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Summary 

Two flat parallel surfaces, oscillating harmonically about a mean configuration are immersed in a uniform 
subsonic main stream in a direction parallel to the surfaces. The linearised equations of potential flow are 
assumed to be valid, so that the upwash on the surfaces can be related to the loading on the surfaces by means 
of a pair of integral equations. This pair of integral equations is solved, by collocation, for approximations to 
the loadings in terms of given upwashes and these approximations are used to evaluate generalised airforces. 
The results are compared with some results obtained by other numerical procedures and with some experimental 
results. 

The procedure has been programmed in 1900 FORTRAN. 

*Replaces R.A.E. Technical Report 72180--A.R.C. 34 466 
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1. Introduction 

When two surfaces such as wing and tailplane in close proximity to each other are oscillating in an air- 
stream, the airforces on either one of the surfaces can be quite different from those which occur on the surface 
when it is oscillating in isolation, because the oscillation of one surface modifies the aerodynamic flow in the 
neighbourhood of the other as well as in the neighbourhood of itself. Indeed this modification can cause a 
lowering of the flutter speed when the wing and tailplane are moved nearer to each other, as was shown by 
Topp, Rowe and Shattuck.1 

For  flutter calculations of an aeroelastic system, the values of the generalised airforce coefficients at a given 
frequency of oscillation in a flow of given Mach number for a number of modes of oscillation of the aero- 
elastic system are required. In this report a method is developed for obtaining these generalised airforce co- 
efficients for two parallel planar surfaces oscillating harmonically in subsonic flow. In the method, the loading 
on each of the two surfaces is represented approximately by a linear combination of given functions each of 
which is continuous over the surface, and has the correct behaviour at the edges of the surface. The coefficients 
in these linear combinations are determined by ensuring that the upwashes corresponding to these approxi- 
mations to the loading, are the same as the known upwash distributions at sets of points on the two surfaces. 
These sets of points are the Multhopp 2 points for each of the surfaces. The generalised airforces are then 
obtained by using the so obtained approximate representations of the loading. 

Similar types of method have been used by Laschka and Schmid a and by Albano, Perkinson and Rodden 4 
to solve this problem, but Laschka and Schmid consider only the particular case of the two surfaces being 
coplanar. Rodden, Giesing and Kfilm/m 5 have also considered this problem using the doublet lattice method 
in which the approximation to the loading by means of continuous functions is abandoned and replaced by 
discrete loading along certain lines, the strengths of these discrete loads being adjusted to satisfy boundary 
conditions at sets of points on the surfaces. In the few comparisons that have been made, the results obtained 
by all these methods generally agree quite well with results obtained from the method of this report. 

Experimental work on two rectangular wings oscillating harmonically in subsonic flow has been carried 
out at O.N.E.R.A. 6 and some results obtained are compared with results obtained from the method of this 
report. 

2. Discussion of  Generalised Airforces on the Wing and Tailplane 

The wing and tailplane are immersed in an airstream and are assumed to be vibrating in such a way that 
the position of any point on the surface of either the wing or tailplane is always near to its mean position 
fixed relative to a certain inertial rectangular cartesian frame of reference C. The airflow at large distances 
from the wing and tailplane is uniform with speed V relative to the frame C and its density is p. The x-axis of 
the frame of reference is taken parallel to the direction of the uniform velocity of the air at large distances 
from the wing and tailplane, and positive in the direction of the uniform velocity. 

The wing and tailplane are assumed to be very thin and their surfaces nearly plane and orientated in such 
a way that the surfaces are at small angles to the uniform-flow direction everywhere except in the neighbour- 
hood of their leading edges. Then linearised theory is applicable and the wing and tailplane, including their 
wakes, may be replaced by flat surfaces of zero thickness in planes parallel to the x-axis. 

The positions of these flat surfaces are such that any point on the wing or tailplane is always near to one 
of these flat surfaces, and the orthogonal projection of the wing on the flat surface in its vicinity will be de- 
noted by W and the orthogonal projection of the tailplane on the flat surface in its vicinity will be denoted 
by T. The planes of W and T will be taken parallel to each other and at a distance h apart. The surfaces W 
and T will be assumed to be symmetric about a plane normal to these surfaces. The origin of coordinates of 
the frame of reference C is taken at an arbitrary point on the line of intersection of the plane of symmetry and 
the plane containing W, and this line of intersection is automatically the x-axis. The y-axis is taken in the 
plane of W in a direction perpendicular to the x-axis and positive in the direction which we henceforth call 
starboard. The z-axis is taken in the plane of symmetry, perpendicular to the plane of W, positive in the 
direction we call upwards, and forming together with the x and y axes a right-handed orthogonal frame of 
reference. 

