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The Torsional Rigidity of Solid Cylinders of
Double-wedge Section
By |
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Reporzs éﬂd Memoranda No. 295"
January, 1954 |

Summary.—The torsional rigidity of solid cylinders of double-wedge section is considered theoretically. Minimum
energy methods are used to determine close upper and lower limits to the rigidity. The results are presented in graphical
form.

1. Introduction.—In this report the torsional rigidity of solid cylinders of double-wedge section
is considered theoretically. A lower limit for the rigidity has been obtained in a manner similar
to that used by Duncan'; a parabolic variation of the stress function across the thickness is
assumed and the Ritz® method is then used in conjunction with a variational technique to deter-
mine the rigidity. An upper limit has been obtained from the static analogue of Kelvin’s theorem?;
a linear variation of the warping function across the thickness is assumed and a variational
technique then used to determine the rigidity.t

2. Lust of symbols (see Fig. 1).
Structure properties
C Torsional rigidity

G Shear modulus

4 Maximum thickness of section

c Chord of section

A Fraction of chord at which maximum thickness occurs
m = t[c ratio '

Non-dimensional parameters

= T
22

my, =

i 2(1 —2)
o o= — 4m, + /(10 - 6m.?)
v, = — 4my, + /(10 4 6m,?)
Pl = —m + '\/(3 -+ mlz)
P2 = — s+ \/(3 + m,’)

* R.A.E. Report Structures 163, received 31st May, 1954.
T Since this paper was completed the authoer’s attention was drawn to a similar paper by J. H. Argyris and
S. Kelsey in Adrcraft Engineering, December 1954,
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* 1—m2+1 s — Sl - )
“© = 71—}—724— (m1+m2)
B A
B = (ot ) — iy pu(1 — moms)}
(B + (1 — my®) (1 — my?)
B, = (71 + mo){ms — 1y + Po(1 — mymy)}

Py Pa)(1 — ¥ (1 — m?)

3. Lower and Upper Limits for the Torsional Regidity.—A lower limit for the rigidity has been
found in Appendix I on the assumption that the stress function varies parabolically across the
thickness; the rigidity is then determined by the Ritz method and a variational technique.
An upper limit for the rigidity has been found in Appendix I on the assumption that the warping
function varies linearly across the thickness; the rigidity is then determined from the static
analogue of Kelvin’s theorem and a variational technique. It follows that the torsional rigidity
satisfies the inequality:

C]oxlver < C < Cupper vt t o | te T (1)
where
_ Gczf3 o — + @) l — (14 oy’
Clowcr - \:(l - 7%1> Jl (1 —_ 7%2 . 1 _|__ ¥y il (2)
8m1 8 :
and
L Gef 1 - %) — by }
Curper = 7 <m>[ﬁ AP B - B — S (— s+ ) )

These limits have been plotted in Fig. 2 for various values of 1 up to #/c = 0-3. It will be seen
that over the range considered the limits are close ; the maximum error that can arise by taking
the mean of the two limits is less than 1-6 per cent.

Equations (2) and (3) may be simplified for the special cases in which the section becomes a
" diamond or a triangle. : ' :

3.1. Special Case : Diamond Section (2 = 0-5).—For a diamond section equations (2) and (3)
reduce to '

Co— Get? [2 — 9m*(1 + m?) + 4mP+/(10 + 6m2)} (4)
v T Y 2+ (1 — m?)?
and
C _ Get? [1 Sm® — dm* + 4w~/ (3 + mﬂ .' (5)
upper 12 (1 . mZ)Z
3.2. Special Case : Triangular Section (4 = 0 or 1).—For 'a triangular section equations (2)
and (3) reduce to : : ,
Co Get? [4{20 + 11m? — 4m~/ (40 - 6m2)}:| (6)
over 719 54 — m?)?
and - :
c _Ge? [4{12 + Sm? — dmA/ (12 + mz)}} Cee .. .. .. . (7)
w12 3(4 — m?)? ‘



4. Discussion of Results—It will be seen from Fig. 2 that when the maximum thickness is near
the mid-chord (z.e., 2 = 0-85) the torsional rigidity is practically independent of 4, which is to be
expected from considerations of symmetry. For a cylinder for which z,‘/c < 0-05 and
0-2 < 2 < 0-8 the torsional rigidity is approximately Ge?/12 which, for materials in which

v = f, is 1-5 times the flexural rigidity.

