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Summary.—After the publication of a report (R. & M. 2631%) on the derivation of airworthiness performance
climb standards, various subsidiary points raised in the course of discussions were examined. Some of these have
been collected together in the present note. They are in the nature of elaborations of the original method and
include a refined method of deriving the take-off climb standard, a method of treating interdependence of engine
failure and a method for including the effect of sideslip in the margin allowed for pilotage errors. The main principles
set forth in the earlier report remain unaffected.

1. Introduction.—After the publication of a report (R. & M. 2631") on the derivation of air-
worthiness performance climb standards, various subsidiary points raised in the course of
discussions were examined. These are collected together in the present note for convenience
of reference. They are in the nature of elaborations of the original method, the main principles
set forth in the earlier report remaining unaffected.

2. A Refined Method of Deriving the Take-off Climb Standard.—2.1. The Criterion of Climb
Performance in a Stage.—In the method of R. & M. 26317, an incident was regarded as occurring
in a stage if the climb gradient fell below the prescribed datum value anywhere within the stage.
A more precise viewpoint for some purposes would be to regard an incident as occurring only if
the average climb gradient throughout the stage falls below the datum; this is particularly
applicable to the take-off climb stage where clearance of ground obstacles is the essential con-
sideration. If this new criterion is adopted, the point in the stage at which an engine fails becomes
an important factor, and this report gives a simple treatment to illustrate the method and
the magnitude of the effects.

2.2. Statement of the Problem.—Referring to Fig. 1, suppose OB represents the flight path of
an aeroplane with all engines operating and OC the path of the same aircraft with one engine
inoperative. Suppose NM represents an obstruction; then if y,, the climb gradient with one
engine inoperative, is less than y,, the slope of ON, it does not necessarily follow that an incident
will occur after an engine failure in this stage; for instance the path OPQ for an engine failure
at P clears the obstacle. It follows that whether or not an incident takes place may depend
on where the engine fails, and the distribution of the point of failure in the stage must be taken
into account in finding the incident rate.

* A. & A.E.E. Report Tech. 61, received 7th November, 1950.
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Let us assume that engine failures are uniformly distributed in the stage. An incident will
in fact occur when the flight path OPQ fails to clear N, but the analysis may be simplified by
making the pessimistic assumption that an incident occurs when Q falls below D. If we include
the usual datum gradient clearance, y,, the condition for an incident will be given by

Vo < Vo -+ va

where y, is the slope of OQ. The problem is then to find the probability distribution of V4 from
which the climb standard 7, corresponding to a prescribed incident probability may be derived.

2.3. The Probability Distribution of Mean Climb Gradient y,—Write OP/‘OB = 1 and suppose
the climb gradients all engines operative, y,, and one engine inoperative, y,, are related by

Yo =P -+ gy

where p and ¢ are constants.

Then, referring to Fig. 1, 4 C
AQ == y,0P + '}’1PQ

so that : ‘ Ve ==Ayo + (1— )y,
=Ap + gy + (1 — 2
C=pA 4 (g — DAy, +y.. .. .. .. . (1)

Let fi(v.) be the frequency function for the distribution of y,,
J2(4) - be the frequency function for the distribution of 1,

/ Js(y1) be the frequency function for the distribution of y,.
Then ' '

Filyd) dya = | fol2) da folys) dy,

- the integral being taken over either di or dy, subject to the relation (1). Choosing v, as the
integration variable, - : C

s = | G M am e )

Define the distribution function F (x) of each distribution by‘2 :
Fx) = | flx)ds, -
so that F,(y,), for example, is the probability of the climb gradient falling below y,.
Then from (2), by integrating y, from —oo to y, ,

Fi(ra) :'J:F;@;Ta(%ll)jq)fs(yl)‘dyl. L (3)

To evaluate F,(y,) further, we need to know the distribution function F, of 2. If nxz, is the
probability of one engine having failed before reaching O and sz, the probability of one engine

failing along OB (assumed equally likely to happen at any point of OB), the distribution of 4
will be:— ‘

]

between 2 =co and 4 =1,  F,{3)
A=1 and 2 =0, Fy(d) = un
=0 and 2 = —o0, F,(1) = 0.
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The frequency function of 4.

