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SUMIARY

The solution of the two-dimensional transonic flov equations
obtained by Meksyn (Proc.Roy.Soc. A, Vol, 220, pp.239-25,, 1953) is
cratically exardined for the flow past 2 bicusped aerofoirl at zero 1lift.
Comparisons wath experimental results are made and it is clear from
these that the method dees not give useful resulis for maxed
subsonic/supersonic flows.
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Fimqures (5)

1e Introduction

The problem of mixed subsonie/supersonic flows with shock waves
is of great importance, but because of the non-linearity of the flow
equations it has not been possible To obtain a satisfa$tory theoretical
treatment of the problem. Therefore a paper by Mek%yn (1953) on the
'Integration of the equations of transonic flow in two-dimensions' hasg
arousecd considerable interest. In that poper a novel meihod is used To
caleulate tronscaic flows and the results ere interpreted as indicating
the first appearsnce of & shock veve on the surface of an aercofoil. A

knowledge,/
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knowledge of the upper critical or 'characteristic! free-stream Mach
number so cbtained would be very useful. Therefore at the request of
the Manistry of Supply, the Aerodynamics Division of the W.P.L.
undertook an sppraisal of the theory.

In ivs analyvical form Meksyn's method can only be applied %o
agrofoils derived by exact transformetions of a circle. As an examole
he calculated the solution for a 10 per cent thick bicusped aerofoil
due vo Kaplen? (19.3). The bicusped aerofoil, and others derived from
exact transformations, are of little practical importance, so the first
conaideration was whether Meksyn's theory could be extvended to more
convenvional aerofoils., The author considered such an extension by
relaxation methods and a short account of this wsreatment is gaven in
the Appendix. It is shown there thet such 2 solution is feosible bue
would be dependant on the fourth derivative of the low-speed velocity
distribution for a given aerofo1l; since this distributrion could only
be obtained numerically, the computations required to achieve useful
results would be immense. So 1¢ wes decided not to attermt a solution
by relaxation methods until the usefulness of Meksyn's theory in relation
1o the bicusped aerofoil had been esteblished.

To this end tests on a two-dimensional bump model have been
carried ouuv in the N.P.L. 9" x 3" high-speed wind tumnel. Also calculations
additional to those given in Ref.1 were made so that the theoretical and
experimental pressure distributions could bo compared before the
predicted first appcarance of a shock wave. Resules of the couparisons
arce discussed 1n Section 3, where it 1s shown that itaouph the method is
a satisfactory, if rather laboricus, means o1 calculating subcratical
pressurc disvrabutions, the results pertaining to the first apnearance
of shock waves do notv accord with the experimental evidence. The
possible causecs of this failure of Mcksyn's tneory src discussed in
Section L.

2, Qutline of Theory

The symbols used in this paper are defined in Section 7 and are
the same as those of Ref.t.

The incompressible flow past an aerofoil 1s described by a
complex potential y = a + 18 where o and f arve functions of the
space coordinates (x, y). Ui ¢ (a,8) 13 the velocity potential of
the compressible flow past the aercfoil., It can been shown that ¢
satisfies the squation

)
¢ % U2 [op oq® 8¢ Q7
A i Ao e (1)

2
a0® 9o? °¢% i13a  oa BB 08

L}

where

{fap\ 2 /ag\ 2|
Q® = W '/—ﬂ +{¢ , ceeea (2)

E\aa- \5;

and h (E|dy/dz|) 1s the local speed 1n incompressible flow, On
expansion, when terms of

o [(24/6)*]
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1t 1s this equation thet Meksyn sclves.

