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Summary.--A method of solution for the aileron reversal speed of a swept wing (with emphasis on sweepback) is 
developed on the lines of strip and semi-rigid theories. 

The influence of the following parameters is investigated :-- 

(a) The degree of sweep. 
(b) Wing torsional and flexural stiffness. 
(c) Wing plan-form. 
(d) Aileron plan form. 
Families of curves are given for extended variation of these parameters which may be used for the direct estimation 

of the reversal speed of a given wing by interpolation. 

A solution is given for the wing divergence speed of a swept wing. 

The general results have been obtained using simple modes of wing deformation but equations are quoted for any 
given modes of deformation and the adopted modes are compared with the actual deformations produced by the aero- 
dynamic loading for an extreme case. A suggestion is put forward for improving the accuracy of the semi-rigid approach 
by an iterative method of solution and the flexural mode of distortion is investigated for a particular case. 

1. Introduction.--Swept wings can produce serious structural problems owing to elastic 
effects that are unimportant in an unswept wing 1. Among these problems is the design of a 
wing for high aileron (or elevon) reversal speed and for adequate rolling power at operational 
speeds, since loss of aileron power is caused not only by twisting t but also by bending t of the 
wings. In swept-back wings of conventional layout both the bending and twisting deformations 
produce changes of aerodynamic incidence that are unfavourable from the point of view of 
aileron reversal. Some relief from these effects is probably obtained from the distortion of the 
wing section, the upward bending of the wing producing camber that is concave upwards and 
therefore tends to counteract the reduction of the incidence. 

The present report covers the theoretical consideration of aileron reversal and wing divergence 
for swept wings with particular emphasis on aileron reversal of swept-back wings and examines 
the effects of the following parameters :--the degree of sweep, wing stiffness, wing and aileron 
plan f o r m .  The results are presented as families of curves which may be used for the direct 
estimation of the reversal speed for any given wing. 

* R.A.E. Report Structures 9, received 14th January, 1948. 
t In the present report the terms bending and flexure refer to bending along the flexural axis, and twisting and 

torsion refer to rotation about this axis. 
1 
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It  will be clear that  quanti tat ive accuracy of the results is limited by the errors of the aero- 
dynamic and elastic derivatives. The inaccuracies of the latter, using semi-rigid theory and 
simple modes of deformation are well un.derstood ~,~,'~,~ and lead to an estimate of the aileron 
reversal speed of about 85 to 95 per cent of the speed appropriate to the correct elastic deforma- 
tion. The errors in reversal speed introduced by the aerodynamic assumptions, using strip 
theory and simple sweep and compressibility corrections, are more uncertain but would n o t b e  
expected to exceed ± 2 5  per cent. If the aerodynamic derivatives and elastic deformations 
for any specific wing were available from experimental or theoretical sources then greater 
accuracy than the above would be obtainable. 

The results given in the families of curves of the variation of the parameters enable a com- 
pariso n to be made of the aileron reversal speeds of a swept and unswept wing. As a rough 
approximation for wings of the same plan form and of average stiffness ratio the wing torsional 
stiffness would have to be increased by 40 per cent to maintain the same reversal speed if the 
wing were swept back through 45 deg. 

The following factors are favourable for increasing the reversal speed of swept-back wings : -  
high wing stiffnesses in torsion and flexure, sweepback of the flexural axis, high wing taper in 
plan form, large aileron chord and the use of balance-tabs. The effect of change of wing camber 
due to wing bending in the case of an average wing is to increase the reversal speed by not more 
than 5 per cent. 

Wing divergence is not liable to be serious for swept-back wings, as the wing bending provides 
a stabilising effect, but wilI he serious for a swept-forward wing. The following factors are 
favourable for increasing the divergence speed of swept-forward wings : - -high wing stiffness, 
especially in flexure, forward position of flexural axis and high wing-taper in plan form. 

2. Aerodynamic Assumptions.--A diagram of the straight tapered wing considered is shown 
in Fig. 1. 

The aerodynamic assumptions apply to both the semi-rigid treatment (section 3) and the 
iterative process (Appendix I) and are as follows : - -  

(a) The aerodynamic axis lies along the quarter-chord. 

(b) The ratio of the aileron chord to the wing chord is constant over the aileron span. (The 
iterative process (Appendix I) could take account of variations of aileron chord.) 

(c) The aileron is torsionally rigid. 

(d) Aerodynamic forces on strips parallel to the aircraft centre-line are expressible in terms 
of the local chord and incidence change. The latter consists of the components due to 
wing torsion and the change of incidence due to wing bending. 

(e) Change of wing camber due to wing bending has in this work been considered separately 
(section 4) because of the uncertainty relating to this effect. I t  is assumed that  dis- 
tortions of the aerodynamic section other than those which can be represented as a simple 
change of camber do not occur. 

(f) The theoretical incompressible strip-theory coefficients al, a~ and m have been used 
and assumed constant along the span. 

(g) Allowance for compressibility can be made by applying the Glauert correction to the 
reversal speed as given by Figs. 2 to 12. In a specific calculation corrections should be 
applied to the individual coefficients. 

