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Summary.—A theoretical analysis is given of the accelerated motion of a single-rotor helicopter for estimation of
the forward take-off performance. The motion is considered in stages during which either the disc attitude to the
horizontal or the flight speed is constant. Equations are derived for the motion along and normal to the flight path
and solutions are given assuming constant mean values for the aerodynamic forces on the rotor and fuselage. The
equations of motion for constant disc attitude have a simple solution for motion from rest (and for special initial con-
ditions) giving a straight flight path, and a general solution giving a curved flight path. The performance at constant
speed is considered for a general climb away case and also for climb away approaching steady flight conditions with the
thrust approximately equal to the aircraff weight. For application of the theory, charts of the various solutions are
given covering a representative range of the variables.

1. Introduction.—A helicopter should ideally be capable of ascending vertically from the ground
in all conditions ; in practice, however, it is often necessary to gain speed, normally while airborne
within the ground cushion, before climbing away, either because of inadequate vertical climb
performance or to provide a greater degree of safety in the event of power failure.

A theory of the accelerated motion of a single-rotor helicopter is developed in this report for
use in the forward take-off case. The assumptions about the helicopter and rotor are the same
as made by Squire in R. & M. 1730" for analysis of the steady climb performance. A main point
of difference from the steady flight analysis, however, is that Whereas in the latter it may be
assumed that the rotor thrust 7 is approximately equal to the helicopter weight W, in the
accelerated motion it is necessary to include the possibility that 7" > W.

In practice, even if no control adjustments are made, T will vary to some extent during the
take-off, owing to speed and rotor incidence changes and variations of ground effect with height
and speed. In the analysis, however, it is assumed that the take-off is considered in stages during
which it is sufficiently accurate to use a constant mean value for T and also for the other aero-
dynamic forces acting on the helicopter ; in addition, during each stage, either the disc attitude
to the horizontal, «, or the flight speed, V, is assumed constant.

A list of sylhbols is given at the end of the report.

-* AAE.E. Report Res/276, received 3rd July, 1953.
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2. Forces on the Helicopter—The motion is considered in general with the helicopter airborne
and it is assumed that it is flying with velocity V at a flight-path angle y to the horizontal. The
rotor thrust 7 acts normal to the disc which is at an angle « to the horizontal ; the transverse
force H is parallel to the disc. The other forces on the helicopter are the weight W, and the

body drag D which is assumed to act along the direction of flight. The force system 1s illustrated
in Fig. 1. : :

For estimation of the aerodynamic forces it is-assumed that the formulae for steady conditions
can be used. Thus for given speed and power conditions (including a specified rotor speed) the
thrust may be determined (not taking ground effect into consideration) at all except very low
speeds, from the momentum thrust equation and the rotor work equation (Ref. 2)

T = 2mpoe®RP0, (V2 + v? + 2V, sin 2)¥? .. .. . .. (1)
where ‘ .
el is the effective rotor radius, allowing for tip losses,
v; is the equivalent induced flow velocity (v4/0),
¢ s the rotor incidence to the flight path,
and
’ EP—‘PR:T'LL,:T(‘Z%—]LVLSin'L) .. . “ . . (2)
where

EP is the effective power at the rotor
Pyp = 3p,CrbcRQFR}(1 4+ u?).

For the range of speeds arising in take-off it is normally possible to neglect 4? in Py or to use an
approximate mean value. '

To simplify the application of (1) and (2) a chart derived from these equations is given in
Fig. 2, with T/2mpc*R*V 2 as a function of (EPA/o — Py) | 27mp,*R*V 2 and ¢ ; the value of 7 at

a point of the take-off path is (« 4 y). The blade pitch 6 for the thrust 7 follows from the blade
element theory formula, : :

) 3 u, (
T = %poabcQ, R3<0 — 5 Qﬁ) . .. .. .. .. .. .. 3)

At very low speeds the momentum theory is inaccurate and the empirical charts in Ref. 3
may be used ; the thrust is there given as a function of the speed, power and disc incidence in a
form similar to Fig. 2. The empirical curve of rotor coefficients for vertical flight also in Ref. 3
can be used for estimating the static thrust in motion from rest. The helicopter starts moving
in the direction of the resultant force, so that the initial value of the flight path angle, y,, is
given by
Tcoso— W

tan y, = T sin o

The force H is small and in most cases at low speed-can be neglected. Where necessary it
can be estimated with sufficient accuracy from the approximate formula

H = 1p,CobcRQ.RV, cos i.
If D, is the body drag at 100 ft/sec at sea level

then -
VN
D =D, <_100> .

