~ 
w h e r e  C is a c o n s t a n t  i n d e p e n d e n t  of ~. W e  m u s t  choose  ~ so t h a t  C = 0. 

5.3. Determination of ~ . - -  

L e t  

2~ G ( u ) =  2 f ~ _ e * ( v )  H ~ ' { M y 2 ] u  -= v[) dv 
[ - -v l  

~ o r  I~l  < 1, ~ ( ~ )  = ~(~). 
F o r  u < - -  1 

[ ~ - v l  

t ~ - v l  

I f  we  p u t  u = - -  cosh  t, v -=-- - -  cos 9, t h i s  b e c o m e s  

1 

--4~2. A,~flsin9 se, 9 
1 

L e t  

f l ~ ( ~ )  e '°'~ - -  - e '~'' ~ ( u )  d u .  
- - o o  

T h e n  for  ]x[ < 1 

l ~ ( x )  e ;°~ = - e '°'' ~ ( u )  du - -  
- - 1  - - c O  

H~2){MY2(cosh t - -  cos q~)} d9 
(cosh t - -  cos q~) 

H~(~){M~2(cosh t - -  cos q~)} dq~ . 
(cosh t - -  cos q~) 

e ~~'' ~ ( ~ )  d u  

f - '  e '~'' ¢ ( u )  d u  = W ( x ) e  '~" - W ( -  1) e - ' o  - _ .  

T h e r e f o r e  147(x) = W(x) fo r  Ix I <  1 if  

f-' W ( - -  1) e - ' "  + e '~" G(u) du = O, 
- - o a  

i.e., if  

2 ~ W ( - -  1) e -~" + ~ 1 ~ e,, 0 e -~c° ' t ' '  s i n h  t dt o s in  q~ se,, 9 (cosh t - -  cos 9) 

fo f: - -  4 £~A. e -¢~°°~h' s i n h  t dt sin ~ se. ~ H~¢2){Mf2(cosh t - -  cos 9)} d9 --~ 0 
, 0 (cosh t - -  cos ~) " 

I f  we use  t h e  r e l a t i o n  

Ne,,~(t) = ~,~ f~ s i n h t  s in  q~ 
H , < ~ { M ~ ( c o s h  t - -  c o s  ~)}  

(cosh t -- cos 9) 

8 
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where #. is a function of MX2 (see Appendix IV) and write 

we get 

i .e. ,  

f[ e --i~c°sh' Ne.(2)(t) dt = N,,, 

-;'~ f f  --;~nNn ~1 ;~ ,,Nn 2~W(-- 1) e - ' ~ + e 2  - - - - S e n ' 0 - - 4  A,, 
/An 

4~2,~NnAn _ 
1 /~ n 

~ ~nNn 
1 IA~ 

The complete solution is therefore 

1 14 ~ ~nAnNn 
exp (iM~D cos ~o) P(~o) = 2 ~ AnNn_ 

1 f t .  

4 ~ ~. A. sen ~o, 
h i  

where the coefficients An 
equations (5.6) and (5.11). 

2 ~ W ( -  1) e -;~ 

SG ~ t 0 

2~ e -'o w ( -  1)] 

s,~ 0 

= 0 ,  

~ 2 n se,~' O Se n ~o 
1 

are determined from the known downwash velocity by  the use of 

Since 
Nen(~)(O) ~ Nen(~)(O) 

~n = -~ MD Ne (~),(O ) and fin = -~ M 9  se,' 0 

the result becomes 

@(1 -- M s) exp (iM~? cos 9)/~(~) = 

1 = ~e~@-~FAnNn'-- 2~W(-- 1)e - ' o  

oo Ne,? ) (O)  
- -  4 Y s e .  ~o . Ne,(~)'(O) 

Nen(~)(O) 
Ne,ff),(O ) sG' 0 se. ~o 

This is not quite the same form of the solution as that  given by Timman and van de Vooren 
because they have introduced incompressible-flow results to ensure the convergence of the series 
which occur. 

The series given here for the singular part  of the pressure 

i NG(2)'(O) se,' 0 sG q~ 

is divergent but it has a (C, 1) sum.  The integral of the series will probably converge. 
divergence of the series 

[sen' O] ~ 
1 NG(~)'(O) Nn 

is more serious. A method of finding its sum is suggested in Appendix II. 

