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Summary.--Formulae are found for the pressure distribution at supersonic speeds and at zero incidence for certain 
symmetrical  surfaces of small finite thickness, with swept-back leading edges, the surfaces being set symmetrically to 
the wind direction. The solutions are only valid if the surfaces lie wholly within the Mach cone of the apex. 

The results are applied to the surfaces 

c being the chord in the vertical plane of symmetry,  and t 0 a constant determining thickness. 

Combining these solutions with others already available, the pressure distribution is found for a wing whose equation 
is of the form 

z = ( 1  + x  x 2 y2)(x2--y2cotZ~,)l/2, 
2t 0 a -~ b -2 + ~ c 2 

where a, b, d are constants. Some examples of the pressure distribution for wings of this type have been calculated. 

1. I n t r o d u c t i o n . - - I n  R. & M. 2548 I, tt~e linearised differential equation of supersonic flow is 
solved in a special system of curvilinear co-ordinates, referred to as hyperboloido-conal 
co-ordinates; and it is shown that  one of the simplest solutions corresponds to the fiat delta 
wing at incidence. In R. & M. 25492, further solutions are found, corresponding to the thin 
elliptic cone and the elliptic hyper-cone at zero incidence, and the two solutions are combined to 
give the flow over a wing-like surface. 

In the present report, certain general solutions are discussed, and the results are applied to 
the surfaces z/2to = (x2 /d ) [ (x  ~ - -  y~ cot 2 ~)/c~l 1/2 and z/2to = ( 9  c°t2 Y/c~)[( x~ - -  y2 cot s r)/c211/2 
where x is measured downstream from the apex, y is measured to starboard and z is measured 
vertically upwards. The quant i ty  c is the chord in the vertical plane of symmetry,  y is the apex 
semi-angle in the horizontal plane of symmetry,  and to is a constant determining thickness. 
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Tide shy{aces are symmetrical with respect ,  t o  the xy and the zx-p lanesand  they ' are _ set 
gymmetnca l ly to  the wind direction, with the apex pointing against the stream: The sblut16ns 
are only vMid:if.th6 suffac, es lie wkelly withig: the Mach cone of the apex, and :therefore; the Mach 
angle m (=  cosec -* M) is greater than the apex semi-ar/gle 7- 

The solutions for these two surfaces are combined with those given in R. & M. 25498, to give 
the pressure distribution for wings of small finite thickness placed symmetrically to the wind 
direction, with straight leading edges . and a hyperbolic or parabolic trailing edge. Some 
calculations for wing drag have also been fiiade.. .-. .... 

2. Method OfSol,gi6'n.--.The :meth0d is  ¢;sent{ally, tha,:c Use~t in' R. '& ~{. 2548 ~ and:2549 ~. 

The co-ordinates used are the pseudo-orthogonal co-ordinates introduced in R. & M. 2548 *, 
where 

- h ~  '_ Y = h (~  ~ - -  h~)~  ~ ' ~ = . . . .  ~ ( ~ . -  h~)~/~ " ( ~ )  

,./3 ~ = M  ' ~ -  l = - - c o P m = k  s - h  ~ l 
( "  ~ '  '~ ' ' " ' ; : ' : "  . . . .  " ' '~ : '  ' / ' ; "  " i ' . ~  . . 

h ~ copy,  h ~ = c o P y - c o P , . m  
( 2 )  

It  is assumed tha t  the surfaces all lie close to the basic plate, whose equation is ~, ==- h, and that  
the induced velocities on tlde surface are-gmall and  equal to-the induced velocities on the plate. 
Therefore, the relation between the shape of the body and its induced velocity potential ~ is of 
the form 

• -, Dx V ~ ~i~ 

where V is the free stream velocity. 

• . ~ . .  • " ( a )  

For the lineafised theory; the t)i~essure difference A:b'and the pressure coefficient Cp are given by" 

A " " p V  ~ ' " 

cp = pv~ = - " ~  ~ .  , = , o  ', ., . . . .  . . . . . .  (4) 

where o is :the density of the free stream. . , . )  

The linearised differential equation for the  velocity potential ~, in terms of the co-ordinates 
r ,  ~ ,  v i s  1 " 

( , .~  - ~.) ~ ( r  ~ r /  - VE(#"  - h ~ ) 0 P  - :  k~)l E 

. . 

- V E (  ~ h~)( k~ "~)l-~ ( V E 0  ~ -  h~)(k ~ -  ~ ' ~ ) i ~ ) = O  . . . . . . . . .  (5) 

and it has been shown, in Appendix V of R. & M. 2548 ~, that  a solution of .equation (5) can be 
found.of the form ~, = j ~ ,  v)., where f0~, ~) is the product of two Lam~ functions of #, v 
respectively, of degree n, n being a positive integer .  

A standard Lam~ function of degree n, E,y(t,), can be determined in (2n + 1) different ways. 
and belongs to one of four classes K, L, M, N (Ref. 3). 

