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Summary—The methods of classical aerofoil theory are used to derive a general theory for wings of any given plan
form. Accordingly, the general dewnwash equation is split into two parts : one, the effective incidence, being due to
the downwash induced by the vorticity component along the span ; and the other, the induced incidence, which is
due to the downwash induced by the streamwise vorticity component. The latter is related to the downwash in the
Trefftz plane, and a downwash factor is introduced to include both the limiting cases of very small aspect ratio (Jones)
and of very large aspect ratio (Prandtl). The downwash resulting from the spanwise vortices is approximated by a
simple relation, the accuracy of which is proved to be satisfactory for practical purposes, and an exact solution of this
equation is given for wings of very large aspect ratio, swept or unswept. For wings of moderate or small aspect ratios,
the solution given fulfills the approximate downwash equation only in the mean over the whole chord, i.e., the downwash
is correct not at a few discrete points but on the average. Again, the limiting cases of Jones and Prandtl are included

“in the present solution. Thus, the load over the whole surface of a given wing can be calculated at a given subcritical
Mach number, and the procedure is as simple and rapid as that of the classical aerofoil theory. The calculated results
are confirmed by experiment.

With this fnethod, the effects of wing thickness and of the bouhdary layer can easily be taken into account, as well
as aero-elastic effects. Non-linearity of the lift due to tip vortices is also treated.

LIST OF SYMBOLS

x,9, 2 ~ Rectangular co-ordinates; x = 0 at leading edge ; x positive in the
direction of the main stream ; x, y, z are measured in terms of the wing
chord if not specifically stated otherwise

c Wing chord

b Mean wing chord

b Wing span

¢ Wing thickness

h Height of tip vortex

* R.A.E. Report Aero. 2476, received 13th February, 1953.
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LIST OF SYMBOLS—continued

% e - Chordwise position of the aerodynamic centre
n = 2y/b (or 2yc/b)
A = b/c; aspect ratio
o Geometric angle of incidence
% Zero lift angle
o, Effective angle of incidence , ‘
0 Effective angle of incidence on swept wing of large aspect ratio
e p - Effective incidence on two-dimensional wing in inviscid flow
§ = o,,la
o Induced angle of incidence
®io Induced angle of incidence on wings of large aspect ratio -
¢ - Angle of sweep of mid-chord line
@, Effective angle of sweep, equation (86)
@, Angle of sweep of vorticity vector
Vo Velocity of the main stream
v, Induced velocity in z-direction
Vso Induced velocity on swept wing of large aspect ratio
r Strength of spanwise vortices
V(%) Distribution of spanwise vortices along the chord
y = T[bV, = C,c/2b; non-dimensional vortex distribution
aC, ‘Difference of the pressure coefficients on upper and lower surfaces of
. the wing '
Cy Normal force coefficient of section
Cr Tangential force coefficient of section
C, Lift coefficient of section
Cp Drag coefficient of section
C, Pitching moment coefficient of section
C. Overall lift coefficient of wing
a, Lift slope coefficient of two-dimensional aerofoil
a = C(.]a,;sectional lift slope coefficient
7 Number between 0 and 1, dependent on 4, ¢, and y
7, - Value of # on swept wing of large aspect ratio
o = 7 cotan,
Downwash factor, between 1 and 2, dependent on A and ¢
A Interpolation function, Fig. 23
M, Free-stream Mach number
po= v —MJ
Suffixes :
s Sheared part of the wing
c Centre of swept wing
T Tip of swept wing
. Analogous wing



1. Imtroduction.—The purpose of the present report is to provide a method for calculating the
load over the surface of a thin wing of any given plan form, which is suitable for practical appli-
cation in the design of high-speed, subsonic aircraft. To be of use, such a method must be simple
enough to be performed in a few hours by a computer, and it must be applicable to wings of any
taper and sweep and to aspect ratios down to about one. It is also essential that the method
can easily be extended to cambered wings, cranked wings, and to wings with fuselage or with
other bodies attached to it, and also to elastic wings*. Such a method should also provide the
basis for calculating the pressure distribution on the surface of wings of non-zero thickness and
for estimating the effect of the boundary layer on the lift and pressure distributionf. The
application to compressible subsonic flow should not necessitate the use of ‘rules’ which are
based on two-dimensional flow conditions but enable the load on the given, three-dimensional,
wing to be computed at a given subcritical Mach number. With the complete method at his
disposal, the designer should be able to choose wing plan form, camber and twist, section shape
and fuselage contours so as to obtain the best compromise to meet his requirements.

The present report deals with part of the general problem, namely, the load on thin un-
cambered wings. Use is made of existing methods which are valid in the following limiting cases:

(a) The classical aerofoil theory of L. Prandtl* for unswept wings of very large aspect ratio
(above 8, say), and for sheared wings of infinite span.

(b) The theory of R. T. Jones® for straight and swept wings of very small aspect ratio (below
about 0-5).

(c) The theory of Ref. 3 for swept wings of large aspect ratio (above about 3).

Nearly all practical wings without sweep, and many swept wings, fall in the aspect ratio
range between these limiting cases, and the aim of the method presented here is to be applicable
to this intermediate range of aspect ratio and, at the same time, to fulfil the requirements set
out above. - Since an investigation of a wing in compressible subsonic flow usually means treating
ari analogous wing of smaller aspect ratio than the original, some emphasis is put here on the
effects associated with small aspect ratio.

The three limiting theories are fundamentally similar to each other in that the span loading
is obtained from the same type of integral equation as that which occurs in the classical aerofoil
theory. This type of equation is, therefore, assumed to hold also in the intermediate cases
which thus retain the simplicity and advantages of the classical aerofoil theory. The induced
downwash on the wing surface is then always considered in two parts: the ‘ effective incidence ’,
«,, which is related to the spanwise vortex component ; and the induced incidence ’, «;, which
is related to the streamwise vortex component, consisting mainly of trailing vortices. Further,
a certain type of chordwise loading which is characterised by a single shape parameter, #, is
common to all the limiting theories. This type of chordwise loading is, therefore, assumed to
hold also in the intermediate cases. The shape parameter 7 depends mainly on the aspect ratio
of the wing and can be related to the effective incidence and the induced incidence. In deter-
mining these relations; use is again made of the results obtained in the limiting cases.

The present method is different from current theoretical work on the subsonic flow past three-
dimensional aerofoils, which is characterised by efforts to solve the problem by more mathematical
methods, the use of physical concepts being on the whole limited to the basic equations of motion.
This procedure is necessarily complicated, and an application to the practical problems mentioned
~‘above is not normally possible. Since the methods so far available always involve simplifications

(even in the numerical evaluation, such as restrictions in the number of terms in series), none of

* Cambered wings are treated on the basis of the present method in Ref. 4, cranked wings in Ref. 5, wings with fuselage
in Ref. 6, wings with tip tanks in Ref. 7, and fin-body combinations in Ref. 8. B. A. Hunn® has shown how a method
like the present one can be adapted to calculate elastic wings.

1 Wings of non-zero thickness are treated in relation to the present method in Ref. 10, and the effects of the boundary
layer, for a simple case, in Ref. 11, i
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the solutions obtained are exact enough to be considered as a standard against which the present
method could be checked. In general, the only means of checking is by experiment. There are,
however, a number of special cases which have been treated by means of a formidable mathema-
tical apparatus. Comparison between the results obtained in those.cases and the results of the
present method give very good agreement. This appears to show that the approach used here
takes adequate account of all the main factors involved, in spite of its simplicity.

The report is divided into two parts, the first dealing with unswept wings and the second with
swept wings. To clarify the present approach, Prandtl’s classical aerofoil theory will be re-
interpreted and the similarities to Jones’s method demonstrated. At the same time, the meaning
of the terms ‘ lifting-line ’ theory and ‘ lifting-surface ’ theory, as used here, will be more clearly
defined, the present method representing essentially a lifting-surface theory. It will be shown
that methods based on the concept of a lifting line and the three-quarter chord theorem cannot
be justified. Non-linear lift -effects will be considered and, finally, the method will be applied
to compressible flow at subseritical Mach numbers by means of the Prandtl-Glauert analogy.
The purpose of the present report is to derive and explain the theoretical basis of the calculation
method. A more detailed description of the calculation procedure will be given in a later note,
in which the practical application of the methods of Refs. 4 to 8, and 10, 11 will also be explamed
together with worked examples.

2. Straight Wings.—The theory will first be developed for unswept wings. These are assumed
to have no appreciable kinks in either leading or trailing edge, the mid-chord line being roughly
at right-angles to the direction of the main stream.

2.1. Re-interpretation of Prandtl’s Aerofoil Theory.—Consider a plane unswept wing. As a
lifting surface, the wing is replaced by a system of vortices* situated partly on the wing (bound
vortices) and partly left behind in the free stream (free vortices). If the wing is symmetrical
about the x-axis, as in Fig. 1, the bound vortices will cross the centre-line at right-angles. Else-
where on the wing they are curved and neither parallel to the y-axis nor to the x-axis. The fore-
most vortex runs parallel to the leading edge. When leaving the wing, the vortices ought to cross
the trailing edge at right-angles to avoid a vorticity component parallel to the trailing edge ;
otherwise, the Kutta condition of smooth flow from the trailing edge would not be fulfilledt.

The strength and direction of the vorticity vector at any point on the wing surface is deter-
mined by the streamline condition, ¢.e., the resultant of the free-stream velocity, V, and that
induced by the vortex system, v, must be paralle] to the Wlng surface For a thin flat wing at
incidence «,

v y) _dzxy) _ o _

V. T ix = & = const. .. .. .. .. (1)
everywhere. The induced velocity v, is obtained by integrating the contributions of the individual
vortex elements over the wing surface and the wake. The velocity induced by a vortex element
is given by the Biot-Savart law. If the strength and direction of the vorticity vector at every
point are known, the velocity field, and hence the forces on the wing can be determined.

In view of the complexity of the problem of finding the unknown vorticity distribution from
a double integral equation of the first kind, it is not surprising that so far no exact solution is
known. The theoretical treatment here is, therefore based on physically plausible assumptions.
In the following, Prandtl’s treatment of this problem will be interpreted in a way which readily
allows it to be extended subsequently to wings of arbitrary plan form.

* We prefer to retain the concept of vortices because of its obvious physical interpretation and because their behaviour
is governed by well-known theorems. The argument can, of course, be developed also in terms of a pressure potential
(since AC, = — 29.{V,), or in terms of the specific enthalpy of the flow (since 47 = — Vy,), if one so desires.

+ This is, of course, generally ignored in any linearised theory, the free vortices being assumed to lie along the main
stream everywhere.
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The bound vorticity vector at any point is resolved into a component y, parallel to the spanwise
co-ordinate y and a component ¢, parallel to the chordwise co-ordinate x . The former will be
called the ‘ spanwise vortex component ’; the latter the ‘ chordwise vortex component . Behind
the wing, the chordwise vortices are continued by the trailing vortices, ¢,. The configuration of the
vortices, as illustrated in Fig. 1, is essentially similar for both large and small aspect ratio.

The problem of calculating the downwash v, may be greatly simplified by.considering the down-
wash, v,,, induced by the spanwise vortices y, separately from the downwash, v,,, induced by
the streamwise vortices ¢, and ¢,. The sum of the two contributions must be constant across

the chord :—

Upr (%) + 0.0(%) = v, = oV,
by equation (1). The mean value
r1

1 . -
7 Valx)dx =, .. .. .. . .. .. (2)
0 v 0
may be described as the ‘ effective incidence * of the aerofoil ; and the mean value
ri
—T; Vo) dx = o, .. .. . . .. ce (3)
. "Jo ' ‘

as the ‘induced incidence.” The boundary condition (1) can then be replaced by the®weaker
condition o = o, + «;.