The corresponding values of y, for a given y, give, using (1):—

between y, = — o and y, — L —?, F,=1
ylzj—/—“%éandylzya, Iy = n(w, 4 Any) (4)
V1= Ve and y; =00 , F,=0.
Hence, using (4) we can divide the right-hand side of (3) into the three sections, giving
~(va—P)la Ya
Fl(Va) :J ) f(’}/l) dy, ‘i‘Jj P)//%(nl + Aﬂz)fs(?ﬁ d?’l —i‘J 0. fs ')’1 d?’l
\ Yo — P o V1
. —T< ) J(Va Pl {nl—*_ib“l‘ 9—1 }fSM ) érs
1.e.,
R = Fs (L) o mn{ P — 7 (2 E)]
B B G 1)
= (1 —_ %ﬁl)F;;(ya; P) + %ﬂlFﬂ(')}a)
2 T f5 dy .. .. . .. o G
' —i—%ﬂJ.(ya ﬁ/qP"‘(Q‘l) Jalra) - ©)

Now y, is normally distributed Wlth known standard deviation, so that F can be evaluated
for any mean 7, at once from tables. The third term must be evaluated by graphical integration.

2.4. Deteymination of Climb Standard 7,—We have to solve (5) to give the value of the mean
climb gradient 7, that corresponds to a given prescribed value of the incident probability F,(y,)
for y, =y, + y.. The only method is successive approximation, 7.e., choose a #, and compute
the value of F,(y,) corresponding to it and then repeat the process with a better estimate. The
final value can be obtained by interpolation. A worked example for a four-engined aircraft is
given in Appendix I to illustrate the method. The resulting climb standard, using the values of
R. & M. 2631 is

(0-5 + 8-2D(W) per cent

additional to the clearance gradient. This compares.with the standard
(0-5 ++ 13-6D/W) per cent
resulting from the assumptions made in R. & M. 2631%. .
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2.5. Discussion. —Comparlson of the two standards shows that the use of the more reﬁned
method relaxes the standard by about 4-4D/W per cent. In this simple treatment, cases with
two engines dead have not been considered, because from previous work it can be shown that their
effect is very small in the take-off climb case. At most the above requirement would be increased
by 0-2D/W per cent. Another simplification we may here note is that a common starting
(50 ft height) point has been assumed irrespective of - whether an engine has failed during take-oft
or not. Since the main contribution to incidents occurs from such cases, it would be most reason-

able to assume the 50 ft height point appropriate to an engine cut take-off and this would be
somewhat pessimistic.

3. Interdependence of Engine FFailure—In the method of R. & M. 2631%, one of the assumptions
made was that engine failures were independent, and the probabilities of two or more engines
being inoperative were deduced from the single engine failure rate on this basis. It has been
asked whether the method could make allowance for some degree of interdependence of engine
failures. Such allowance would be required if evidence were found that the failure of a second
engine was sometimes a direct consequence of the failure of the first, within the scope of events

for which the requirements provide. This section indicates the general method of treating this
problem. : '

The general case of an aircraft with » engines would lead to some heavy algebra and in the
absence of experimental evidence there is little to guide us as to what laws of interdependence
to assume. It might well be that the form of the correlation between engines would be dependent
on the particular installation, or'alternatively one might assume that only adjacent engines
interact. As an illustration of the method of treatment, an éxample is given of a four-engined
aircraft where the failure of one engine may cause the failure of a second engine on the same
'side (with probability ¢), but has no influence on the failure of engines on the opposite side.