There will be a pressure difference across W and across T at any point on either one of them and this 
pressure difference is called the loading at the point. The upwashes on W and on T are discontinuous across 
W and across T but can be split up into two parts on each surface, one of which is equal on the two sides of 
a surface and the other of which is equal but of opposite sign on the two sides of a surface. The part which 
is equal but of opposite sign is associated with the thickness distribution of the wing or the tailplane and is 



independent of time. The part which is equal on the two sides of a surface may be split up into two further 
parts, one of which is time independent and the other of which is time dependent. The time independent part 
is associated with camber and steady angle of incidence of a mean thickness line in the wing or tailplane, 
and the time dependent part is associated with vibration of the mean thickness line. 

We can separate the aerodynamic problem into three separate problems each one associated with a part  
of the upwash described in the preceding paragraph. The three solutions can then be superimposed linearly 
to get the complete solution. 

In the first problem, the upwash is equal but of opposite sign on the two sides of the surfaces W and T. 
This problem can be solved by covering the surfaces W and T by source distributions whose strengths have to 
be adjusted to give the correct upwash distributions. Since the pressure difference across surface distributions 
of sources is zero, the loading distribution on W and T must be zero in this problem. 

In the second problem, tl)e normal wash is equal on the two sides of the surfaces W and T but is time in- 
dependent. A loading distribution on W and T is now present but it is time independent. 

In the third problem, the upwash is equal on the two sides of the surfaces W and T but time dependent, 
and consequently the loading is time dependent. We shall be concerned in this report with this problem only 
and we shall take the time dependence to be harmonic with circular frequency co. The second problem is the 
particular case of ~ = 0, but we must note that if we take a limit process co ~ 0 then we get the correct 
loading at co = 0 only if the camber and steady angle of incidence are taken to be limiting cases of displace- 
ments which have harmonic time dependence of circular frequency co. 

We assume that the wing-tailplane system is capable of vibration in a number of modes of displacement 
that can be numbered 1,2, 3 . . . .  etc. In the mode p, the displacement in the direction of the positive z-axis 

Z(1)~ from the mean position of a point on the wing, with abscissae (x, y), is taken to be proportional to _p tx, y) 
and the displacement in the direction of the positive z-axis of a point on the tailplane, with abscissae (x, y), 
from its mean position is taken to be proportional to Z~Z)(x, y) with the same constant of proportionality as 
for the wing. 

When the wing-tailplane system is oscillating harmonically about its mean position, with circular frequency 
co, in the mode p, we may therefore take the displacement in the direction of the positive z-axis of a point on 
the wing, with abscissae (x, y), to be 

Z(pl)(x, y)b p e i~'' (1) 

at time t, and the displacement in the direction of the positive z-axis of a point on the tailplane, with abscissae 
(x, y), to be 

z~pZ)(x, y)b p e i~'' (2) 

at time t, where hp is a measure of the amplitude and phase of the oscillation and it is to be understood that 
only the real part of a complex number corresponds to the physical quantity concerned. The quantity bp 
may be complex, but Z~p '~(x, y) and (2) Zp (x, y) must be real. 

Since linearised theory is applicable, the loading at the point (x, y, 0) on W can be written in the form 

L~pl)(x, y;  v, m)bp  e i~°' (3) 

at time t, and the loading at the point (x, y, h) on T can be written in the form 

at time t, where 

L~2)(x, y ; v, M)bp e I°'' (4) 

col 
v = - -  (5) 

V 

is the frequency parameter, l is a typical length of the wing and tailplane, such as mean chord of W, and M 
is the Mach number of the uniform flow at large distances, given by 

V 
M = -- ,  (6) 

where a is the speed of sound in the uniform flow. 
For dynamical analyses of the vibration of the wing-tailplane combination we generally apply Lagrange's  

equations of motion and to do this we need expressions for the generalised airforces that occur. These air- 
forces act on the actual wing and tailplane but within the linearised approximation we can take the loadings 



described above as acting on W and T to evaluate these generalised airforces. The expression for Ppq, the 
generalised airforce in the mode p due to oscillation in the mode q is then given by 

P.. =b,e'°" f f  z~ ' (x ,y)L~'(x ,y;v ,M)dxdy + boe"°' f f  z'.~'(x,y)L~'(x,y;v,M)dxdy. (7) 
W T 

We introduce reduced displacement functions ~{pl}(x, y) and ({p2)(x, y) for the wing and tailplane by means of 
the formulae 

z())(x, y) = t~(~"(x, y) (8) 

and 

Z~2)(x, y) = l~2}(x, y), (9) 

and we introduce reduced loading functions ).~l)(x, y; v, M) and 2~2)(x, y; v, M) for the wing and tailplane by 
means of the formulae 

L(pl)(x, y; v, M) = pV22~l)(x, y; v, M) (10) 

and 

L~2)(x, y; v, M) = pV2it~2)(x, y; v, M). 