With the assumption that compressibility produces only a
perturbation et'“ect on the incompressible flow, equation (3) becomes

V¢ = -- . - coues ()

(5]
\ax o

M2 (’a¢\3 on®
2

tn a first approximation. 1t 18 now nacessary to assume that 3¢/ Ba
can be treated ns a constant, then equation(h) can be integrated to

give
M g Uy ay ]
¢O e B I f -~ " dy x f -= . dy -
8 \8a,/ da T dz i
After satisfying the condition 3¢ /9F = O on the aerofoal and
a¢d/aa = 1 at infainity, the £1ndl result can be put in the form
IR 12 [as\
——— = 1 + -- b ] P(a,{:). 00010(5)
aa 8 aa/

/

Consider now the last {term on the right hand sade of
equation(3). Substitution for V¥¢ from equatlon(q) wxsth the aid of

the relation ¢® = h® (8¢/0a)® from equation(Z), leads to the
ineremental result ¢ o= @4 = ¢a(1) + ¢1(2), where
{x - 1) ¥ Jogr ® ant
SRR Ll 2w
8 da oa
(k - 1) ¥3
and 8 = P . vern.(6D)
5 o)

The boundary conditions for ¢ are

Ot
w— = 0 on £ = 0 ,
J)
3¢

and -—= = 0 at infanity .
do

Integretion of equat.on(6a) similarly to equation(4) gaves

ap () (k- 1) M [ag

\ G
.&; - __--55_--_ K;;/) Qla,p). ceeen(7)

There remains a Durther merement ¢ = ¢a  ITrom the
second term on the raight haid siae of equation(3)., Substitution for

8% ¢/80® from the differential of cquetion(5) leads to the eguation

o/
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Vdy = -1 n?P, ceeee. (8)
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whzach, when integrated similarly to equation(fa) under the same
houndary conditions, gives

o M /o $ °
— = - |2 R(e,B). ceeea(9)
da 32 \oa

The complete  solution is then given by

¢ = ¢O+¢i"'¢‘2,

so from equations(5), (6b), (7) and (9)

3 ¥: fag\® k - 1 ¥i [ag\°
i TRt S IR (A % (F(a,8) + == |{ == | 8(ap), ..(10)
ax 8 \ou 2 32 \da

where 8 = (k-1R *ER

The functions P(a,8) and 8(x,B) can be evaiuated at any
point in the freld from the incompressible flow solution., Then for s
glven free-stream Moch number M, equat10n(10) can be solved for
0¢/da to obtain the local velocity in a compressible flow.

It 15 found that for sufficiently low values of 1y,
equation(10) always has two real positive rools, of which that closer to
unity represents the solutzon of the flow eguations compatible with the
assumptions required for their integration. However, for any prescribed
soint in the £low faeld, the real positive roots approach each other as
M1 1increases and coincide for some value of My, known as the
characteristic Mach rumber., At highcr velues of M, fhere i1s no real
vositive solution to equetion (10) at the prescribed point. Meksyn
suggeats thal this breakdown of the methed indicates the appearance of
a shock wave in the flow.

3 Comparison with Pyxperinent
o

It 1s mentioned in the Introduction that, because of the
difficulty of arplying Meksyn's method to e conventional aerofoirl for
which experimcntal results would be available, tests were made on the
bicusped Kaplan oerofoil® treated algebraically by Meksyn. These tests
were conducted in the N.P.L, 3" x 3" induced~Tlow high-speed tunnel on
a half model of the acrofoil arranged o5 @ bump of the bottom wall of the
tunnel, Details 2f the wind-tunncl work will be given in a later paper;
1t 12 sufficient to rote here that the tunnel-wall boundary layer upstream
of the model was reémoved by suction so as to oblain flow conditions similar
to those on the upver sarface of a symmeitrical aerofovil at zero incadence,
It may also be mentioned that ot the first appesrance of a shock wave the
s0l1d blockage was estimated to give a correction of less than one
per cent to the measured free-stream Mach number; this correction has
not been applied, as zt cannot be calculated zccurately and would not
matertally affect the resulus.

The functionzs P, @ and R of Sect.on 2 are calculated for
positions on the ecrofoil given by x/c = 0.5, 0,6 and 0.7; by
symmetry their values at ¢ = 0,3 and O, arc also known. The
local Mach number 1, at there positions 1s calculated for a number of
free-stream Mach num%ers My and the characteristic Mach number ME

at/

*The derivation and ordanates of this acrofoirl are given in Ref.2.
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at each point 1s evaluated. The cormlete vesults are shown 1n
Table I and Figei.