(h) Allowance for sweepback is made by reducing the aerodynamic coefficients by @cos/3. 
This law of a/cos/~ is not rigidly justifiable on either a theoretical or experimental basis. 
I t  was first suggested, so far as the authors are aware, by McKinnon Wood 7 and may be 
perhaps as much as 20 per cent out. 
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I t  is hoped that  a more accurate aerodynamic treatment will be developed on the lines of 
Falkner 's approach (R. & M.19106). No detailed thought  has yet been given to the application 
of Falkner 's method but it seems that  its use would immensely extend the computational labour, 
part icularly of an iterative method. Some refinement could, of course, be obtained without 
complication by applying simple factors to the strip-theory coefficients, these factors being 
derived by comparison of strip theory and Falkner 's method applied to certain typical wing 
configurations. 

3. The Semi-rigid Treatment of the Problem.--The wing shown in Fig. 1 is considered to be 
built-in at the root andsince  the present investigation is limited to the evaluation of the reversal 
speed when the rolling moment and rolling velocity under applied aileron are both zero this 
assumption is justified. The other elastic assumptions are as follows : - -  

(a) The flexural axis is straight. For generality the flexural axis is assumed to be at a 
distance eoeo behind the quarter-chord at the wing root and to be at an angle of e to the 
aerodynamic sweepback, e being small compared with ft. 

(b)  The flexural mode of distortion is taken to be parabolic*. 
(c) The torsional mode of distortion is taken to be linear-~. 
(d) The reference section is at the mid-span of the aileron. 

In Appendix II  the equations are given for general modes of distortion, and a trial of those 
adopted is made for a particular construction. 

3.1. Derivation of the Equation.--It  is assumed that  the aerodynamic forces on a wing strip 
parallel to the aircraft centre-line may be expressed in terms of the local incidence and chord. 
The forces on such a strip are given in the form of a lift and a pitching moment (both acting in 
the vertical plane through the strip) and the latter is resolved into two moments about and 
along the axis of bending. 

v 

O¢~, o[ 

The y '  co-ordinate is taken to be along the axis of bending and s' is the value of y '  at the tip. 

We then have on the application of aileron, for a strip dy ; 
dL = qc dy' (a~o: q- as~) cos/3 . . . . . . . . . . . . . .  (1) 

where L represents the lift force, q the dynamic pressure, c the chord, ~ the local increment of 
incidence and ~ the local aileron angle (measured parallel to the centre-line). The coefficients 
al and as have their usual significance (al = ~CL/~ and as = ~ C J ~ )  and are assumed constant 
over the span. 

* Some justification of this assumption is given in Appendix I. 
t This assumption has been shown to be satisfactory in the case of the unswept wing (R. & M. 21864). 
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In a s imilar  manner  

d M  = - -  qc ~ d y '  { m ~  - e(a2S + a l ~ ) }  c o s  ~ . . . . . . . . . .  (2)i 

where M denotes the m o m e n t  about  an axis through the  flexural centre normal  to the aircraft 
centre-line ; nose-up moments  are posit ive.  The distance of the flexural axis aft of the quartet! 
chord is denoted  by ec, and m = -- (aC,,,/aS)CL constant.  

The momen t  M is now resolved into two componen t s - - a  momen t  M1 about  the  flexural axis,, 
and a m o m e n t  M~ about  a line normal  to this axis. In  addi t ion the  equat ions are wri t ten  in. 
non-dimensional  form, and become 

d L  = qCoS'(1 - -  ~) (a lc¢  + a=S) cos/~ d~7 . . . . . . . . . .  (3) 

dM1 = - -  qCo2S'(1 - -  ,~)2{mS -- e(a2S + a~c¢)} cos2fl &] "~ 
dM a  = - -  qCo~S'(1 - -  z~)~{mS -- e(a=S + alc0} cos/~ sin fl d,~ -_, . . . .  (4) 

% ,  Here ~ = y / , and the  taper  ~ is defined by 
c = Co(1 - ~ )  

where co is the  root chord. 

In  order to relate the  aerodynamic loads given by equations (3) and (4) to the structural  !: 
distortions, two semi-rigid modes are now chosen. For Simplicity the bending mode is taken 
to be parabolic, and the torsional mode to be linear ; the equations for general modes are given ii 
in Appendix  II. 

Thus if 0 denotes the angle of twist (about the flexural axis) 
o = Oo0/,7o) . . . . . . . . . . . . . . . . . .  (s)  

and if z is the vertical  displacement  of a point  on the flexural axis 

z = ~0(~/~0)  ~ . . . . . . . . . . . . . . . . . .  (6)  

where the  suffix o refers to a reference section. By  differentiation of equat ion (6) the mode of 
bending  is obta ined in terms of the slope W • 

l d z l 2 z o  ( ~ )  
' P - - s ' d ~ - - S ' ~ o  ~v = ~0 . . . . . . . . . . . . . .  (7) 

The local incidence is given by 
= 0 cos/3 + ~0 sin/~ . . . . . . . . . . . . . . .  (8) 

and the local aileron angle by 

= S ~ -  0 cos /~  . . . . . . . . . . . . . . . . .  (9) 

where Sl is a constant  equal to So + 0o cos ~, and So is the value of the aileron angle at the 
reference section. 

The aerodynamic loads given by equat ions (3) and (4) can now be transferred by the principle 
of work to equivalent  loads at the reference section. The relations are 

dL '  = (rj/rjo) ~ d L  )'- • (10) 
and d M '  = (rl/~o) d M *  f . . . . . . . . . .  