9 
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be ,t, and ~,+ respectively. 
so that  

6. Singular Solutions of the Integral Equations.--6.1. In order to solve completely the integral 
equation 

g(x) = K(x,y) f (y )  dy . . . . . . . . .  (6.1) 
c~ 

we need to know the singular solutions, functions f (y )  for which 

f f  K ( x , y ) f ( y ) d y = O  . . . . . . . . . . . . . . .  (6.2) 

Let K(x,y) = K(y,x) and let the eigenvalues and eigenfunctions of the homogeneous integral 
equation 

f ~(x) = ~ K(x ,y )  ¢~(y) ~y . . . . . . . .  ( 6 . 3 )  

The functions ~,~(x) are orthogonal and are assumed to be normalised 

f b X, 

We shall show formally that  the functions 

and ,, = t 

Zo., = ~ ~,, ¢,+(y)¢,+'(z) 

are singular solutions of equation (6.1). 

We shall first show that  

<,(x) 4,,(~) = ~(x- ~), .. 
I 

. . . . . . . . . .  (6.4) 

. . . . . . . . . .  ( 6 . 5 )  

. . . . . . . . . .  ( 6 . 6 )  

where ~(x), the Dirac delta function, is zero for x ~ 0 and at x = 0 behaves in such a way that  

- I + O(x) f ( x )  = f (O)  . 
, I  --oo 

0(x) is the ' de r iva t ive '  of the Heaviside step function~ 

H ( x ) = I ~  x<0X>0 

Let 

g(x) = f~oo H ( y  --  x ) f ( y )  dy ,  
then formally 

g'(x) = - -  f ~  H ' ( y  "-- x ) f ( y )  dy .  
But  

and so 

Therefore 'g'(x) = - -  f (x)  . 

f_~ H'(y -- x)f(y) ~y =f ( , ) .  
If we write 

we get H ' ( y  --  x) = ~(y --  x) 

f~_~ ~(y - x):(y) gy = : ( . ) .  

Differentiating this with respect to x we get 

f~-o~ ~'(Y --  x) f ( y )  dy = - - i f ( x )  

and pu t t ing  x = 0 in these last two equations we get the results quoted in the main  text. 
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Let  x be an interior  point  of the  in terval  (a, b) and let 

H(~ - -  z) = ~ a,~ 4,~(~) 
1 

Then since 

we have  

Therefore 

and  so 

4,, x) ¢,,~ x) dx = 

F~ H(x -- z) ¢.(z) & 

f i  ¢.(z) dz. 

I H ( x  - -  z) = ¢,~(z) ¢ . (z)  & 
1 a, 

~ ( x -  z) = 
1 

If we differentiate this equat ion  wi th  respect to x we get 

'(x - z) = ~ ¢,/(~) ¢ . (z ) .  . .  
I 

a'(x) is zero for x va 0 and  behaves at x = 0 in such a way  that~ 

( ~  ~ ' (x) / (~)  d~ = - / ' ( 0 )  D 

d --oo 

The relations (6.6) and (6.7) can be 
dis tr ibut ions 9,10 

H ' ( x  - -  z) = ~ ¢~(x) ¢ . (z)  . 

. . . . . .  (6.7) 

p roved  rigorously by  using the Schwar tz  theory  of 

We can now show tha t  F01 is a singular 

f~ Gdy) K(x, y) dy = 
a, 

and so is zero for x ¢ z. 

solution, for 

a~ 1 

1 

Similarly -G2 is a singular solution. 

In  section 6.2 these results will be verified for incompressible flow by  using the  concept  of a 
Cesaro sum. This is defined as follows" 

Let  

s,(x) = a,,(x) and let ~(x)  = ~ G(x) . 
1 

Then if as n -+oo, ~,~(x) --~ ~(x), ~(x) is said to be the first Cesaro sum, the  (C, 1) sum of the series. 
E v e n  though  a series is divergent  it  m a y  have  a Cesaro sum. If a series is convergent  and has 
a sum s(x) then  it has a (C, 1) sum ~(x), and ~(x) = s(x). 

I t  m a y  be possible to prove tha t  for x ¢ z the (C, 1) sums of the series (6.6) and  (6.7) are 
zero. I t  is not  known wha t  connection,  if any, there  is be tween the  theory  of distr ibutions and  
the  theory  of divergent  series. 