The next step is to relate «, to the distribution of the spanwise vortices. These are straight
but their strength varies along the span. They are of finite length, lying within the wing span.
Here Prandtl introduces what may now be formulated as the hypothesis that the downwash
v,; induced by these at any spanwise station is, to a first approximation, the same as the down-
wash v,, induced by vortices having the same direction and chordwise distribution as those at
the station but of infinite length at either side of it. The fact that the spanwise vortices are of
finite length and that their strength varies is thus ignored. This hypothesis is obviously justified
for wings of large aspect ratio, with the exception of their tip regions where it cannot be strictly
true. Near the tips, the vortex lines are necessarily curved (see Fig. 1) and the ‘ small aspect
ratio * effects, which will be discussed below, must therefore be expected in the tip regions of
wings of very large aspect ratio; for instance, the position of the aerodynamic centre moves
forward as the tip is approached. However, the tips contribute little to the overall lift of the
wing and no great error is involved to the overall result by applying Prandtl’s hypothesis to the
whole span. ‘

For a vortex distribution y,(x) of infinite length,

1 .
v, v, 1 . dx
e JMM e (4)
0

Vo Vo, 2aV, % — |
by Biot-Savart’s law. If we take y,(x) to be the ‘ flat-plate ’ distribution of Birnbaum®?,

i =c (),

1 Cr = ¢
V.o,—ZWVo ——ZVOJ

1e,v,,1 1s independent of % and o, = C 2V, by equation (2). The constant C can be related to
_the sectional lift coefficient. At any point, %, along the chord, the flow is inclined at an angle

|

then
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&, to the chord line and the velocity of the flow is V, cos «, == V,, because «, is assumed to be
small (se¢ Fig. 2). The Kutta-Joukowski theorem states that the force I(x) on the vortex
element y,(x) 1s

) Ux) = pVoy.(%). :
This force is normal to the relative wind direction, see Fig. 2. Only the spanwise vortices appear
in this relation since the streamwise vortices lie along the wind and do not sustain any force.
Thus «, gives the direction in which the resultant air force has no component. The aerofoil
experiences this force as a difference, — 4p, in the pressures on its upper and lower surfaces.
Ap is a force normal to the chord-line. Thus — 4p(x) = I(x) cos «, == (%), so that

— Ap(x) = pVy.(%),
or, non-dimensionally,

_dpw 2
AC,(x) = Ve Voyx(x). S . . . .. . (5)
The overall lift of the section is obtained by integration :— -
L=cf U dx
0
Hence, A
L 1 B 2 1
CL:%pVozc: —J AC (%) dx:ﬁj y (%) dzx. . .. .. (6)
0 0

This gives for the flat-plate distribution

2 ' 1 xllz 7
C,==C — adx = — C
"V, J( x > T

so that C = C, V[, and A
VO _ 12 _; 1/2 s
v ) = 2 c,(l - x) UG ) = —?cLC ”) . L (7)

JT X T X
Further, :
_C _ G G o :
O(”_ZVO_QE’ or a—aa—Zn—ao. .. .. .. . (8)

This states that the effective incidence is a linear function of the lift coefficient and that the
“ two-dimensional lift slope * @, has the value 2= for a flat-plate aerofoil*. In the classical aerofoil
theory the expression (8) for o, is assumed to hold at any spanwise station of a wing of finite
aspect ratio, although it is derived for and strictly applies only to two-dimensional aerofoils.

To find the induced incidence «; from the downwash v, , of the streamwise vortices by equation
(3), we consider first the contribution o, , of the trailing vortices. These, starting at the trailing
edge, induce a downwash at the trailing edge which is equal to half the downwash induced by
them far behind the wing, if the trailing edge is straight and unswept. This value, a;,, is given
by the well-known integral

1 J“ dy (y) dn’

2| dy’

Aig =

©)

-1

% g, =27 only for the two-dimensional flat plate in inviscid flow. For two-dimensional aerofoils on non-zero thickness
in viscous flow, @ = a, = k(1 + £)2m, where ¢ takes account of the thickness of the aerofoil and can be approximated
by & = 0-8¢/c. % measures the lift reduction due to the boundary layer. % == 0-92 for RAE 101 section of {fc = 0-10
at a Reynolds number of about 2 x 10° at zero lift, as explained in Refs. 11 and 13.
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where 4 = 2y/b and y = C,¢/2b. Prandtl’s contention is now that the wing chord is so small
compared with the span that the downwash from the trailing vortices does not vary very much
along the chord and that the additional effect of the chordwise vortices ¢, is such as to keep the
mean value of «, at the value «;, as given by equation (9), i.e., &; = ;.  This is reasonable for
wings of large aspect ratio, again with the exception of the tip regions.

—

From the boundary condition «, = « — o; we find now, from equations (8) and (9),
c, 2% 24 1 fﬂdy () dn'

;o:;l:cy(n) =a06/57(77) =T o dy g =gt o (10)

which is the well-known integral equation for the spanwise loading. Having determined y(z)
and thus C.(5), we find the chordwise loading from equation (7).

The distribution of the various downwash contributions is similar to that shown in Fig. 3*.
The lift is produced by the interaction of the main flow, which has the velocity V, at an anglea,
with the spanwise vortices, as explained above. The drag is produced by the interaction of the
downwash v, , from the streamwise vortices with the spanwise vortices, since only the streamwise
vortices are associated with the kinetic energy in downward movement of the air far behind the
wing. This energy is, in fact, equal to the work done by the drag force experienced by the aerofoil: ;
Since «, is assumed to be independent of the aspect ratio of the wing, by equation (8), the value Al HWC,
of o, must depend on the aspect ratio, by equations (9) and (10). The relation between the lift ] /’(
and the drag forces on the wing then depends also on the aspect ratio. Resolving the resultant AN
air force into a component, Cy normal to the chord-line and into a component, C7, tangential Ve

to the chord-line, we find from Fig. 2 that C; = — Cya,. Since «, is assumed to be independent _. i UI/I/“
of the aspect ratio, the relation between the normal and tangential forces on the wing should s

not depend on the aspect ratio}. In fact, Cr = — Cy¥/2n = — Cy*[a, by equation (8), since

Cyz=C,. :

Whether this is sufficiently correct in practice can easily be checked by experiment. It is
found that a quadratic relation between Cy and (7 is indeed fulfilled with remarkable accuracy,
as can be seen from the examplesi in Fig. 5. The fact that the lines are straight shows that it is
reasonable to use the concept of the effective incidence. As the results for wings of large aspect
ratio (from about 6 upwards) fall together, it follows that the effective incidence and the sectional
lift slope can be adequately determined from the properties of the two-dimensional aerofoil.
In this case the slope of the Cy? vs. C; lines is — 1/a,, where g, is the two-dimensional lift slope, ﬂ'
and it follows that the chordwise loading is given by the two-dimensional distribution with g
sufficient accuracy. S -

However, it can be seen from Fig. 5 that only the results from wings with large aspect ratio -
fall together, the lines becoming gradually steeper as the aspect ratio decreases. This indicates
the limitations of Prandtl’s aerofoil theory in its original form. An extension of this theory is
obviously needed. In extending the theory, it does not seem necessary to abandon the concepts -
of the effective incidence and of a sectional lift slope which is independent of the geometric
incidence since the Cy? vs. C; lines are still straight. However, there must be a redistribution
of the spanwise vortices along the chord, for only this will give a sectional lift slope which
decreases with aspect ratio and thus different slopes of the Cy* vs. Cr lines. This, then, is the
basic approach which will be used below. ]

* Fig. 3 is not drawn to scale, and the lines representing the variations along the chord of the individual contributions
are entirely arbitrary. ’

+ Another derivation of this relation is given in Ref. 14.

1 These tests'® were made with cambered aerofoils, where
CT = — CNZICZ - C,Na()
as shown in Ref. 14. o, is the zero-lift angle of the two-dimensional cambered aerofoil.
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It may be noted that such a simple relation as C, = — C ~°/a is not used in any of the mathema-
tical lifting-surface theories, simply because the concepts of the effective incidence and of the
sectional lift slope are not introduced. However, the fact that ¢ = — C ~'[Cz has a constant
value which is independent of the incidence is implicit in such theories, as can readily be seen
from the Kutta-Joukowski theorem under the assumptions of linearised theory. The tangential
force is obtained by integrating along the chord the product of density, p, vortex strength,
7+(%), and downwash, z,;(x). According to linearised theory, both », and v,, (and v,, = v, — v,
for that matter) are proportional to the incidence «. Hence, Cy is proportional to C,? which leads
directly to @ = C, /o, if «, is defined as «, = — Cr/Cy, as above. '

The classical aerofoil theory of Prandtl is often described as a * lifting-line ’ theory, in contrast
to ‘ lifting-surface ’ theories. It will be noted, however, that it is quite unnecessary in the present
derivation to introduce the concept of a lifting line on which all the circulation of the spanwise
vortices is concentrated. Indeed, this concept could only be used to derive the relation for
a; (= oo from equation (9)). But this relation is just as easily obtained from the assumption
that the chord is small compared with the wing span*, as there is still a well-defined chord-wise
distribution of vortices, namely that of the two-dimensional flat plate, however small the chord is.
The assumption of a chordwise distribution of vortices, on the other hand, is essential for deter-
mining the sectional lift slope, which cannot otherwise be obtained. It certainly does not follow
from the assumption of a lifting line. Obviously, the term lifting-line theory has been loosely
applied, and it is proposed to use it only in such cases where a theory is truly based and developed
on the assumption that the spanwise vortices are concentrated in one, or several, discrete vortex
filaments. It is proposed to use the term ‘lifting-surface theory ’ to describe any method where a
distribution of spanwise and streamwise vortices (or of any other singularities) over the whole
wing surface is considered. In this sense, Prandtl’s classical aerofoil theory is a lifting-surface
theory, limited, however, to wings of large aspect ratio. A clarification of these concepts is
particularly desirable since the literal application of the concept of the lifting line to refining the
classical aerofoil theory, and to extending it to swept wings, has not proved successful. Thisin turn
has brought some unjustified discredit to the basic approach of Prandtl. It will be shown below
that the basic concepts of the classical aerofoil theory can successfully be used for obtaining a
method which is satisfactory throughout the whole aspect ratio range.

There are certain similarities in the basic concepts between Prandtl’s theory and R. T. Jones’s
theory® for wings of very small aspect ratio. It is found that the chordwise loading is different
from that of the two-dimensional aerofoil in that the lift concentrates nearer to the leading edge
as 4 — 0. In the limit as 4 — 0, the effective incidence induced by the spanwise vortices tends
to zero, leaving only the chordwise and the trailing vortices to fulfil the boundary condition :
o= o; for o, =0, in contrast to the two-dimensional aerofoil where o — o, because o; = 0.
As the downwash from the spanwise vortices decreases, the chordwise vortices grow longer
compared with the wing span and the downwash induced by them increases. In the limit 4 — 0,
their effect is such as to keep the mean value of «; at the value 2 X «,, as given by equation (9),
s.¢., twice the value for wings of very large aspect ratio. This implies that the flow in planes
- x = const can be considered as being two-dimensional, the chordwise and trailing vortices
together being effectively of infinite length on either side of the section considered, instead
of semi-infinite length as for high aspect ratio wings.  For the present purpose, it is important
to note that the span loading is again obtained from an equation of the same type as Prandtl's
equation, equation (10), the left-hand side being zero and the downwash integral having a factor 2.

2.2. Exposition of the New Method.—In order to treat wings in the practical range of aspect
ratios between the limiting cases of Jones and Prandtl, we shall first of all show that it is
reasonable to retain the concepts of an effective incidence and of a sectional 1ift slope, z.e., to
treat the effect of the spanwise vortices separately from that of the chordwise and trailing

* See also the analytical derivation given by H. R. Lawrencels,
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vortices. This can readily be seen from experiments such as those plotted in Fig. 5. We find
that Cy and C,, which depend on the chordwise distribution of the spanwise vortices only,
obey the relation C; = — Cy?/a throughout the whole aspect ratio range tested. This implies
that it is still reasonable to use an effective incidence, as in Fig. 2, and that the relation C, = a«,
holds throughout the whole range, the value of @ being independent of incidence for each aspect
ratio but varying with aspect ratio. This follows also from the Kutta-Joukowski theorem under
the assumptions of linearised theory as shown above (the derivation applies to any section on
any wing of any given aspect ratio) and is thus tacitly implied in any existing theory.

On this basis we may proceed to determine the value of a. This will be done by using the
hypothesis from above which leads to '

1 1 1,
| a 1 ,ax’ ‘ _ ,
ocg-—JoVodx—znVoJJyx(x)x_x,dx.. .. .. . .. (4a)

(1] 0

This follows from equations (2) and (4) ; it is reasonable in both limiting cases. We shall have to
assume, however, a more general relation than equation (7) for the chordwise load distribution
which must include the different solutions in the limiting cases. We put :

1 —x " . 2 1 —x\
y,,(x):C( x >,.1.e.,AC1,(x)——I7—OC< p

by equation (5). The constant factor C can be related to the sectional lift coefficient C; by using
equation (6). This gives '

1
2 11—\ 2 wn
CL:V—OCJ0< X >dx:T70CSinn%,

so that
' V,sin
¢ = 2 an Cr.
Then, finally '
sin #x 1 — 2\ sin zn I —x\
Vx(%)=Vo—27;;;CL< " >; AC,(x) = — — CL< pe > .. (11)

.which contains a single parameter, #. The value of # does not depend on x or y, but on the aspect
ratio A. The function (11) fulfills the condition 4C, = 0 at the trailing edge and the vorticity
1s zero there. : :

We can’see immediately that # — % as 4 — o , since equation (11) then reduces to the flat-
plate distribution from equation (7). In the other extreme, 4 — 0, the value of » must ‘tend to
one in order to obtain R. T. Jones’s solution, namely 4C, =0 for x > 0; A4C, = watx=0;
i.e., the load is concentrated at the leading edge. Equation (11) thus represents a family of
chordwise loading functions which includes both the extremes of very small and very large aspect
ratio and gives a continuous variation in between. How # depends on A4 in the intermediate range
will be determined later. .

Equation (11) gives also the correct position of the aerodynamic centre in the limiting cases.
This is given by '

Xa.c. 1 — % -

c . 2 7

(see Ref. 3), so that %, /c = { for » :%, ie, d = wo;andx,, =0forn =1,1ie., A = 0.