The above method of estimating the forces can be used throughout the motion if the ana'lysis'-
is made on a differential step-by-step basis in which 7 and y are determined along the flight path,
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Because of the numerical complexity this is not convenient. for general use, however, and the
analysis in following paragraphs is developed for finite intervals, either at constant disc attitude
o, Or at constant speed V,,, mean values being taken for the aerodynamic forces 7, H,, and D, ;
methods of evaluating the mean forces are now outlined.

The mean forces during a stage of the take-off with constant disc attitude are considered
first for the special case of a straight flight path (section 3.1.1). For a straight path the resultant
force normal to the path must be zero, thus

Tcost -+ Hsini — Wecosy = 0.
With H = H, cos 7, this may be written in the form

T - W cos (i _ %) — H, cos i sini . @
Qmp,e? RV 2 2np* RV 2 cos ¢ ) —

This relation and the data in Fig. 2 are sufficient to determine 7, and ¢,, for a given value of «,,
and the mean speed ; choice of the mean speed to find 7, is justified by the fact (it can be shown
from Fig. 2) that, for constant disc incidence, T varies only slightly with V. For convenience
in use the data is presented in Fig. 3 with T'/2mp¢?R*V ? as a function of ¢, from Fig. 2 for various
values of the power term, and from (4) for various values of W/2mpe’R*V ? and «,, the H, term
in (4) being negligibly small for the range of variables considered.; 7, and ¢, can be found from
the intersection of the curves for the appropriate power and weight conditions. "H and D are
functions of V; and the mean values H, and D, are simply determined, while the blade pitch
9,, follows from (2) and (3).

In the general case of motion at constant disc attitude (with a curved flight path), determina-
tion of 7', from Fig. 2 requires knowledge of the mean disc incidence, 7,. As noted above T varies
only slightly with V; but it also follows from Figs. 2 and 3 that it varies appreciably for large
changes of ¢, in an approximately linear manner. Since «is constant, ¢, can be determined from
the mean value of y and an approximate method of finding y,, is outlined in section 3.1.2.

In motion at constant speed, the disc attitude is not fixed but must be varied in a way to keep
the resultant force along the flight path zero ; the equation of force along the path is

A Tsint — Hcosi —D — Wsiny =0.
This may. be written in the form

T _ Hycos’t + D + Wsiny
2mp, RV 2 Qmpoe?R2V 2 sin ¢ '

T[2np,e?R*V 2 is presented in 'Fig. 4 as a function of 7 for various values of (D 4 W sin y) [2npe’R*V 2
(the H, term is again negligibly small), together with the power curves from Fig. 3. The mean
value of y for determining 7,, and 7,, from this chart can be found directly because the solution
for the motion in section 8.2 is developed in terms of y as a parameter. o

The ground effect on the thrust at a given power in hovering flight may be found from the
empirical curves in Ref. 4; there is no published data available on ground effect in forward
flight on a helicopter but at low speed the hovering data should be sufficiently accurate. It is
necessary to make an assumption about'the mean height for which the correction should be made.

3. Theory of Take-off Flight—3.1. Motion with constant disc atiitude—Take-off flight is
considered in still air with reference to co-ordinate axes fixed with reference to the ground,
the x-axis horizontal forwards and the y-axis vertical upwards ; distance along the flight path
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1s specified by s. With the forces outlined above, the equation of motion along the flight path is

T . H ' D Vav .
—Wsm(ocﬁ—y)—Wcos(oc—ky)—w:gg—|—s1ny.