After carrying out the  substi tut ions (3), (4), (5), (7), (8) and (9) in the equations (10), and 
making  the  further  subst i tut ion 

CoCo + s 've  sec 3 
e = co(1 -- Tn) . . . . . . . . . . . . . . . .  (11) 

* This equat ion holds for both  components  of M since bo th  modes (in terms of the  local angle) are l inear in y. 
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he integrations can be effected to give L', MI' and M(.  
~'ritten 

/a, lAl(~ 
L '  = qcos' cos/3 ~ ~° ~ 

0 ° c ° s / 3 [ !  - ' ~ ~ o  3 4 
5 

r(1 -4 ¢)1 

The results of this process may be 

{ I "' ] J1' = qCo 2s'cos2fl - - m ~  1 -- 7 2 2 , (1  -- y3)+ (1 y 4) 
2 3 

q mOo~o ~c°s~ 1 3r~ 2-c4( i_r  ~) + g ( 1 - - r  ~) + ~o L 2 

q_ 1 a~ts ' s  sec/3 + e_o (aiA~ - -  a#o cos/3) 
Co ~o 3 4 

+ (a~A~ --  a20o cos/3) t y~ 
~o2Co 4 5 

nd M (  = M~' tan/3 ; 

;here A~ = 0o cos/3 + ~o sin ft. 

-<)l 5 .. (12) 

The expressions for L', MI' and M,' may now be related to the elastic stiffness by the principle 
f work. The equations are 

moOo = MI '  ; (13) 
. . , , . . . . ° • • • 

I~*?o = 4 M (  - -  2L'rloS' J 
It remains to equate the total rolling moment to zero, for the reversal .condition 

- 1  

[ ~ dL = 0 . . . . . . . . . . . . . . . . . . .  ( t4)  
d O 

The only unknowns occurring in equations (13) and (14) are q and the ratios ~1/00, ~Oo/00. 
"he equations can therefore be solved for q to give the reversal speed. 

3.2. Numerical  So lu t ion . - -So lu t ions  have been obtained for a series of variations of the 
~eometric parameters, as shown in Table 1, which also gives the corresponding Figure number. 

TABLE 1 

Geometry Corresponding Figure 

Taper  ratio r = 0.75 
Aileron span (1 - -  y) y = 0-6 
Aileron chord E = 0.25 
Aspect ratio A = 6 
Flexural  axis f ~ = 0 

\eo = 0 

Variation of r 
---- 0.75, 0.5,  0.25 2, 4, 3 

Variation of y 
y ---- 0.5, 0.6, 0 .7 7, 2, 8 
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TABLE 1--co,#imbed 

Geometry Corresponding Figure 

Variation of E 
E = 0.2,  0.25, 0 .3  9, 2, 10 

Variation of e 
s = 0.0, 0.02, 0.04 2, 11, 12 

Variation of A 
A = 4, 6 , 8  5 , 2 , 6  

The following values have been assumed for the standard wing : -  

Aspect ratio A = 6 
i 

Wing taper ~ = 0" 75 (i.e., rip ~hora rooo~chor~ -- 0"25) 
Aileron span ~ = 0- G (i.e., ~o,.on sp~ _ O. 4) 

W i n g  s p ~ n  - -  

Aileron chord E = 0.25 (i.e., Ailoro,~oho,l Wi.g ,l,or~ -- 0"25) 

Flexural axis ~(~o= 0 (i.e. flexural axis at a-chord)* 
= 0 ' il 

Reference section ~0 = 0-8 (i.e., Reference section at mid-aileron position) 

Using the above shown standard values the equations for the conditions at reversal for 40 deg 
sweep reduce to 

Mo = 0.127 + 0.107/5 ~ 

L, = 0.498 + 0.593/15 f . . . . . . . . . . . . . .  (15) 

where Mo = qc,2s , L, -- p : and c,, is the mean chord. 
~CmS 2 

The equations (15) clearly represent a rectangular hyperbola with asymptotes Mo = 0.12']: 
and L, = 0.498. The stiffnesses are here expressed in non-dimensional form depending onl 
the reversal speed. 

The hyperbola appropriate to equation (15) is plotted in Fig. 2 and included in the same 
graph are curves represeilting angles of sweep of 0, 30 deg, 35 deg and 45 deg. A series of 
similar curves covering the variation in the parameters of Table 1 are given in Figs. 3 to 12. 

It  will be noticed that  all the curves possess the same form-- tha t  of rectangular hyperbolae 
except where/3 = 0, when, of course, the reversal condition is independent of flexural stiffness. 
The interpretation of the curves is simply that  any condition above and to the right of the 
curves corresponds to positive control. Thus for positive control to be available at all flying 
speeds it is necessary tha t  the point (Mo, L,) appropriate to the design diving speed should lie, 
above and to the right of the curve referring to the geometry of the particular aircraft concerned.i 

The practical region for the variation of tile non-dimensional parameters is shown in Fig. 2.1 
This region has been obtained statistically, although of necessity the statistics apply chiefly 

* This assumption was made to simplify the calculations and is shown later (section 3.3.3) to be justified by the= 
insensitivity of reversal to e o. 
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to unswept aircraft. The lower limits shown for Mo and L, are appropriate to the design diving 
speeds (not reversal speeds) of the appropriate aircraft and represent the lowest values given 
by the survey. There does seem, however, to be a tendency for swept aircraft in the design 
stage at present to have lower values of L,. This applies particularly to high speed long range 
aircraft. 