(12)
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Inserting the chordwise dlstrlbutlon from equatlon (11) into the downwash “equation (4a),

we obtain
1 sin an c 1 —u -
%= 9 Oam * ] X =
_Lsinamc M 7 7 I —a\"
T %% 2mm ], sinwn  tanan\ ¥
C,
Z{ (1 —zn cot wm) ,
and finally, for the sectional lift slope,
C, dmn ’ 20 ]
dhocc—l-nncotn%—%l——nncotnn' _ o a T (13)

The mean induced incidence from the chordwise and trailing vortices, «;, can be expressed as
a mult1ple of its value, a;,, at very large aspect ratios :—

dy(n’) dn'
OCi == wain = %J 'y(n,) i 7 .. .. e . .« (14)
—1 .

dy’ n—n

by equation (9). The value of the * downwash factor ’ w does not depend on x since «; is defined

as a mean value over the chord by equation (3), and we agsume* that it is also mdependent of .

w does depend on the aspect ratio, and we know already that @ = 1 for 4 = o and o = 2 for

A = 0. Thus o = 2» in both hmltlng cases, and we propose to use this relation for the whole

~.._ aspect ratio range as an approximation. Phy51ca11y, as the aspect ratio decreases, # represents

~ . the distortion of the chordwise loading (in the sense of concentrating the vorticity towards the

leading edge) and  represents the increase in the downwash from the streamwise vortices.

These effects clearly arise from the same change in vortex pattern and so » and % must both
steadily increase with decreasing aspect ratio.

With these relations for «, and «;, the integral equation (10) for the spanwise loading can be
generalised into :

L EN ]
20 _ w | dy(n') dn’
acy(’”_“_zﬂJ o e (15)

which is of the same type as Prandtl’s original equation and can be solved in the. same way.

For practical purposes it appears best to employ Multhopp s method”, where equation (15) is
transformed into a system of linear equations :

Vo byy—F;a—cv):‘—l-meyn. .. .. .. .. .. .. (16)

#=1

* The assumption that both » and w do not depend on y may lead to errors near the wing tips. It implies that the
chordwise load distribution is of the same type at all spanwise stations and a forward shift of the aerodynamic centre
as the tips are approached is not represented. The error cannot be serious, however, as the lift falls to zero there {see
also section 2.6). A’ refinement of the present theory in this direction is, of course, p0551blew On the other hand, the
wing tips are much affected by the presence of the tip vortex (see sections 2.6 and 3. 8), and the interest in the precise
chordwise loading, as given by linearised theory, is therefore much reduced. y
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The suffix » indicates that the respective quantity is taken at a fixed spanwise position ». The b,,
and b,, are known coefficients and can be found in Refs. 3 and 17. From this the spanwise loading
can be determined in about the same time as the ordinary large aspect ratio calculation of
Multhopp? (about one computer-hour), and the chordwise loading found from equation (11).
The overall lift coefficient is , :

C‘L='Ajjy(n)dn. SR O V)

It remains to determine the shape parameter # on which both sectional lift slope 2 and down-
wash factor o depend. For this purpose, we consider again the limiting case of very small aspect
ratio. As A — 0, the plan-form term

2_ 2
ac  aclé )

in equation (15) tends to zero, provided A goes to zero more quickly than «. If the above term
can be ignored as compared with «, equation (15) reduces to

o [Tw a1 (T _ar ' (18)
—_ - , = - T, = 0 .. . .. .
27 ldn n—7 7 _1d77 /] .

since o — 2 at the same time. The solution of this equation is

y(n) = an/(1 — 9%, .. .. . .. .. .. .. .. (19)

i.e., the span loading becomes elliptic, and the overall Lift is, by equation (17),
c a1 -
f:AJ \/(1—n2)dn:gA_>0asA—+0. . . . (20)

-1

These results agree with those of R. T. Jones.

From equations (18) and (19),
Co

o .
@, =0 —— =o_--—>case —>2, t.e,as 4 —0.

nA 2

This means that the chordwise and trailing vortices alone fulfil the boundary condition, the
downwash being produced in equal parts by the chordwise and trailing vortices since

_ 1 1l =, o«
o= 1L T 4°27% T 2

for A = 0, by equations (9), (19) and (20). Also, for wings of elliptic plan form, C, = C,, by
equation (19), so that «, = C .Ja. Hence, from the boundary condition « = o, + o :

J

1 o 8n?
&+7—u—4 l—nncotrm—}——}l—

from equation (13) and @ = 2x. Combining equations (20) and (21), we find that # behaves like

G 1 | doin RO O3 )
- |

n':l—\/g_»1asA—+o..' N ¢24%)
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for small aspect ratios. This gives for the sectional lift slope

| a=2u/\/§———>0asfl—+0, %)
and for the effective incidence
% 4 ’ '
a——N/8—>OasA——>0, . .. .. .. .. .. .. (24)

by equation (20), in agreement with R. T. Jones’s theory. Equation (23) is consistent with the
initial assumption that 4/a — 0 as 4 — 0.

Equation (22) can be used to derive a general relation between # and A for the whole aspect
ratio range. At the high aspect ratio end, % must approach the value § and it is known from
experience that »# does not appreciably differ from 1 for aspect ratios of about 6 and greater.
A simple monotonic function #(A4) to fulfil the condition (22), and which also approaches the value
n = 3 for very large aspect ratio in a reasonable manner, is

=1 — 1
9 \2 )4
z{1+(2)}

or, more generally,
I— a 2y 1/4 °
(1]

This approximation is quite sufficient for practical purposes. At any rate, existing theories cannot
provide a more accurate relation. Thus, with » being known, the load over the surface of any
given wing can be determined. :

. (25a)

. (25b)

There are various experimental means of checking the accuracy of the present method. The
value of # from equation (25) can be checked directly against measured values of the position
of the centre of pressure, using equation (12). It is found that the experimental values from
Ref. 15 and the theoretical values are identical within the accuracy of the experiment. The values
of a from equation (13) can be compared with the slopes of the Ci(Cy®) curves, as plotted in
Fig. 5, and again good agreement is found. Finally, overall lift coefficients for a series of rec-
tangular wings have been calculated* from equation (16) and compared with measured values
from various tests. Fig. 6 shows that the measured lift is well predicted throughout the whole
aspect ratio range.

2.3. Comparison with the Results of Other Calculations.—Some indication of the accuracy of
the new method can be given by comparing the results with those obtained in some special
cases by the most thorough mathematical treatment so far. These are: the wing of circular
plan form by Kinner' ; some elliptic wings by Krienes® : arnd some rectangular wings by
Wieghardt®. In the latter case the spanwise loading -was assumed to be elliptic so that the
results are likely to be slightly wrong for aspect ratios above one.

By considering the results obtained for the chordwise. loading, we find that equation (11)
is a good approximation in all cases. In particular, the position of the aerodynamic centre, found
by various methods and plotted in Fig. 8, is well approximated by equation (25) ; this agrees
rather better with Wieghardt’s results in the lower aspect ratio range than with the other less
accurate calculations, as one would expect.

* In this calculation allowance has been made for the thickness/chord ratio of the wing by putting ¢ = 0-08 ; and for
the effect of the boundary layer by putting 2 = 0-92. Hence ay =092 x 1-08 X 27 = 27.
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Fig. 9 shows a typical example of the chordwise loadings obtained by the various methods,
illustrating the degrees of approximation. The other methods are based in one way or another
on the series of functions devised by Birnbaum® of which the first term is the flat-plate distri-
bution from equation (4). The number of terms taken determines at how many points along the
chord the boundary condition can be fulfilled. Both the number and position chosen for these
points affect the result. Obviously, two terms (Falkner®, Multhopp)® can only give a crude
approximation. The three-term approximation of Scholz" lies to the other side of the present
one, whereas Wieghardt’s four-term approximation® reverts to the original side*. Considering
the general tendency of the various approximations, it appears that equation (11) with the
appropriate value of # from equation (25) gives a very satisfactory approximation.

It may seem surprising that a single term should give at least as good an approximation as
four terms of the ordinary series. This may be due to the fact that the original flat-plate distri-
bution is very unsuitable to start with and that the further terms do not represent well enough
the necessary modifications to the loading. The second term in Birnbaum’s series is derived from
the flow around a two-dimensional circular-arc cambered aerofoil which is quite different from
the flow and the vortex system of a small aspect ratio wing. It may be said now, that Birnbaum'’s
functions could really not have been expected to be useful unless a number of terms were taken
(at least four terms, as may be seen in the present case).

It should be possible to find the value of the sectional lift slope a from the theories mentioned
above as a = — C,*/C;. Unfortunately, only Kinner has considered the suction force at the
leading edge and thus C; in some detail. He finds that 2 has a constant value, independent
of the incidence, as in any linearised theory ; but he is not able to give a direct derivation of
the value of C; so that values of # cannot be obtained for the present purposet.

Calculated overall lift values from the present method are compared with those of Krienes
for elliptic wings in Fig. 7. Complete agreement is found. Also, the span loading is found to
be nearly elliptic by both methods. Overall lift values of rectangular wings are considered in Fig. 6.
The results from the present method agree with Wieghardt’s results in the low aspect ratio
range up to one. Other calculation methods give different answers from the present method
mainly in the higher aspect ratio range, but experimental evidence favours the latter.

The case of the circular plate, which has also been treated by Multhopp®, may be briefly
considered. Multhopp has shown that the four chordwise terms taken by Kinner are not suffi-
cient to give a correct value of the overall lift. With five terms, C,;/« = 1-804, whereas Kinner
gave 1-82. Multhopp found 1-799, and the present method gives 1-805. The position of the
overall aerodynamic centre, measured from the leading edge at the centre in terms of the centre
line chord, is 0-243 from Kinner (four terms) ; 0-236 from Multhopp ; and 0-231 from the present
method. The span loading distribution from the present method agrees with that of Kinner.

On the whole, the agreement with the results of Kinner, Krienes, and Wieghardt is such that
the present method can also be regarded as an interpolation between these results for special
cases, which are the most accurate so far available.

2.4. The Three-quarter Chord Theovemm.—In various methods use has been made of the so-
.called ‘three-quarter chord theorem’ to refine Prandtl’s aerofoil theory. It is in these methods
only that the concept of a lifting line must necessarily be introduced. The three-quarter chord
theorem was derived by Pistolesi® for the properties of the bound vortices on a wing of infinite
aspect ratio. It states that, concentrating the lift at the quarter-chord line, the downwash
produced by, it at the three-quarter chord line is the same as that produced by the flat-plate vortex
distribution, equation (7), which is constant along the chord. It has subsequently been applied
to the combined effect of bound and trailing vortices on wings of finite aspect ratio in that the

* Tt should also be borne in mind that Wieghardt’s assumption of elliptic span loading leads to rather high € values
at the centre, see Fig. 10. :

+ It is found, however, that « is considerably smaller than a, = 2 for the circular plate (4 = 1-27).
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strength of an isolated vortex line at quarter-chord is so determined as to give a downwash at
three-quarters chord from the leading edge on the centre-line of the wing which is equal to the
given geometric incidence. This is not correct, but we shall see that it is possible in some cases
that the various errors involved just cancel each other.

Assuming elliptic span loading,

r:r(,\/u_172):.2?5@\/(1—772), e os)

we find that the downwash from a straight lifting line at quarter-chord and the corresponding
trailing vortices induced at the three-quarter chord point on the centre-line is given by (see
Ref. 26) '

Vs _ 2 c {7} +\/{(4/7IA)2 + 1} E(kz)},

V, a4 *\2 4)nA
where E is the complete elliptic integral with the modulus
IR S (26)
L+ (4fmd)?
Equating v,/V, to the geometric incidence «, we obtain
b . 2 AP (27)

w VAT + @=A)YER) + 2/4

This can be simplified by using the approximation

E(kz)&J{g(l—kz)ﬁ—kz}, T )

which leads to

CL 2m o Ay
o V{1 QAP+ 2/A T V{4 (@) A)} + afnd

This relation was first derived by H. B. Helmbold® and again by H. Multhopp (see Ref. 30),

and has frequently been used or derived again by several authors, as recently by N. Scholz'®
and F. W. Diederich®.

(29)

Equation (29) can be written in terms of a sectional lift slope, @, and a downwash factor, w.
Determining that part of the downwash which is due to the lifting line, we find

v _ o 2 1AV E(R K(?)

A [N/ {1 G AVER) = U0+ )y

where K is the elliptic integral of the first kind, with % from equation (26). Hence,
Q,: n?4 : 1

o,

ao G ... (30
&,

2 g K
l:'\/{l + (ZL A) }E(k) \/{1 + (i—nA)z}:|

Combining equations (21) and (29) and inserting @ from equation (30), we obtain for the downwash

factor
_ AN =4
w_—_l-h\/{u—(f)}——a—. . . . . ‘e (31)
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From equation (30) the value of ¢ tends to infinity as the aspect ratio tends to zero, Fig. 11,
whereas it should tend to zero. This is compensated for (so far as overall loads are concerned)
by the values of o from equation (31) being much greater than those of the present theory;
unlike 4, » does, however, tend to the correct limit (2) for zero aspect ratio.