See footnote to section 6.1, para. 4. 

11 
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6.2. Singular Solutions for Incompressible Flow.- -For  incompressible flow the eigenvalues are 
f _ _  1/(ha)} and the eigenfunctions are sin n0. The series (6.6, 6.7) become 

c,3 

(a) ~ n sin nO 
1 

1 o9 

cos nw = ~ ~ n{sin n(O + ~) + sin n(O --W)} 
1 

d ~ = ½ ~ {cos ~(0 + ~) + cos n(0 - ~)} 

and 

(b) ~ sin nO sin n~, -- 
1 

and because of the relat ion 

!2 + i c ° s n 0  = 0 
1 

the (C, 1) sums of bo th  series are zero. 

oo 

1 E {cos n(0 + w) - cos n(0 - w)} 
1 

(C, 1) 

The singular solution corresponding to equat ion (6.5) is 

1"02 -- 1 i sin nO cos n~ 
1 

1 ~ 
--  2~ ~ {sin n(O + ~o) -}- sin n(O -- ~o)} 

and since 

we have 

i sin nx = ½ cot ½x (C, 1) , 
1 

/"0~ --  4~1 {cot 1(0 + ~o) + cot ½(0 --  ~o)} 

If this funct ion is to give the correct s ingular i ty  at the leading edge we mus t  have ~0 ---- 0 and 

1 
/"o~ --  2~ cot ½0 . 

The singular s o h t i o n  corresponding to equat ion (6.4) is 

1 ~°~ sin nO sin n~o 
t"ol 

_ 1 l o g l - - c ° s ( 0  +~o) 
4~ 1 --  cos (0 --  W) " 

This function gives the correct s ingular i ty  at  the  leading edge 0 = W of a control surface. 

6.3. Singular Solutions for Compressible Flow.- -For  compressible flow the eigenvalues are 

Ne,~(~)(O) 
;L. = N M ~  Ne,(~),(O) ' 

where Ne,(~)(z) is the  modified Mathieu funct ion of the  second kind and order n, and the  
eigenfunctions are the odd Mathieu functions se,~O (see Appendix IV). By  analogy wi th  the 
incompressible solution it appears tha t  the singular solutions for the compressible case are 

I'o1" = i 2,~ se, 0 se,Ao 
1 

and 

but  no verification can be given. 

/"02* ~ i 2,~ se. 0 se.' 0 
I 
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6.4. Although the series for the singular part of the pressure are divergent they are still useful 
because the series for the lift or moment may be convergent. But even if the final series are 
not convergent they will have Cesaro (C, 1) sums and these a re  not much harder to calculate 
numerically than the sums of convergent series. 

7. General Discussion.--All the integral equations of subsonic flutter derivative theory are of 
the form 

where K(x,8;y,~) = K(8,x; ~,y) and S is the wing area. This integral equation can be solved 
by the method given in this note if the eigenvalues and the eigenfunctions of the homogeneous 
integral equation 

d J S 

are known. These functions will exist for any plan-form, but except for simple plan-forms like 
the elliptic or possibly the  rectangular wing there is little hope of finding these functions 
analytically. However, a method could be devised for calculating these functions numerically 
for any plan-form. The work of this note is, however, mainly of interest because of the 
mathematical topics which have arisen. 

I t  is shown that  these integral equations whose kernels have a second-order singularity can 
be solved by the standard Hilbert-Schmid~ method because the integrals are principal-value 
integrals. The singularity can of course be reduced to a first-order singularity by carrying out 
the integration with respect to x but if this is done the resulting kernel will no longer be 
symmetric and there is no longer an obvious method of solution. If this is done for Possio's 
equation the resulting kernel is extremely complicated. For Birnbaum's equation in steady flow, 

the equation which results is the Prandtl-Glauert integral equation 

x - - y  

The kernel is Simple but the ir~tegral equation is no longer of a standard type and it is better to 
leave the equation in its original form. 