. . . . . . . .  , ! . .  . . . .  . , .  



• Assuming t ha t  E,/"(~) has been determined,  there  is a second solution of Lam6's  equat ion  
defined b y  ~' ~ 

F,:,,(~,) = ,, t f f ; d E e : ( ~ ) ] ' E [ < -  h2)(t  ~ ,~2)l] " ~  

For  the solution of problems of the  type  under  consideration,  we require t ha t  the  equat ion  of 
the  surface found by  the  in tegrat ion of equat ion  (3) shall give s y m m e t r y  With respect to the  xy and 
zx-planes, and  tha t  (x 2 -  J cot ~ r)  w~ shall appear  as a factor. I t  is easy to verify t ha t  the  
required solutions are given b y  combinat ions  of solutions for the  potent ia l  of the  form 

¢ , : ' =  C,,r"F,:"(~) . E,:"(,,) , 

where E/"(~,) is a s t andard  Lam6 funct ion Of degree ~ of the  K class; t ha t  is, E,/"(~ 0 is of the  
form E#'(,,) = ~" + a~,** "-2 + . . •,  the  last t e rm being a,,/2 or a(,,_~l/~ according as n is even or 
odd. 4,/" also satisfies the condit ion ¢,/" = 0 on the  Mach cone of the apex. 

The solutions for odd and even values of n will be considered separately.  

3. (i) S o l u t i o n s  f o r  ~ = 2 N  + 1 . - -Fo r  ~ = 2 N  + 1, where N is a posit ive integer, there  are 
(N + 1) K-funct ions  of the  form 

E ~ + # ( ~ )  = ~N+~ + b~,,,,~N-~ + . . . .  + b~,,,,~, m = 1, 2 , . . . .  (N + 1) .  (6) 

Equa t ions  satisfied by  the  coefficients bz,,,,, . . . .  bN,,,, are given in Appendix  II .  

The second Lain6 funct ion is given by  

dt  E "' ' R '"' ' iV "/.~ = E~N+I (~) ($~ (t ~, ~ 2 N + l  \ ,  ] m ~ - -  - . . E2:,~+f,,(t)12 _ h 2 ) 1 / 2  _ k 2 ) L / 2  - -  2 N + J _  t / A )  2 N + l  / # )  ( 7 )  

We consider the  solution 

¢,, = C,N+j'a'+IE2N+;~(#)E~.+d'(v)R~N+d"(/~) . . . . . . .  (8) 

At the  plate, V - +  k, and  

~ (x, f y 9  r~ ' ~ ,  (9) - -  , - -  , . . . . . . . . .  

and  
~4., oG,. @ 

Hence,  it can be shown tha t ,  as/~ --+ k ,  

~z E~+~'~/k~ j (k ~ --  ~,~)~/~ . . . . . . . . . . . . . .  

- C.,+~h xEh2~x~ + b~ , , y~ -~x2~-~(x  ~ - -  fl~y~) + . . . .  + G, ,~/x  ~ - -  ~y~)N 1 

fl2'V+lE2N+/'(k ) 
N 

.,~ ~_~ ( H  x2r~ 2N-2r\ 
\ r,m y ) - -  C ~ + ~ h  , ,=o 

=- fl2N+~E2~+/"(k) (x ~ - -  k~y~)~/~ 

where  

(x . __ k2y2)1/~ 

H,.,,~ = (--1)N-*fl 2N-2" IbN_¢,,,fi2" + vN_,+l,,,,,v ~ ~2~_0. (N -- r + 1) 

+ ~ ~2~-~ (N --  r + 2)(N --  r - /  1) N!  ] 
~N-~+2,,~,~ 2[ + . . . .  + b N , " r ! (  N - -  r)! ' 

and  bo,~, is t aken  as 1. 
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I n t e g r a t i n g  the relat ion (3), it can be Shown that ,  if the in tegra t ion  constant  is t aken  as zero, 
z is of the  form 

D tX2N d ,,.2~v-2 ,~. . . d .,=N,d.2 k2y~)~/~ . .  (13) 

where D=x+~, d~,,~, . . .  dN,,~ are constants .  

Therefore, ¢,,, m = 1, 2 . . . .  (N + 1), gives the induced veloci ty  potent ials  for the f low past  the  
(N + 1) different surfaces given by  equat ion (!3). 

B y  construct ing a potent ia l  
N + 1  

% ~ + ~ - -  7:, (Z,,¢.,), 
'~7t, = 1 

where the 2's are constants  to be determined, we can find the solution for any  surface of the  form 
of equat ion (13), where the coefficients are chosen arbitrari ly.  The values of L, are found by  
equat ing corresponding coefficients for z or for Oz/~x, there being, in ei ther case, (N + 1) l inear 
s imultaneous equations. 