This example is worked out in detail in Appendix II, where expressions are derived for the z,,,
the probability of s or more engines failing during a stage when » engines are inoperative on -
entering the stage. These expressions give =,, in terms of =, the engine failure rate and ¢, the
mterdependence probability defined above, and would for this particular case be substituted
in'the appropriate equations of R. & M. 2631* as indicated in Appendix II. It will be noted .
that if ¢ = 0 (s.e., engine failures independent), they reduce to the expressions for =,, derived
mm R. & M. 2631*. If ¢ =1 (complete interdependence), the expressions approximate closely
to those for a twin engined aircraft with independence and twice the failure rate. In the general
. case, the expressions can be simplified somewhat by neglecting third-order terms and higher as in
section 7.2 of Part IT of R. & M. 2631 , but further approximation cannot be made in the absence
_ of any evidence as to the order of ¢ if it differs from Zero.

4. Allowamce in the Pilotage Margin for the Effect of Szdeslzp —4.1. The Problem.—In -
- R. & M. 2631", allowance for the following sources of pilotage error was 1nc1uded —

(a) Forward speed.

(b) Flap settings

(c) ‘Engine control settings.
It has been suggested that allowance should also be made for the additional drag incurred by
inaccurate flying resulting in sideslipping. ‘

To include this effect, let us assume a normal distribution of angle of Sideslip, B, an@ determine
the relationship between g and 4D/D. Since positive and negative values of § give positive
- values of 4D[D the resulting distribution of climb gradient will not, of course, be normal.

4



4.2. The Effect of Sideslip on Climb Gradient.—If we assume

ACp,
Che

Where K is a constant and Cp; is the profile-drag coefficient, then the second and third terms in
the expression for the climb gradient given in equation (4) (Part II) of R. & M. 2631" become

W[< ) <V> <W> J 0+ K67
~and “%?Z_ﬂ(v) <W> <V> <W> L+ K5 ]

The additional term due to sideslip in the expression for the climb gradient is thus

G OIORE o

If we make the simplifying assumptions of R. & M. 2631 !, Part 11, section 4.4, this contribution
from g alone may be written

-D CLm:uj
— Kp* { ﬂAJ/J

— KB*,

= — Kﬁz = (1 — '), in the notation of R. & M. 26311 .. .. (6)

4.3. The Distribution of Climb Gmdient.—Write the climb gradient as

y—w+m

Where v, is the climb gradient in the absence of sideslip and is dlstrlbuted normally about the
mean, 7, as in R. & M. 2631*. To obtain the distribution of y, we have to combine the normal
distribution of v, with the non-normal distribution of y, and we may proceed as in R. & M. 2631,
Part II, section 4.4. Writing F, and F, as the distribution functions of y, and y, respectively,
the distribution function ¥ of y is given by?

Fo)= [ Fly —0F/ ) dy .. . 7)

where F,’ is the frequency function of y,, i.e., the derivative of F, .

For any 7, the normal distribution function F, can be obtained from tables, using the expression
for the standard deviation derived in R. & M. 2631 The distribution function F,ofy,is derived
in Appendix III from the expression for y, of equation (6) and the assumed normal distribution
of . It is of the form

/ aN '
Fp) = (B eV dorp <0
which is a Pearson Type III distribution, where a isa parameter given by ’ '
1 ) ’ ' ‘ -
a — 2K(1_k/)0ﬂ2D/W s ' - .. .. R . .. .. (9)

.aﬂ being the standard deviation of the normal distribution of f.

For any selected 7, the distribution of y can then be evaluated by graphlcal mtegratlon of
the right-hand 51de of equation (7). -
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4.4. Determination of the Climb Standard 7,.—DBy definition, F(y) is the probability of the climb
gradient falling below y. Hence if in equation (7) we take y = y,, the datum performance, the
value of 7 that gives F(y,) equal to the required incident probability is the climb standard 7,.
We must proceed by successive approximation as in section 2.4. We may try first the value 7
equal to the climb standard excluding sideslip (as worked out in R. & M. 2631") and obtain the
probability F(y,): then try a second 7 to bracket the desired value of F(y,) and obtain the new
climb standard §, by interpolation.

