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SUMMARY

Some of the theoretical methods for computing the growth of
turbulent boundary layers along both the curved and straight walls of a
rectangular supersonic wind tunnel are discussed and the estimated values
compared with experiment., Approximate formulae, which may be useful in
the initial stages of nozzle design, are suggested for the overall
boundary-layer growth along the curved nozzle and flat wall.

1. Introduction

The widespread use of supersonic wind tunnels has led, in the
last decade,; to a large number of papers dealing with the theoretical
design of supersonic nozzles. Such methods, however, can only be used to
calculate the nozzle profile in anvascid flow (i.e., the so-called
'potential outline') and for real fluids 1t is necessary to allow for the
growth of the boundary layer along the walls of the tunnel. Usually thas
is done by displacing the potential outline slightly away from the tunnel
centreline, the correction being calculated from the displacement
thicknesses of the wall boundary layers. In most cases the boundary layer
will be turbulent from some station well upstream of the throat, but in
small tunnels (or in tunnels working at low stagnation pressures some
laminar flow may persist into the nozzle proper.

The problem of determining the appropriate boundary-layer growth
along the curved nozzle and straight side walls of a rectangular wind
tunnel has received less attention than the companion problem of nozzle
design for inviscid flow, Admittedly, there are many general papers
dealing wrth boundary layers which could be employed for making the
necessary calculations, but this approach 1s often undesirablej in most
cases, rapid approximate methods of estimating the boundary-layer
allowances are required.

Several such methods have been proposed, some being satisfactory
and others leas soy the former do not seem %o be as well known perhaps as
they deserve and the present brief note 1s intended to draw attention to
them and to compare their predictions with expsriment, where this 1is
possible. It should be pointed out perhaps that none of these methods
can allow for gecondary flow effects.

During the preliminary stages of designing (or adapting) a
nozzle profile, an even more approximate egtimate of the boundary-layer
growth is often needed. The experimental information at present
available suggests that suitable approximate formulae for boundary-layer
growth can be found which are applicable for nozzle designs of moderate
gupersonic Mach number.

The present discussion is restricted to tunnels of rectangular
cross—section, but some of the theoretical methods (particularly Ref. 6)
ars applicable to axi-symmetric flow., Heat-transfer effects are not
considered; the tunnel walls are assumed to be ansulated. 2./
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2. Boundary-Layer Growth Along the Curved Contour

2.1 Theoretical Methods

The need to modify the calculated profile of a supersonic nogzle
10 allow for the presence of the boundary layer on the nozzle surface was
recognized at an early stage! in the study of supersonic flows, Barly
methods of calculating the displacement thickness (§*) of a boundary
layer in a flow having a considerable longitudinal pressure gradient often
involved extensive computation and the need was realised for more
approximate and speedy methods, whose use was Jjustified to some extent by
the existence of secondary flows within the tunnel which distort the ideal
two-dimensional flow,

A rapid and approximate method was given by Pucketth in 19465 he
assumed, amongst other things, that the boundary-layer velocity profile and
the Mach number variation along the nozzle wers both linear. This
representation is generally agreed to be to0o orude and a more realistic
approach is due to Tucker and appears in two papersD»6. The analysis is
resptricted to turbulent boundary layers and the usual momentum_equation is
solved in conjunction with Falkner's surface~friotion equationl,

T u 1/%7

—— = 0,013 ( —— ) eer (1)

pu? pU, x

The variation of the local surface friction with Mach number can
be obtained by choosing the values of # and p in equation (1) et some
rarticular region in the flow. For example, in Ref., 5, Tucker considers
the cholce of either stream or wall conditionss in the later paper he uses
the fluid properties at a temperature which is the arithmetic mean of the
wall and stream temperatures. The variation of surface friction with Mach
number in this case clgsely follows the trend of the complicated extension
of the Frankl-Voishell® enalysis and is reasonably well supported by
experimental evidence for Mach numbers up to about 3.5 (Fig. 1) it
represents a considerable improvement on the use of wall conditions,

The use of equation (1), which is based on flat-plate data,
implies of course that the effect of pressure gradient upon skin friction
is of secondary importance, and there is some evidence!? that this is &
reasonable assumption for favourable pressure gradients, and possibly even
for slight adverse gradients.

Though the use of equation (1) may be criticised in the light of
more recent investigationads2h it may well be sufficiently accurate for the
purpose of calculating nozzle boundary layers. The develomment of secondary
flows within the nozzle and the usual device of compensating for sidewall
boundary-layer growth by en additional displecement of the nozzle profile
may sometimes nullify the benefits obtained from more accurate calculations.
In addition, by using the extensive tabulations of Ref. 6, the boundary~
layer growth can be computed very rapidly, and this is often of
considerable advantsage.

An analysis similar to Tucker's was given by Wilson9 at sbout
the same time, and uses a different form of skin-friction equation10
(based on Kirmdn's mixing-length theory). Sample caloulations suggest
that for final Mach numbers below about 2.5, there is no great difference
between the predictions of this method and Tucker's later theonys. Since
Ref. 9 lacks suitable tables, it is more laborious to use.
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R.lpta.sh13’ 1 has also given a method of calculating the
boundary-layer growth in turbulent flow and uses the following surface-
friotion equation

T u 1,/4
—_— 0.0225<—-3-) ees (2)
P2 Py

where the suffix w relates to wall conditions and & is the thickmess of
the boundsxry leyer. The computation is more complicated than that required
for Tucker's or Wilson's method and requires two step-by-step integrations.