For a given #¢/c ratio the lower and upper limits are closest when the section is a diamond and.
are furthest apart when the section is a triangle. If ¢{/c = 1 and 2 = 0-5 (corresponding to the
limiting case of a square) and lower and upper limits are each in error by 3-6 per cent, and if
t/c = 2[+/8 and % = 0 (corresponding to the limiting case of an equilateral trlangle) the lower:

limit is correct and the upper limit in error by 12-6 per cent.

" 5. Conclusions—The torsional rigidity of solid cylinders of double-wedge section has been
‘considered theoretically. Minimum energy methods have been used to determine close upper
and lower limits to the rigidity. The variation of the torsional rigidity with the #/c ratio and with
the position at which the maximum thickness occurs has been 1nvest1gated and the results

presented in graphical form.
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1 ‘W. J. Duncan .. .. .. Phil. Mag. Vol. 16. 1933.
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4 S. Timoshenko . .. . .. Theory of Elasticity. McGraw-Hill Book Co. 1934.

Additional Symbols used only in Appendices (see Fig. 1)

Ox, Oy
O%1, O1v1 Cartesian co-ordinates
0%, 05Y: '
x5 Co-ordinates of centre of twist
é Torsion stress function
w Warping stress function
., = Ac '
e, = (11— )
K, H Surface integrals
fi & - Functions of x; ‘
Jor &o Functions of %,



APPENDIX I
Calculation of Lower Limit

In the Ritz method a form for the stress function ¢ is chosen that vanishes on the boundary of
the section and which may contain a number of arbitrary parameters. For unit twist per unit
length the closest approximation to the stress function is that for which the surface integral

_ o4\? 0N ]
K_“[EG)JF(@ aGlad .. . . L. @8
. M :
is a minimum. When ¢ satisfies this condition we have
Clower=2”¢d/1... P )
A

The Ritz method will now be used in conjunction with a variational technique in a manner
similar to that used by Duncan'. The double-wedge section and the position of the origin and
axes are shown in Fig. 1. In considering the region O;BB’ it is convenient to have the origin at
0,, and similarly at O, for the region O,BB’. A parabolic variation of the stress function across
the thickness of the section is assumed, so that in the region 0,BB’

¢ = (m % — v,AGH .. . .. .. .. e .o (10)
and in the region 0,BB’ '
¢ = (Mm% — V.AGfy . .. .. . .. . .. .. .. (1)

In the above equaﬁons /1 and f, are functions of #, and x, and they will be chosen to make the
surface integral K a minimum.

Substituting equations (10) and (11) in equation (8) and integrating with respect to Y across
the thickness gives K as the sum of two integrals of x,, /i, ;" and %, f,, /»’. Variations 6, in £,
and ¢/, in f, will give rise to a variation 6K, and for K to be a minimum 6K must vanish, whence

5K — }_g md [ 25— )y — 10 f) — 2mxlf — 5} of dm,
0

16
+ o] (1= ) fy — 10mnfy — Imwlf — 5) of, dx

+ % [{5m1f1(01_) + tf1,(01>} 5f1(01) -+ {57%2f2(02) + tfz'(c2)} 5f2(02)] = 0. (12)

The variations 6/, and df, are quite arbitrary provided there is continuity at BB'. ..,
filer) = falco) }
dfi(es) = ofy(c,)

and the expressions under the integral signs in equation (12) must therefore vanish. Similarly
the expression in square brackets in equation (12) must vanish subject to condition (13). The
solution of these equations is: '