The resulws for M, = 0,70 at the Five oositioas on the
aeroioll surface are shown »loteed ir terms of the pressure ratio
p/p0 1 1'1ge2, wogether vith pressure distributions obtalaed by
experiinent aad by the Polygon aevhod of Woodsd (1953)s Tae latter
distrabution is shown because ihe Polyron nethod isg Imown ¢o give good
apreement with acrofoil te¢sts ia the absence of circuladica al
suberitical Mach numbers: 1t s chowvznht thac the compairison with the
bump tesis confarns that che renovael of tne upatrean boundary layer is
eflective 11 nmrocucing the desirved flov condit.ons. It is also clear
from Fig.2 the. Heisyn's method gives reasonsble resulss Jor bk, = 04706
However, the important use of ithe nethod wos to be the nrediction of the
first eppearance of a shuck wave in the flow., Clearly the posicion on
vhe aerofoil surface pivice Jhe Towest charaecteristac Mach nurber is that
at wirch the hagliest local velociiy occours in 2 subcritical flow, Yor
the hicusned ceralorl this pos.tivt 12 the md-chord and calc:lations
for that pomne gave I = 0.823. In Fig.3 four mecsured sressure
distribusions are shown; +vhe one obto.ned ot M, = 0.776 docs nov
include che oressure rise associotod waitd a shoc. wave, whereas thau
ovbtained a1t M, = 0.792 clearly does. Zro. thesse results 2o appesrs
that a shock wave firsti appears it ine Clov at a free-strean iach number
of 0.78- at shout Cu55¢ lrom the leadins edge. ieksyn's mredictions do
not accord wita these resulis; the amparencly s.:mll eicess of 0.04 1n
M1 is 1mportast sisce the resultant increase in shocl. strength may
nduce boundary-layer semaratioa with its sviendant changes in the flow
patiern. It should also be noted that in the real Tlovw the shock first
apnears somewhat dovnstreail of the 11id-chord.

Calculated values of the cheracserigtic llach nunber ax
x = 0O.bc and Ou7c rre 0,871 and 1.02 respectivelr., Because of the
effects of shock-induced boundary-layver searauion 1% was hot nossible
To get reliable experaimencal results i this range, though the pressure
distraibutions of Fig.: afford some basis of coimparsison. Pearcey4 (1955)
has shown tazc one erfect of tiie scparetion 18 To stebilize ihe shocl
position over a range of Mach number, so that the shoc:: Zosit.cn
0u66c, shown by the pressure discr.bution at A, = 0.855, is vpstrean
of tha¢ expected for the seme M; 1r the obsence of shock-induced
separavion. Even so, at this Mach muber, lower thon Meksya's

Mg = 0.871 for 0.6c, the shoclk is at 0.06c. The pressure distribution
denvted 'Top' an Pig.3 was obtained wiith the tunne’] ruanning wder choked
condations and corresponds amproximacely co My = 0.95; the shock, as

viould be expected, has reached the trailang edpre of the bumm. Though
this case 1s not strictly commerable rith Mexsyn's cheory, 1t 1s clear
that has value M, = 1.02. for o O.7c shock mosition is also
unrealistic. However, as in these cases a solution does not exist over a
part of the aerofoil, 1t i1s not unexpected that the characteristic kach
number has no significance,

L. Dascussion

Meksyn compered the result whick he obtoined for the bicusped
aeroleil wavh che worl. of Kaplanz cn the sawe seciion. kaplan suggests
that the diverpence of hig series solutzon at ¢he mid-chord for
Mg > Cub83 dindaceves the ['irst apnearance of a shook wave in the flow.
This value 2s very close two Mewsyn's lowest characteristic Mach nuber.
However, as snown in fag. , he corresponding local Msch number
discributions do aot agree for I, = 0.82%, Jrom the results et five

chordirise/

*j oritical examination ol this method v1l1l shorcly be published by the
preseat author.

u

*The comparison 1s a6 [or M, Ou02 ag Melilavu'a soluvion i3
anconpleve for My, = 0.07.