In  practice,  it is convenient  to construct  solutions for surfaces whose equations are of the  form 
Z __ Xzsy ~N-2s ( X  2 - -  k~y2)t/2 

2t0 c2N - c 2 , s = 0 ,  1 , . .  , N  . . . . . . .  (14) 

and then to combine these solutions, since for surfaces of the form (14), b~ . . . . . . . .  bx,,,  can be 
more easily eliminated, and the cons tant  coefficients expressed in terms of h and k. 

To find the pressure distr ibution,  we require the  value of a C , j a x .  When # ---> k ,  

Od?,~ C~N+lh 2v 
Ox fl~N+~ E ,,l~.\ R ,,l~,~ I ~ H  x2,. 2N-2~ . .  (15)  - -  • =N+, V~J. =N+z VW ~ [ ( 2 r +  , ~ . . . .  . Y  . I ,  

where H~,,~ is given by  equation (12). 

I t  is shown, in Appendix  II,  t ha t  R ,,/~ ,~N+~ ~J can be evaluated in terms of the  complete elliptic 
integrals of the  first and second kind of modulus h /k .  Hence the pressure coefficient for a surface 
of the  form (13) or (14) can be evaluated from the formula 

C . - -  V ( ax /,=~ V .,=, \ 0 7 / . = , , j  . . . . . . .  (16) 

(ii) S o l u t i o n s  f o r  n = 2 N . - - F o r  n = 2N, there are (N + 1) K-funct ions of the form 
, 2 N - - 2  E2d,,(ff) = ff~N + ~,,,t~ + . . . + a~v,,,, m =  1, 2 , .  . . ( N  + 1 ) . . .  

Using the nota t ion  of equat ion (7), the second Lam~ function is given by  

F~;, ,(e)  = E=~'-(~).  R ~ ; ' ( e ) ,  . .  

and we consider the  solution 

C 7=NE ~.l, ~2g; m/v'~ ¢,, = ~N ~N t , j . - . 2N ~ j R J ' ( , , ) .  

Using the relation (3), it can be shown tha t  
N ,  

'~ Dz --  C2N ~ ,  (H.,.,'x2"y 2N-~') 
r = O  

a x  V ~ ' E ~ , ( k )  (x  ~ _ k~y~)~/~ 

! 

0 I 

. .  (17) 

. .  ( i s )  

(19)  

(20) 

4 



where H '  ..... is g iven 'by  equat ion (12) if a is wri t ten for b.  Hence  

- C ~  [ , , . . . .  , k~y~)~/~ 
z = V~2,,, E ":k~ {d~ .... x ~ - ~  + d~ .... x2X-'~y ~ + + d~,~ ,,,' x y  ~'~-~} (x ~ - -  

U 2N \ ] 

D .~N f (  d~ ] , , + , , y  x 2_k~y~)~l~ , w h e r e d ~ , ~ ' , d 2 , , , , . . . . d N  .... . .  

are constants,  and 

D,,, = ~',=o 22+(r!) + " .... " : . . . . . . . . .  

If we construct  a potent ial  

N + I  

0 ~  = ~ , ,  (Z,,¢,,,), 

where the  ~'s satisfy the condit ion 

N+, ( ,L,D,. ) 
,,,:Z=, ~ e ~ )  = o ,  . . . . . . . .  

we obtain the  solution for a surface whose equat ion is  

' "  ,~ (ClX 2N-1 --{- - . 2 N - - 3 ^ ,  " ~  , - . = ~ ~ + . . . .  + c N x f - 2 ) ( x  ~ k~y~),/~ , 

where c~, ca, . . . .  CN are constants.  

(21) 

(22) 

(23) 

(24) 

In  particular, we can construct  t he  solutions for the  N surfaces whose equations are of the  form 

Z X2S+ly  2 N - 2 ` - 2  ( X $ - -  kgy2"~ 1/2 

2t---o = c 2'v-t \ ~ ~ I ' 

for which the  coefficients are more easily evaluated.  

~ - ( k  ~ - a ~ ) [ k ~ h  ~ + a , ( k  ~ - -  2 h ~ ) ]  - -  - -  a , '  

gives 

. . . . . . . . . .  ( 2 s )  

For example, for n = 2, the  condit ion (23) 

since 3 a l a ~ = h 2 k  2 . (See equat ion (1) in Appendix  II.) Therefore, the  potent ia l  
¢~ = ¢ i / a ~ -  5~/a~, with the  appropriate  value of C~, gives the  solution for the one surface 
z/2to = (x/c)[(x ~ - -  k~y~)/c2j 1/2 This solution i sg iven  in R. & M. 2549L 

Return ing  to the general case, for n = 2 N ,  when ff - +  k ,  

04,, --  C~N N 
Ox " f i~U e ~ S ' ( k ) R J ' ( k )  ~r=l [2rH~"/x'~-'Y2'v-~']' ' 

the  formula for R J ' ( k )  being given in Appendix  II.  
surface of the  form (24) or (25) is given by 

. 2  ' 

the 2's being found as before, by  equat ing the coefficients of z or of Oz/Ox. 