R Al et C N

R
4

(13)

(14)



Substitution of equation (14) in equations (9), (10) and (11) and integrating gives

e e S T

8m1 8m,

APPENDIX II
Calculation of Upper Limit

- The method for obtaining an upper limit is based on the static analogue of Kelvin’s theorem :—
“ The strain energy of a structure corresponding to a given deformation is less than if the freedom
had been limited by the introduction of constraints’. The given deformation is assumed to be a
unit twist per unit length and the internal constraints are those necessary to impose a chosen
warping w of the cross-section. The position of the centre of twist is arbitrary since it may be
altered by a rigid body movement®, but if it is chosen to be at the point (£,7)the strain energy
per unit length of cylinder* is proportlonal to

H=jj[ﬁ—y+y>+<@+x—x)2]dA' S 6 1)

and the closest approximation to the warping function is that for which H is a minimum. When
H satisfies this condition we have

Cope =GH . .. .. .. ...

The steps in the analysis are similar to those used in calculating the lower limit. Itis convenient
to let the section twist about the centre C, but in considering the region 0,BB’ it is convenient to
have the origin at O,, and similarly at O, for the region 0O,BB’. A linear variation of the warping
function across the thickness of the section is assumed, so that in the region 0,BB’

w:ylgl . .. .. . - .. .. . .« .. . (18)
and in the region 0,BB’
W= Yala- . .- .. .. . o .. .- .. (19)

In the above equations g, and g, are functions of x; and x, and they will be chosen to make
the surface integral H a minimum.

With the origins at 0, and O, for the two parts of the double-wedge, equation (16) becomes
H= Fﬁlwm — 1) + (& + % — 0)7] duy dyy

0 —my¥y

chfmZ/rz D’z 2 —_ ) (gz —]— Xo — 02) :| dxg dyz

= Z%%II [mix,%(g" — 1)° + 3%i(gn + % — )] dy
L]

2 e — 1 4 Sl b m T L. (20)

on integrating with respect to y; and y,.



Variations dg, in g, and &g, in g, will give rise to a variation 6H, and for H to be a minimum
d0H must vanish, whence '

SH — ‘fgﬂ [" 1857 — Brie, + By — mie(Ble’ — 1) + mgY 0g dm
. 0

. 493,
'3

+ t_g [{g1'(c)) — 1} dgulcn) + {g2"(ca) — 1} 8gulca)] . . . . (21

The variations ¢g, and dg, are quite arbitrary, apart from continuity at BB’, so that each of
the expressions in square brackets under the integral signs in equation (21) vanish. The last
expression in square brackets in equation (21) will vanish provided there is continuity at BB/,
i.e., provided ‘

fz [B%* — 3%,Cs 4 %82 — ™ %,%{3(g," — 1) + ngz”}] 82y A%,
(1] .

&iler) = — &led } L ey
dgi{e) = — 0gslcs)
The minus signs in equation (22) are because of the reversed directions of y, and y,.
The solution of these equations is
81 _(1-+m*Nw Xy i
| & — 1~ (155 Cl+2mlBl(CI> e (23
and : ' =
&g (LEmNG GO |
b1 () 2+ szz(C) T €24
where
B, = (my m‘z){ml — 9y + Pa(l — mlmz)}
(D1 + Do) (1 — m*) (1 — my?)
and .
B, — (Mt mal{me — ma 4 pa(1 — mums)} .
(Plyr'f‘ P2)(1 — ) (1 — my%)
Substitution of equations (23) and (24) in equations (16) and (17) and integrating gives
Get? 1 [my(1 -+ 3my®)  my(1 4 3my?)
C — 2 1 1 2
A §) <ml +- m)L (1 — m,?)? T (1 — my?)?
A B + puB) wsfnlmz(lf;%12+ 1 fzmﬂ L 2s)
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