‘I‘etervin'sz approximate methods were used by Harrop, the
computed boundary-layer growth for My = 2 being given in Fig. 8 of
Ref. 3. If Tucker's second method® is used for this case, the boundary
layer thickness is in agreement with Harrop's calculation at the throat
and for a little way downstream. Further along the curved contour
however, Tucker!s method predicts a growth some 0.002 in. /inch groater.
Harrop in fact remarks that the average rate of boundary-layer growth
found experimentally was greater than that predicted theoretically by a
similar amount.

Mention must also be made of the analysis of Armstrong and Smithaa,
and the suggestion of Meyer29 that since large discrepancies can result from
the usual methods of computing boundary-layer growth, use should be made of
the Illingworth-Stewartson transformation. So far little use has been made
of either of theee methoda. If g more rigorous analysis is sought, a
modification of Ref. 30 would seem to be of considerable value.

Some methods of nozzle design (e.g., Ref. 3) lead to a sudden
change of pressure gradient when the design Mach number is achieved,
dM/dx being discontinuous at this point. In practice, the local changes
in Mach number may well be rapid in this region and the theoretical methods
of computing the boundary-layer growth must be made with care.

Whilst the boundary-layer growth should strictly be calculated
along the curved surfaces of the nozzle, it is sufficient for moderate
design Mach numbers and nozzles of conventional length to work on terms of
the longitndinal distance x, since ds/d.x is spproximately unity. Thia
value of & from throat to run out ie only about 2% greater than the
corresponding value of x (i.e., &) for design Mach numbers below about
2.5. Even for Mg = 5, the ratic s/& is usually about 1.05.

2.2 Comparison with Experiment

Whilst several investigatioms have been made of the growth of
turbulent botindiry Yayers alorig fiat piates, the experimental data for
wind-tunnel .84§s¥es are comparatively scanty.

 -One of ¥He earitest detailed investigations was made by Brinich'l
in' 1950 using &'nsrile designed for & final Mach number of 2,08, He showed
that exospt in Fegicus of strang longltudinal pressure gradient the
boundary~layer fifofile could be reprosented with sufficient accuracy by a
puwefﬁ}myrd@ﬂ&mon of velocity of the form

1

N
E .(5’.) , e (3)

1
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and that the analysis given by the earlier method of Tucker5 predicted
the boundary-layer growth without soerious error. The application of
Tucker's later theory® to Brinich's rcsults causes some improvement, as
is shown 1n Fig. 2,

Fig. 3 compares the theoretical estimates of Ref. 6 wmath
experiment for a wide range of design Mach numbersy these results are
given by Baron in Ref. 12. The boundary-layer growth 18 underestimated
somewhat in every ocase, particularly at Mach numbers above 2.5, though
this discrepancy is reduced when the displacement thickness 6% is
computed, On the other hand, the use of Pucker!s second method for
computing boundary-layer growth for the nozzle of design Mach number 3
used by Ruptash!d 1s 1in good agrecment with experament (Fig. 4). This
figure also shows that thoe difference in the theoretical estimates of
Refg, 6 and 13 ig not large for this particular nozzle.

Wilson has compared his own boundary-layer thickmess estimates
with experiment for nozzles having design Mach numbers of 2.0 and 5.0,
and obtains satisfactory agreement in both cases, Tucker's method has
also been applied to these profiles and agrees well at the lower Mach
numbers at the high Mach number, the growth 1s slightly underestimated.

It may be worth noting that in the cases where Tucker's methed
undereatimated the boundary-layer growth at high design Mach numbers the
nozzles were comparatively short. For example, the nozzle used by Baron'

with M3 = 3.0 had an 6/h ratio of 4.02 (almost the minimum-length
valuedT}. Good agreement between Tucker's theory and experiment was
obtained at Mg = 3,0 1n Ref. 13 wrth a liner in which £¢/h was 6.5,

This suggosts the possibility that Tucker!s method over-estimates
the effect of the longitudinal pressure gradiont in reducing the boundary-
layer growth, rosulting in a boundary-layer growth which 1s too small when
the pressure gradient is more marked. More information ia required,
howgver, before this can be proved.

All the experimental resulits quoted in this section were obtained
in tunnels with a working-section width (b) greater than one-third of
the full tunnel height (2h)s for most results the ratio 2h/b was much
nearer unity. In tunnels havang a narrow width compared with the height,
the cifects of the secondary flows and the sidewall boundary-layer growth
become of more importance and may modify the boundary-layer growth on
the curved walls.