Hence the pressur e coefficient Cp for any 

. . . . . .  ( 2 6 )  

5 

(52209) A* 2 



By combining the  solutions found for the  surfaces given by  equat ions (14), (25}, i t  is possible 
to find formulae for the velocity distr ibution and the pressure coefficient for any  surface whose 
equat ion is of the  form 

= l ( x ,  y s ) ( x ~  - ksy~)~/~ , 

where f ( x ,  9 )  is a rat ional  algebraic function of x and y2. 

4. E x a m p l e s  

z x ~ ( x  ~ - k sy~ '~ /~  
(i) The surface ~0 ---- ~ \ c ~ / 

(if) The surface 
2 t 0 -  c 2 ( c ~ / 

at  zero incidence. 

For the  two surfaces (i), (if), the  solution for n ---- 3 is t a k e n .  We assume 

E~'(#) ----/~ --  a , ~ ,  m = 1, 2 . . . . . . . . . . . . .  (27) 

Relat ion (2) of Appendix  I I  gives the  equat ion 

5a, .  ~ - -  4 ( h  ~ + kS)a,. + 3h2k ~ = O,  
and therefore, 

a~ + a2 = ~(h ~ + kS), a ~ a ~ =  ~h~k 2 . . . . . . . . . . . . .  (28) 

We consider the solution ,, 

¢ m =  C~r3E3m(~)E3~(v)R3'~(#), 

and it can be shown that ,  as ~ --+ k ,  

- -  ~ 2 ~  2 \ 7  ~¢~, C~hx [hSx ~ a,,~ (x ~ - -  y j, 
~Z k /33(k  2 - -  a ~ ) ( x  2 - -  k2y2)1/~ 

and 

where (see Appendix  II) 

m = 1, 2 . . . . . . . . . .  (29) 

C3hk 
( k2 -- a,,)E3(h 2 --  a,,,)x s + a,~t32y2]Ra'~(k), 

R3"(k) = 2kh~a,.(k~ - a , . ) ( h ' - -  %) 

. . . . .  

x t~ / _] 
. . . ° 

, E ~ being the  complete  elliptic integrals of the  first and second k ind  respectively. 

(30) 

(31) 

(32) 

We construct  a potent ia l  

O~ =-- ~1¢1 + ~26, . . . . . . . . .  

where ~1, ~2 are constants  to be de termined after using relation (3). 

x ~ ( x  ~ - k ~ y ~ I / 2  (i) The surface Xto --  • c2, / at  zero incidence. 

(33) 
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If  ¢o~ is the  induced velocity potent ia l  for flow past  surface (i), it can be shown, after some 
simplification t ha t  

~1 (532 --  h ~) 
, t a - - - -  5 a l - - h  a " 

Therefore, the  induced veloci ty potent ia l  can be taken  as 

5 
*~  = ~ ( a ~  - 31~,~) - (41 - ~a). (34) 

By  comparing coefficients, it is found tha t  this requires 

2to V ha fi 3 
C~ = 5 d h ( a ~  - -  a~) . . . . .  (as) 

Hence, by  using relation (4), and el iminat ing al, a,~ b y  means of relations (28), it can be shown 
tha t  the pressure coefficient @ is given by  

G V ~ ( M  = - 1) = 7 

4t0 [ ( r a n t  "~ ya ( tan_~ ~ 1 + . . . . . .  

h 2 t an  ~ y -. 
since ~ = 1 t an  a m 

h 2 

Writ ing  ~ = za, 

F/tan y ~ i / ( 1  - -  ~=) 
[ ( a ~ ,  + ~a + 8 ) K ( ~ )  - ( ~  + s ~  ~ + 8 ) E ( ~ ) I  

(a7) 
• ( t a n  V )  Ga(~) ~ / ( 1 -  n=) F._ - t ~ m  = --  2~0 [(~ ~ -  9~" + 8)K(~) + (~' + 5~ a -- 8)E(~)] ,  

where K(~), E(z) are the  complete elliptic integrals of the first and second kind respectively, 
wi th  modulus z. 

t an  y 
The functions F~, F2 are finite and continuous for 0 ~ t a ~  ~< 1, tha t  is for 1 ~> ] x >~ 0. 

I t  can be verified tha t  when ~ -+  0, F~ -+  2. 798 and Fa -+  0 .4416 .  

z k 2 S ( x " - - k ~ y a )  1/a 
(ii) The surface 2t0 -- c ~ c a at zero incidence.  

i f  "3 is the induced veloci ty  potent ia l  for surface (ii), it can be shown tha t  

h a  m 

( ~ a  _ < ) ( h a  _ ~ a )  
( k ~  _ , ~ a ) ( h  a - < )  = _ 

(8hak  a - -  531h  2 - -  5 a 2 k  2) 

8hah  ~ - - 5 a a h a - - 5 a ~ k  2 • 

Therefore, we construct  the  potent ia l  

o 3  = 8ha(41 - 43) - 5 p ( < ¢ 1  - aa¢a) - -  5 (a~¢ i  - -  a ~ ¢ a ) .  (as) 
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I t  is found tha t  in this case 

- -  2toVk 5 
C3 = 5c~ t~h3(al _ as) . . . . . . . .  