Further, the values of 2 and » implied by the three-quarter chord theorem are more sensitive
to the shape of the spanwise loading than could be expected from physical considerations ;
this may be seen from Figs. 11 and 12 where curves are given for a constant loading as well as an
elliptical one. The contribution of a bound vortex line of constant strength I' = I'y = §V,cC,
along the span is obtained from

MC_ZTE’\/(I 145 . .. .. .. .. .. .. (32)
which gives

a = 2 /(1 + 1/49). N €

Thus the three-quarter chord theorem has basically unsound physical ifnplications and the fact
that it provides reasonable answers in some applications must be largely fortuitous. :

The value of a from equation (13) can be obtained from a lifting line of either constant or
elliptic spanwise strength if the chordwise position of the point at which the downwash is
calculated (‘ incidence point °) is varied with aspect ratio. The result is plotted in Fig. 13 and it
can be seen that it is correct to take the three-quarter chord point only for a wing of infinite
aspect ratio, in accordance with Pistolesi’s original derivation. With decreasing aspect ratio
the position of the incidence point should move forward and reach the leading edge at 4 =0,
in accordance with R. T. Jones’s results.

In view of this, it is remarkable how well Helmbold’s formula (29) agrees with the results of
Krienes and those of the present method, as shown in Fig. 7. This is due to the two errors in
a and o opposing each other, and the error involved in the approximation from equation (28)
also has a beneficial effect. Thus, in spite of the fortuity of the agreement, Helmbold’s formula
may be used for some special purposes (see, e.g., sections 2.6 and 4 of this report) and also to
obtain a quick estimate.

It becomes very doubtful, however, whether the three-quarter chord theorem can profitably
be applied to obtain more detailed span loading distributions by calculating the downwash from
a lifting line at the three-quarter chord points of several spanwise stations, thus upsetting the
equilibrium of errors. The results of Weissinger’s L-method™, and those of Young® which are
based on this, may therefore be appreciably wrong, as is demonstrated by the examples given
in Fig. 6.

2.5. Induced Drag.—In experiencing a drag force, the wing which moves at a velocity V,
performs the work D,V, per unit time on the flow. This makes itself felt as an increase of the
kinefic energy of‘the flow in that a certain mass of air p¥,S’ is moving downward at a uniform
velocity v,, far behind the wing, where v,, is the downwash at the vortex sheet. - The kinetic
energy given to the flow per unit time is then pV,S"v,,*/2. Hence,

: R

DV, = pV,S" ”—2‘” .

On the other hand, the momentum of the air moving downwards is equal to the lift force on the
wing, i.e.,

L =pVS,.
This gives a relation between the overall lift and the overall induced drag forces :—
vzco o vzoo = .
Di:%ﬁLorCD,iz-é—Vo C. .. . . . . (34)
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The derivation of this formula, which follows that in Ref. 32, applies to any wing, whether its
aspect ratio is large or small, if v,,, is taken as the mean downwash at the vortex sheet far behind
the wing.

The induced drag at a given overall lift is at its minimum if the downwash v, 00 is constant
along the span. In that case, consideration of the flow in the Trefftz-plane leads to elliptic span
loading and gives

Uzoo_.z_{,_ _ ’ ’ .
Vo—nA—Zocm .. .. .. .. .. .. I (35)‘_
so that, by equation (34),
=, ,
C‘D,;:yj:o{mCL. . . .. .. .. .. . .. (36)

This is the well-known relation of M. M. Munk® which was originally derived for wings of very
large aspect ratio and then shown to hold also for wings of Very small aspect ratio by N. F. Ward*.
Clearly, it holds also for wings of any aspect ratio.

Equation (36) may seem to contradict our concept of the mean downwash at the wing being
a; = wo;, as the induced drag is commonly assumed to be equal to «,C,, which would give
- Cp; = wC*nA. However, in determining the induced drag correctly from the Kutta-Joukowski
theorem, the product of the local downwash and the local vortex strength must be integrated
along the chord of the wing, and this is not necessarily equal to the product of the mean downwash
and the mean lift along chord. In the extreme case of a wing of very small aspect ratio as sketched
in Fig. 4, where the lift is nearly all concentrated near the leading edge, the downwash from the
trailing and chordwise vortices at the position of the spanwise vortex is obviously equal to

a;,V,, which leads to equation (36), whereas the mean downwash across the whole chord 1s very
nearly we; o == 200,, Which confirms equation (14).

Equation (36) can be generalised for arbitrary wing plan forms, which do not give minimum
induced drag. In that case,

CD,.=AJ_1y(n)am(n)dn P 7 72

where «, is given by equation (9) for a known span loading y (1), which can be found from equation
(16). This relation was-checked against measured values from the series of rectangular wings
from Ref. 15. Good agreement was found throughout the whole aspect ratio range.

2.6. Non-linear Effects.—The theory developed so far always leads to linear relations between
lift and incidence. It has been observed, however, that the Lift of small aspect ratio wings is
by no means a linear function of the angle of incidence but rises more steeply. Various hypo-
theses have been put forward to explain this effect (see, e.g., Refs. 35, 36 and 37). Here, we
interpret the physical phenomena as follows :

Consider the flow past a flat plate 6f, say, rectangular plan-form, as in Fig. 14. If this plate
is inclined against the stream at a large angle near 90 deg, the flow will separate at all four edges,
forming a dead-air region behind the plate, like Kirchhoff’s flow ; the dead-air being separated from
the main stream by a surface of discontinuity which may be interpreted as a vortex sheet,
see Fig. 14a. At moderate incidences, below oy, (which normally gives maximum lift), the flow
is able to take the turn around the leading edge of the wing without separating, especially if
the leading edge is suitably rounded off. In this stage, the flow separates from only three edges
of the wing,, Fig. 14b, forming a vortex sheet which consists of a horizontal part, originating
from the trailing edge and two vertical sheets attached to it, ooriginating from the two sides of
the plate. With the flow having broken into the dead-air region, the latter disappears, At still
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smaller incidences, below a certain value «,, the flow may also attach to the sides of the wing,
especially if these are rounded off, Fig. 14c, and only the vortex sheet from the trailing edge
remains. This is the case that has been considered so far, leading to linear relations ; any
deviations from it must be connected with the existence of the wertical vortex sheets at the sides.

This problem has been treated by W. Mangler®® by making use of the fact that a spanwise
cross-section through the vortex sheet has the same shape as that obtained behind a wing with
solid end-plates attached to it. If the height of the ‘ end-plate vortex,” or  tip vortex ’ is known,
the lift change due to its presence can be found as described in Refs. 39, 40 and 41 for the case
of minimum induced drag. The overall lift from linear theory can then be approximated by
Helmbold’s equation (29), and the effect of the end-plates can be expressed as a factor, 1/x,
to the aspect ratio. Hence the overall lift is given by

" e 2 e y .. .. ..

or, at the same incidence,

Ao 2 a |
C. ’\/{lJr(a } A R £ )

where C, , is the overall lift coefficient as obtained from linear theory. The proper values of
C. o for the given wing from equation (17) may be taken here instead of the approximate value
from equation (29). The value of » depends only on the ratio, %/, between end-plate height and
wing span, and can be taken from Refs. 39 and 40, see¢ also Ref. 41. » = 1for 20 =0; » < 1
for 2/b £ 0. :

The calculation method of Ref. 39 does not give the spanwise loadings of a given wing both
with and without end-plates but only those of a wing without end-plates that has elliptic span
loading and of another wing with end-plates, each giving minimum induced drag. It is assumed
here that the difference, 4C;, in span loading between the two minimum induced drag Wings
can be taken as the difference in spanwise loading due to end-plates (or due to the tip vortex)
for a given wing whose basic loading is not elliptic. In this case,

(\/{ a Y 'j'fo_ 1 :
_AcL<n)C(cj7):cLo \/{1+%A2>};} i mz@;z — 130 L L (40)
o T \*ad) [ 704

where / Is a known function of the spanwise co-ordinate and of the ratio between end—platé height
and wing span. Curves of /(y ; 4/b) are plotted in Ref. 41.

The difficulty lies in determining the value of %/, which will depend on the incidence of the
wing and also on the tip shape. Since the shape of the tip vortex is hardly investigated at all,
we can only make plausible suggestions. According to W. Mangler®,

h_aer_ocr 1 O 75}

(38)

where c; is the tip chord. This implies'that the height of the tip vortex increases gradually with
incidence, and the lift increment will increase correspondingly, being zero at « = 0. Hence, the
initial lift slope C,/« at zero lift is the same as that given by linearised theory.
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Equation (41) will be sufficiently accurate for many practical purposes, at least for the deter-
mination of the overall lift*, as shown in Fig. 15.

It will be seen that the lift increment due to the tip vortex is only approximately a quadratic

function of the incidence. As an illustration, the spanwise loadings of a square wing are shown
in Fig. 16. '

It can be seen from equation (41) and Fig. 15 that the non-linear lift increase becomes smaller
with increasing aspect ratio, although the height of the tip vortex does not change. This explains

why the effect of the tip vortex has rarely been noticed for wings of moderate and large aspect
ratio although it always existed. '

It may be noted that the points in Fig. 15 from Scholz®® for wings of aspect ratios 0-7;1-2;
and 2-2 agree with those from other experiments for aspect ratios 0-5; 1-0 ; and 2-0. Whereas
the latter wings had square cut tips, those of Scholz had rounded tip fairings added to wings whose
basic aspect ratios were 0-5; 1-0; and 2-0 again. The agreement shows that the span of the

trailing edge determines the shape of the wake and is, therefore, the decisive parameter in

determining the effective aspect ratio, and not the maximum span from tip to tip.

It is difficult to assess the effect of the tip vortex on the drag. Primarily, the induced drag is
reduced due to the aspect ratio being effectively increased. On the other hand, however, the
extra lift from the tip vortex will have a chordwise distribution different from that of the
linearised theory, being concentrated further back on the chord where the height of the vortex
sheet is greatest. (see, ¢.g., Ref. 42.) This results in an additional form drag which counteracts the
initial reduction of the induced drag. It may well be that all the extra lift 4C, from the tip

vortex acts further back on the aerofoil and does not produce a suction force at the leading edge
(for a flat plate). In that case,

CLOZ
A
This appears to be confirmed by experiments.

Cp=Cpo+ + 4C,u .

The rearward position of the non-linear lift increment has an appreciable effect on the position
of the aerodynamic centre. This is demonstrated for the case of a square wing in Fig. 17. Two
more approximations for the height of the end-plate vortex are suggested here :

h o—ocr 1

A A T OO 77,

which differs from equation (41) in that the tip vortex is assumed to exist only when the inci-
dence is greater than a ‘separation incidence,” «, which is 4 deg in the present caset; and

Y o — ot Cp 1

b_aocm—ocsc'/l’ .. .. .. .. .. .. .. .. (43)
where it is assumed that the flow separates first near the trailing edge at « = o, and then extends
gradually over the tip chord until the leading edge is reached at o = a,,. (see Ref. 41.) The three
different estimates do not lead to very different values for the overall lift, but the position of
the aerodynamic centre obtained varies considerably. Further, it is essential to know where the
resultant of the non-linear lift increment acts, and it may not be accurate enough to assume
it to act at the three-quarter chord line. Further work on the flow in the tip region in the presence

of the tip vortex is therefore needed. There is, however, no doubt that the tip vortex is responsible
for the non-linear effects.

* That good agreement with experiments could not be obtained from the method in Ref. 38 is due to the fact that the
linear part of the lift was then calculated from Prandtl’s original formula for very large aspect ratio.

T This delay in the first appearance of the tip vortex is also apparent in the experiments of Scholz in Fig. 15, evidently
being caused by the well-rounded tip fairing.
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8. Swept Wings.—It is difficult to give a precise definition of a swept wing as opposed to
a straight wing. For instance, a highly tapered wing of very small aspect ratio with its leading
edge swept back by the same amount as its trailing edge is swept forward might, on the whole,
be considered as an unswept wing although localised sweep effects near the leading and tralhng
edges will no doubt occur. In most cases of practical interest such extremes will, however, not
occur and we shall consider a wing as being swept if its mid-chord line is not straight but has a

kink at the line of symmetry of the Wing.

3.1. Description of the Gemeral Approach.—The general approach used in extending the
calculation method to swept wings is the same as above and can be described under three main

headings :

(i) The lifting surface and its wake are replaced by a system of vortices, and the vorticity
vector at any point is again subdivided into a component along the span (‘ spanwise vortex ’)
and into a component along the main stream (° chordwise vortex * on the lifting surface ; ‘ trailing
vortex’ in the wake). The spanwise vortices are no longer normal to the direction of the free
stream, Fig. 18. They still produce the lift force on the aerofoil and no overall drag force ; the
trailing vortices are responsible -for the drag of the aerofoil in inviscid flow ; chordwise and
trailing vortices do not produce a lift force. The downwash at any spanwise station is again
subdivided into the ‘ effective incidence,” «,, from the spanwise vortices, equation (2); and the
“induced incidence,” «;, from the streamwise vortices, equation (3). The boundary condition
is then « = «, + «;, as before, which is thus fulfilled at any spanwise station only for mean
values over the chord of the downwash v, = v,,(%) -+ v,,(%). All angles are assumed to be small.