Prandtl 's  lifting-line equation 

can similarly best be solved by keeping the second-order singularity. 
written 

1 

where 
2 

13 
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This can be wri t ten  as 

= + 
, /  - - s  

where 

and 

H(x,~) K(~) d~ 

1 1 
H(x,,) = (x _ e ) , _  

The equat ion can be solved if the eigenvalues and eigenfunctions of the equat ion 

a, 

are known. If /3(x) is constant  the  eigenfunctions are those given in section 4. If /~(x) is not  
constant  the  solution will probably have to be de termined numerically,  for though the  eigen- 
functions exist it ma y  not  be possible to determine t h e m  analytically. 

The note gives a me thod  of finding singular solutions which does not  seem to be well k n o w n .  
The me thod  depends on the expansion 

1 

of the Dirac delta function in terms of a set of or thonormal  functions {$,,(x)}. This equat ion 
has a meaning  when d(x) and $,~(x) are distributions as defined by Schwartz. The singular 
solutions are given as a series of distributions but  if these series are considered to be series of 
functions the sums or the Cesaro sums give the correct singular solutions. 
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A P P E N D I X  I 

In  this appendix,  we shall prove the  relations (4.6) and (4.12). 

1.1. In tegra t ing by  parts Glauert 's integral  

sin nO 
sin 0 

f 7  cos  n~0 d~o = 
cos  ~ - -  cos  0 

we get 

i.e., 

1 f'~ sin ~o sin n~o ~ sin nO 
n o ( c ~  ~o-- - cos 0)2 d~ = Sill 0 

( 1 ) f= sin 0 sin ~ sin n~o d9 = sin n 0 .  
- ~  0 ( c o s ~ - c o s 0 )  2 

I t  is of interest  tha t  the  Hi lber t -Schmidt  expansion of the kernel 

sin 0 sin 9 
( c o s  0 - -  c o s  ~)~ 

is the  divergent  series 
o o  

- -  2x ~ n sin nO sin n~0. 
1 

1.2. I t  is easily verified tha t  cot 19 is a singular solution of the  integral  equation, for 

f ~ s in  0 sin 
o ( c o s  0 - -  c o s  9 )  2 

d f 1 +cos~o  d9 
co t19  = ~  o c o s ~ - - c o s 0  

d 
= d ~  [~1 = O. 

1.3. If we integrate the integral  

cos nO dO = 
cosh t --  cos 0 sinh t 

by  parts and rearrange, we get 

f = sinh t sin 0 
o (cosh t --  cos 0) 2 sin nO dO = ~n e - " .  

A P P E N D I X  II  

Evaluation of the Integral 

I = e-~ .... h e ~  n e - "  dt (see section 4.4, equat ion (4.13)). 
0 I 

The sum of the series is e-t/(1 --  e-t) 2 and so the integral  becomes 

]" = "(1 - -  e - t )  2 e - i  . . . .  h~ d t  

= ~  c o s h t - -  l d t  

1 cosh t = ~ (x --  1)~¢/(x 2 --  1) dx where x = . 

1 5  



To evaluate the  improper integral  

• e _ i ~ x  

we write it as 

( x -  1 )V(x  ~ - 1) ~x + e - ' °  1 ( x -  1 )V(~  ~ - 2)" 

For the  first integral  we have, integrat ing by parts, 

e-'°~-e-'°  I(e -'~ e-'°)  I ( ~  + 1~ 
f ; ( ~  - ~)~/(2~ - l) d x =  1 2 -  ~ t x -  2, I1 ;  

+ l l -   /t --2II 
= I I - +  

- -  - ¢~{K0(i~) + K,(¢~))  + e -~o' . 

The principal value of the second integral  

f 
~o dx  

1 ( x -  2)~/(x ~ -  2) 

is --  2. This can easily be found by  using Mangler's formula for integrat ion by  parts, or since 
the  indefinite integral  of the in tegrand is [2 -- ~/{(x -t- 2)/(x --  1)}1, by  taking the finite part. 

Therefore 
I = ½[-- ia~{Ko(io~) + K~(io))} + e - ~  --  e -~]  

= -½¢<o{Ko(¢~>)+  K~(¢~)}. 
This me thod  of evaluat ion is due to Neumark.  

This me thod  cannot  be used to evaluate the corresponding integral  in compressible flow 

f 2 j = __ e _ ~ o ~  [se , /0]  5 Ne,(~)(t) dt 
o ~ N e , , ( ~ ( O )  ' ' 

because of the difficulty in summing the  series and. so it is impor tan t  to find some other me thod  
of evaluat ing I which will also apply to J .  