I t  is not easy to draw detailed inferences from the families of curves about the influence of 
sweepback, as there is no common assumption which can easily be made for the geometry of 
wings with different amounts of sweep. The various curves allow direct conlparison for wings 
of the same area and same aspect ratio (except for the case in which aspect ratio is varied, when 
direct comparison is impossible). 

3.3. Effect of Parameters on Aileron Reversal of Swept-bac~ Wings.--In Fig. 13 are plotted 
a series of graphs of the torsional stiffness parameter (Mo) against various geometric parameters 
for a selection of three stiffness ratios. The stiffness ratio r is defined by 

L~ l~ c (16) 
r ~ - -  - . . . . . . . . .  • . . . . . .  

M o - -  m o S 

and in practice usually lies in the region of 1.5 to 3. The values of r for which the graphs are 
plotted, are 1.25, 2.5 and 5, and the results are given for 45 deg sweep and compared with zero 
sweep. The effects of the various parameters can be examined in turn ; in this case the com- 
parisons are made in terms of M0, which means that  if the stiffness ratio is fixed by other con- 
siderations the variation of the required torsional stiffness will be as shown. If both stiffnesses 
are treated as variables, it does not, of course, follow that  high values of r are particularly 
desirable, for, although they lead to lower values of torsional stiffness, the flexural stiffness 
itself is higher. In practice, common sense suggests that  if the problem of loss of control is to 
determine both stiffnesses the optimum region (from, say, a weight point of view) in which to 
work, is that  near  the axis of the hyperbola. I t  has been suggested by Lee s that  quite a sharp 
weight minimum occurs in this region. 

3.3.1. The effect of swe@bac~.--Fig. 13t~ shows how Mo depends on 5 for different values of 
r, but  the effect on design is not so easy to predict, and needs careful interpretation. Indeed 
it is doubtful whether any definite conclusions can be drawn without actually trying to design 
to some given specification both with and without sweepback, and comparing the results. If 
the flexural stiffness is high, for example, sweepback appears to have a beneficial effect on 
reversal due to the fact that  the aerodynamic coefficients are all reduced. But, in the first 
place the wing area will probably have to be increased due to the fact that  CL ..... is less for the 
swept-back wing, and secondly, if the aspect ratio is kept constant, the torsional stiffness will 
have to be obtained over a greater ratio of length to breadth. On the other hand, the aspect 
ratio will probably not be kept constant as the wing is swept back. For more normal values 
of the stiffness ratio the required torsional stiffness increases with sweepbac k , because of the 
importance of the bending effect. 

3.3.2. The effect of wing taper.--Fig. 13A shows that  increase of taper is beneficial, though 
apparently to a somewhat smaller extent for the swept wing than for the unswept wing. 

3.3.3. The effect of sweepback of the flexural axis.--It has been shown (R. & M. 21864) tha t  
for an unswept wing the position of the flexural axis is not very important,  and it might be 
expected that  this would also be true for a swept-back wing, as from the point of view of torsion 
the two are essentially similar. This has been checked by calculation and found to b e  correct 
as regards bodily movement of the flexnral axis. A numerical example may be given for the 
standard case for zero and 35 deg sweep, and for the flexural axis on the quarter-chord and 
10 per cent chord aft of this'. The reversal equations are given in Table 2. 



TABLE 2 

e o = 0 e o = 0-1 

[3 = 0 ° Mo = 0 ' 2 4 7  Mo = 0"278  

Mo = 0 . 1 5 0  + 0 . 1 0 5 p  M0 = 0 . 1 6 9  + 0 . 1 1 8 p  
/3 = :350 

L~ = 0 . 4 2 5  + 0"607 /p  L~ : 0"437  + 0 . 6 2 4 / p  

When it is remembered tha t  the reversal speed depends on the square root of the values for 
Mo and L, it becomes evident t h a t  the parameter eo is comparatively un impor tan t - -a t  least 
for normal positions of the flexural axis. 

On the other hand, relative displacement o~ the flexural axis along the wing span can have 
a very pronounced effect--much more so for the swept wing than the unswept wing. This is 
shown in the graph (Fig. 13B) of Mo and s, where the flexural axis though assumed straight is 
swept back an angle s relative to the quarter-chord. For instance, in the case r = 5, if e changes 
from 0 to 0.04 radians, the value of Mo is halved, or for a given torsional stiffness (too) the 
reversal speed would be increased from, say, 350 m.p.h, to 500 m.p.h. Of course, this has 
been worked out for a highly tapered wing so that  s = 0.04 is equivalent to a large displacement 
of the flexural axis towards the wing tip ; at the tip itself the axis is displaced through 60 per 
cent of the chord. I t  is probably too much to hope for such a large benefit for a practicable 
wing construction, but types of construction which tend in the reverse direction (i.e., the flexural 
axis forward at the tip and aft at the root) should be avoided if possible. 

3.3.4. The effect of aspect ratio.--Fig. 13A shows that  increase of aspect ratio for given stiffness 
is slightly beneficial, but the problem of providing the stiffness probably more than counter- 
balances the gain. 

3.3.5. The effect of aileron geometry.--The effect of span changes considerably with sweepback 
and stiffness ratio, the change being due to the relative change in importance of the bending 
deformations. For no sweepback, or for very high flexural stiffness, short ailerons appear 
to be favom'able--though again it must be remembered that  the stiffness has to be provided 
over a greater length of wing ; but for highly swept wings of lower stiffness ratio, the long-span 
aileron is beneficial. The effect of aileron chord is small in all cases, and is of the same sign as 
for the unswept wing, namely tha t  increase of chord is slightly beneficial. 