A worked example is given in Appendix IV, for the approach case (four-engined aircraft)
with D/W = 0-14. Equation (6) shows that this is a fairly unfavourable case, as the large D/
and smaller %' gives a large effect of g ony. Taking K = 0-0025 and o, = 2% (degrees), the climb
margin is increased from 0-0133 to 0-0149, ¢.¢., the standard must be increased from 0-137D/W to

0-144D/W7.

. REFERENCES
No. Author ‘ Ttle, etc.
I F.G. R. Cook and A. K. Weaver .. The Derivation of Airworthiness Performance Climb Standards.
_ . R. & M. 2631. July, 1948.
2 M. G. Kendall . . .. .. The Advanced Theory of Spatistics, Vol. 1 (in particular

\ Chapters 1, 6, 10). C. Griffin & Co. Ltd. 1945,

NOTATION
- The notation isychosen as far as possible so as to be consistent with that of R. & M. 2631,
A parameter defined by equation (9)
Equivalent aspect ratio
Profile-drag coefficient
Lift coefficient
Drag |

Frequency function (with appropriate suffixes)

P!
TR NN

Distribution function (with appropriate suffixes) defined by
F@:me

K - A constant '

R Ratio of induced to total drag

Number of engines

| Constants relating climb performance all engines operating and one engine inoperative;
also used as suffixes in section 4. .

(ViIV.:)?
; Aircraft equivalent air speed (with suffix s, the stalling speed)
w Aircraft weight
i Angle of sideslip
Yo Climb gradient all engines operative

Y1 Climb gradient one engine inoperative



71 Climb standard one engine inoperative

ve  Average climb gradient throughout stage

Ve Average climb gradient required to clear obstacles

Ya Datum climb gradient

Vo Climb gradient in absence of sideslip

v, - Contribution of sideslip to climb gradient

A Parameter defining the point at which an engihe fails

7 Probability of an engine failing

m,,  The probability of s or more engines failing during a stage when 7 engines are inoperative

on entering the stage

7, The probability of any one engine failing in stage ¢

o Standard deviation (with appropriate suffixes)
APPENDIX I :
Worked Example I Hustrating the Refined Method of Deriving the T ake-off Climb Standard Described
Section 2

1. Data Assumed.—We shall take the take-off climb case for a four-engined aircraft. Following
the notation and taking the values used in R. & M. 2631?, we have

7y = 0-1116 x 10-* .
7y =0-238 % 10° — 0-1116 x 10~ — 0-227 x 10-°
s = 0-005 + 0-049D/7 :

b =0-33D/W } These values correspond to the assumption of 4D/D = 0 for the

g =1-33 Jr propeller of the inoperative engine and are pessimistic.

A clearance gradient (y,) of 3 per cent will be considered, with D/W =0-10 and incident rate
of 1-0 x 107 ‘

2. Furst guess at the standavd 7,—As suggested in éection 2.4, we make a first guess at 7,.
Try #, = 0-048.

By the method of Appendix VII of R. & M. 2631*, we find the corresponding standard deviation
Of yl; - ,7 .

s — 0-00382 .
We have Yo = Ve + Ya
— 0-040,
yo—p 0-040 — 0-033
g 1-33
. 0-007
= 133
— 0-0053 .

and



We have to evaluate I,(y,) given by equation (5) of section 2.3, giving
| F,(0-04) == F4;(0-0053) 4 0-4464 X 107* F4(0-04)

o 0040 —
Jo 00530 033 — O 33'}/

:~T1+T2+T3say. .. .. .. .. .. (1)

0-0053 +-0-048  0-043
0-00382 —0-0038

so that from tables of the normal distribution,
F4(0-0053) << 10-* and T, may be neglected.
— 0-040 4 0-048 0-008

fs(yl) dy, X 0-908 x 10°3

For T, t = —

> 10,

| For To, ¢ =—""(00382  — 0-00382 — 210>
giving  F5(0-04) = 0-018, from tables,
sothat T, =nmFy =803 x 107

T, is evaluated by graphical integration to give
‘ T, =1-892 x 107°.
Hence from equation (1) of this Appendix,
 F0-04) =T, + T, + T,
=805 x 107.
. Cﬁ)mparlng with the desired value of 1-0 X 107, we see that the assumed value of 7, was too
ig .
3. Secehd gdess at. j,.—Try 7, = 0-044.
For this Value, we find that ¢ = 0-00378.