243 Mean Rate of Growth

In many cases the measured boundary-layer growth 1s approximately
linear with distance along the nozzle surfsce and this linearity i1s often
obtained in the theoretical estimates too (see Figs. 2, 4 and 8). The
mean rate of growth {A8/¢) from the nozzle throat to the run-out position
may well be useful in the initial stages of nozzle design, when no great
accuracy is required. The gvallable experimental evidence known to the
authors has been plotted in Fig. 5 1n terms of the wall Reynolds number at
the run-out position (1.e., based on design M and &). Wilson's estimates?
for three Foelsh-typei8 nozzles and the results of applying Tucker's later
theory to the liner used in Ref. 11 for a range of Reynolds number have also
been added.

The experimental points for design Mach numbers below 2.5 are
grouped together and seem to be represented approximately by the curve

Ad 0.29 W)
—— = T e LR N l"
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This 18 of similar form to the approximate equation for the
growth of a turbulent boundary layer along a flat plate in incompressible
flowt9,

& 0.37
- e )
X

which assumes a friction relation similar to equation (2) and a boundary-
layer velocity profile of the fomm

U yl/'?
o G)

For a tunnel with a working section about 2 feet square, the
value of A8/¢ for atmospheric stagnation pressure at a Mach number of
2 18 about 0.010. This represents a mean rate of growth of the
displacement thiclkmeas of about 0,002 in./lnch, a value often gquoted as
being suitable for the boundary layer allowance for one wall of
moderately large supersonic wind tunnels,

For design Mach numbers above 2.5 there are insufficient
experimental data from which to deduce approximate formulae for the
overall growth. Nozzles designed for the higher supersonic Mach numbers
tend to vary more widely in length for a gaven Mg, according to the
method of design employed, and this may become of significance when
considering the overall growth of the boundary layer. It may thus be
more satisfactory to perform a complete calculation to estimate the
boundary layer rather than rely on an equation similar to (4) above,
bearing in mind that as montioned above, the mothod of Ref. 6 may some-
wpat underestimate boundary-layer growth for short nozzles.

2.4  Boundary-Layer Growth Upstream of the Throat

In nozzle design the assumption 1s often made that the boundary-
layer thickness is zoro at the throat due to the large favourable pressure
gradient upstream of this posation. Whilst 1t is true that the pressure
gradient restricts the growth of the boundary layer, the small amount of
experimentzl evidence available suggests that i1t4s thickness is only
effcctively zero when the design Mach number 1s above about 3. Fig. 6,
for example, shows the thickness of the boundary layer at the throat of
the family of nozzles tested by Baronl2,

Though most of the theoretical methods can be employed to
calculate the growth of the boundary layer along the contraction
surface upstream of the throat, it is often difficult to decide where
to begin the calculation and what thickness to assign the boundary layer
at this station. The theoretical values shown in Fig, 6 were based on a
simple approximate method described in Ref. 12, which depends on a
knowledge of the measured boundary-layer thickness at the throat of one
of the nozzle family.

In the absence of specific information, however, an estimate
must be made of the boundary-layer thickness, preferably at some station
well upstream of the throat. The effect of the contraction on the
boundary-liayer growth can then be computed and the boundary-layer
thickness at the throat found. The calculation can subsequently be
extended along the curved profile of the nozzle. /

The
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The assumption of zero thicknesa at the throat leads to a
slightly higher rate of growth on the surface downstream because of
the smaller Reynolds number associated with the boundary-layer
development. In addation, the effective throat width will be over-
ostimated., These effects combine to cause the effective area ratio of
the nozzle to be overestimateds hence the actual Mach number obtained in
the working section 1s a little higher than that designed for,
Fortunately the throat boundary layer is likoly to be thackest at the
lower nozzle design Mach numberas where the throat 18 large. Thus errors
in estimating the value of the boundary-layer thickness at tho throat are
smaller in proportion to the throat width.

With very small tunncls or those working at low stagnation

pressures, laminar boundary layers may exist on the tunnel walls in the
throat region., This i1s discussed bricfly in section 6 below.

3. Boundary-Layer Growth Along the Flat Sidewsalls

The boundary layer on the flat sidewalls downstream from the
throat 1s subject not only to a pressure gradient along the length of
the tunnel, but also to a lateral pressure gradient caused by the Mach
number variation across the tunnel in the region where the flow is being
accelerated to the design Mach number. Kear the throat, due to the
curvature of the lines of equal Mach number caused by the radial-like
nature of the flow, the highest pressure on the sidewall is at the centre
line (for a double-sided nozzle). Further downstream this pressure
gradient is reversed, since the design Mach number is achieved nearest the
throat on the sidewall centre line. This transverse pressure gradient will
usually be more severe than that experienced by the flow near the throat
and will cause the sidewall boundary layer to thicken near the centre line
(Fig. 7)%, the effect being more pronounced at higher design Mach mumbers
where the transverse pressurce gradient is stronger., Additional experimentsl
evidence 18 given in Refs. 11, 12, and 21. In Ref. 21 1t 18 shown that
shaped fences placed on the sidewall retard this secondary flow and make
the boundary layer thickness more uniform. This 1s of particular importance
at high supersonic Mach numbers where the boundary layer may well occupy an
appreciable fraction of the tunnel width at the sidewall centreline,

The theoretical methods which might normally be used for
predicting the boundary-layor growth along the sidewalls assume two-
dimensional flow and do not, of course, allow for sccondary-flow effectsy
it is thus probable that at the higher design Mach numbers, large
discrepancies will occur., At present, the available evidence suggests
that for nozzles of conventional length and waith design Mach number
below about 2.5, the accumulation of boundary-layer fluid at the side-
wall centre line 1s not large and the theoretical estimate of boundary-
layer growth (assuming two-~dimeneional flow under the design
longitudinal pressure gradicnt) is in reasonable accordance with
experament (Fig. 8), It is rossible that some improvement might result
in applying the three-dimensional boundary-layer theory for displacement
effects given in Ref. 22, but as yet no suirtable method of doing thie has
been evolved.