Hence it can be shown tha t  the  pressure coefficient C a is given by  

4to F / h'~ 

t ,  

4to [ x , F , ( t a n  7 ~  y2 ( t a n  7 )  
--  c a \ t a n m / +  c°t~yF~ \~-n--m J " 

h 2 
Wri t ing ~ = z ~ , 

F3 tan n~ -- 2 ~  [(8 -- 5z~)K(~) -- ( 8 -  u~)E(x)] 

( t a n  r ) _ _ - -  
F~ \ t a n m  2~o [(8 -- 15~ ~ + 7u4)K(z) -- (8 --  l l z  2 + 2z~)E(.)] .  

(39) 

(40) 

(41) 

tan 7 
The functions Fa, F~ are finite and continuous for 0 ~< t a ~  ~ 1 ,  tha t  is, for 1 ) 1~ [ >~ 0 .  

It  can be verified tha t  when z--~ 0, F3-->0" 1472 and F4--->0.4416. 

The values of F1, F2, F~, F~ are tabula ted  in Appendix I, and are shown graphically in 
Fig. li 

5. The  surface ~o  = 1 + a - -  b -~ + ~ c ~ , at zero i_nc idence . - -By  combining 

the  solutions: found in section 4 and the  solutions given in R. & M. 25498, a formula can be found 
for the pressure coefficient for a wing of small finite thickness, with straight  leading edges and 
a hyperbol ic  (or parabolic) trailing edge. If the  constants are chosen so tha t  d/b > tan  m, the  
whole of the  surface will lie outside the Mach cones of points on the trai l ing edge. If ~chis condit ion 
is not  satisfied, there will be small corrections to be made  for the portions of the  wing within these 
Mach cones. 

The pressure coefficients for the surfaces 

2to -- c~ / and 2to - c c ~ / 
are given by  

C , ~ / ( M  ~ -  1) 4to ( t a n  
= . . . . . . . . .  . . . . . .  

4to ( t a n  
C ,  %/(M 2 -  1) = ~ x f2 \ t - ~ - m /  . . . . . . . . . . . . .  

respectively, where 

.f, ',(tantan .4-V~/_, ~/(1~-- ~ ) [K(~ )  - -  E(~)] . . . . . . . . . .  

( t a n  
~ [(z~ + 2 ) K ( u ) - -  2(z ~ + I)E(~)] . . . .  

fl, f i  are tabula ted  in R. & M. 25493 and are repeated  i1~ A p p e n d i x  I to this  report. 

8 
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Hence, combining the formulae (42), (43), (36), (40), the pressure coefficient for the surface 

z ( x x = y a \ / x ~ - - y a c o t a r ) ~ / a  
2 t o -  1 + a -  b --2 + ~ ) [ ,  c = is . . . . . .  (46) 

4to I 1 1 1 l Cp wZ(M a -- 1) = c f l  -}- a fax -- 5a (xaf~ + kay~F=) + k-~d ~ (xSFa + kSSF,) .. (47) 

The induced drag coefficient is D = Dp + D,,, where Dp is the pressure drag and D,, is the 
drag due to the high pressure at the rounded leading edges of the wing 4. 

As an example, the drag has been calculated for the surface 

z ( x 2x a y = ~ ( x = - - y a c o t a r )  ~/~ 
T--o = 0"94 1 + c c a + ~-a / \  c a 

for different values of r. c is the maximum chord in the vertical plane of symmetry, To is the 
maximum thickness and the thickness ratio To/c is taken as 0.10. I t  can be shown that  the 
pressure coefficient Cp is given by 

[ x, 
c ,  ~ / (M = -- 1) = 0.1S9 0.6a03 + 1 .50a8~ - 4.911 ~ + 0 . 7 2 3 ~  . 

The pressure drag is found by integrating the component pressure along the wind direction 
over the planform. Therefgre, the pressure drag coefficient Ca, p is given by 

Ca, p × (area of planform) = + 2 C~ ~ dx dy, integrated over the planform. 

z is zero on the leading and trailing edges, therefore, integrating by parts, 

0Cp 
CD, p × (area of planform) -- 2 f f z ~ dx dy . . . . . . . . . . .  (48) 

Hence 

o [0 ÷ o 0 o ss)l 

R. T. Jones' formula for the force per unit length normal to the leading edge at any point is ~ 

p V = sin 2 y 
F,~ = =r -~- (1 -- M ~ sin a r) 1/2 . . . . . . . . . . . .  (49) 

where r is the radius of curvature of the leading edge and the other symbols are as defined in the 
report. This leads to the additional drag which is given by 

tan y ( 
C~,,,%/(M= -- 1) = 0.017672= ta ~ 1 

The total  induced drag coefficient is Cv 

tan= Y'}I/= [ 17 ~0 
tan = m /  ~ + (tan= 

= Ca, p + Ca,, .  