4. Change of Camber on Wing Bending.--In the preceding analysis it has been tacit ly assumed 
that  the aerodynamic section of the wing remained unchanged by the distortion of the wing as 
a whole. To what extent this approximation is true in practice will depend upon the type of 
construction adopted, but  if the wing is designed with a standard torsion-box and single spar 
then the wing section in the line of flight will distort as the wing deforms. 

This distortion manifests itself as a change of camber of the section, and the magnitude of 
the change may be estimated from the assumed nlodes of deformation. As the mode of twist 
is assumed to be linear this mode will not, of itself, produce any camber change ; on the other 
hand the parobolic mode of bending will give rise to a constant change of camber over the wing 
span. Moreover the effect of this camber change is beneficial. For, if an aileron is applied 
downwards, the wing bends up and acquires camber in the concave sense seen from above which 
tends to offset the nose-down pitching-moment from the aileron. 

The magnitude of the effect has been estimated for a wing swept back at 45 deg, and of constant 
chord, for three values of the stiffness ratio. The change in the aerodynamic coefficients is 
based on Glauert's standard two-dimensional theory °, and the magnitude of the effect in terms 
of reversal speed was in all cases between 3 and 4 per cent. 
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5. W i n g  D i v e r g e n c e . - - T h e  wing considered is shown in Fig. 1 and the same aerodynamic 
and elastic assumptions are made as for the semi-rigid treatment of aileron reversal in section 2 
with the exception that  the flexural axis is at a constant fraction of the chord (e) aft of the 
quarter-chord, for simplicity. When the wing acquires a positive increment of incidence, 
the lift forces are increased and the wing bends upwards, and twists nose up. In the absence 
of bending the twist of the wing would again increase the lift forces and a stable condition or 
divergence would result, depending on the disturbing air forces and the elastic restoring forces. 
The upward bending reduces the effective incidence and so for a swept-back wing the bending 
provides a stabilising effect. 

The equations for lift and moment are : - -  

dL  = qCoS'(1 - -  ~)a l~cos~  d~ "~ 

J d M  = eqco2s'(1 - -  ,~)2a~c~cos¢? d~ . 

By assuming tile modes given by equations (5) and (6) these may be written 
-% 

dL  = qCoS'(1 - -  ~ )  

() ~7 
d M  = eqco2S'(1 - -  "c~']) ~ ~ a i A ~ c o s f i d ~  J 

(17) 

(18) 

The equivalent 
equations (12) are therefore 

loads at the reference section corresponding to those for reversal given by the 

L '  = qcos'alA~ cos/~(-} -- ~/5)/~o 3 

eqc?s'alA1 cos  ( 1 - + 2 

M /  t a n  fl 

equilibrium are, as before, 

4M~' - -  2L'voS' 

M 1  . 

M 2 I 

and the equations of 

l~o o = 

moO o = 

J 
. . . . . .  ( 1 9 )  

For a typical numerical solution, we again resort to the dimensions of Fig. 1 ; choosing e = 0 .2  
we then have the equations, for/~ = 45 deg. 

Mo = 0.212(1 + p) "~ 
% 

L,~ = -- 2.24(1 -1- 1/25 ) f 
(20) 

Again the graph of Mo and L~ is a rectangular hyperbola, but in this case onty a small part  of 
the positive quadrant  is enclosed by it. A comparison with the reversal curve is given in Fig. 14 
and the comparative unimportance of divergence is quite obvious. The graphs are shaded on 
the danger side. 

The divergence calculations are probably very pessimistic as the assumption of a built-in 
wing is not justified. If an assumption of constant lift were made, for example, the critical 
speeds would be much higher. But  it would not be very satisfactory for an aircraft to fly at 
speeds in excess of its ' classical '  divergence speed (i.e., assuming built-in wings) as it would 
be very susceptible to gusts. 
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6. The Effects of Sweep Forward.--The method of solution of sections 3 and 6 has been 
applied to a wing similar to that  in Fig. 1 but having forward sweep and the results plotted in 
Fig. 15. The most noticeable feature is that  the divergence and aileron reversal curves now 

appear  in the opposite quadrants from the swept-back wing, so that  divergence becomes more 
critical than aileron reversal for the swept-forward wing. In particular the flexural stiffness 
required to avoid divergence is very high, being double that  which would be adequate to prevent 
aileron reversal on a swept-back wing. Aileron reversal for a swept-forward wing is not very 
sensitive to flexural stiffness and is avoided entirely with a torsional stiffness appreciably less 
than would be necessary for an unswept or swept-back wing. 

As always for divergence problems it is beneficial to keep the flexural axis as well forward as 
possible, but  it should be noted that  whereas an unswept wing with flexural axis at the quarter- 
chord is stable at all speeds, this is not true for the swept-forward wing, and the flexural stiffness 
required to prevent divergence can still be very high for appreciable angles of sweep. This 
stiffness is marked in Fig. 15 (for 45 deg sweep). 

7. Co~tdusions.--The conclusions are limited quanti tat ively by the limits of the aerodynamic 
t reatment  but the following qualitative conclusions can be drawn from the results obtained. 

Loss of rolling power through structural flexibility is, in general, more serious for sweep- 
back than for sweep-forward or for no sweep. A possible exception is the case of very high 
stiffness ratio. The following factors are beneficial and give high aileron reversal speed. 