It 1s perhaps worth pointing out that downstream of the run-
out position, in a region nominally free from pressure gradients, the
transverse flow of the boundary layer may continue because of the
secondary flow effects poculiar to square ducts (see Fig. 105 of Ref, 23).

Fig. B8 also shows the theoretical estimates6 on boundary-layer
displacement thickness for the curved contours of the nozzles. The
difference in boundary-layocr growth between the curved and flat walls is
negligible at Md = 1.71 and even at M, = 3.5, the average rate

d
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of growth from throat to run-cut position on the two walls is not greatly
differont. This evidence supports the urual practice of compensating for
the boundary-laycr growth on the sidewalls by a proportionate increase in
the boundary-layer allowance placcd on the curved nozzle contour, the
magnitude of the 1ncrease depending only on the tunnel wadth and heaght.
Thus for a tunncl of width w and local height 2h, having curvecd
nozzlos oh the lower and unper walls, the effective displacement thiclkness
applied to each nozzle would bo

2h + w
5% = m——

%
EFF N contour

W

The mcan boundary-~layer growth along the tuuncl walls may also
be found from pressurc measurcments made along the axis of symmetry of
the nozzle, the presence of a stcady pressurc gradient downstream of the
apex of the test rhombus usually indicating an incorrect boundary-layer
allowance. When the nozzle blocks can be tilted slightly, this gradient
can often be removed, the magnitude of thc tilt applied being equivalont
to the deficiency in the estimated effective boundary-layer displacement
thickness slope.

L. Boundary-Layver Growth in tho Absence of a Pressurc Gradient

Downstrean of the run-out position on the curved wall, and the
upatream anclined charactcraistic from that poant on the sadewall, the flow
ig theoretically free from any pressure gradients, apart from those caused
by secondary flows. Thus the boundary-layer growth 18 similar in many
respects to that on a flat plate in a uniform stream at the nozzle decign
Mach number, and 1f desired, the boundary-layer growth could be calculatced
with considerable accuracy?t. However, in most cases tho motbods discussed
in Section 2 are of sufficient accuracy and tho absconcc of the preassurec
gradient simplifics gti1ll further the computation,

For example, 1f the method of Ref, 6 1s used for this type of
flow, the following equation can bo deduced, using the basic assumptions

of the mecthod and assuming y = 1.40,
C.0153x
6 = A ———— ] LI ) (6&)
AFR* 7
X
where A = (1 4+ 0. M*P7, f = 6/ (and can be obtained as a functicn

of M and powsr~law index N in the report), x 18 the distance along

the equavalent flat plate from the beginning of the Pboundary-layer growth
and Ry is the Reynolds number based on frec-stream vclocity and kinematic
viscosity, and distance x. Tho appropriate flat-plate x at the beginning
of the uniform-flow region in the tunnel can be computod from a knowledge of
the boundary-layer thicknesa at that positiocn.

Equation (6a) can be simplified by noting that when N = 7,
the product Af is nearly 0.1 for Mach numbers between 1 and 4. Thus

0. 157

Fal ;I;.T—_ LI (6b)

X

1t/



-8 -

It 1s interesting to note that this cquation gives values of
5/& which are similar to those obtained from eguation 5)s=

Ry X 107 1 3 5 ( 10 15 25 |

- x 10° 21.3 18,2 16.9 16,2 15.3 %3 13.5 |
s b4 t
i (eqn. (6b)) 1
[ 5' T RE e e e e o e = e e et S
. =% 108 23.4 18.8 17.0 15.8 4.8 13.6 12,3
' X i
* (ean. (5))

Fig. 9 suggests that there 1s some experimental support for
equation (6b)for moderate values of Mgs alternatively the approximate
equation for the average boundary-layer growth along the curved part
of the nozzle contour

Ad 0,29 (
—8— = ;; LB l"‘)
X

can be modified for use in uniform flow, by wraiting

AS a8 0.29
e gy TR LR (L}-a)
Ax  dx Rx* 5

This form may sometimes be convenient in preliminary design work by
enabling a single equation to be uscd for boundary-layer development
along the complete nozzle block., Fig., 9 shows that equalion (4a)
does not give markedly different results from equation (6a) above,

Alternatively use may be made of the fact that for a fixed
velocity distribution within the boundary layer

8 ]

o (0) () G)
w o2 (2) 2 (2)(5):

Thus curves of Cp and Cp against Reynolds number, for various
stream Mach numbers (as an Ref. 32) can be used directly to determine
the momentum thickness or 1ts rate of growthy by means of suitable
tables or graphs, the value of & or d8/dx may be found. The rate
of growth of the boundary layer as computed from Cope's32 curves of
the local surface-friction coefficient (Cf) for ¥ = 2 is shown
in Fig. 9, this curve being in reasonable agreemont with the others.