4
- g e

chordwise posrtiors Meksym's dascrabution appears o be peaked at the
mid-chord; this is probably dus to the rapid increasc in local Mach
nurber ac a point as the charecleristic linch nuwiber of that point is
approachcd. Thrg.l dllustrates ubiis feature of the golutions, Thac
therc will be a shock weve in the real flow at My = 0,32 is obvious
from the pressure distribucions of Fig.? aad it ia signaficant thet the
maximum local Mack numbers of about 1.25 predicted by toth the Melisya and
Kaplan theorics before the inclusion of a shock wave 13 coasidored
necessary are both in excess ol experimenzal values. It is ususl for
shock waves to be discernivle in acrofoil tcsts when Y cxceeds about
1.1, .

Mcloym's soluvions for s = 0,70, 0.75, 0,70 and 0.80 are
shomm 1in Fig.5 together with measured distributions for My = 0.709
and Cu775. As menvioncd carli.w, “he comperison at Mi = 0.70 is
satisfaclory. An My = 0.78, hovever, the theorovical resules
overestimace che measured velucs though there 15 no shock ove in this
case. The resulcos at M, = 0.80 show the tondency towurds a peaked
pressure curve & higher Ma-h wuhors. Iv avpears from these rosults that
the approxirntions made in thic theory are not valid when gupersonic flov
occurs.

Any soluvion of he trensonic flov- cquations based on some form
of liacarize.ion with raspect to a subsonic flow ignorcs the change from
an ¢lliotic L hyparbelic type of equeiion in passing frow subsonic to
supersonic flov. Msksm's assumption thet terms of the order of
(3¢ /88® can te neglecvcd iniroducos an addivionsl source of crror +hen
supersonic flov occurs, for sirerm tdbe behaviour in supersoaic flow is
radically difierenc from that in incomoressible flows. Linecorized theories
may give useful results waith small supersonic rogions provided that the
assuwaption of small pervurbeuvlions is plousible, but the brenkdown of such
methods cammot be exnecsed vo give any indication of shocl wave formation.
Ref's. 5, 6 and 7 consider more axac. sormis of the transonic flow equations,
and it is significant that discontinuises are introduced into the
soluticas vhen the local somic vilocity is cxcecded in o small region of
the flow,

B Concluding Remoriss

lekesyn's transonic flow tieory caanot be cceepted as o useful
mcans of estincting the Tarst appearrnce of shock woves in o mixzed
subsonic/snrersonic flowe It is the suthor’s opimion that any simlar
aprreach is unlikely to be successful. However, the ssscasmun of
Mcksyn's work hes lea to a usoful svudy of this important problem;
clenrly therc .s a neeu Tor Jurther rescarch,.

A subsidicry result on the evperimental side has been the
wnvestigation of boundary-layer influence on bwap tests; thas work
will be publishcd latore It as iouvended vo comstruct a bump model of
the bicusped acrofoil with facilivies for distributed suction over the
whole chord so that boundary-layer cfiects can be claminated throughout
the subsonic-speed range snd shock-wave formasion studied indepcendently
of boundary-layer iateractlot.
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No. Author(s)

1 D, lolcsyn

2 Ce Kaplan

3 L. €. Woods

L H, H. Peoarcey

locel velocity of sound

aerofoil chord

(zldyAz|) local velocity in incompressibic flow
ratioc of specifac heets (1.4,0 for rar)

frec-streon, characteristic and locel Moch nunber
respecilvely
functions of {a,s) defined ia equations (5), (7)

(9) and (10)

local and stngnetion stotic pressure

locald veloclivy ia cormpressible {low

velocity of free streom

rectenguloar cooréinates in the physicel plane
X + 1y, conplex coordinnce

veloeaity wcelentinl, stream function for incompressible
flow

o - ifp
83/3n2 + 8%/88?
velreity potenmiial for compressible flow

contributions to ¢ in equosions (L), {6) end (8)
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Integracion of thoe equations of
transontce flow in two-dimensions.
Froc.RoyeSoc. £, V0l1.220,
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The applicawion of the Polygon
method to the calculation of the
corpressible subsonic flow round
two-dimensional profiles,

AR.C. CoP115, 1952,

Some effects of shoci~induced
seperation of curbulent boundary
layers in transcvnic flow pest
serofolls. Paper No.9 presented
ot the symposiwn on boundary~layer
effects in cerodyneiics, N.P.L.,
March-April, 195h.