(a) High wing-torsional-stiffness. 
(b) High wing-flexural-stiffness. 
(c) Sweepback of flexural axis behind aerodynamic axis. 
(d) High wing taper in plan form. 
(e) Large aileron chord. 

(f) The use of balance tabs. 

Increase of aileron span is beneficial in reducing the loss of incidence due to bending but  
detrimental with reference to direct torsion effects and thus the optimum value would depend 
upon the stiffness ratio and degree of sweep of the particular wing under consideration. 

The effect of change of wing camber due to the bending of the wing is small and slightly 
increases the reversal speed. 

Wing divergence is not liable to be serious with swept-back wings but  is for swept-forward. 
The following factors are found to be beneficial and give relatively high divergence speeds for 
swept-forward wings. 

(i) High stiffnesses--especially flexurai. 
(ii) Well-forward flexural axis. 

(iii) High wing taper in plan form. 

8. Further Devel@ments.--The method used in the present report is to be extended to 
investigate the effects of wing deformation on the available roiling power at speeds below the 
aileron reversal speed. For considerations of rolling power, it is incorrect to assume the wing 
held fixed at the root since the damping terms are important, but the overall effects due to 
sweep should be similar to those described in the present paper, as the damping.can hardly 
produce any abrupt changes. For the unswept wing it has been shown (R. & M. 2186 *) that  
the mode of twist suffers very little change over the speed range up to reversal. 

The precise requirements for the control power of future high-speed civil and military aircraft 
and guided weapons are not clear but since positive control will always be necessary at all 
flying speeds it seems Certain that  it will be necessary to predict control power and reversal 

10 



speeds accurately for swept wings as in the case of unswept wings. The principle uncertainty 
(as for all aero-elastic phenomena) is that of the aerodynamic data. This means that much 
more information is required on the derivatives a,, a~, m and the location of the aerodynamic 
centre with special reference to their dependence on sweep and Mach number. In particular, 
the reversal speed is very sensitive to the value of m. Data~0,1~,~2 are becoming available but 
more are required. 

A 
A1 
E 

L , L '  
L~ 
M 

M1, MI' 
M~, M~' 

Mo 
P 

C, Co, C t 

e,  e 0 

f(ri) 

~"t4 

¢/i~ o 

P 
q 
t" 

S, S '  

y,y' 

Z, Z o 

O~ 

/3 

O, Oo 
r] , rio 

~, ~o 
T 

LIST OF PRINCIPAL SYMBOLS 

Aspect ratio 
Defined by equation (12) 
Ratio aileron-chord/wing-chord 
Flexural mode 
Lift force and equivalent at reference section 
Non-dimensional stiffness (Z~/qc,,~s ~) 
Pitching moment 
Twisting component of M and equivalent at reference section 
Bending component of M and equivalent at reference section 
Non-dimensional stiffness mo/qc,,~s 
The flexural rigidity (EI) 

 CLla  
Chord, root value and tip value 
Position of flexural axis aft of quarter-chord, and value at wing root 
Torsional mode 
Flexural mode in slope due to distortion in.flexure 
Flexural stiffness 
--(~CJO~)CL 
Torsional stiffness 
Amplitude ratio (= %/00) 
Dynamic pressure (½p V 2) 
Stiffness ratio (= @,/smo) 
Semi-span, and length of wing from root to tip (= s sec ~) 
Spanwise co-ordinates perpendicular to centre-line and parallel 

flexural axis respectively 
Vertical deflection, and value at reference section 
Incidence 
Angle of sweep 
Inboard end of aileron is ?s from centre-line 
Angle between flexural axis and quarter-chord line 
Angle of twist 
Non-dimensional spanwise co-ordinate (= y/s) 
Aileron angle ; ~1 relative to fixed axes and ~ relative to wing 
Angle of bending 
Taper (= 1 -- c,/co) 
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A P P E N D I X  I 

The Flexural  Modes of  Distortion and Iterative Treatment 

A so lu t ion  of t he  in tegra l  e q u a t i o n  for the  rol l ing p o w e r  of an u n s w e p t  e las t ic  wing  a i leron 
c o m b i n a t i o n  has  b e e n  r e p o r t e d  (R. & M. 21864,5) in wh ich  the  so lu t ion  was  a c h i e v e d  b y  m e a n s  
of an  i t e r a t i v e  p rocess  app l i ed  to  a series of cho rdwise  s t r ips  a long the  wing  span.  This  .process 
can  b e  e x t e n d e d  fu l ly  to  cove r  t he  case of a s w e p t - b a c k  wing  s u b j e c t e d  to b o t h  f lexura l  a n d  
to r s iona l  de fo rma t ion .  The  n u m e r i c a l  so lu t ion  of this  m o r e  c o m p l e x  p rob len l  wou ld ,  h o w e v e r ,  
be  s o m e w h a t  ted ious ,  and  the  p r e sen t  i n v e s t i g a t i o n  is r e s t r i c t ed  to  an art i f icial  case for  w h i c h  
t h e  to r s iona l  s t i f fness is a s s u m e d  infinite.  The  p lan  fo rm of the  wing  cons ide red  is s h o w n  in 
Fig.  1. 

A.1. 
local  f lexura l  r ig id i ty  (EI) a t  a sec t ion  is p r o p o r t i o n a l  to  t he  cube  of the  chord  ; 
t h u s  E I  = P = Po(1 - -  ,r~)~ . . . . . . . . . . .  