5./
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5. Calculation of Displaccement Thickness

The foregoing discussion has been mainly concerned with the
calculation of the boundary-layer thicknesss to correct the potential
outline of the nozzle profile, the displacoment thickness of the boundary
layer must be used, where

&% = g8

The value g has been given in numerous rcports in either
tabular or gravhical form; the most comprehensive tablcs are probably
those of Ref. 6. Tor convenience, valucs of g are shown in Fig. 10
of tho present note,

The choice of a value for N appropriate to the conditions
being considered 1s of'ten dafficult. Tuckers, for example, suggests

N = 2,2 in/“ (1 + 0.1 Y7 e A7)

whilst Ruptash1h and Baron12 neglect the factor containing M3 the
former also uses a numerical coofficient of 2.6, Wilson? recommends
that N should be put equal to 7 for all Reynclds numbers.

Experimentally the value of N 1s not easy to determine
accurately from the boundary-layer traverse datall. Baron'? found for
values of Mg between 1.5 and 3.5 that on the curved nozzle contour,
a power-law velocity distribution with N = 7 fitted most of the
measurements made on the curved sections of nozzlesy on the srdewall, the
experamental values of N were around 8 away from the tunnel centre-
line, and somewhat higher on the centreline, particularly in regions of
large pressure gradient.

Brlnlch11 discusses this matter at some length and concludes
that the power-law velocity profile 1s approxamated to most closely where
the pressure gradient is cithor very omall or zero. His results for an
Mg = 2,08 nozzle suggest that o valuo of N of about 8 would be most
satisfactory along the curved wall and 7 along the [lat side walls
(Flg. 11). Also shown on this Figure 1s Tucker's sewil—enpirical
relationship for N, Whether the increase in N down the tunnel 1s due
to tho i1ncrease in Ry or to less distortion of the boundary-layer
velocaity profile by the leongitudinal pressure gradient 1z uncertzin.
Ruptash13 found a similar increase in the best value of ¥ with x but
in Baron's'? results the effect 1s less evident.

In the absence of more conclusive evidence a value of 7 for

N would seem to be reasonable for both sidewall and curved contour, at
least in the preliminary design stage.

6. Boundary-Layer Transition

In the foregoing 1t has been agsumed that the boundary layer is
turbulent from some station well upstream of the throat, either as a
result of natural or forced transition in the wall boundary layer. It may
be however that in some small tunnels, the boundary layer i1s laminar near
the throat., For example, Brinich'l found that transition occurred on the
side wall of a 10 an, X 3,84 in. tunnel at Reynolds numbers (based on
boundary-layer displacement thickness and stream kinematic viscosity)
between 913 and 1982. No laminar layers were observed on tho bottom

wall,/
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wall, where the local Reynolds number was higher. These Reynolds numbers
are approximately in accordance wirth those quoted in Ref. 15 for the
occurrence of transition on a flat plate and presumably can be used as a
rough guide to the likelihood of laminar flow persisting into the throat
region of the nozzle. 4An accurate prediction of boundary-layer transition
18 a dafficult matter however. As Dryden3! Las pointed out, the transition
1s affected by Mach number, free-stream turbulence and local-heat transfer.

There secms to be little evidonce for the assertion sometimes
made that transition occcurs on the curved contour at the point of
inflection downgtream of the throast.

Since the transition position will fluctuate with tunnel
stagnation prossure and because the boundary layer growth near the
transition region 1g not easy to calculate, it may be desirable to
proveke transition artificlally (by means of a wire or surface roughness,
for example) well upstrcam of the throat.

7. Concluding Remarks

It 15 hoped that this note may be of use in indicating means
of calculatirg turbulent boundary-layer growth along the walls of
supersonic wind tunnels, particularly when grcat accuracy 1is not
required or desired.

8. Acknowlcdgement

The authors wish to acknowlodgze the help given to them during
discussicns on the develomment of turbulent boundary laycr by
Dr. G. E. Gadd of the Acrodynamics Division, N.P.L.

List/



m;dmwze:gevp'mw

=

AS
5=

o S

b 4 m

- Ruid

5

- 1] -

Ligt of Symbols

tunnel breadth

0/

80 /5

tunnel half<helght

digtance from throat to run-out position on nozzle
fiuid Mach number

nozzle design Mach number

inverse power index in veloecity profile (equation (3))
Reynolds numb;r

Reynolds number at run-out position

distance along curved surface of noszle

fluid velocity

tunnel width

distance along longitudinal axis of tunnel
distance normal to wall

mean surface-friction coefficient (friction force per unit wetted
ares divided by free-stream dynamic pressurs)

local surface-fristion coefficient

boundary-laysr thickness

boundary-layer growth from nozzle throat to run-out position
boundary-layer displacement thickness

ratio of specific heats of gas

boundary-layer momentum thickness

fluid viscosity

s i
o e
i

heaf-Btyele st wall-
(1 + 0,118 )07

R ]

&

Fi
BRI
¥ P = - i
L T : © fPuffices
- = R

L

,cﬂnéiiiéﬁé"si the edge of-4he boundary layer
conditions at the wall
conditions at position =x

value in inocompressibls flow
Refarences

I 1.1 S S



Ho,

10

11

r
Le

I,

Author!s}

Busenann

. Toetervain

. Harrop,

T, F. Bright,
Salmon and
T. Caxrger
Pucketi

Tucker

Tucker

Falkner

» 4. Monpghan

firtlson

Wilson

. Branich

Biron

-2 -

Roferences

litle, ectc.