If we substitute (8), (9), (10) and (11) into (7) we get 

Pvq = P V213Qpqbq ei'% 

where 

(ll)  

(12) 

Qpq = Qvq(v, M) 

lff = l~ ~(t , l ' (x ,y)2~)(x,y;v,M)dxdy + ¢(2 ' (x ,y)~(q2'(x ,y;v ,M)dxdy.  (13) 
W T 

Our object is to determine the Qvq(v, M) for the wing-tailplane combination oscillating in given modes, at a 
given frequency parameter, in a subsonic flow of given Mach number. 

It is customary, for dynamical analyses, to write Qvq in the form 
¢ * t t  

Qpq= Qpq + tvQpq, ( 1 4 )  

t t t  where Qpq and Qpq are real quantities. 
Since the system of wing and tailplane is assumed to be symmetric about the x, z coordinate plane we can 

write 

and 

where 

(I a)" ~{))(x, y) = ~(),~)(x, y) + ~ , {x, y), 
~(~)(x, y) = ~(.~.~)(x, y) + ~(~2,o}(x, y), 

3(1}, M) ~(a'~)t'~ • M) -[- 2(l'a)(x,y v,M) p (x,y;v,  = ,% ~ , y , v ,  

.(2}, M) 2~2'~)(x, v, M) + 2~2'")(x, v, M), v (x ,y ;v ,  = y; y; 

~(i,~)(x, y) 

~(pl,a}(x ' y) 

~( . :"(x,  y) 

~(~:'")(x, y) 

2(~ l'~}(x, y; v, M) 

2~ l'~)(x, y ; v, M) 

2~2"~)(x, y; v, M) 

1 ( , )  l ( (pl}(x ' _ y ) ,  = ~(p (x,  y) + 

1 (1) 1 ~-(I ~(X = ~ p  (x,  y) - ~ ,  , - y ) ,  

LY(2)gv  __ = ½ ~ ( f ( x , y )  + 2 ~  ,~ ,  y), 

= ~( . : ) {x ,  y)  - ½~(~2}(x. - y), 

x ~( L )~,~ v, M ) ,  = ½2~l)(x,y;v,M) + ~,~p ,~, - y ;  

= ½~(.')(x, y ;  v, M )  - ½~()}(x, - y ;  v. M) ,  

!~(2)t . . . .  M) + ½2~2}(x,-y; v, M) 

(15) 

(16) 

(17) 

(18)  

(19) 

(2o) 

(21) 

(22) 

(23) 

(24) 

(25) 



and 

,,~.(2"a)[ X 1~'" M) = ½2~v2)(x, y; v, M)  - ½,;l,~2}(x, - y "  v, M). (26) 

The functions (~l,S)(x, y), ffp(2,S)(X, y), ,~pz~l'Sqx~, y; v, M) and 2~'S}(x, y," v, M) are even functions of y, whereas the 
functions (~pt,,,(x, y), (~p2"")(x, y), 2~v t'")(x, y; v, M) and 2~2'a)(x, y; v, M) are odd functions of y. The reduced dis- 
placement functions and reduced loading functions have therefore been resolved into symmetric and anti- 
symmetric parts in equations (15), (16), (17) and (18). Further it is seen that the loading function corresponding 
to a symmetric displacement function is symmetric and the loading function corresponding to an antisym- 
metric displacement function is antisymmetric in the variable y. 

If we substitute from equations (15), (l 6), (17) and (18) into equation (13) we get 

W T 

l f f  ,1.o, ,, 12a) ¢p (x, y)2q ' (x, y; + 12 ~p (x, y)2q '°)(x, y; v, M) dx dy + v, M) dx dy. (27) 
W T 

It is convenient in dynamical applications to use only modes which are either purely symmetric or purely 
antisymmetric. If p and q refer to such modes which are not both symmetric or not both antisymmetric then, 
according to (27), 

Qpq = 0. (28) 

Hence any dynamical problem concerned with the symmetric wing-tailplane combination can be con- 
sidered as two separate problems. In the one all the modes are purely symmetric and in the other all the modes 
are purely antisymmetric. To cope with either of these problems we write 

and 

fftvt)(x, - -y)  = ,,c¢~vl)(x, y), 

G2~(x, --y) = <~2>(x, y), 

2(p ')(x, - y '  v, M) = ~:2(p ' ~(x, y ; v, M) 

2~2~(x, --y" v, M) = ~c2~v2)(x, y; v, M). 

(29) 

(30) 

(31) 

(32) 

Then for purely symmetric oscillations we put K = 1 and for purely antisymmetric oscillations we put ~c = - 1. 

