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Summary.—It is shown on the basis of the linearised theory that the effects of compressibility on the lift and hinge-
moment characteristics of a wing and full-span control are functions of aspect ratio. With reduction in aspect ratio
the increase of the lift characteristics with Mach number is reduced appreciably (see equation 12 and Table 1). The
same effect is noted for the hinge-moment characteristic b; (equation 13). The effects on the hinge-moment character-
istics b, and b, are rather more complicated (equations 14 and 15), but in many practical cases the influence of aspect

ratio will be very small.

1. Notation.
«,  Wing or tail plane incidence

v,  Control setting
o  Tab setting
C,  Lift coefficient

Cy  Hinge-moment coefficient

oC, oC, oC, . . .
N Pl AR P respectively, for incompressible flow
/s .
oC, oC, oC . .
A, A, A aC/—L, W[ , @5, respectively, for compressible fHow
~1 2 3
oCy oC, oC } . .
by, bs, bs 5~U—H , ao{H, 8TfH , respectively, for incompressible flow
-1 P g ~3
oC, eC, aC ; .
B, B, B; agH, aC/H, a—aH , respectively, for compressible flow
~1 2 3

* R.AE. Tech. Note Aero. 1250, received 15th September, 1943.
* R.A.E. Tech. Note Aero. 1263, received 22nd October, 1943.
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A4 Aspect ratio
U,  Aircraft speed

w  Downwash velocity

¢y Speed of sound in undisturbed stream
M, Mach number = U[,/cO

g1 — M

y (mAd - ay0)/(BrAd ~+ ay)

ps  See equation (14)

us  see equation (15)

Suffix , refers to infinite aspect ratio.

2. Introduction.—The well-known Glauert law based on linearised theory for the effect of
compressibility on the lift-curve slope of a wing of infinite span is

A, 1 :

n =5 .. . .. .. .. .. . .. . (1)

Similar relations hold for the effect of compressibility on the lift and hinge-moment character-

istics of controls in two-dimensional flow. For wings of finite span the relations differ from the

Glauert law, and it is the purpose of this note to illustrate how they differ in practical instances.

The relations will be derived on the basis of lifting-line theory using the assumption that the

loading is elliptic but the argument can readily be generalised to the case of non-elliptic loading.

3. Analysis.—For incompressible flow we can write

CL — 6110(,1 + 6l20(.g —{"‘ A3y .. o e o . . .. . « .. . (2)
and
CH == b]_C(l _I" 620(2 + bgo’.g .. . . .o .« « .. . (3)
The downwash is given by w, where
w C
mzal—-s{m:y’j « . .. P « o . o PN (4)

where oy, is the local aerodynamic incidence.

Making use of the fact that the aerodynamic characteristics of the wing and control are related
to the local aerodynamic incidence by the two dimensional relations, it follows that

C
C, = ay <oc1— ﬁ) A Baolly + Aspds .. .. .. .. .. .. (5)
and ,
Ce N
CI-] — 610 Gf.l _— ﬂ T bgoaz + 6300(,3. .. .« . .. .. .. .. (6)

Hence from (2) and (5) we have
Cr = @ty - Aoty + As0ls = (Aotly + Faotia + Baolha) / (1 + j—le .
It follows that
a,:a,o/<1+;—’;—;,7:1,2,3. O )

) .



Likewise from (3) and (6) we have

Ay .
CH = bl(xl "‘ 1720(2 —|_ b3a3 = 0 (bm - 7'6—/11.()_-;_;1;;))

<b . oy . U bio )

20 7?:/1 ‘I"‘ ﬂlg

(b o Ao - Do )
30 TEA _{" 6110

@y . i
(7[/1 -+ ﬂlo) br():l ’

But it is shown in R. & M. 1909' that equation (4) for the downwash applies whether the flow
is compressible or incompressible, and therefore we can similarly derive the relations

and hence

b,:b,o[1— y—=1,28. .. .. .. .. ®

A—A;o/(1+nA r=1,23 .. .. .. . .0
and
A, . B

B, =By |1~ ] ~1,23 e

0 -1 (ﬂ/l + A]()) Bro b (4 1: F) 3 ' (10)