Handbuch der Experimentalphysik.
Vol. 4 § 30 (1931),

4 method for the rapid estimation of
turbulent boundary-layer thicknesses
for calculating profile drag.
N.A.C.A. A.C.R. No, L4Gi4.

AR.C. 8,98, July, 19i4.

The design and testing of supersonic
neozzles. R, & M. 2712. Nay, 1950.

Supersonic nozzle desigh.
J. Appl. Mech. (13} (1946) p. 265.

Approximate turbulent boundary-layer
develomment i1n plane compressible
flow along thermally insulated
surfaces with application to
supersonic tunnel contour correction.
W.4.C.4. TN, 2045 (1950).

Approxzimate calculataion of turbulent
boundary-layer development in
compressible flow.

N.A.C.A. TN. 2337 (1951).

A new law for calculating drag.
fircraft Engineering Vol. XV, p. 65
(1943).

A review and asseasment of various
formulae for turbulent skin friction
1n compressible flow., C.F. 142,
August, 1952,

Turbulent boundary-layer growth with
favourable static pressure gradient
at supersonic speeds. Proc. 2nd,
Mid-West Conf. on Fluad Mechanics,

Chioc, (1952 p. 277.

Turbulent boundary-laycer characteristics
at supersonic specds = Theory and
experanent. J. Ae. Sc. Vol. 17,

p. 585 (1950).

Boundary-layer measurenents in
3,84 in, x 10 1in. supersonic
channel. N.A.C.4A. TH. 2203 (1950).

fnalytical design of a family of
gupersonic nozzles by the Fricdrichs
method, including computation tables
and z summary of calibration data.
N.S.L., M.I.Ty W.A.D.C. Report 54-279
{1954).

13/



Ho.

13

LS

15

16

17

18

19

20

23

2k

25

26

Authoris

J+ Ruptesh

J. Rupltash

5. Goldstein
(ed.)

F. Frankl and
V. Voishel

H. C. Garner

K. Foelsh

L. Prandtl and
0. Tietjens

D. Bartz

k. Haofela

¥, koore

3. Goldstein
(ed.)

L. Howarth
{ed.)

E. Van Driocst

H. Bloom

- 13 -

Title, etc,

Boundary-layer measurements in the
U.T.I.A. 5 by T 1nch supersonic

wind tunncl. U.T.I.A. Revort No, 16
(1952).

Bupersonic wind tumnels - theory
design and psrformance. U.T.I.A,
Review Ko. 5 (1952).

Modern Developneats in Fluid Mechanaics.
Clarendon Press p. 326~7 (1938).

Turbulent friection in the boundary-
layer of a flat plate in a two-
dimensional compressible flow at high
speeds, N.A.C.A. T, 1053 (1943).

The develomnent of {urbulent woundary
layers. R, & M. 2133. June, 194,

4 new method »f designing two-
dimensional Laval nczzles for a
paralliel and uniform jet.

Forth A=erican Report 46~235 (1946).

Applied Hydro and Acromechanics p. 76.
MoGraw-Hi1ll Book Co. Inc. (1934).

An anproximate solutien of compressible
turbulent boundary-layer develorment
and convective heat tranasfer in
convergent-divorgent nozzles.,

Trans. A.3.M.E. Nov. 1955, p. 1235,

Use of fences to increcase uniformity
of boundary~layer on sidcwalls of
supersonic wind ftunnels.

N.A.C.A. R, ES2B19 (July, 1952).
(TIB. 3045).

Displacemont effect of a three-
dimensional bhoundary layer.
K.A.C.4. TN. 2722 (1952).

Modern developmonts in Filuid Mechanics.
Clarcndon Press,pp. 358~360 (1938).

Modern developments in Fluid Dynamics.
Clarcndon Press, p. 456 ot seq (1953).

Turbulent boundary layors in compressible

fluide., J. Ae. Sc. Vol. 18, p. 145
(1951).

Preliminary survey of boundary layer
development at a nominal Mach number
of 5.5, N.A.C.A. BRI ES52D03 (1952).
(TIB 3031).

21/



o,

28

30

31

32

i.
P,

A,
I‘Il

vi.

Authoris

Shames and
Seashore

H. Armstrong and
G, Smith

. Meyer

. A. Spence

Dryden

¥, Cope

-1 -

Tatle, etc,

Design data for graiphical construction
of two-dimensional sharp-edge-throat
SUPETSONIC nonzZled.
li.A.C.4. RWM EBJ12 (1948).