@ii) The effective incidence is determined from the hypothesis that the mean downwash over
the chord, '

1
1
o, = V. J V(%) dx',

0

equation (2), which is induced by the spanwise vortices at any spanwise station, is, to a first
approximation, the same as the mean value of the downwash v,, which is induced by vortices
having the same direction and pattern and the same chordwise distribution as those at the station
but of infinite length on either side of it. Thus

1 [Tua@)
ae—VJO o A (44)

which corresponds to equation (2). The suffix 0 in v,, is used here to signify that the quantity
is determined for a wing of infinite aspect ratio.

(iii) The induced incidence «; at any spanwise station is taken as a multiple of the downwash,
®;0, far behind the wing at that station. This is expressed by equation (14), where the ‘ downwash
factor ’ @ varies between 1 (for very large aspect ratios) and 2 (for very small aspect ratios).

The method is thus basically the same for both straight and swept wings. The only new
problem arises from the fact that the spanwise vortices change their direction at the centre of
swept wings, even on a wing of infinite aspect ratio. Thus the determination of v,, at the centre
is also affected. Whereas v,, is found from a two-dimensional vortex distribution for straight
wings and for the sheared part of swept wings from equation (4), the centre of swept wings
requires the treatment of a special vortex distribution with a kink. At the centre, v,, is not the
same as v,; from equation (4) which holds only for two-dimensional wings without kinks in the
vortex lines. We therefore need a new downwash equation to determine v,, at the centre of a
swept wing of infinite aspect ratio, to replace equation (4). This problem has first been treated
in Ref. 44 and again in Ref. 3, and it will be further discussed in section 3.2 below because of its

fundamental importance,
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In linearised theory, the effective incidence «,(n) at any spanwise station 7 is still proportional
to the local lift coefficient C,(y) at that station so that C.(y) = a(y)a,(y), where a(n) is the
‘ sectional lift slope  at that station. The boundary condition, «, = « — «;, can then be written
in the form of equation (15), 4.e., the loading equation is of the same type as Prandtl’s original
equation for both straight and swept wings of any aspect ratio.

Values for the sectional lift slope, a and for the downwash factor », must now be found.
Both will depend not only on the aspect ratio, as for straight wings, but also on the angle of
sweep, ¢ ; a also depends on the spanwise co-ordinate 5. It is convenient to relate both these
parameters to the chordwise vortex distribution y,(x) which in turn is related to the chordwise

load distribution AC,(x). 4C,(x) from equation (11) is still a suitable function because it is
valid in both the limiting cases. ‘

It will be seen that both @ and » depend on the value of the parameter # in equation (11).
a can be related to # if the downwash equation for the spanwise vortices is known (see section 3.2).
w = 2nin the limiting cases, and this relation is assumed to hold everywhere. The main physical
condition that the downwash from the chordwise and trailing vortices increases as the chordwise
loading moves forward, and vice versa, is thus fulfilled automatically. The problem now reduces
to that of finding the value of #, which will depend on the aspect ratio of the wing, on the angle
of sweep, and.on the spanwise co-ordinate. With # known, values for 4 and o can be found

and subsequently the spanwise load distribution from equation (16) and the chordwise load
distribution from equation (11). "

3.2. The Downwash on the Centre-line.—As explained above, the determination of the downwash
induced by the spanwise vortices and the subsequent solution of this downwash equation are
the only new problems of importance that occur on swept wings. Although the downwash equa-
tion and its solution have previously been derived in Refs. 44 and 3, some further discussion
may be justified in order to explain the nature of the approximations made, so that it can be
more readily compared with other methods (Ref. 45)

3.2.1. The voriex system.—The characteristics of the vortex system in the central region of a
swept wing can be seen by considering the simple case of a wing of constant chord and infinite
aspect ratio as shown in Fig. 18. For a flat wing at incidence, the vorticity vector will be parallel
to the leading edge at any point on the wing chord if the distance from the centre-line is large.
There is thus no chordwise vortex component on this ‘ sheared part’ of the wing. When the
centre is approached, the vorticity vector curves round and is assumed to cross the centre-line
at right-angles. Since the local lift coefficient at the centre is not necessarily the same as that
on the sheared part of the wing, some of the vortex lines may leave the wing surface and continue
as trailing vortices in the wake. The curvature of the vortex lines on the wing surface means
the formation of chordwise vortices. These increase in strength as the centre is approached ;
they change sign discontinuously at any point on the centre-line except at the trailing edge
(see Fig. 18), unlike the trailing vortices which also change sign but go continuously through zero
at ¥ = 0. This discontinuity causes the velocity v, induced by the chordwise vortices to tend
logarithmically to infinity* as y — 0. The spanwise vortices, on the other hand, change their
direction discontinuously by the angle 2p. This produces another logarithmically infinite
velocity{ at y = 0, as has been shown in Ref. 3, which cancels exactly the infinity from the .
chordwise vortices. This is, of course, only another way of stating that the actual, curved, vortex

lines are continuous. For the present purpose, we shall have to consider the kinked spanwise
vortices alone. : :

* It may be remembered that two isolated vortex lines of infinite length, parallel to each other and of opposite direction,
cancel each other if their respective strengths remain constant when they approach each other ; but produce a doublet
if their strength increases with the inverse of their distance. In the present case, however, such vortex lines are distri-

buted over a surface, and an infinite velocity is produced even though the vortex strength at the discontinuity remains
finite.

1 It may be noted that the same infinity occurs when the kinked vortex lines are considered as the limits of hyper-
bolae, in which case the direction of the vorticity vector would not change discontinuously at the centre-line but would
be defined as normal to the centre-line, .
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‘Mathematically, these considerations can be of some consequence. In an ordinary lifting-
surface theory, the determination of the downwash leads to a double integral over the wing
surface and the wake, containing the unknown vortex distribution in the integrand. This integral
is usually reduced, by an integration, to a single integral with respect to one of the co-ordinates
to make an approximate solution possible. Such an integration in steps is permissible where a
curvilinear system of co-ordinates is used with one variable measured along the actual vortex
lines (the shape of which is, however, unknown). An integration in steps using, for instance, the
co-ordinates x and y/cos ¢ is not permissible because of the discontinuity of the vortex com-
ponents in these directions. : . ‘

3.2.2. The downwash on the surface of q thick aerofoil with uniform load along the span.—
A chordwise distribution y,(x) of straight vortex lines of infinite length in the plane z = 0,
kinked at y = 0 and swept by an angle of ¢, produces a logarithmically infinite downwash at
0<x<1;y=07;2=0, as shown in Refs. 3 and 44. This implies that the ‘ wing surface,’
obtained by integrating v,/V,, is not in the plane z = 0 but is cambered and twisted, with a
vertical tangent at y = 0. Such a wing cannot be treated by linearised theory where the vortex
distribution is placed in the plane z = 0, and the above result has therefore no physical meaning.
The problem could be treated by successive approximations, 4.e., by putting the vortex distri-
bution on the curved surface thus obtained, recalculating the downwash, and so forth. This is
necessarily a cumbersome process, and convergence is not assured if the distribution at # = 0
1s taken as the first approximation.

It is much simpler to calculate the downwash which is induced on the surface of a wing of
non-zero thickness by a vortex distribution situated in the plane z = 0. This is, after all, the
case of practical interest, and singularities cannot occur if the vortex distribution.is inside the
aerofoil contour. This has been done in Refs. 3 and 44, and it was found that the downwash at
the centre section could be approximated by

. 1
Up 1 N ax :
Vo__zﬂVo{Lyx(x)x_x,—}—ntanzpyx(x) } .. . .. .. (45)

According to our hypothesis, this relation can also be applied to wings with non-uniform spanwise
loading. For a flat wing, such that v,, = const = «,,V,, equation (45) has the solution

1 . EN o ) '
v%) = za”,V;COSqa< x) L e e 48

X

n;:%<1_j%>. O

Equation (45) was also used for y distributions which differ from that and which are associated
with cambered wings, see Ref. 4.

where

Equation (45) cannot easily be verified analytically, and numerical examples have been given
in Refs. 3 and 44 for several vortex distribution and aerofoil shapes of different thickness/chord
ratios to justify it. Since equation (45) forms the basis for the present work on swept wings,
some further numerical examples may be given here.

Assuming a certain distribution y,(x), the downwash induced by it at y = 0 was first calculated
from the Biot-Savart law at the surface of an aerofoil of non-zero thickness. The downwash
at the chord-line of the section was then obtained in the usual way by means of a correction term
which takes account of the difference between the downwash at the chord-line and that at the
surface. This term is small ; it was taken from the theory of the two-dimensional straight aerofoil
(see, e.g., Ref. 10, equation .(6)). The result of this calculation is called  exact ’ in the examples
given in Figs. 19 to 21.  The downwash was then calculated again from equation (45) for the
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same vortex distribution y,(x), and the result plotted as ‘ approximation.” ¢ = 45 deg was taken
in all the examples. Fig. 19 shows the results for a constant chordwise load distribution
v.(x) = 2V,, which gives a cambered section on a two-dimensional wing and on the sheared part
of a swept wing. According to equation (45), the downwash at the centre should be the same as
that at the sheared part except for a constant shift by the amount

1
2—71;?07! tan fp)/x(%) =1
in the present example. Comparison with the ‘exact’ calculation shows that this is a good
approximation. '

A useful indication of the accuracy of equation (45) can bel obtained by calculating the actual
shape of the chord-line of the aerofoil which is associated with a given chordwise vortex distri-
bution. This shape is obtained by integration : ,

z(x):Jzi”T/(-?dx—l—const... . . e .. . (48)

It is usually cambered and twisted compared with the * basic ’ shape obtained at the sheared part
of the wing, as explained in detail in Ref. 4. The integration has been performed for the constant
chordwise load distribution and also for the flat-plate distribution and the circular-arc distri-
bution. The results in Figs. 20 and 21 show that the approx1mat10n from equation (45) is very
satisfactory, considering the magnitude of the ‘ centre effect *. It may be concluded that equa-
tion (45) is a good approximation for the actual downwash induced by any’ chordwise
distribution of spanwise vortices of constant, or nearly constant, strength along the span, at all
points along the centre line chord. This method of checking the accuracy of the method of
calculation (by comparing the shape of the real wing with that which the assumed vortex
distribution does in fact represent) is more-severe than merely comparing the ﬁnal resulting span
loadings.

3.2.3. Experimental Verificatron.—The simplest and most direct experimental check on the
accuracy of equation (45) is to calculate the downwash for a given vortex distribution from
equation (45) and subsequently the shape of the aerofoil from equation (48) and test this aerofoil.
This has been done for the flat-plate distribution, equation (2), which gives a symmetrical aerofoil
section on the sheared part of the wing and a cambered and twisted section at the centre*,
like that in Fig. 21. The measured chordwise load distribution should then be the same at the
centre as at the sheared part of the wing, at the design C,. This was borne out by the experiment.
(see wing C in Ref. 46.)

Another experimental proof of the reliability of equation (45) can be obtained by considering
the normal and tangential forces at the centre-section. Experimental values of C; and C,*
from various spanwise stations on a 45-deg swept-back wing are plotted in Fig. 22. There is still.
a linear relation between C; and C,? and at the sheared part of the wing (y/c about 1) the
experimental points clearly obey a relation C, = — Cy?/a (where @ = a, cos ¢), as was found
on straight wings. As the centre of the wing is approached, an increase of C; at Cy = 0 is found.
This is due to the distortion of the pressure distribution on the surface of the thick aerofoil at
zero lift, which has been discussed in detail in Ref. 47. There is, however, another effect at non-
zero lift, which appears as a rapid decrease of the slope of the C, vs. Cy® curves as y — 0. At
y = 0, Cr is practically independent} of Cy. This behaviour can be explained if a downwash
equation of the type of equation (45) holds, as will be shown presently.

* The shape of this section is given in Refs. 4 and 46.

+ That C; is not exactly constant will be due to the effect of the boundary layer which reduces the lift increment
mainly at the rear part of the centre-section and thus reduces C,.
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At the centre-section, the tangential force can be obtained from the Kutta-Joukowski theorem :

1
0 yu(X)
Co=—2| -=—~dx'. .. .. .. .. . . .. 49

' JDVO Vo ’ ( )

v,* is defined as the principal value of the downwash integral, that is as the resultant downwash
induced at the point x = %" by all the vortices except the one passing through x = %', the
contribution which the ‘ vortex element ’ at the point x = %’ itself might make being excepted.
No vortex element contributes to the downwash at its own position if the downwash equation is

of the type '

1 0

7@ —_ 1 7 ! ’ ! ! I3 -

V. = ol L JD v.(x" ) flxx,y") dx" dy' . .. . . .. (50)
Thus,

vz[) — _D_zf _— . C__L

ITO_VO_OC“’_a .. - .. .. .. .. (51)
er an uncambered aerofoil at incidence «,,. Inserting this value of v,* into equation (49), we find
' 1

_ ol ) G G
CT_—ZdJ v, dx__a__a' .. .. .. .. (52)

This explains the results found at the sheared part of the wing ; but it is obviously not true for
the centre-section, as can be seen from Fig. 22, unless « is infinite, which it is not, as will be shown
later. Therefore, the downwash equation at the centre-section cannot be of the type of equation
(50). If however, the downwash is given by an equation of the type

Vo 1 (1
VO o 27TVO .