) , - - 8 ) +  l ( t a n  2 r - - S ) = } .  

The drag coefficient Ca, based on the area of tile wing, is plotted against M in Fig. 3. 
theory values for the centre section are also shown. 
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As examples of the  pressure distr ibution,  some calculations have been made for 

( x  2x 2 19.)( y,)l/~ (a) the  s u r f a c e z = 0 . 9 4 T °  1 + c~ + x 2 
c c - -  ' 

f o r M =  1-118; 

(b) the  surface z = 2 T ° ( 1  x 9 ) (  c - - c  + J  x2--3ff)I/~' 

for M = 1.442 ; 

(c) the surface z = 0. 6095 --T° ( 1 -t 3x 
C C c + /ix - 

f o r M - -  1.118;  

lY ~\ 2 2To 1 x + J )(x  (d) the  surface z -- c -- c 

f o r M = -  1. 118; 

- -  ( - -  - -  X 2 
(e) the surface z = 3.375 7/'Oc 1 2Xc + c 2 3--ff~22)(X2 - -  3y2)1/e, 

for M = 1.442 ; 

(f) ( 3 x  1 x ~ 
the surfacez=2.598--Toc 1---2c-  + 2 c  ~ 

for M --  1 .709 .  f 

In  each case, c is the  chord in the  vert ical  plane of symmet ry ,  and To is the m a x i m u m  thickness 
in this  plane. The thickness rat io To/c is t aken  as 0.10. The pressure dis tr ibut ions and the shapes 
of surfaces (a), (b), (c), (d), (e), (f) are shown in Figs. 2, 4, 5, 6, 7, 8 respectively. 

I t  is easy to show tha t  for any  surface of the  form given by  equat ion (46), if b 2 ) 0, the 
m a x i m u m  thickness in the  vert ical  plane of s y m m e t r y  is at  x = xt, where c/2 <~ x, <~ 2c/3, 
c being the chord in this plane, and also t ha t  the leading edges are s l ight ly rounded, except  at the  
apex. If b ~ < 0, as in surfaces (e), (f), c/3 <~ xt < c/2. 

For surface (a), it can be shown that ,  for M ----- 1.118, 

@ = 0.378 0.6303 + 1.5038 x 4.911 
c -  

for all points on the surface. 

+ 0"723 j , 

For  surface (b), for M = 1.442, 

[ x x ~ Y~I 
C p = 0 . 3 8 4 9  0 " 6 7 4 0 - -  1 . 5 8 3 8 c  q - 0 " 0 7 0 2 ~  + 0 . 2 9 4 9 ~  , 

for all points on the surface ahead of the Mach cones of points  M, N on the  t rai l ing edges (Fig. 4). 

For  surface (c), for M = 1.118, 

@ = 0.2438 0.6303 + 4.514 x 9.0244 + 2.3232 c -  P P ' 

for all points  on the surface ahead of the  Mach cones of points M, N on the trai l ing edge (Fig. 5). 
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For surface (d), for M = 1.118, 

Cp = 0.8 i 0 . 6 3 0 3 -  1"5038 x x 2 y2] c + 0 " 1 1 3 9 ~ + 0 " 1 2 5 3 J  , 

for all points on the surface ahead of the Mach cones of the points M, C on the trailing edge (Fig. 6). 

For surface (e), for M = 1.442, 

@ = 0 . 6 4 9 5  . 6 7 4 0 - - 3 . 1 6 7 6 x +  2 .3785~  - 1 .9725~ , 

for all points ahead of the line MPN (Fig. 7). 

For surface (f), for M = 1.709, 

@ = 0. 3749 0. 7393 -- 2. 5390 c + 1.3453 j -- 0. 7068 

for all points on the surface. 