Further, the two-dimensional Glauert relation gives us

A, B, 1 '
Cm—bm—ﬁ, 7’:1,2,3. o .. - . - (11)

From (7), (9) and (11) we derive immediately the first group of relations that we are seeking,
viz.,

A o + A |

Iy e T =1, 2, 3. . .. - .. . .. 12

@, Ay + prd’ ’ 23 ( )
== v, 5ay.

Likewise from (7), (8), (9), (10) and (11) we find that
By awtzd o a3

b, Ay + frd

[ )
B_:zjﬁ+:7l[1_g—zu
B R
:%,/_ﬂg,say, . .. R . .- .. . .o (14)
[ )
5y 0t =] |
©o ez -l
:%.,ug,say. .. cel e .. .. .. .. (15)
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4. Discussion.—Consider first the relations for the lifting characteristics of the wing or control
given by equation (12). We see that the effect of finite aspect ratio is to reduce the ratio 4,/a,
below the two-dimensional value of 1/8. To illustrate this point the following table gives the
values of 4,/a, tor various values of the Mach number up to 0-8, and for aspect ratios of 3, 4, 6
and 8, assuming a,, = 6-0.

TABLE 1
A,la, 1/p
M A=3 A=4 A=28 A=28 A =w
0-2 1-012 1-014 1-016 1-017 1-022
0-4 1-054 1-060 1-068 1-072 1-092
0-6 1-139 1-157 1-179 1-193 1-25
1-8 1-327 1-371 1-436 1-477 1-667

Thus, 1t will be seen that for a wing of aspect ratio 6, for example, the increase of 4,/a, with Mach
number is about two thirds of the increase for a wing of infinite aspect ratio, whilst for a tail
plane of aspect ratio 3, say, the increase is only about half. It can be expected that these results
will be reflected in the stability of an aeroplane with change of Mach number.

Coming now to the hinge-moment characteristics given by equations (13), (14) and (15), we
see from equation (13) that B,/b, is the same function of Mach number and aspect ratio as are the
ratios A,/a,, and the above table therefore illustrates its variation with these two parameters.
The expressions for the ratios B,/b, and B,/b, are more complicated. We may note, however,
that the value of the factor u, in equation (14) is determined principally by the magnitude of
b10/bsp, SINCE gy/ty, is normally of the order of 0+5 and its variation is confined between tairly
narrow limits. Thus, if 6,,/b, were small then x, would tend to 1 /v, and then B,/b, would tend
to 1/p. Conversely, if the value of b,,/b,, were such that (D1o/@a0) [ (20] ) Were positive and com-
parable to unity then B,/b, would be approximately given by y. This is illustrated in Fig. 1
where the variation of B,/b, with (bi/au)/(bu/ay) for a tail plane of aspect ratio 4 is given for
various Mach numbers. The tendency with modern high speed aircraft is for b1o/bsy to be made
as small as possible for the tail surface controls, in which case it is sufficiently accurate to take
B;[b, equal to 1/8. '

These remarks apply similarly to the factor ,, but examination of the possible variation of the

ratio b,,/by, shows that its value is never much in excess of 0-2, so that we may take 1/ as an
acceptable approximation to B,/b; for all controls.

5. Conclusions.—It is concluded that

( Ao by . G
By, _ vy ¥ s m [1 B 7720 . “10]
219 big . @z0] |
1 =
i T 22! li] 620 . [710} J
1 . . .
= — , for tail unit controls where b,,/b,, is small.
B

4



I'- b 1
| Ao 10 - 30 | |
g L [1 - }
By .. y g = L] il ZYRECY lf = '1_, for all controls.
bs B { 1 — 1o ]:1 . b1o ﬂaojl I 3
L ad bsy . Gyg | |
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