T, will be small as before.

_0-048 1 0-044  0-004
For Ty, = —G.00378 = §-00378 — 1057

giving  Fy(0-04) = 0-145,
"~ and T, =649 x 10°.

By graphical integration
T, =2-38 x 10,
Hence from equation (1) of this Appendix,
- F.(0-04) = 6-51 x 107
~ so that the standard is still slightly high.

4. The Final Result. —By extrapolation 7, = 0-0432 corresponds to the requlred incident
probability of 1- 0 x 10°. Thus the climb gradient needed, additional to the clearance gradient,
is 0-0132 which, separating the datum gradient not dependent on D|W, gives a standard (above

the clearance gradlent) of
(0-5 + 8:2D|W) per cent.
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APPENDIX T
An Example of the Interdependence of Engine Favlure

In deriving the expressions for the =, 1.e., the probability of s or more engines failing during a
stage when 7 engines are inoperative on entering the stage, section 6.3 of Part IT of R. & M. 2631*
included the assumption that the failures of individual engines were independent. This appendix
illustrates the effect on the =,, of a linkage between failures of engines on the same side.

For simplicity, we shall take the case of a four-engined aircraft, where the failure of one engine
may cause the failure of the second engine on the same side. '

As in R. & M. 26317, let .= represent the probability of any one engine failing in the stage,
i.e., Tailure ‘arising from a fault in itself and not from an adjacent engine. Suppose g is the
probability of a second engine on the same side failing because of a failure in the first.

First, suppose the aircraft enters the stage with all four engines operating. Then failure of
two engines on one side will arise through separate failures of each engine (probability =*) and
failure of the second arising from the first; the probability of one failing of its own accord without
the other being 27(1 — =), the probability of one causing the other to fail is 2=g(1 — ). Hence,
the probability of failure of two engines on one side is ‘ ‘ . '

2ng(1 — z) + =?.

The probability of a single failure on one side is the probability of one failing of its own accord
without the other, 2%(1 — =), provided that the one does not cause the other to fail (probability ¢),

..,

, 20(1 —a)(1 —q) . y
The probability of no failures on one side is
(1 —=)?.

Hence the probability of s engines failing (considering both sides), 2.e., my — o514, 15 the
coefficient of x* in the expression :

[(20(1 — m)g + 22} + 2a(l — =)(1 — @)x +{1 —=)7]*.
Using the =,, notation, this gives
o — {2n(l — m)g + =*}* | " (4 engines failing)
Tos — 7os = A(l — 7)(1 — g){ 2m(l — )q -+ =*} ' (3 engines failing)
Ty — 7oy = (1 — &)}l — ¢g)* . (one on each side) ] |
+2(1 — )% 2= (1 — =)g + =*} (two on oneside)
oy — oy = 4n(l — @)*(1 — q) ~ (1 engine failing)
1 —my = (1 —a) ' ~ (no failures)

(2 engines failing)

Now suppose the aircraft enters the stage with one engine inoperative. For the side with two
engines operative, the argument above applies. For the other side, the probability of the
remaining engine failing is simply =.

Hence 71, — @1e4q 1S the coefficient of #° in the expansion

. (nx + 1 — a)[{2n(1 — =)q + =2 4+ 2n(l — =) (1 —g)x -+ (1 — =) 7]
giving
71y = 7y 2n(1 — =)qg + =*}

Ty — Tyg = 22(1 — n)(1 — ¢) (one on each side)
4+ (1 — a){2=(1 — =)g + =*} (two on one side)
9




iy — 71:12‘ =a(l —7)* 4+ 2a(l —x)*(1 — g
— a(l — )3 — 2)
1 — Ty = (1 —=)?.