Also 
= ~1 = c o n s t a n t  

and  ~ = dz/dy' 

The  express ions  for  d M  and  dL n o w  b e c o m e  

d M  = --  qc ~ dy rn$l 

The Integral Equa t i o~ . - - I t  is a s s u m e d  for  t he  p u r p o s e  of th is  i l lu s t r a t ion  t h a t  t he  

. . . .  ( a l )  

dL = qc dy (a~ sin/3 + a~1) t 
. .  . .  ( A 2 )  
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and further the rolling moment due to the strip is 
dR = qcy dy (alv sin/3 + a2~). . • ( A a )  

The total rolling moment is zero, so from (18) we may write 

j~ (1 -- ~)~(aW sin/3 + a~l)d,~ = 0 
0 

which gives a relation for ~,. 

(14)  

The bending moment (tip up) at the section y is obtained from equation (A2) as 

J c=,n sin/3~ dy, + c(y,' - -  y ' ) (a,v  sin 5 + a~,) dy /  q 
yl y! 

dv 
and this is eciual to -- P dy' 

The integral equation for v is now obtained by integration of this expression. 
of solution, we replace v by a function h(~) such that  

= v /v ,  
where V, is the value of v at the reference section. 
dimensional form as 

- P0cos /3 (1 - 

S 1 ~1 

q- co *? 
where, from equation (A4), 

For convenience 

The equation may then be written in non- 

f ~ (1 -- r~,) 2 A~m sin/3, d.v, 

(~ -- V)(1 -- ,~)(a~A2 --  azh sin/3) sec/3, d~  . ..  (A5) 

~1 f l  ai~(1 - -  r~)hsinfl d~ 
A ~  = - -  - -  1 . . . . . . . . . .  ( A 6 )  

The equations as written are directly applicable only to the straight tapered wing with a 
stiffness distribution similar to that  assumed. They could, of course, be obtained quite generally 
in terms of the local values of the chord and the stiffness without affecting the iterative process 
of solution. 

A.2. Solution of the Equat ions . - -The iterative method of solving equations of the type of 
(AS) and (A6) has been described in previous reports 4,~, but  in the present case the iterations 
are a little longer because of the term (~1 -- ~) in equation (A5). The main steps in one iteration 
are given in Table 3, and briefly explained below. 

The first part  of the integration from ~ to 1 (i.e., the part depending on m) is carried out in 
the usual manner for an assumed mode h(~) in column (4) and the result given in column (6). 
Column (7) gives the product of the terms after the factor (~2 -- ~) in equation (A5). Column 
(8) represents the bending moment at strip 5 due to the aerodynamic lift on strip 6. I t  is 
accordingly 0.0530 (from column 7) multiplied by ( ~ o -  ~5). In the same way column 9 
represents the bending moment at strip 4 due to the lift outboard of this strip ; it is obtained 
by gumming the bending moments due to each outboard strip, which sum is given at the bottom 
of tile column. Columns (10), (11) and (12) repeat columns (8) and (9) for the bending moments 
at strips 3, 2 and 1 respectively. The moments on the various strips are arranged vertically 
in column (13) and after multiplying by S/Co are added to those already found from the pitching 
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moment derivative in column (6) to give column (14). Column (15) represents t h e  final inte- 
gration, and column (16) the new approximation to the mode. Table 3 gives, in fact, the final 
iteration, and it can be seen that  column (16) repeats column (4) to a sufficient degree of accuracy. 
The critical value of q is given by 

O. 4578qCo"S ~ = Po cos" /3  . . . . . . . . . . . . . . . .  (A7) 

I t  will be noted that,  by hypothesis, the bending moment at the aircraft centre-line (due to the 
lift forces) must be zero. This may be seen to be true by extrapolating the numbers in column 
(13) to the value ~ = 0 which is done in Fig. 16. The very fact that  the resultant rolling moment 
is zero may perhaps be taken as an indication that  the lift forces alone can have little influence 
on the reversal speed. That  this is not necessarily so is shown by the present example where 
(partly due to the high aspect ratio and high taper) it will be noted that  the factored numbers 
of column (13) are appreciably greater than •the corresponding numbers of column (6). The 
two are compared in Fig. 16". 

As a more direct comparison of the magnitude of the effect of the lift forces on the reversal 
speed the iterations have been repeated with the term in the square brackets of equation (AS) 
made zero. The coefficient corresponding to 0. 4578 in  equation (A7) was in this case 0" 1154. 

A.3. The A p p r o x i m a t e  F lexura l  M o d e . - - T h e  mode h(~) of Table 1 is not the true mode of 
the wing distortion in flexure, but is a mode of the angular distortion in  flexure. The actual 
mode of vertical deflection is obtained by integration in Table 4. 