The equation of motion normal to the flight path is

T 7 . V dy

77 cos (oo + o) + 77 Sin (o +») = ¢ dt -+ cos y.
These equations can be integrated by step-by-step methods, the forces being estimated in the
way outlined in section 2. For general use, however, simpler solutions than those requiring
numerical integrations are desirable, and further development of the theory is restricted to

finding approximate solutions applicable to a finite stage of take-off, in the first place with the
disc attitude assumed constant. : : S

The first equation may be written if cosy =£ 0,

T T s B\ _Dds Vv ay
(WSIM—WCOS“>+<WC°S°‘+WSIM>dx_de_gdx+dx'

The disc attitude is assumed to have the constant value o, and if mean values T,, H,, D, aretaken
for the aerodynamic forces this equation may be integrated giving,

m

];Sin —EmCOS —Dmf -+ chos —}—Ii”sin — 1l v = l/_z__r/:ig
772 O("m W o W « X W e W (e 99 v = zg Zg

where V, is the velocity when ¥ = y = s = 0.

For all but the steepest take-off paths it appears a reasonable approximation to take s/x = 1-
in the last term in the first bracket ; when the path is relatively steep, the flight speed must be
low and D,,/W small, so that:even in this case the error will be small.

The equation may therefore be written

.Bx—}—Ay:YZ_z_—fV”z L R (5)
where: |
. ﬁ/‘lﬂ oS «,, —}—%‘ sin o, — 1 ]
—WL/” sin «,, — ﬁff COS o,
Bo1_ Dw L e
—%’ sin o, — I/T;L oS a,, '
T, . H,
f= g{W- sin o, — W cos oc,,,} 4 J




‘Similarly for constant disc attitude and assuming mean values of the forces, the equation of
motion normal to the flight path may be written
V2 dy ' . _
A-tan = Fax e . - o . . . (7)

3.1.1. Special solution of equations of motion (tan y = A).—Itis evident that a special solution -
of (7) is tan y = A = constant. This solution applies.to the case where the resultant force is
along the flight path direction at the point considered. In particular it applies to motion from
rest, when, with the assumption of constant mean forces,-the aircraft moves off in the direction
.of the resultant force. It applies.equally to backward and forward take-off.

Since the flight path is a straight line
. v -
s tany = 4.

Hence, with (5)

_ 4 {K"’_V_f}
TE@TEY ¥

For A = 0, i.e., in horizontal flight, there is a relationship between T and «.

T H . ‘
Wcos.oc—}——I/—Vsmoc—l,

Normally (T|W) cos « > (H/W)sin o, and so_for a selected mean value of 7, cos « = W/T
approximately. Hence with constant mean values for H and D, _

V:i— Ve

= TN g D . . .. - 9)
2g<w T ow

It is sometimes necessary for a helicopter take-off to begin with a ground run, and this type
of motion is also conveniently considered here. In a ground runm, the resultant force in the
vertical direction is less than the weight, so that

T cos o+ Hsina<<W.

The equation of forward motion is
T . H D T H . Vv
V—Véln % — 7 COS ot — 5 ——'<1 — 357 COs & — g Sin oc>uf: g dx
Where us is the coefficient of forward friction. V
Hence with constant mean values for 7, . H, « and D,

e
v — VE—= Vs . (10)

H . D
2g ﬁ/};’ (sin «,, + @sCcOS ) — —W—'" (cos a,, — ppsin o) — W MfJ
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3.1.2. General solution.—In the general case where tan « 3 4, it is convenient to put Q. = V#/2f
and dQ/dx = g, so that by differentiation of (5), g = A tany + B ; equation (7) becomes

: a
(A7 B — gd* + B — 2Bg + ¢) = 240 5
Integrating this equation and substituting for ¢ gives

g — Gly, 4, B), which is charted in Fig. 5,

O (1 tan 2y @B oy |

S = Qo | — Ve
G(VO:A: B) ZfG(’VO:A: B) ’
It is useful to note also that

& |
%:‘V—Oz (yo,A,B)

Distance along the path is obtained by integrating numerically 1/g (= dx/dq) as a function of

Q/S, giving
f_;zjél d(%):f&”(%,A,B)say.