J o

J vo(%".y') flo,x,y) dx', dy' + o(p,y) yx(X)}, TR (53)

then the principal value of the downwash integral is

v.* U o p®)  Co o yx) (54)

Ve Ve 22 V,

2 Vo’

and equation (49) gives

1
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The correction term is always positive, for ¢ > 0 (¢.e., for ¢ > 0), and thus the thrust is reduced.
With the y,(x) distribution from equation (46),

1 )/ (x/) 2 1 1 . x/ 2n0
X 4 — 2 2 . o ’
J <——V0 ) adx 4 cos® o, er (————x, > dx
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With ¢ = = tan¢ from equation (45), this gives for the tangential force from equation (85),

2 .
Cp = — S0 1—4“”"):0, ce (56)
a a .

since a = 4an,, from Ref. 3. This shows that a downwash equation of the type of equation (45)
1s needed to explain the striking behaviour of the tangential force, which can be observed at
the centre-section of any swept wing.

These results imply that there is really a local drag force at the centre-section of a swept-back
wing (and a thrust force at the centre of a swept-forward wing), which is induced by the spanwise
vortices. Its magnitude is C, = Cy*/a), since Cp, = 0 implies C; = — C ~v'/& (see section 2.2)
and Fig. 2). This constitutes a characteristic difference between the centre of a swept wing and
straight or sheared wings where no such drag forces occur. In fact, «, has been interpreted
there as giving the direction in which the resultant air force has no component ; this is no longer
true near the centre and tips of swept wings (see also section 3.7) below.

3.3. Downwash and Chordwise Loading at awy Spanwise Station on Wings of Infinite Aspect
Ratio.—The downwash equation (45) can be generalised to be applicable to any spanwise station .
v (which is measured in terms of the local chord) by putting :—

20/1 ' ’ d/ |
%ZMOU y,,(x>x~_—"x,+o<¢,y>yx<x)}. R )

This includes the special case of the centre-line if 6 ‘= = tan ¢ for y = 0 ; and the two-dimensional
straight or sheared wing if o = 0 for y = 0. (see equation (3).) o isindependent of x at the centre
and at the sheared part of the wing ; it is now assumed to be independent of x everywhere.
How ¢ depends on ¢ and y will be determined later. :

A solution of equation (57) for the case v,/V, = «,, = const is again a function of the type

)
valx) = C (1 ;x)]

Inserting this into equation (57), we find

____C_ 75__ cot l—x 1y
a“’_ZnVo sin 7 #, 7 cot 7 1y — o (p.y) x )

This gives first

o(p, ¥) = = cot mm, .. .. .. (58)
to make the right-hand side independent of x. Then {
C = 20,y V¢ sin wn,
so that the final solution becomes
' ) 1 —a\"%
y%) = 2oV, sin smo< pan (59)

This includes the solution (46) for the centre-line, y = 0, where

n(,:—]g<1— ﬁ)andsinnn(,:coszp.'

It also includeé the flat-plate distribution for the sheared wing, y = 0, where

#ne = 4 and sin nn, = 1.
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Thus in general #, can be written as

“n0=%~<1—z(y);q;—2>, » (80

where 1 is a function of y with2 = laty =0and 1 =0aty = .

The interpolation function 4(y) is related to the shift of the aerodynamic centre due to the
centre effect .
— 1 AR ‘

A%yo =%p0. — = A(y) o .. . .. .. .. .. (61)
by equations (12) and (60). (y) need not be determined very accurately since, by equation (61)
with ¢ = =/2 (the extreme case), a certain error in A(y) can lead only to a quarter of that error
in x,,. Inthe practical range of sweep angles, an error of 5 per cent in A(y) (which is the difference
between the two estimates in Fig. 28) results in an error of about § per cent in the position of
the aerodynamic centre. Since we are dealing with a physical problem, the locus of the aero-
dynamic centre along the wing span can be expected to be a continuous line which crosses the
centre-line of the wing at right-angles. For a flat wing of infinite span, this locus can reasonably
be approximated by a hyperbola with the quarter-chord lines of the two wing halves as asymptotes,
see Fig. 23. The function i(y) is then, by equation (1),

/l(y)z/\/{l—{—<2nta;1(py>}—2nta;l(py, O

 being measured in terms of the wing chord. Since the term tan ¢/p does not vary very much
with sweep, equation (62) may be simplified into

A) = /{1 + (27y)*} — 2ay. . .. .. . (63) -
This relation will be sufficiently accurate in most practical cases, and only for very highly swept
wings need the complete relation (62) be used, in which 4 depends also on ¢.

An alternative relation for (y) can be obtained by assuming the aerodynamic centre positions
to lie on the envelope of a series of inter sections as shown in Fig. 23, in which case the aero-
dynamic centre locus runs tangentially into the quarter-chord line at a given finite distance y.

Taking this distance as y = 1 gives
Aly) =1-40 4 1-33y —+/(0-16 4 7-30y) .- .- . . (64)
- This relation has been used in Ref. 3, Fig. 1. Both relations (63) and (64) are plotted in Fig. 23,
and it can be seen that the difference between them is very small and of no practical significance,
although they have been derived from extremely different assumptions. These relations are
supported by experimental data (further results from tests are shown in Ref. 3, Fig. 1). With
the function i(y) known, #, can be determined from equation (60), and subsequently the chord-
wise vortex distribution from equation (59), and the value of ¢ in equation (57) from equation (58).

The vortex distribution v.(x) is not the same as the chordwise load distribution A4C,(x),
except in special cases where the vortex lines are normal to the main stream ; e.g., at the centre,

y = 0, where ‘

— _gv:®)
AC, (%) = — 2 V.
as.on a straight wing, equation (2). On the sheared part of the wing,
ACy(x) = — 2 cos ¢ slx) ,
Vo
and in general
ACj,(x)z—Zcos%Y”(x), . . . - . . . (65)
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where ¢, is the direction of the vorticity vector (not that of its component y,(x) which is ¢ except
at the centre-line), as explained in detail in Ref. 4. ¢, = 0 at all points on the centre-line ;
9, = ¢ at all points along the chord of a section on the sheared part of the wing. But at inter-
mediate spanwise stations ¢, may depend on #x. It is, however, not necessary to know very
accurately how ¢, varies between 0 and ¢, since again only second-order terms are involved.
Therefore, any possible variation of ¢, with ¥ may be ignored and ¢, may be replaced by a mean
value across the chord. ¢, could then be taken as the sweep of the aerodynamic centre-line
which was assumed to be a hyperbola. Hence,

tan ¢ 2
1 2
+<“ 7 y) 14 2wy
N2 t 2 2
14 (1 + tan® ) (275 taI’l(py) 1+ (1 + tan o) (Zmy)

v being measured in terms of the wing chord. For practical purposes, it is usually sufficiently
accurate to replace equation (66) by the simpler relation

cos? g, =

(66)

coS ¢ cos @

» = = = , .. .. .. . .. . .. 67
cose cos Ap SIN 77, (67)

as suggested in Ref. 4. The general expression for the chordwise loading at any spanwise station
of a swept wing of infinite aspect ratio is then, using equations (59), (65) and (67),

' 1T — 2\ "
ACp(x)=—4ocwcos<p< p > . .. .. .. .. .. (68)

An alternative derivation of equation (67) to that given in Ref. 4 can be obtained as follows :
Equation (68) is known to apply both at the sheared wing and at the centre-section. The only
* difference between the chordwise loadings at the two places is that #, has a different value at
each, namely #, = } at the sheared wing and #, = (1 — ¢/4=) at the centre-section. We now
proceed on’ the assumption that equation (68) applies at all stations between the centre and the
sheared part and that only #, depends on the spanwise co-ordinate y . If this were not so, there
would have to be another function of y in the expression for 4C,, which would be unity at the
centre and sheared part but would have other values in between. This is unlikely. Applying
equation (65) in which ¢, is the mean sweep over the chord of the vorticity vector, and which
follows immediately from the Kutta-Joukowsky theorem, we find

va®) _ 9y COS¢ <1 — x>”°
%

V, “®cos g,

at any intermediate station. Inserting this function into the general downwash equation (57),
with ¢ from equation (58),

k22
Ccos 7 1 1 —x\°
%zocw: 1oceo 4 - — — 7 cot mn,
o : 7 COS @, | SIn 7, tan z#, x

which gives

as before.

8.4. Determination of the Sectional Lift Slope.—By equation (5), the local lift coefficient, C (1),
at any spanwise station n = 2yc/b is obtained by integrating 4C,(x) over the chord. For the
chordwise loading given by equation (68),

1 1 L o
C, = —JACP(x) dx — 4o, cos<pJ<1 x) dx == 4o, COS @ o
. ,

X sin 7,
0
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The sectional lift slope at any spanwise station on a swept wing of infinite aspect ratio is then

C.  4amgcosg , :
| S — .. .. .. .. .. .- .. .. (69)

giving '

Cr -

oceo_ n(l n/2> .. .. .. .. .. .. .. .. (7Q)
for the centre- sectlon y =0; and

CL:chosrp - .. - . ce . . . (71)

®eo

for the sheared wing, using equation (60) for the values of #,. These relations have already been
derived in Ref. 3. Replacing «,, in equation (68) by C, from equation (69), we find for the

chordwise loading

__sin n%o‘ 1 — x\" ‘
AC,(x) = — e CL(’x > , .. .. .. .. .. .. (72)
and for the chordwise vortex distribution 4
| yo%)  sin®an, 1 — 2\ _
72 —27Z%0COS(PCL.< o , .. .. .. .. .. .. (73)

by equation (59).

The chordwise loading on a swept wing of infinite aspect ratio from equation (72) is of the same
type as the chordwise loading on a straight wing of any aspect ratio, which is given by equation
(11). We assume, therefore, that the chordwise loading on a swept wing of any aspect ratio is

also of the same type :
' ‘ . sin zn 1 —x\" 4 '
4CP(x)=— - CL< p ) . .. . . .. . (74)

where 7 will depend on the aspect ratio of the wing and on ¢ and y. # = #, for A — «. The
generalised vortex distribution is then, by equations (65) and (67),

yx(x)zsmn%osmnncj; 1 —x o - - N L (75)
%

Ve 277 cos ¢

We can now determine the effective incidence, «,, which is induced by the spanwise vortices
on a swept wing of any aspect ratio on the basis of our general hypothesis- by inserting v,,/V,
from equation (57) into equation (44), with y,(x) from equation (75) as the chordwise distribution.

This gives
o, = CL Sin a1, SIn 77 T _ 7 cot an — = cot an,
27 2am cos ¢ sin @7
. sin @, _ _
=C, dnn cos ¢ {1 an{cot #n — cot amo)} ... .. .. .. (76)
so that ‘
a = G = 2= FOS e n ,
e, * sin wn, 1 — awn(cot wn — cot an,)
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or, replacing the two-dimensional lift slope by a,,

COoS @ 2n
o — :
®sin an, 1 — an(cot an — cot an,)

a = (77)
This relation includes as special cases all the expressions for the sectional lift slope previously
derived. For instance, for a straight wing, #, = } by equation (60), which leads to equation (13).
Again, for a swept wing of infinite aspect ratio, # = #,, which leads to equation (69). For the
sheared part of a swept wing of finite aspect ratio, 7, = 4 again, so that the sectional lift slope
there is

. 2ns COS @

1 — ang cot ang’

where ns denotes the corresponding value of #, which will be determined later.

(78)

s

The change of the sectional lift slope due to the effects of aspect ratio, sweep, and spanwise
position may be regarded as a change of the effective incidence which is needed to produce a
certain lift at that aerofoil section. Whereas, for a straight two-dimensional aerofoil in inviscid
flow, an incidence «,, = C.[2= produces the lift coefficient C,, a different incidence, «, = C./a
is needed in the general case. The ratio between the two is

%, p COS @ 2n
—_— == a — N “ .. .. ..
o, sin an, 1 — an(cot an — cot =n,) ’ ~ ‘ (79)

by equation (77). This relation must be used if the pressure distribution on the surface of an
aerofoil of non-zero thickness is calculated by means of a method which is basically derived for
two-dimensional straight aerofoils, such as the method in Ref. 10. All incidences occurring in
such methods are really values a,, and they must be replaced by a0 = (¢ — o).