I t  might  be thought  tha t  if the integral  I were evaluated by integrat ing te rm by te rm tha t  the  
final series would have a Cesaro sum, but  this is not  so. Some idea of the  difficulties inherent  in 
this me thod  of evaluat ing the  integral  can be gained by evaluat ing the integral  I for ~ -= O. 

We have 

I (0 )  = n e - "  dr .  
0 1 

We have seen tha t  the value of this integral  is --  ½. If we integrate t e rm by term, we get 

S(0) = ~ 1 . 
1 

This series has no Cesaro sum but  it has an Euler-Maclaurin constant  C or a Ramanu jan  sum 
(R, 0) of --  ½ (see Hardy  8, Ch. XII ! ) .  Therefore 

s(0) = - ½(R, 0 ) .  

26 



I t  can be seen t h a t  --  ½ is a n a t u r a l  s u m  of the  series 1 + 1 + 1 + if we consider  the  series 

~ + cos ~0 cos~q~ + sin ~0 sin n9 = ~ 0(0 --  ~) , 
1 I 

which  is ob ta ined  f rom equa t ion  (6.6) b y  t ak ing  the  func t ions  {~0,} to  be the  usua l  t r igonomet r i c  
funct ions .  If  we p u t  ~ = 0 we ge t  

~-2 + ~ cos uO = ~ ~(0) 
1 

an d  so in some sense the  ' finite pa r t  ' of the  series ½ -t- ~ 1 is zero. 
l 

func t ion  ~(s) is g iven for R ( z )  > 1 by  

the  s p lane  except  for a pole at  s = 
as sum,  in some sense, ~(0) i . e . ,  1 ' 2" 

Again  the  R i e m a n n  Ze ta  

the  series $(s) ---- ~ 1 .  B u t  $(s) is ana ly t ic  t h r o u g h o u t  
1 74s 

1. The  series 1 q- 1 + m a y  t h e n  be considered to have  

The  in tegra l  I can now be eva lua ted .  We have  

where  

Now 

i , ~ , j  

and  so if we let 

we ge t  

As N--~  ~o 

and  so since 

and  

we have  

I =  e -`c°Sh ~ n e - " t  d t  z = io~ 
0 1 

= ~ rib. say, 
1 

f o o  
b ,  = e - ,  co~h ~ - , ,  d t .  

0 

.b ;: ~( ,,-1 --  b.+l) = e- .  ~o~ t-.~ s inh t d t  

1 e -  ~ co~h ~-.~ e - ~  ~o~h ~-,. d t  
- -  Z ~ o  - Z  o 

e - z  n 
- -  bn. 

Z Z 

~¢b n ---~ e - ~  _ { z ( b n _  1 - -  b n + l )  

N 

1 

N 

I N z e - - , ~ l _ _  1 / ~z~bo + bl - -  bN - -  b2v+l) • 
1 

N 
1 (R,O) ~ 1---~ ~ 

1 

bN and  bN+l-+ 0 

f 
oo 

b0 = e -`c°Sht d t  = K o ( z )  
0 

61 ~ f ~  
0 

e d t  = K d z )  - -  - -  
e - z  

- ½i {Ko(i ) + Kl(i )} (R, 0). 
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It will be difficult in practice to apply the Euler-Maclaurin sum formula to the series 

1 0 

without first bringing it into the form which includes the series i 1, and it will be even more 
1 

difficult to apply it to the series 

[s</ O] ~ e-~°°~h~ N<~(~)(t) dt .  
J = -  1 Ne,~(2~(O) o 

The numerical value of the series J can however be found by using the previous results for I 
and  I(O). We can write J in either of the two forms 

o r  

J = { J -  I} --  {i~{Ko(i~o) + Kl(i~o)} 

1 J = { 7 -  z(o)} , .  

The series {J -- I}, {J - I(0)} should be convergent; they should at least have a Cesaro sum. 

APPENDIX III 

In this appendix a simpler form will be found for the series 

i i f: F(z) = A(O) sin 0 Sill nO dO e -~¢°~ht-" dt 

(see section 4.4, equation (4.14).) 

Let 

where 

and let • 

Since 

we have 

oo 

W(o) = lao + ~ as cos no 
1 

f ' 
½,~a,~ = W(O) c o s  n o  dO 

b,=f;e-*co~h'-, 'dt.  