If the aircraft enters the stage with one enginé inoperative on each side, @, — 7,5, is the
coefficient of #° in the expansion of : :

(@mx + 1 —n)2.

If the aircraft enters the stage with two engines on one side inoperative, m, — my,, is the
coefficient of #° in

{27(1 — =)g 4+ = }x® + 2=(1 - o) (1 —q)x + (1 —m)?.
Finally on entering the stage with three engines inoperative, o=.

The =,, derived from these expressions would then replace, in this particular case, the expres- ‘
sions (37) given in R. & M. 2631, Part II, section 6.3. The x,, differences will be substituted
directly in equation (39) for ,p, and the derived =,, in equation (36) for Q.

APPENDIX III
The Distribution of the Contribution of Sideslip to Climb Gradient
Equation (6) of section 4.2 gives the contribution of sideslip angle # to climb gradient as
oy, = —Kp¥1 — K)D|W. o |

If g is normally distributed about zero mean with standard deviation o,

16) = mars exp(~#es)
is the distribution function of 8.
Write y, = —x = —p*/2a0,* say,
where a = 1/{2K(1 — &')o,2D/W} .

Then the distribution function /. of x is given by

fw) dx = () dp = @n—lﬁv e dp

1 .
= T2ns,H 7" e (2a0,)"? 1x%* dx for positive §,

" since for g > 0, p = (2a0,%) V2% V2, ‘

Similarly for g <0, g = — (2a0,%)V?x"2 and f(x)dx = — f(B) df, and we get a similar
result. : « : :

Hence, combining the two contributions from — g and /3 to x,
(%) dx = 2 %/2 eqt/t Ly~1? dy |
or the distribution function
Ry = () et w > 0,

which is a Pearson Type III distribution®
10




Reverting to the variable y, = —x, the distribution function f, of y, is given by

aN1/2 .
Ly = (&) %) (—y )% for y, < 0.

APPENDIX IV
An Exawmple of the Effect on Climb Gradient Standard of Including Sideslip

1. Distribution of y,—We shall take the approach case for a four-engined aircraft, with
D|W = 0-14. TFor the approach, & = 0-6 (see R. & M. 2631", Part III, section 8.4).

Taking K = 0-0025 and ¢, = 2-5 (degrees), equation (8) of section 4.2 gives
' v, = — 0-000148° . ' :
Hence the distribution of y, is, from equation-(8) of section 4.2,

5714 |
)= ()" exp 714l (.

since a = 1/{2K(1 — k')o,® D|W} = 571-4 .
Hence F/(y,) = 13-47 exp 571-4y,/(—v,)"*.

9. Derivation of the Climb Standard #,—For the approaézh case, using the ﬁgufes of
R. & M. 2631*, the required probability of an incident, one engine inoperative, is 0-00265.

Taking the datum performance yd = 0-0059, it follows from section 4.4 that we have to find 7,

such that | \
F(0-0059) = 0-00265 .. - . (1)
Try first the standard 7, = 0-0192 derived in Appendlx VII of R. & M. 2631" for the case

excluding sideslip. For this value, ¢, = 0-00475. By graphlcal integration of equation (7)

of section 4.3, we obtain
F(O'0059) = J FL(0-0089 — v)F/(y)dy

= 0-00585 ,
so that the effect of including sideslip is to increase the probabﬂlty from 0-00265 to 0-00585.
Try now 7, = 0-0209; we find that ¢, = O- 004’77 and by graphical integration we get
F(0-0059) = 0-00232 . ‘
Hence by interpolation, the solution of equation (1) is
7, = 0-0208 or 0- 148D/ V.
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Frc. 1. Illustration of the take-off climb stage.

Wt. 16 Dd 680 K.9 12/53 G.G. ) PRINTED IN GREAT BRITAIN
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