3.5. The Spanwise Load Distribution.—As explained in section 3.1, the span loading equation
for a swept wing is the same as that for a straight wing, namely equation (15). The two main
differences are : that the sectional lift slope on a swept wing depends not only on the aspect
ratio but also on the angle of sweep and on the spanwise co-ordinate ; and that the value of
the parameter # is affected by sweep. In general, the changes due to sweep do not affect the
calculation procedure, and Multhopp’s method" can be applied, equation (16). In determining
the sectional lift slope a, the wing tips are assumed to behave like the centre of a wing of opposite
sweep, as explained in Ref. 3.

The downwash factor o in equation (16) is still assumed to be equal to 2#, but it is assumed that
w[n does not vary along the span, as # does. It is therefore proposed to use a mean value of #
here. The value, %, at the sheared part of the wing is suitable for the present purpose, so that
o = 2ns. Relations for # and #s will be derived in section 3.6. The ‘ sheared part ’ of the wing
can be defined more precisely here as that part of the span where 4 = 0. There is always at
least one station where 4 = 0, even if the aspect ratio is so small that centre and tip effects .
overlap. '

For swept wings of large aspect ratio, # — #,, and the method reduces to that given in Ref. 3,
which may be regarded as the equivalent of Prandtl’s aerofoil theory in the case of a swept wing.
For swept wings of very small aspect ratio, the plan-form term

2b 2

ac  a.cft
in’ equation (15) is small compared with « and can be ignored in the limit 4 — 0. Thus the
considerations of section 2.2 apply again. In _particular, the span loading becomes elliptic,
equation (19), and the overall lift coefficient is C;/a = = [2, by equation (20), for swept wings
also. These results agree with those of R. T. Jones® ‘
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To obtain elliptic span loading with wings of moderate or large aspect ratios, a certain plan-form
is required, where the chord does not decrease elliptically towards the tips, as explained in Ref. 8.
However, the overall lift coefficient of wings with elliptic span loading can still be obtained from
equation (21) if a is replaced by the value, a, at the sheared part of the wing. Thus,

C, 1 Qa4 COS @ (80)

M 1 o - dayns® cos g’

w T A 1 —“%SCOt”%s+—_nA
putting @ = 2n5. This relation differs from equation (21) in that the two-dimensional lift slope
a, is replaced by a, cos ¢ (or 2z cos ), 4.¢., by the sectional lift slope of the infinite sheared wing.
We may, therefore, extend Helmbold’s formula (29) in the same manner, although its derivation

is even less justifiable for swept wings. This gives

C, Ay COS @ : '
- L e

- a, cos @'\? Ay COS @
Vi () b

which has already been suggested by F. W. Diederich®™ who has shown that reasonable estimates
can be obtained, in particular for delta wings of small aspect ratio. This can be expected also
from the considerations in Ref. 3 where it was shown that swept-back wings must be highly
tapered in order to give elliptic span loading. For delta wings with pointed tips and straight

trailing edge,

A
COS(p - COS'(pc/2 et m ,

a4
NETOIE
. Jr T

by equation (81). This relation is confirmed by experiments (see e.g., Ref. 20) for such wings,
up to an aspect ratio of about 2-5.

so that

o
o

3.6. Determination of the Parameter n.—A general relation for the parameter # is derived by
considering the values it must have in the extreme cases of very low and of very high aspect
ratio, as was done in section 2.2 for straight wings. We know already that # approaches the
value 7, from equation (60) for swept wings of very large aspect ratio. At low aspect ratios,
where the span loading tends to be elliptical, equation (80) can be used for the overall lift

coefficient which must be equal to =4 /2. Thus

nd dung cos @

. .2
21— angcot g 0037

for a, = 2». This gives

. A .
,%21_ngwja1asAﬁo, L &

if ¢ = const. The sectional lift slope is then, by equation (78),

A
aS:anOS(p\/<2005<p>_>0 as A—>0, .. .. . .. (83)
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and the effective incidence

i:\/< A4 >_>0 as A—>0. .. ... s
o 8 cosg

These relations correspond to equations (22), (23) and (24) for the case of unswept wings. They
are again consistent with R, T. Jones’s results. The only change due to sweep is that the aspect
ratio A4 is replaced by A /cos ¢ in all three relations.

On this basis, equation (25) for # may be generalised to
1 .

214
2{1 + (a——w":j:g }

The main consequence of the term A/cos ¢ is that small aspect.ratio effects become important
only at smaller values of A on swept wings than on straight wings. Whereas Prandtl’s classical
aerofoil theory fails for straight wings of aspect ratios below about 6, the large aspect ratio
theory ’ of Ref. 3 holds down to aspect ratios of about 3 in the normal sweep range.

ns =1 — (85)

The results so far obtained apply to wings of varying aspect ratio but with constant angle- of
sweep. In reality, the effective sweep begins to differ from the geometric sweep when the aspect
ratio of the wing becomes very small. This can be explained as follows: On a wing of large
aspect ratio, a large part of the span can be considered as having the properties of an infinite
sheared wing, the sweep of the spanwise vortices being the same as the geometric sweep. Dis-
tortions occur only near the centre and near the tips, the vortex lines curving back towards the
rear of the section near the centre, and curving forward towards the leading edge near the tips.
If the aspect ratio of the wing is reduced, the centre and tip distortions will gradually merge.
As a consequence, the aerodynamic centre line, and thus the angle of sweep of the vorticity
vector, ¢,, will never attain the full geometric sweep if the aspect ratio is small, ¢, being zero
at the centre and at the tips anyway. This means that an  effective angle of sweep,” ¢,, should
be introduced which becomes gradually smaller than the geometric angle of sweep, g.p,.as
the aspect ratio is reduced®. Very little is known about this effect and only suggestions can be
made at this stage. A reasonable approximation is

7, = Per2 R )

3y1/2 "’
{ 1+ <ao Cji%/z) }

which has been derived by an iteration process. The sweep of the straight line joining the aero-
dynarmic centre positions at the centre and the tips on untapered wings was determined first ;
new aerodynamic centre positions were then calculated, using the new, reduced, sweep, and
the sweep of the straight line joining these obtained ; and so on. For very small aspect ratios,

4 ‘
(pe:¢\/<2008<p>_>0a5/1_>0' .. .. .. .. .. (87)

It is proposed to use the effective sweep from equation (86) instead of the geometfic sweep of
the mid-chord line in all relations wherever ¢ occurs.

With the effective sweep tending to zero as 4 — 0, the limiting relation (82) for #s is still
fulfilled if equation (85) is replaced by

, : 1
1= 2,08 p\* | i
2{ 1+ (0_“ } 4L+ glfd)
nA :

* The introduction of an effective angle of sweep does not imply, however, that there can no longer be a station which
behaves like a ‘ sheared * wing. There is always a station, near mid-semispan, where 4 = 0 and # = #s.

30

(88)

7’LS=




¥

The condition #ns — 7, = § for large aspect ratios is also fulfilled. The change of the exponent
from £ to

1
4L+ lo|/3m)’

where |p| denotes the modulus of ¢, appears desirable from practical experience and is thus
- empirical. The change has only a small effect. Further work is needed to settle this point

satisfactorily.

With #; being known, the value of the downwash factor w can be determined. Since w = 2.

_9_ Sl O 1)
% COS @ TR
() )
For large aspect ratios, o —1 as 4 — oo ; for small aspect ratios,

w:Z——’N/< A )—»2 as A—>0 .. .. .. . (90)
2 cos ¢

by equation (82).

We still have to find a general expression for the value of # at any spanwise station on a swept

wing. We take the spanwise variation of % for any aspect ratio as being the same as obtained by

- the superposition of wings of large aspect ratio, which is given by equation (60) ; and we take the
variation with aspect ratio for any spanwise station as being the same as that for the sheared

part of the wing, which is given by equation (88). This leads to :

L+ 40) o5

2{14 (27 o

which contains all the relations for # deduced so far as special cases. A(y) is the interpolation
function which was discussed in section 3.3. The magnitude of A(y) can be determined from
equations (63) or (64) or from Fig. 1 in Ref. 3. y is to be measured in terms of the local chord
either from the centre-line of the wing y = y, (for the centre region), or from the tips, v = 3¢
(for the tip regions). A(y) is negative in the tip regions, because the tip behaveslike the centre of

7 =1 —

(91)

a wing of opposite sweep, see Ref. 3. 2 = 4 1at the centre; 1 = — 1 at the tips ; 2 = O on the
sheared part of the wing. At intermediate stations,
l(y) _— ﬂ.(yc) —‘— }-(yr) - Z‘C —I_‘ j’T . .. . .. ' P .. P (92)

This relation may be interpreted in physical .terms as being only another statement of the
general hypothesis used throughout. The conditions at any spanwise station are obtained from
the superposition of three terms :

(i) A basic term which does not include centre and tip effects, 7.c., with 4 = 0. This is essentially
the same as that for an unswept wing of the same aspect ratio except for a change of the two-
dimensional lift slope from a, to a, cos ¢.

(ii) An additional term which takes account of the centre effect. This is obtained from a
fictitious untapered wing which has the same sweep and chord as the section considered, with
the central kink at the same position as on the real wing ; 7.c., the kink is at a given distance
Yelc from the station considered. '

(iif) A third term which takes account of the tip effect. This is obtained from another fictitious
untapered wing, of infinite semi-span, which has the same sweep and chord as the station
considered and with its tip at the same position as on the real wing; 7.e., the tip is at a given
distance y./c from the station considered. "

v
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Centre and tip effects will overlap if the aspect ratio is small enough with the twofold effect
that the effective sweep is reduced and the centre and tip effects reduce each other as compared
with those on a wing of large aspect ratio where they do not merge. '

The general calculation procedure can now be described ‘as follows : For a given wing, the
values of 4, ¢, and a, are known. The effective sweep, ¢,, is then determined from equation
(86) and its value inserted into equation (91) to find # at any spanwise station, where i(y) is
obtained from equations (92) and (63) or (64). With » known, values of the sectional lift slope
are found from equation (77) and the downwash factor from equation (89). The spanwise loading
is then determined by solving equation (16), and subsequently the chordwise loading at any
spanwise station is found from equation (74). The chordwise position of the aerodynamic centre
at any spanwise position is given by equation (12). :

3.7. Drag.—The induced drag of swept wings can be calculated in the same way as has been
explained in section 2.5. In particular, the minimum induced drag is given by the well-known
relation (36) for wings with elliptic span loading, whether the wing is swept or not. However,
the wing plan form which gives minimum induced drag is not elliptic if the wing is swept®. This
implies that a swept-back wing can have the same induced drag as a wing of the same aspect
ratio swept forward by the same amount (‘ reversibility theorem,” see, ¢.g., Refs. 49, 50) ; but
their plan forms must be different to achieve this : the swept-back wing must be highly tapered,
whereas the swept-forward wing must have little or no taper, or possibly inverse taper, depending
on the amount of sweep.

The main effect of sweep is to produce local drag forces in the centre region of swept-back

wings and thrust forces near their tips, as has been described in Ref. 51. These forces cancel

each other on the wing as a whole, but their local values may be very high. The thrust forces
near the tips usually cause increased leading-edge suctions peaks and are, therefore, responsible
for the unpleasant stalling characteristics of swept-back wings and also for the premature
occurrence of shock-waves at high Mach numbers.

The local drag force at a spanwise station 5 can be written as

Con) = Cpi(n) + Croee + Cr + Cpr. . e e (93)
Cp.is the local induced drag which is obtained from the relation
1 C
Co; (77) = CL(W) 05:70(77) = ; CL(’?) {0‘(77) — ﬁ(;l))_} s .. . . .. (94)

using equations (9) and (37). C.«, can be replaced by C;*/a. C,r measures the form drag and
skin friction, ¢.e., the viscosity effects. C, is the tangential force coefficient which has been
discussed in section 3.2.3. Normally, 7.c., on straight wings and outside the influence of centre
and tip on swept wings, Cr = — (.. In that case, the drag at any sp anwise station consists
of induced drag C,; and skin friction and form drag C,r. However, Cr = 0 at the centre-
section by equation (58), so that a drag force, C;*/a, remains there and a corresponding thrust
force, — C;%/a, at the tips.

The tangential force at any spanwise station can be determined from the Kutta-Joukowski
theorem as: ‘

1

: v, * (%) ‘

,C:—Z[cos,,x’L dx’ | .. .. .. .. .. 95

T 1, (P,( ) Vo Vo . ( )

which is the generalisation of equation (49) for the special case ¢, = 0. This integral cannot

easily be evaluated because the sweep, p,, of the vorticity vector cannot be assumed independent

of x Tor this purpose where quadratic terms are concerned. Experimental evidence suggests that
C,*

Cr=— 1 —i(n)), . . .. .. . . . 96

P s (1 ) | 96)
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at least for wings of large aspect ratio. An example is given in Fig. 22. Equation (96) gives

Cr =0 at y = 0, in accordance with equation (56) ; and C, = — C;*/a for two-dimensional
wings, in accordance with equation (8). Combining equations (93) and (96), we obtain
C? '
Co(n) = Cpi(n) + A(y) aL(1§7)7—)+CDF .. .. . .. . .. (97)

as the final expression for the local drag coefficients.