1 d W  
A(0) -- sin 0 dO -1- z W ,  

f~A(O) sinO s i n n O d O =  f l I ~ O  + z sin OW 1 sin nO dO 

f 
~ 

= W[z sin 0 sin nO -- cos nO] dO 
0 

and so 

;T~ n =  I 

18 
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N o w  

a n d  so 

i.e., 

rib. = e -~ - ½z(b._~ - b, .d 

oo 

7"~ 1 1 
= ½Z(aob~ + a~bo) - -  e - ; ~  a~ 

1 

= ½z{a°~-~-l(Z)-~ aJK°(z)}- e-Z I }aO -~- ~ a'~l ' 1  

A P P E N D I X  IV 

Basic Integral Relations for  Compressible Flow 

In  th is  a p p e n d i x  we shall  p rove  t h e  re la t ions  (5.8) a n d  (5.13). 

I t  can be shown  t h a t  for  0 < 0 < ~0 < ~ a n d  0 < 9 < 0 < ~ t h e  func t ion  def ined  b y  

H(O, 9) = sin 0 sin 

satisfies t h e  d i f ferent ia l  e q u a t i o n  

U H  U H  
- - - -  ~ C O S  ~ 0 H - -  
002 ~92  

L e t  

H~(2)(~ I c o s  0 - -  cos ~o l) 
[ cos  0 - -  c o s  ~o ] 

~2 COS 2 q9 H . 

f(o) = f H(O,~o) g(~o) d ,  . 
0 

T h e n  since d i f fe ren t i a t ion  u n d e r  t h e  in tegra l  sign is permissible ,  i.e., 

d~f d~ Y f .  ~H(o,~) _ ~ 2 3 o  H(o,~) g(~) d ,  = o ~o ~ g( , )  d , ,  

d y  (a ~2 
dO 2 + - -  cos 2 0 ) f  = 

we get  

~ o w  H(O,O) = H(o,,~) = 

d2g + (a - -  od cos 2 ~)g = 0 
d 9  2 

a n d  g(0) ---- g(~) = 0 we h a v e  

dSr c o s  2 o)f O. 
d O  2 + ( a  - -  o~ 2 = 

[ ~  o)H 1 g(~) d~ S L~O~ + (a-  ~cos~ 

F ~ ~)~] g(~) d~ 

g - -  O,p_l o 

0 a n d  so if 

19 



N o w  the  o p e r a t o r  

is equa l  to  

dg 
d9 ~ + (a - ~ cos ~ 9) 

d 2 
d9 . + {(a - ½~") - ½ ~  cos  20} 

a n d  so g is a mu l t i p l e  of one  of t he  odd  M a t h i e u  func t ions  se,~ 9 if a is s u i t a b l y  chosen.  

The  f u n c t i o n  f sat isf ies t he  s a m e  d i f f e r e n t i a l e q u a t i o n  w i t h  the  s a m e  e igenva lue  a, a nd  since 
H(0 ,9)  = H ( m g )  = 0 we  h a v e  f (0 )  = f ( ~ )  = 0. The re fo re  if g is a mu l t i p l e  of se,, 9,  f m u s t  
b e  a mu l t i p l e  of se,, O. There fo re  

se~ 0 = Z~ sin 0 sin 9 HP~(~ I cos 0 - cos 9 [) 
0 cos 0 - -  cos 91 se,~ 9 d 9 ,  

where ~,, is a function of o~. 

I t  can  also be  s h o w n  t h a t  t he  func t i on  

h(t ,9)  = sinh t sin 9 

sat isf ies  t he  d i f ferent ia l  e q u a t i o n  

a2h a2h 
- - - -  ~ C O S 2 9  ] ¢ - -  
~9 2 a t  2 

L e t  

t h e n  

/-/p){~(cosh t - cos 9)} 
(cosh t -- cos 9) 

~ cosh  2 t h .  

h(t,9) g(9)  a g ,  

r~ q 
- - ( .  - ~ cosh  2 t)hJ g(9)  d9 

Ldt ~ 

= g - -  agj0 

f + o L d ~  ~ + - -  cos ~9)  h d g . .  