Z(Q[S, 4, B) is charted in Fig. 6 with the zero value at the value of (/S corresponding toy = 0 ;
this value, ©,/S, can be determined from Fig. 5. Starting from a non-zero value of o, the initial
value, Qo/S, can be found from the same figure, and then

X (9 (D .
=% S,A,B> %(S,A,B),

%:@ ¢ A,B>—@ 4 A,B)

and

_also from (5)

S’ S’
where ‘ '
@ (Q VA, B> — _jz {g — B <Q , A, B>} and is charted in Fig. 7.

It was pointed out in section 2 that the mean value y,, of the flight path angle is required in
connection with the estimation of the mean rotor thrust in a speed interval from 7, to V; say.
An approximate estimate of the angle y, corresponding to V,, can be made from Fig. 5 using the
values of A, B and S for the initial conditions ; a first approximation to y,, follows. Further

approximation can be made by using A4, Bdand S for the mean conditions to re-estimate Y1,
from Fig. 5. '

3.1.3. Solutrion for B = 1.—The general solution takes a simpler form when B = 1 : this occurs
if the body drag is negligibly small compared to the resultant horizontal component of the

rotor forces. For B = 1,
1 4 tan?y

G(%A; 1) = m-






J(y, Re/W, D|W) is plotted in Fig. 8 as a function of y for a range of values of R,/W and-
D|W ; the constant has been adjusted to make J zero when y = 0.

The fheory does not give a simple integral for y and this has been found by integrating tan y
numerically as a function of gx/V* Then

8y _ Br DN _ R D
Vg_K<y)WJ W K(VO,W’W

Ry DN _ || g%
K(y,W,W _Jtanyd<vz>.'

K(y, Rs|W, D/W) is plotted in Fig. 9 with the zero values at y = 0 for a range of values of
Rg/W and for D/W = 0-01. C ‘

3.3. Climb Awdy at Constant Speed Approacﬁmg Steady Climb Condition.—The final stage of
a take-off is the transition to the steady climb condition ; for steady climb at a given power and
speed V; the ordinary momentum theory may be used to find the steady flight values, y,, «,

and T,. The equations of motion at constant speed in section 3.2 apply, and it follows from
- (11) that

where

R’ D* 2D . :
W2:1+W2 77 St vs - e e . . . (12)

Alsoifitisassumed that V' = V and T = T, during the transition to steady climb, then asin (11)

Vsz dy Rsz D 23 1/2
2 7y COS Y :{17172 —<V—V—|— siny)} — Ccosy,
and so from (12), -

VEdy oD /. N
2 dxz{l—f—m(mnys—smy)} — 1.

Since D/W is small and sin y approaches sin y,, it is a sufficient approximation to expand in
series form retaining the first-power term only ; then integrating,

D ox
I/_V % = L(')’, '}/s) - L(Vo, ’}/s) ’

I . log SOL BV, — tan dy
Ly, v =siny.y — cosy + cos y, log o~ Yy — tan 1y’

is
plotted in Fig. 10 against y for a range of values of y,. .

Similarly

D
I/_VMZ = N(% ys) - N(?’o: ys) .

Ny, v) = { sin y, log { ——- !

siny. — sin y> — sin y }15 plotted in Fig. 11 against y for

a range of values of y..

4. Application of the Theory.—For convenience in application, the methods of estimating the
performance for the various aspects of take-off are now briefly summarised and discussed. It is
assumed in the analysis that the take-off can be considered in stages in which either the discattitude
to the horizontal or the flight velocity is constant ; in addition, when motion over a range of speed,
flight path angle, or height near the ground, is being considered, constant mean values are taken for
the rotor thrust 7" and the drag forces, H and D. These forces can be estimated in the way outlined
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in section 2. Estimations of the performance in a stage of take-off starts from known initial con-
ditions, which include the flight path angle, v,, and the speed V,; if the motion is at constant
speed, the disc attitude must be varied in a way to keep the resultant force along the flight
path zero.

The first type of motion considered at constant disc attitude is the ground run, for which
(T cos « + H sin a) < W ; the ground distance to accelerate from speed V, to V is given by
equation (10). If (T cos -+ Hsina) > W, the helicopter will become airborne ; the solution
of the motion then depends on 4, B and f, which can be estimated from the relations in (6).
Tf it is found that 4 = tan y, then the flight path is a straight line and the special solutions in
section 3.1.1 apply ; equations (8) give the distances for climbing flight and (9) the distance for
horizontal flight (y, = 0). These solutions also apply to motion from rest, that is for V, = 0.