6. Comlusio~¢.--Similar calculations could be made for surfaces formed by including solutions 
for higher values of n. But for n greater than 3, the work involved in obtaining the formulae, in 
a form suitable for computation, would be considerably longer.* 

* Calculations have since been made  for ~, = 4, 5, 6. The results  will be publ ished in R. & ~ .  2865. 
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to 

Y 

To 
x 

Y 
z 

M 

k 

h 
¢ , ¢  

V 

P 

d2 

E,,(ff) 

CD 

LIST OF SYMBOLS 

Chord in the vertical plane of symmetry 

Constant determining thickness 

Apex semi-angle 

Maximum thickness of wing in the vertical plane of symmetry 

Chordwise co-ordinate (measured downstream from the apex) 

Spanwise co-ordinate (positive to starboard) 

Normal co-ordinate (positive upwards) 

cf. equations (1), (2) 

Mach angle 

Mach number 

(M . 

co t  y 

(co ts 7 - -  cots m) 1/~ 

Induced velocity potential 

Free-stream velocity 

Free-strealn density 

Pressure difference 

Standard Lam6 function of degree n 

Lam6 function of the second kind 

F~(ff)/E,,(ff) 
h/k 
Complete elliptic integral of the first kind, with modulus 

Complete elliptic integral of the second kind, with modulus 

Drag coefficient, based on the area of the wing 

No. Author 

1 A. Robinson . .  

2 H. t3. Squire . .  

3 I-tobson . . . .  

4 R . T .  Jones . .  • . 
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APPENDIX I 

'Values of the functions fl, f2, FI~ F~, F~, F, 

tan 7 

tTn~ 

h~/k 2 

F 1 0 

- -  F 2 

Fa 

F~ 

0 0"1 

1 0 '99 

0 O' 2707 

0 O" 7148 

1" 286 

0 O" 0950 

0 0"2139 

0 O" 0507 

0.2 0.3 

0.96 0.91 

0.4095 0-5048 

1.0438 1.2528 

1.821 2.132 

0.1745 0.2385 

0.2550 0.2572 

0.1026 0-1539 

0"4 

0"84 

0.5755 

1'3979 

2-342 

0.2895 

0.2452 

0.2036 

0"5 

0"75 

0.6303 

1-5038 

2.484 

0.3302 

0.2279 

0.2506 

0"6 

0"64 

0"6740 

1"5838 

2.587 

0,3626 

0.2105 

0-2949 

0"7 

0"51 

0.7097 

1.6458 

2.659 

0-3893 

0-1916 

0"3321 

0 '8  

0"36 

0.7393 

1.6927 

2.720 

0-4088 

0.1770 

O' 3746 

0"9 

0"19 

0.7642 

1'7347 

2- 760 

0.4260 

0.1610 

0.4100 

1-0 

0 

0"7854 

1.7672 

2.798 

0.4416 

0.1472 

0-4416 
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A P P E N D I X  I I  

Evaluat ion of  the Second L a m d  Func t ion  F,~(k) 

The second Lam6 funct ion F~(/,) is given by  • . . . . .  

f ° 
F,(~) = E,(~) ~E,(t)]2(~2 dh2)~/2 _ (t 2 k2)~/2 = E,~(~)R,(~) 

t . ' 

w h e r e  E,(~) is a s t anda rd  Lam6 funct ion of degree n, The class of Lam6: funct ion considered 
here is the  K class of functionsa; t ha t  is E,,(/,) is of the  form ¢" + a ~  ~-2 -}- a2~, ~-~ :+ . . . .  , 
where  a~, a2, are cons tan t s ,  and the  last t e rm is of the  form a,/2 or a/~_~//2 z according as n is 
even or odd. ~ 

I t  is shown in Ref. 3 t ha t  the  roots of the  equat ion  E~(~) = 0 are all real and unequal ,  and not  
equal  t o  4- h or 4- k. Therefore,  if ~¢ is even and  equal  to 2N, ' we can expres s E~(~) in the  form 
E~v(~) = (#2 _ cl)(#2 _ c2) . . . .  (~? --  c~v), where  c~, c2, . . . .  cN are real, positive and  unequal .  

Subs t i tu t ing  for E in Lam6's  equat ion  

d2E (~ h2 )0,~_ k2 ) ~ + ~(2~,2 - h 2 _  k2 ) d E  + ((h 2 + k2)p --  n(n  + 1)¢2}E = 0 ,  

and  subst i tu t ing the  value ~ = c ,  We obtairi; after  some simplification,  the  relaitii~n 

( 1 3 + c - -  h ~ + c _ k 2  + 2  c~-:--c------~ c,=-c2 + " " + c ~ - - c ,  
1 

+ "'" + c~-c-~) 

• ~ ° ,  ° .  

r = 1 , 2 , . . . N ,  s # r .  
: ! , ! 

Similarly, if n is odd and equal  to 2 N  + 1, E~(~) can be expressed i n  the  form 

E ~ + ~ ( ~ )  = ~ ( ~  - -  d ~ ) ( ~  ~ - -  d2) . . .  (~2 - -  d ~ ) ,  

where  d~, d2, . . .  dN are real, posit ive and unequal ,  and  it can be shown tha t  

_ _  h ~ 
1 ( 5 +  h~ 

2d~ d~ --  

k 2 + + ' , 
--d~ + d,--d~ + ' "  + d~--ds " + + d ~ -  d~) 

r =  1 ,2  . . . .  N ,  s O r .  