N o w  h(t,0) = h(t ,~) ---- 0 and  so i f  g(0) = g(~) = 0 and  

d~g + (a - -  ~ cos ~ ~)g = 0 
d92 

i .e . ,  if g is an  o d d  M a t h i e u  func t i on  t h e n  

dV (a - -  ~2 cosh ~ t ) f  = 0 
• d P  

I f  g is a mu l t i p l e  of sex 9 t h e n  since t h e  e igenva lue  a is u n c h a n g e d ,  t he  so lu t ions  of this  e q u a t i o n  
are  t he  modi f i ed  M a t h i e u  func t i ons  Ne~(1)'(21(t). F r o m  the  k n o w n  b e h a v i o u r  of h(9, t )  for large t, 
we  see t h a t  f m u s t  b e  a mu l t i p l e  of Ne,,  12~ (t) and  so 

f HP{4cosh  t - cos 9)} 
Ne,,(~)(t) = I~,, o s inh t sin 9 (cosh t - -  cos 9) se,~ 9 d9 , 

where /~ ,  is a f u n c t i o n  of ~. 
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A P P E N D I X  V 

Calculation of  the Eigenvalues ~,. , . .  

5.1. Calculation of  the eigenvalue l~ , . - -  

L e t  

f " H~(~){M~9(cosh t - -  cos 9)} 
Ne,,(~)(t) = I*. o s inh  t s in ~ (cosh t - -  cos 9) 

N o w  
2 i  

H~(~)(r) = -~  + r{P(r) log r + Q(r)},  

w h e r e  P(r) a n d  Q(r) are p o w e r  series in  r. T h e r e f o r e  

1 Ne,(~,(t) _ 2i f ~  s i n h t  sin~o 
#-~ ~Mt2  (cosh t - -  cos ~o) ~ se, ~o d~o + R,(t)  say.  

I f  se. ~ = ~ a. s in  rg ,  t h e n  
1 

y ; o ( c o s - ~ -  - ~ s g )  ~ se,~ q~ d9 = 1 a, 0 (cosh t - -  cos ~)~ 

¢o 

: ~ f a r e - r t  . 
1 

I t  Call eas i ly  be  seen  t h a t  R,~(t) ~ 0 as t - +  0 a n d  so in  t h e  l imi t  we  h a v e  

_1 Ne (~)(O ) _ 2i ~ r a, 
tt~ ~Mt9  1 

2i 
= ~ M ~  se.'  0 ,  

i.e., 
Ne.(~)(O) q'E 

t*~ = m M~9 
Sen I 0 zs  "b 

se, ~o d9 • 

sin r9 d9 

5.2. Calculation of  the Eigenvalue ~,~.-- 

L e t  

f = H I ( = ) ( M O  I c o s  0 - -  c o s  ~o l)  
s e ~ O = a , ,  s i n 0  s i n 9  

o I c o s  0 - -  c o s  ~o I 
se. ~ d~o . . . . .  (5.2.1) 

I f  we  let  0 ~ 0 we  ge t  

f " HI(~)(M~2(1 - -  cos ~o)) se,~ 0 
~,~ sin ~ (1 - -  cos 9) se~ 9 d9 = l im - -  se,/ 0 . . . . . . . . .  (5.2.2) 

o 0 + o  s i l l  0 

T h e  in t eg ra l s  in  5.2 are p r i n c i p a l - v a l u e  in tegra l s  b u t  t h e  i n t eg ra l  in  5.1 is a p r o p e r  i n t eg ra l  w h i c h  
b e c o m e s  i m p r o p e r  a t  t = 0. I n  order ,  the re fo re ,  to  e q u a t e  t h e  l imi t  as t - +  0 of t h e  i n t eg ra l  5.1 
w i t h  t he  i n t e g r a l  in (5.2.2) we  m u s t  t a k e  t h e  p r inc ipa l  v a l u e  or f ini te  p a r t  of 5.1 a t  t = 0. T h e  
f ini te  p a r t  of {Ne,(2)(t)/}sinh t a t  t = 0 is Ne,(~)'(O) a n d  so e q u a t i n g  t h e  t w o  l imi t  in tegra l s  we ge t  

i.e., 
;~. Ne.(~)(O) = #,~ se,/ O , 

z~ Ne.(~)(O) 
~, = ~ Mr2 Ne  (~),(O) . 
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