AP.C.17,681,
June, 1955,



No. Author(s) Title, etc.
5 H. W. Brmons The theoretical flow of a frictionless,

adiabatic, perfect gos inside of a
wwo~dimensional hyoerbolic nozzle.
NehoCats T.N1005 (19,6)

6 Ce Se Sinnott A method of comruting subsonic
and transonic plane flovs.
AR.C. 0.P,173 (1953)

7 Je. R, Spreizer ond Theoretical prediction of pressure
A. Alksne distribucions on noniifviag nirfoals
atv high subsonic speeds.
eAoCohe TuN.3096 (1951)

ATPEIDIX

A Relaxacion Treatnent of Meksyn's Scluzion
¢ the Tronsonioe Floy Bguations

The following treavment of the transonic {low equatioas is not
suggested as the bes¢ mcans of obraiding a solution by relhzacion methods.
It wos devised solely vo 1rdicove hov Molisym's theory could be applied to
a geometrically defined aerofourl,

The derivation of whe equavions considered here is Jdescribed in
Section 2. It 1s convenieat vo toeke the (constant) coefficients of the
functions of h on the right hand side of equations (L), (6a) and (8)
as unity, with the boundory condivions for all three equations as

o9
-~ = 0 at infinity,
o
03
-- = 0 un B = 0O (the acrofoil surface).
op
The equations mny then be written
2 oy’
, V2 ¢! = -
° aa
ar
va ¢(1" = - - .l‘.l(A.1)
1
oa
o . oPp
v ¢21 = R ==
ga

Thear solutions corresponding resmectively to equataons (5), (7) and
(9) ore formlly

o¢d/
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8¢l P
da ) X
a¢1(’-\' Q
s = - > M -...o(Aoz)
da Lo
% "
da o

Tt will facailitate solucion by reloxation methods if ecuations(A.1)
are dufferentiated with resvect to o, giving

8% h? ]
VQ\V = m————
o
B
G o%n®  ford QL
Vo, w e = 2Pemee 4 | P ceeee(Be3)
3a 90 oc /|
d ap 3y aP 3%p
VQWQ = e hg--- T mem e h2 ———
Oa B, da  Ba B )
t
84 o, (9 394
where m—— T Yy e = = y ond -- = ¥y
Oa da da
The boundary conditions become
vy = 0 av infinivy
awi i o= 0,1, 2.
-—— = 0 on f = 0
ag N

A relaxation scolution of egquations (A.j) would reguire the
caleculation, at each mesh peint in the (o,#) plane, of the functions
on the raight hand sides of the equations. Hence the solutions for
Vo (& P/A.) ond ¥, are dependent on the sescond derivative ol h,
the velocity in incompressible flow, Iurthermore the solution for
P is reguired to such accurscy that 1ts secord dorivarive may be evaluated
for use 1n the relaxntioa sclution for v, . To caleulate usefully accurate
values of these derivetaves from a numerical incompressible-flow solution

would require on imaense amount ol work.
TABLE I

Values of Mcksyn's Punctions P, @, R and 5, and M,
Calculated for the Bicusped Aerofoil

[PUR RS e S A S LM ML 1 bt oA by b b AMRA o e

| x/o 0.5 Ouls, 0.6 043, 0.7 |
ET
§ Q 1.51.5228 128092 0.67277L

é'%m? 827520 2..260h2 170596 |
;_,_S_ m)Ii 6oi 1 _mé“%%?‘é o w’lm?i j“}E)b %
e o285 .07 d.0m |
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