If V,> 0 and A = tany,, the general solutions in section 3.1.2, for motion at constant disc
attitude, apply. These solutions depend on S and 0/S which are defined as follows :

o Ve
2fG(yo, 4, B)
where G(y,, 4, B) is the function charted in Fig. 5,
o_»r
and <= T_/IZ (yo, 4, B) .

The horizontal and vertical distances x, y along the flight path in accelerating from speed V,
at flight path angle y, to speed V, are given by

x_ (¢ oD :
<o (%.a8) -7 (%.45)

%’:@<Q,AJB>‘_@<%’,A,B).

z (% , 4, B) and ¥ (% , A, B) are given in Figs. 6 and 7.

The flight path angle at speed V can be obtained from Fig. 5. In analysing take-off performance
it can normally be assumed that the type of motion represented by this solution obtains only
~ for the limited period of transition to climb away and that thereafter the pilot adjusts the disc
attitude to give either a straight path or a constant speed climb, so that the simpler special
solutions may be used. :

For motion at constant speed, the solutions for x and y are given in terms of y, D/W and Rz/W,
where R.* = I*® 4+ H? The horizontal and vertical distances from a flight path angle y, to y

are given by, 7
X Ry, D R, D
-gI;E:]<y:WF:7V _]<7}0;—I/I§JI—4—7>

8 _ RBr DN Ry D
VZ—K()/, W, W> K(Vo; W) W .

J(y, Ref/W, D|W) is given in Fig. 8 and K(y, Ry/W, D/W) in Fig. 9 for a range of values of
Ry/W and D/W = 0-01. -
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For climb away at constant speed approaching a steady climb condition, the steady flight
values y,, o, and 7, may be found from steady-flight momentum theory. The horizontal and
vertical distances in the transition, from a flight path angle y, to an angle y, are given by

D gx

W%_z - L('}/, ys) - L(V{); ys>

D .
Wg% - N(’V: ys) - N(yO) ys)

L{y, y,) is given in Fig. 10 and N (y, 7s) in Fig. 11 for a range of values of y..

For motion at constant disc attitude, the flight path distances are determined in terms of
%/S and y/S ; S is proportional to V,* and so the range of, for example, y/S to cover a given change
of height is greater for lower initial speed. To provide completely for estimates from very low
initial speeds requires a very wide range of the variables, and for equal accuracy in all conditions
several charts would be required covering progressively larger ranges of x/S and ¥/S. The charts
given however, cover a representative range of speeds down to fairly low values only, because it
is considered that the overall take-off performance can in general be adequately defined by the
performance from the initial speeds covered, together with that from rest, which is given by
the straight path solutions in (8) and (9) ; the charts can however be extended to deal with lower
initial speeds if required. The solutions for the motion at constant speed are given in terms of
gx/V* and gy/V*® and again a number of charts would be required for comparable accuracy at all
speeds. Normally, however, climb away is not made at a very low constant speed and a more
limited range of the variables should be adequate for most purposes.

The charts given for the different aspects of take-off are given for positive values of y only’
and therefore supply solutions only for cases of take-off in which there is no loss of height. The
theory can also be used however for analysis of motions in which 7 < 0, including general
decelerated landing motions. Extension of the theory to other types of helicopter, including those
with multi-rotors or with auxiliary fixed wings, will be considered in connection with the general
development of performance theory for these types of aircraft.

Attention is now being given to the development of reduction methods for the take-off per-
formance of a single-rotor helicopter on the basis of the theory in this report.

Acknowledgements are due to W. E. Bennett who undertook much of the computation required
for the preparation of the charts. :
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Initial value of O

~Rotor radius

Resultant rotor force

~ Resultant rotor force in steady climb

Distance along the flight path
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Rotor thrust

, Gy, A, B) being defined in (11)
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Airflow velocity normal to the rotor

Induced velocity at the rotor
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