TABLE 3 

General d a t a a  1 = 5 . 5 ,  a 2 = 3 . 3 7 ,  m = 0 . 5 7 ,  fi = 4 0  ° , s/c o = 2 . 2 8 6 ,  y = 0 . 6 ,  z = 0 . 7 6 4  

1 2 3 4 5 6 7 8 

Summation f 1 (1 - z'~]) f l  .d~ . d~71 Strip d~ ~ h(r]) for A~ , . . . .  ~ 
" " " • & 7 1  " " " 

0.2  
0 . 2  
0 .2  
0.133 
0. 133 
0-133 

0.1 
0 .3  
0-5 
0.666 
0 .8  
0.933 

0.0491 
0.2265 
0 .6 t23  
0.8401 
1.000 
1.072 

0"0079 
0"0912 
0"3294 
0-3182 
0"3602 
0"3326 

Az=1"4395  

0.03332 
0-03332 
0.03332 
0.03332 
0.01639 

'0 .005785 

--0"04184 
--0"1612 
--0"3494 

0.1604 
0.08882 
0.05296 0.007043 

~ = 0 . 0 0 7 0 4 3  

9 10 11 12 13 14 15 16 

• ..@1 ...@1 ...@1 .. @~ ...~@1 (6)+s/c0(13) . . .  @ h(~) 
• '~1 0 

0-01190 
0.01414 

Z = 0 . 0 2 6 0 2  

0.02663 
0.02665 
0.02293 

Z = 0 . 0 7 6 2 1  

- -0 .06988 
0.05872 
0.04441 
0.03352 

Z ' = 0 . 0 6 6 7 8  

- - 0 . 0 3 2 2 4  
- -0 .13975 

0-09081 
0.06218 
0.04411 

Z = 0 - 0 2 5 1 1  

0-02511 
O' 06678 
O. 07621 
O- 02602 
O. 007043 
0 ' 0  

0.09072 
0.1860 
0.2075 
0.09279 
0.03249 
0.005785 

0.02304 
0.1043 
0.2801 
0.3842 
0-4578 
0.4902 

0.0503 
0-2277 
0.6119 
0.8394 
1.000 
1.071 

* Ill the iterations the pitching=moment loads are concentrated at the centres of the strips, bu t  in practice, of course, 
they only become fully operative at the inboard ends of the strips. This modification has been made in drawing the 
second curve of Fig. 16. 
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TABLE 4 

1 2 3 4 5 
t 

Strip h(~) fl (h~7)d'7 F(~) 1"6472"3 

0"0503 
0.2277 
0"6119 
0-8394 
1-000 
1-071 

0.0024 
0"0280 
0"1t20 
0.2340 
0"3570 
0-4930 

0.0067 
0.0784 
0.3137 
0.6555 
1.000 
1.380 

0.0082 
0.0877 
0-3330 
0.6439 
0.9816 
1.398 

The first four columns of Table 4 are self-explanatory, and in column (4) the true vertical 
mode is given. The integration of column (3) was performed graphically. An approximate 
mode of the form 

has been derived by the method of least squares (see for example Ref. 13) and is given in column 
5. I t  may be compared with the true mode of column 4 ; the two modes are also compared in 
Fig. 17. 

I t  must be emphasised tha t  the work in this section refers only to a wing which is torsionally 
rigid, and the precise effect of the introduction of the torsional freedom on the flexural mode is 
not known. However, the writers feel that  the result does at least indicate tha t  the assumption 
of a parabolic mode in flexure is reasonable if no better information is available. The equations 
for the solution of the reversal problem by semi-rigid theory with general modes are given in 
Appendix II. 

A P P E N D I X  II  

Semi-rigid Solution for General .Modes 

For simplicity we assume the flexural axis to coincide with the quarter-chord. 
reversal speed is given by  solution of the equation* 

mo I1 cos = fl 
qCo2S 

Ia - -  co I~ sin fl cos 
s 

I s COS fl 

0 , G cos fl 

l~ ~- I5 tan fi I6 sec fl + Co I7 sin fl 
' S q C oS~l o 2 

I9 sin fl , 1,0 

where  the torsion mode  is g iven by  
0 = Oof(~) 

and the mode  of f lexure by  
z = zoF(, ) 

Then the 

= 0  

* The equation is developed from the method outlined in the main text. 
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where 00 and z0 are the values of the twist and vertical displacement respectively at the reference 
section. The integrals I1 . . . . . .  I10 are given by 

I1 = m ~ dv I6 = 
Y 

I2 = m f dr] I7 = 
y 

Ia = ( a t - -  a=) c f F  dr] I s =  
o 

I~ = m ' dr] I9 = 

;i Z5 = al ~ F F '  dr] Ilo = 

7 

Here F '  represents dF/dr]. 

a2 F d~ 

(cy 
m ~o F'd~l 

r]f d~ 

¢gl r ] F '  dg] 

(¢o) a~ ~ dr] 

In the expressions which include the (al -- a2) term it must be remembered that  a2 is zero 
except over the aileron ; ~, denotes the inboard end of the aileron which is assumed to extend 
to the wing tip. 

As a test of the modes assumed in the text, the calculated aerodynamic loading for those 
modes has been applied to a wing designed with a complete torsion box and approximately 
constant bending stress under normal lift distribution. Thus for this idealised wing, all the 
bending strength is effective in torsion ; the skin thickness has been varied linearly from root 
to tip in such a manner as to satisfy the constant stress requirement. The deformation of this 
wing under these loads is then shown in Fig. 18 and compared with the assumed algebraic modes. 

The agreement achieved for the flexural mode is satisfactory, but that for the torsional mode 
is not so good. This fact is exaggerated in that  the idealised wing provides an extreme case 
with high taper, and an unbroken torsion box over the very stiff root sections. In most practical 
cases the mode should be much more linear, as experience has shown it to be for unswept wings 4. 
Moreover, since the aerodynamic effect of quite large changes in torsional mode (linear to cubic) 
have been shown to be small (see Ref. 2) tile overall error of the semi-rigid hypothesis should 
be no greater for a swept wing than for a similar unswept wing. 
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