= 0 ,  

(1) 

= 0 ,  

(2) 

To evaluate  

at 
R2N(k) 

- cl) ~ (t 2 - c j . . .  (t 2 - cN) 2 < ~ ~h2)*z 2 < - k2)*/~ 2 

pu t  t = k sn u, and wri te  h2/k 2 = ~ ,  c,/k 2 = c~, ~, r = 1, 2, . . .  N ,  sn u being a Jacobian  elliptic 
funct ion of modulus  a. 

Hence 

1 sn ~N U du u) 2' 
R2N(k) k~N+l J o ( ~  - ~ l ' s n ~ )  2 (1 - -  ~ 2 ~ s n ~ ) ' . . .  (1 - -  ~ # s n  2 

K(n) being the complete  elliptic integral  of the  first kind, wi th  modulus  ~. 
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Similarly, it can be shown tha t  

I~(~) s n  ~N+~ q~ d ~  1 
R~N+I(k) k'N+3..Ig ~ - - _  ,6,2 sn~ u ) ' ( 1  - - - - ~ ~ ) ~ :  . .  ( 1 -  /~N' sn2 u)  ~ '  

where d,/k ~ = fl,~, r = 1, 2, . . .  N .  

s n  2N-2 u 

B y  expressing (1 -- ~ sn ~ u)(1 --  ~ sn ~ u) . . . (1 -- c~:~ 2 sn ~ u) 

after some fur ther  simplification, 

R~N(k) = 

1 ~, ,  ((z2 ' 1 1 I'(~) 
k~+~ ,~ ,  -~,?)~(~?-~?)~... (~,~-~?)~...(~?-~2)~ 3 0 ~ - ~ , ~ s n ~ )  ~ 

- 2 ~ 2 . .  ~ ?  + ~ ,  _ ~ ,  ~ , '  - ~, '  + " ' "  + ~, '  - ~ ' / J o  1 - ~, '  s n ' u  

and 

in par t ia l  fractions, we obtain,  

R2N+I(k) = 

S ~f, 

_ . p|K(,) sn 6 

k ~ + 3  ,= i  - -  . .  ~ . . .  . - -  

- : 1 " " , 1 1 I K(~') sn  4 u 

s ~ r .  
I t  has been shown in the  Appendix  of R. & M. 25493 tha t  
IK(~) 

~2 1 ~K(~) sn 2 u 

s n ' u  (1 - - c d ) K ( ~ ) -  E(u) I ( 3  -F o~2 ~,-F cP 1) ]o ~ - - -~ sn2u  du 
j ~ -  ~ ' sn~ . )  ' a "  = 2 ~ ( ~ -  ~)(1  - ~') 9,~ _ - 

where K(~), E(~) are the  complete elliptic integrals of the  first and second kind, wi th  modulus ~. 

I t  can also be shown tha t  

fK(~) sn 6 
o~ _ t~ sn ~ u)~ d u  = 

( 3 ~  2 -  2 -  2z2)E(z) -- ( 3 8 2 -  2 -  z2)K(z) 
2 ~ . ( ~ .  ~ - a ~ ) ( 1 -  ~2) 

f I((~) 1 (  ~2 1 )  s n ' ~  

- ~  5 + ~ _ ~ + ~ _ 1  o 1 - ~ s n  ~u du.  

Therefore, using relations (1) and (2), it is seen tha t  the coefficients of 

fil~-_ sn~u I I~l sn~u du c~,~sn2udU' Jo 1 --  ~ 2sn2u 

in the  expressions for R~N(k), R~N+I(k) respectivelY, vanish.  



Hence, (s # r ) ,  

R~N(k) = i 

1 N I " '  i ~ , . 
k ~ ÷ ~  Z (~,~ _ ~ ? ) ~  (o~,.,~ _ o:;)~ - -  (~r ~ __ ~?)~. .  ( ~ )  __ ~ 4 ) ~ .  

r = l  • • • 

R~N+I(k) = 

1 
k 'N÷~ r=~ (at ' -  ~?)~(~r ~ -  a~')~. . .  ( a , ' - -  ~ ? )~ . . .  (at ~ -  a~')~ 

2~ , ' (n  2 - -  c~r*)(1 - -  c~, ') ] 

(3fl, 2- 2-- 2z2)E(z) -- (3fi, 2- ~*-- 2)K(z) 

2fl,2n~(n 2- ~,~)(I- fl)) ] " 

Therefore, subst i tut ing for ~, a,,, fir, 

[ 1 E~(k) Z ( _  cd~. c2)~ ~)~. . .  ~)~ 

fit ~ h 

1 [ 1 . 
; E~N+l(k) ~ . .  (d,. dl)~(d,, d~) ~ (d,. s ) .  (d,. d~) ~ 

, h 
(3d , - -  2k ~ -  2h'~)E ( ~ ) : =  ( 3 d , -  h ~ -  

2d,,h'~(h ~ - -  d , ) ( k  ~ - -  ~,.) 
]. 
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