Two~darcnsionazl supersonic nozzle

design Part 1, Theory. s.R.E. Report

No. 5/51, (Theorctical Resoarch Report
Ho. 2/5%). A.R.C. 4,531, OCctobur, 1951,

Turbulent Boundary Layers on Nozzle
Lners. J. de. Sc. Vol. 27, pe 572,

(1955).

The Growth of Turbulent Boundary Layers.
J. he. Sc. Vol. 23, p. 3. (19%6).
Recent Investigations of the problenm
of transition, Zoitschrift flr
Flugwissenschaften (L) v. 89 (1956).

Notes and gravhs for boundary layer
caleculationse in compresocible flow,
C.P. 89, .ugust, 1951,




Fic.

(01X L =Y Joj 3ue s3I [€IIFAL03Y| )
sa3e)d 3ej3 uo DEJp-Uoi3oly uBaw 8U3 Uo JBQWINU UOBW 40 J03}4J

g L 9 G 14 W € Z ! Q
T T T i 0
_ z ueybeuoy +
L ¢80 X
ME| (uew.iey) 3uN3eI3dwal [EM fm 9 siuooeg pue youisg o -0
paads - mo| (o-43pnL) . T ¢ ebues pue maphen ‘uisagny v
sJauyfey busn | aungzesadwag uraw- 2qawyIy / Z_ oSy ©
N .
S~ hg-0! ¥
(52 434 ) 39314 c.m>.}/l/ "
/

[YUBLS 4O U0ISU3]X] In

= 9.0

?
/ | [3ysioA pu® 22

AO/V g-0

o-1




Boundary-layer thickness & (inches)

07

0-6

05

0-4

03

0-2

0!

Distance downstream from nozzle throat (inches)

I ] T I l I
Calculation | densit | /
: Using wall density an
- © Expe‘r'lment kinematic viscosiby / —
Working secklon dimensions: (Ref 5)
b = 3841 o
Z / ! Usfng. strea.rn dens::tg
/ /\ and kinematic viscosity
// (Reference 5)
A Using mean density and _
///// kinemaktic viscosity
(Reference 6)
A/ | |
— —
© lstart of test section
| |
0 4 8 12 e 20 24 28 32 36 4.0 44 48

Comparison of calculated and experimental boundary-layer growkh for My=208 (Reference 11 )

"z ol



~
210
-~
0
c
—
9 09
m-\
c
d
a.
v 08
»
[1¥]
-
c
©
L 07
S
C
S
A)
c 06
Q)
z
)
Q)
0D
c 05
4
>
O
L
o
5 04
=)
_g
]
=)
C
& 03
c
)
O
o0
02

Fic 3.

o
X
¥
x
x
9
X
° o Exper‘rment
X x Theory Tucker (N= 7)
Working section dimensions .
b =201in
2h=24mn (M<25)
2h=18in (M>25)
-0 I'5 20 25 30 35

Design Mach number of nozzle (M)

Comparison of theoretical and experimental boundary-layer
growth (based on results given in Ref i2)

40



FIG. 4

gc

3jzz0U ¢= W30 Jnoquod parino blofe 43mob “sahe| - haepunog

(sayour)qeo4y3 3jzzou

wo.4 3due3si(]

9¢ ve ZZ a 8f 9 14| 4] 0! )
cguwmm ﬂmi_ ' | |
$#034%38 Ul gL = Yz
i ulg = g

suoisU3WIP U01393s- buiyom

quawiiadx3 o

|

L=N ﬂm 3yon|
™~

-

=
_——r
\o\ﬁ\o\

e
\\\

T

€0

-0

S0

9.0

(sayour) g ssauxoy3 ~3he)- huepunog



hroat Eo
[\
o

-
—

growtf; from
(x 10
8

A0
A

run out
o

<

Mean rate of boundary-layer
o

[ T ! [ l
~
N Theoretical estimates of Wikon® for mean of
SN four walls in square tunnel using double -sided
>~ / Foelsch nozzles®
-—-____ﬁ_ﬁ.- N
o — 4
54 e _—
* o~ iy —-/0-._. -
486 T~ - 3Ao
- &
— -~ — _ / as
- +
~ A -~ ~ |- - _ 3o
"~ ~ 3-0 / B -,
~. r.s’?‘“-..__\ B et _:Mf__ﬁ___
208 X ""'""“'----.L.f 5
208 -1+ | T -—=—L _ M =
= 14_..____4____________ T T T~ — — A
- [ -+
e Wison (Ref 9) T v — e ¥~ % N
" x  Brinich (Ref. 11) ' 206 A
Z g;r;n EEZE“J%‘;ShEd) Tucker's method ® applied to "7
o Bloom (Ref 20)(mostly after My =208 finer of Reference I/
- run=-out) \
Figures bengath symbols indicate R /s
design Mach number of nozzle. R
In all results ?5’-‘ <3 L [
0 2 4 b & {0 12 e 14 e 18 20 22 24
RR x {0

Overail rate of boundar'g -iaggr_'_growth along curved surface of SUPEBISONIC nozzie




Fios 687

™ FiG. 6
[ ¥]

< 04

€

e

w Q

\3 0‘3 o]

w

£ X o Measured .

s ) x  Theory Tucker (N=7)
02

% Q

v

00 x—

3 X l

% x

a 0 L x |x

o 14 I8 22 26 30 34 38
Design Mach number of nozzle (M)

Comparison_of theoretical and experimental boundary-layer thickness
at throat(based on results given in Ref. i2).