3.8. Non-linear Lift Effects—The method for calculating the lift, as described so far, gives
the lift at small incidences (i.e., in the limit as C, — 0) because it is based on linear theory.
Non-linear effects occur due to the presence of the tip vortex, even in an otherwise inviscid flow.
There is no essential difference between the effects of the tip vortex on straight and swept wings,
and the method explained in section 2.6 for assessing these effects can be applied again. The
only change required concerns equations (38) and (39) which apply only to straight wings. Since
these are based on Helmbold’s relation (29), the corresponding relation (81) for swept wings may
now be used, which gives :

(,_‘_L: ‘ Ay COS @ o8
b . . 4y COS @\ @y COS @ - o N N °8)
T\* R

instead of equation (38), and

dy c0S @ \* @y COS @ 4
- 1 _ —_— .
Ce \/{ i < w4 > } i i ' (99)

o Cry @y c0S @\ Gy COS @
‘ N/{l—l—(% a4 > + = wA

instead of equation (39). How the height of the tip vortex is affected by sweep is not yet known.
Equation (43) was derived from experinmients on an untapered 45-deg swept-back wing with
curved leading edge. (see Ref. 41.) It appears that there is no appreciable difference between
straight and swept wings in this respect.

3.9. Examples.—A few calculated examples will be given to illustrate the magnitude of the
small aspect ratio effects and to compare the results with those from experiments and from
other calculation methods.

Fig. 24 shows measured and calculated span loadings and centre of pressure positions for a
series of untapered 45-deg swept-back wings of various aspect ratios, from Ref. 51. It was
on these wings that the limitations of the theory of Ref. 3 first became apparent. Comparing
the new results (full lines) with those from Ref. 3 (dotted lines), we find that small aspect ratio
effects become noticeable on the wing of aspect ratio 3 ; they are appreciable for the wing of
aspect ratio 2. The results from the new method agree with the experimental results in the whole
aspect ratio range tested, from 2 to . : :

There is good agreement with the results of Multhopp’s method® and of Falkner’s method®
for moderately tapered wings of about 45-deg sweepback in the aspect ratio range between
9 and 4. In other cases, however, slight differences between the various theoretical results are
found. Fig. 25 gives a typical example of how the results of the present theory compare with those
of other theories in the case of a wing of fairly large aspect ratio, and Fig. 26 gives a similar
typical comparison for a delta wing. On the whole, the present results agree best with Multhopp’s
method?. There is a slight tendency in Multhopp’s method to give more pronounced centre
and tip effects ; the deviation is greatest in the extreme cases of highly tapered wings, where
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the centre region occupies a large part of the wing area ; and of wings of very large aspect ratio,
where the lift changes occur mainly in the centre region and near the tips. This may be related
to the fact that Multhopp does not consider the given wing plan form but another wing which
has been rounded off in the central region. In cases where experimental results are available,
these appear to support the present theory (see, e.g., Figs. 24,"25). In most practical cases of
wings of moderate taper and aspect ratio, however, Multhopp’s method gives nearly the same,
answers as the present method. A similar, and usually stronger, tendency to emphasise the
centre effect 1s found in the results of Falkner’s method?, Figs. 24, 25 and 26 : and this tendency
is stronger still in Weissinger’s method® %, Fig. 25. This method is based on the three-quarter
chord theorem, the application of which to swept wings is even less justifiable than the application
to straight wings discussed in section 2.4. In the example given in Fig, 25, Weissinger’s results
differ from the experiment more than seems permissible.

Measured and calculated span loadings for two highly tapered wings of small aspect ratio are
compared in Fig. 27. The agreement is good. When the same wings were discussed in Ref. 3,
it was recommended that the distance y, from the tip, measured in terms of the tip chord, should
be used in calculating the interpolation function A(y) and the sectional lift slope. This was to
allow (mistakenly) for what is really a low aspect ratio effect. It is not now necessary, and
agreement with the experimental results is obtained if the method is applied as explained above
(calculation No. I). The results which are obtained by using the tip chord are also shown
(calculation No. II) to illustrate the differences which arise from using either the local chord or
the tip chord. In the latter case, there is no tip effect at all on a wing with pointed tip (wing
A0 in Fig. 27) ; this is physically unsatisfactory since no thrust forces will occur to balance the
drag in the central region. On a cropped delta wing (A2 in Fig. 27), a small tip effect exists,
which fades out quickly and does not reach the centre. Using the local chord, however, to be
consistent with our general hypothesis, there is a tip effect on each wing, which spreads over the-
whole wing right up to the centre-line. The actual differences in the final results are very small.
On wing A0, the value of 1 at the centre is reduced by 6 per cent—from 1-0 (calculation II)
to 0-94 (calculation I)—but there is no change in the position of the aerodynamic centre
(¥a/c = 0-329 for calculation II and 0-328 for calculation I at y = 0) ; the overall lift slope is
increased by about 3 per cent. On wing A2, there is a reduction of (0) by 15 per cent—from 1-0
(calculation 11) to 0-85 (calculation I) ; this changes the position of the aerodynamic centre by
1 per cent from #,,/c = 0-29 (calculation II) to 0-28 (calculation I) at y = 0—and the overall
lift slope is increased by about 2 per cent. Experimental results are nearer to those of calculation I,
as would be expected, and there is no need to revise the present theory in this respect ; particularly

as this question arises only in exceptional cases where high taper is combimed with small
aspect ratio. ~

Figs. 28 and 29 show that the chordwise loading too can be estimated with good accuracy by
the present method. The magnitude of the small aspect ratio correction can also be seen (the
curve marked * without aspect ratio correction ’ has been calculated by the method of Ref. 8).
The calculated curves take account of the thickness of the aerofoil section ; the method of Ref. 10
has been used. Fig. 29 illustrates how non-zero thickness and viscosity effects affect the chordwise
loading. We begin with the loading of the thin wing in inviscid flow at an incidence which is
equal to the given geometric incidence, curve (a) ; the effect of the streamwise vortices is then
to reduce the incidence by the amount «;, which leads to curve (b) ; curve (c) is obtained b
taking the thickness of the section (¢#/c = 0-12) into account by means of the method of Ref. 10;
and, finally, the effect of viscosity is calculated from Preston’s method® by using measured
values of the displacement thickness of the boundary layer, as explained in Ref. 11, curve (d).
This final result of the calculation agrees with the measured values. The example demonstrates
that the effects of aerofoil thickness and viscosity are quite distinct and cannot easily be confused
as is sometimes supposed. Further, it may be noted that the methods of Refs. 10 and 55 lead
to reasonable results in spite of the fact that both apply basically only to two-dimensional
aerofoils but are applied here to a section of a three-dimensional wing. This means that even in
these cases it is justifiable to apply our general hypothesis that the properties of an aerofoil
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section on a three-dimensional wing can be determined by assuming the section to be part of
a two-dimensional wing, even though the neighbouring sections may have different properties.

4. Effects. of Compressibility.—4.1. The Method Using an Analogous Wing.—The lift on
wings at sub-critical Mach numbers can be conveniently calculated by applying the Prandtl-
Glauert analogy in the form of the streamline analogy of Busemann® and Gothert®. Refinements
of the Prandtl-Glauert procedure differ by terms containing the pressure coefficient in incom-
pressible flow, C,,, (see, e.g., Refs. §9 and 60.) Since we are considering thin wings at small
incidences, C,; will be small and, therefore, such refinements need not be taken into account
when calculating the basic lift term from linear theory. ‘ '

According to the Prandtl-Glauert analogy, the velocity increment in the direction of the
main stream in compressible flow is 1/8* times the velocity increment in incompressible flow
on an analogous wing obtained by reducing the lateral dimensions of the given wing in the
ratio 8 : 1.

B = +/(1 — My?), where M, is the free-stream Mach number. -

Span, aspect ratio, and angle of sweep of the analogous wing (suffix @) are different from those

of the given wing : h '

cos ‘
bo=Bb; n.=7; AazﬁA;c05¢u=\/(l_ﬁMof”coszvqo) L (100)

The incidence is also reduced : .
x, = Bo. .. .. .. .. .. .. (101)

The values of the parameter #, of the downwash factor w, and of the sectional lift slope @ must
be determined for the analogous wing plan form. The properties of the given wing in compressible
flow are then obtained as follows: According to the rule for the velocity increments, the lift

coefficient is :
CLa R CL

a, O 11

1 1
Gy T T
and thus
_ G 7
2 B’ (103)
and
Y __Ya
- a (104)
Hence, for the overall lift coefficient,
— r+1 +1 ' |
QZAJ ?%mdn:fl[ valte) g, O 6 11 )|
& a
-1 v —1

Since the x-co-ordinate is not affected by the transformation into the analogous wing, the
aerodynamic centre position found for any spanwise station on the analogous wing can be taken
directly to be that for the corresponding station on the given wing :

xa.c.("?) _ xa.c.(na) . 1 — %a(na) ]

S = = 9 , . .. .. .. .. .. (106)
by equation (12). The chordwise load distribution at any spanwise station of the given wing in
compressible flow is : :

1 sin wn,(n,) 1 — %)\
AC,(x) = — 5 ——————n%a(m) Cralna) ( p . .. . . . (107)
by equations (74) and (102).
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4.2. Wings Near Sowic Speed.—For Mach numbers near unity, § is very small and the plan-form
term

2 2,2 ..

ac  a,.¢/cT " a,.cf¢

in the span loading equation (15) of the analogous wing tends to zero*. This demonstrates the
close resemblance between wings near sonic speed and wings of small aspect ratio. If the above
term, multiplied by y,/,, can be ignored compared with 1, equation (15) reduces to

)
@, w/ dy'
2z | dn' m—7

for a flat wing of any plan form. This corresponds exactly to quuation (18), and the solution of
equation (108) is

=1, with w,—~2 .. .. .. .. (108)

Ya _ 2 Y 2
OCu—\/(l n,%), oOr o (1 —9% .. .. .. .. .. (109)

by equation (104). This states that a flat wing has an elliptic span loading near sonic speed, with
the overall lift coefficient

C o 7
~£=AJ Vl—m)dr=354 .. .. .. . .. .. (0

04
~1

by equations (105) and (107). These are the same results as were obtained by R. T. Jones?.
A recent, more detailed, investigation of wings at sonic speed by K. W. Mangler®® has shown
that some wing plan forms give less lift than #4/2, owing to the effect of a system of incipient
shock-waves occurring at sonic speed. In reality, shock-waves caused by the thickness of the
wing will usually occur below sonic speed ; these, and boundary-layer effects, will invalidate any
method based on a linearised theory for thin wings at small lift in inviscid flow, and the theoretical

lift will not be obtained. The calculation method can thus be applied only for Mach numbers
below the critical. ’

4.3. Approxumate Rules for Estimation Purposes.—To obtain an estimate for the variation of
the overall lift coefficient with Mach number, we may use Helmbold’s formula for elliptic span
loading in its extended form, equation (81). With equations (101) and (102), we find

C, @, COS @

« . @y cos @\ @y COS @
Jlwim (] o

This relation was first derived in a different way by H. Ludwieg® for straight wings. Equation
(111) includes the special case of the sheared wing of infinite aspect ratio, where

!

(111)

C. a4 COS @
v/ iy e ST U VO PPV 1t

which also follows from equation (78) with #,, = %, which gives C;,/a, = a,cos ¢, ; and from
equations (100) and (102). Equation (112) is the well-known Prandtl-Glauert rule, which there-
fore applies only to wings of infinite aspect ratio. Equation (111) does not give the correct limit
for M,— 1 '

C, =A 2 ‘
~ 2 14 (1 + 1A tantg) * . .. .. . (113)
which is equal to =4 /2 only for ¢ = 0. ’

* a, tends to zero like 4/(84). by equation (83), since the effective sweep of the analogous wing ¢,, —» 0 as
A, =pA — 0, by equation (86). '
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As an illustration, Fig. 30 shows measured and calculated overall lift values at various Mach
numbers. It can be seen that neither equation (111) nor equation (112) gives a sufficiently
accurate estimate in these cases. It appears that equation (iii) gives a reasonable estimate only
for wings of small aspect ratio, in particular for straight wings, as shown in Ref. 30. For the
wings in Fig. 30, good agreement is obtained only when the spanwise load distribution is
calculated first from the present method and the overall lift coefficient obtained afterwards
by integration (full lines). It may happen in such a calculation that the lift at M, < 11is
greater than the limit as M, — 1, equation (110), so that this limit is approached from above.
This development is usually cut short, however, by the occurrence of shock-waves before M, = 1
is reached. In the special cases of Fig. 30, such shock-waves occur before the steeper lift rise

begins and the measured lift drops near M, = 0-9.

These examples indicate that ‘ rules ’ like equation (111) or (112) may give misleading results.
The need for such rules, however, hardly exists any longer since the present method enables
the full aerodynamic properties of a given wing at a given Mach number to be quickly and reliably

estimated. :
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