Curved wall Fic 7

i i b i & L i

‘ - L.——aL———o-—*—C*-o\l

T
M=i-97 "6=428 8" ~x

A
\

07

AMANANANANANL NN

S

=
I
l
|

o
o
AN

\
x
/

/
M=486 §=2-078% I

S

ASA N NN B LA NAN YA A AR AR

"
a
£
O
c
S
o ¥]
€
i
Eo-4 /
L X =
C 7 1]
o 1 >
’ o
€03 7 o
£ / N
0 ! w
. |
£ o2 \ ;
9 Traverses were made just \ g
Q downstream of run-out position \ -
01 n both cases # .
Tunnel 1s 145 in square P ] f
A -
0 | ‘ \ | ;'/ 4 -
0 01 o2 03 0-4 05 06 o7

Distance from centre-hne (inches)

Diskrbution of boundarg-_-l_ager Ehickness & jn one guarter
of tunnel (from Ref 9)




(2 43y Ur UsAib ©38p Woly) 3U[3I3Uad [[BmapIs

G seaUyoIyg Juawaog|dsip J3hel- hTepunag pa-nsealll pue pajediiss Jo Uosi1ed oy

(s3your) Jrouyy WOy We3Igsumop 3dUeJ8((]

09 Qs av o€ 0c of 0
m* ¥
5.2 s.¢ =Py
Jllnl\
suoigisod 3no-uny
- l\\‘ \
J -t S
- e
-1 . - \ — < \
B 7 flsnquoys 3537 4o xad® 40 uoiqised 03
L == 1 /puodsaiod sarina auij-jjny Ui syury)
ZA 7 k|
\1.\\ S J4NOJUOD PAAIND  — — — -
$-2=PW v \\\ 3UI[ 943U {[BM3PIG
_ .\\\ (3 43y) haosyy ]
” 2 v G.£ =Py
P
7 O G2="N
A/ -
rd 3ulj 3J3ual _
S.¢ % e 7 TeMapis U0 Sanea [eqUaiady J
/

<+
)
o

£0-0

0~
o

O
o

o
N
o

v
~
&

8z 0

(sayour)(,Q)ssauyoiyy Juawasgdsig



Uorgis0d 3A0-UNJ J0 WeaJ3sumMop sa|140.4d 3jzzou U ﬁ:o.hmlmLMnczom

pasapisuoa & adojs safel-fuepuncg yoys g8 Ty Jo aner ueay

ZZ aZ g! d] 0! g 9 14 Z
_ I I [ [ | I |
(2= W 3®
sanfes . s3doy buisn)
AN (92 mmmv woo|g o)
Awlv 5" 3p (paysigndun) 1gN  +
(11 43Y) yowuiag X
2 < -q paje3s asmJ3ay3o ssajun
— N _ N §[auuny Ui P3uIBIQo NSy
V/ pitT T — fu...ﬁ.“ﬁ.......,-ul
1 —1 1
M ] |
L
go I X _—
N
80-Z X
760 7S¢

(uaigisu®ig [e114i1540)
aged 3914

0
)4
(o)
e
8 3
Q.
N
~
S
21 &
T
(g
]
L ¥,
9 o
e
mw
Q|a
0z H 19
vZ
°T4
i€



05

0-4

Fic 10.

NN N

o

-

prd

"
—

ANAN

/

gle

1]

o<

Z|-

—

Variabion of thickness parameter ¢ with Mach number

and N




Fie. !

as

(sayour) Feouy] WOy WBIIFSUMOP 3DUPISI(]

80-C= P 38 N 40 <an[eA gs8q [equawiiadx]

ar o€ 0e 0l 0
I T *
[{BM P3ALIN UC JNo-UNY
o)
dq © o)
O 0
x
0 <
o o © "
I.llllllllll.l.l
| e x
O vy & \xnnz 0+ Qm.m =N
]
X X
X
\} —
¥ X | 320343y Wody lies 3pts °
oM paainy x
1 ] T T 1 1 ] | ] I 1 | ] 1
g1 i b4 el zi { o}} g L 9 g 4 € Z

ﬂ.

[Te}

D o] ~ D
g%,ucud hqra0]3A
Jahg-haepunag 314 03 N 40 3NjEA T3y

o






Crown copyright reserved

Printed and published by
Hrr MajJrsTY’s STvrioNERY ORFICEH

To be purchased from
York House, Kingsway, London wc 2
423 hford btreet, London w i
134 Castle Street, Edinburgh 2
109 St Mary Strect, Cardiff
39 King Street, Manchester 2
Tower Lane, Bristol 1
2 Edmund Strect, Brrmingham 3
80 Chichester Street, Belfast
or through any bookscller

Printed 1n (Greal Britamn

C.P. No. 333

(18,490)
A.R.C Technical Report

S 0 Code No. 23-9010-33

C.P. No. 333