3. The Integral Equation Relating the Loadings and Upwashes 

The boundary condition that the airflow does not penetrate either the wing or the taitplane surface can be 
transferred to the flat surfaces W and T where it takes the form that the upwash on W and T takes prescribed 
forms when the vibration of the wing and tailplane is prescribed. We are interested only in the time- 
dependent contribution to the upwash and in the mode q of oscillation ; these are given by 

at time t at the point (x, y, 0) of W, and by 

at time t, at the point (x, y, h) of T, where 

and 

W~l)(x, y)bq e i~'' (33) 

W~2)(x, y)bq e i~'' (34) 

WIq I )(x, y) = V ~ Z~ 1 )(x, y )  + io,)Z~ 1 ) (x ,  y) 
GX 

(35) 

0 W{2), : -  Z~2~(x, y) + q ~x, y) = V iooZ~q2~(x, y). 
OX ~ 

(36) 



If we introduce reduced upwash functions o~)(x, y;v) and ~2)(x, y;v) for the wing and tailplane by means of 
the formulae 

and 

w ~ ( x ,  y) = vc~I~(x, y ;  v) (37) 

W(qZ)(x, y) = V~(qZ)(x, y; v), (38) 

then by substituting formulae (37) and (38) into equations (35) and (36) and making use of equations (8) and 
(9) we get 

iv ( °)" e~l)(x, y; v) = Oxx + ~q tx, y) (39) 

and 

If now we apply linearised potential-flow theory we get the following pair of simultaneous integral equations : 

°~l)(x' y" v) = " ~  t I  2~l)(x°' y°; v' M)K( x -I 
z47~t d d 

W 

l ff ( + ~ 2~2)(X0, YO ; V, M)K x 

T 

K - f ,~ , 7 ; v , M  = 12 

.o.- ) {  .,.--o,},.o..o+ , l Y ° ' o ; v ' M  exp 

,ohv )ex {  v'xx' t -l ' 1 ' l;  -l dx° dy° 

W 

+4@ff2~2)(x°'y°'v'M'K( x-x° y-y° ) { iv{x-x°)} ' 7 ' 7 ,O ;v ,M exp ~ dx odyo, 
T 

where 

(u 2 + y2 + zz)~ du + exp - 1 - M  e ] J R(x 2 + yE + z 2) 

with 

z2M(Mx + R) 3 z2M2(1 - MZ)x 2z2M(Mx + R) 
R(X 2 + y2 + Z2)3 R3(x 2 + y2 + z 2) R(x g + y2 + zZ)2 

iv .'M'(Mx +_ R) 
l R2(x ' + y2 + z2)J] 

(41) 

(42) 

(43) 

R = x /x  a + (1 - Ma)(y a + z2). (44) 

The formula (43) of the kernel function K(x/l, y/l, z/l: v, M) can be obtained from Ref. 7. 
We introduce parametric coordinates 40, ~lo on W by means of the transformation formulae 

1 
4o - [Xo - x ~ ' ( y o ) ~  

c~(yo) 
and (45) 

1 
qo = ~Yo 

where sl is the semi-span of W, c~(yo) is the local chord of Wand  x~)(yo) is the x coordinate of the leading 
edge of W at spanwise position Yo. Then W is the region 0 ~< 4o ~< 1, - 1 ~< r/o ~< 1 of the 4o, rio space. 

We introduce parametric coordinates eo, (o on T by means of the transformation formulae 

1 
Co - [Xo - x~2~(yo)] 

and Ca(y°) 
1 (46) 

(o = --Yo 
S 2 

where s2 is the semi-span of T, c2(Yo) is the local chord of T and x~2)(yo) is the x coordinate of the leading 
edge of T at spanwise position Yo. Then T is the region 0 ~< c o ~< 1, - 1 ~< (o ~< 1 of the e o, (o space. 



The pair of integral equations (4[) and (42) become, on transforming the integration variables by means 
of equat ions (45) and (46), 

1 s I + 1 e l ( Y 0 )  dllo 2(ql)(Xo, YO" V, M ) K  x - x o y - Yo iv(x - Xo) d~o + 
e ' , / ) ( x , y ; v ) - 4 n  l , - 1 - -  oo /- , /- , O ; v , M  exp 

1 s2 ~lc2(YO) d[o 2~2)(x0 y o ; v , M ) K  x - x  0 y - y o  _.h v , M  x 
+ ~ 7  -,--t- ' i ' i ' i '  

× exp { - iv-(-X-i- x°)} d% (47) 

and 

c~2~(x, y" v) - 1 s I +if.!. dqo 2~ql~(xo,Yo;v ,M)K X - X o  Y - Y o  h i v ( x - x  o d ~ o +  
4n l 1 [ ' l ,~- ;v ,M exp 

1 s 2 +1c2(.},O)d(~o )(qZ~(xo,Yo;V,M) K X - X o  Y - Y o  0 ; v , M  x 
+ ~ i , 7 -  i ' ~ ' 

iv(x - Xo! } d%. (48) x exp - 

4. Approximation to the Loading Functions 

The solution of equations (47) and (48) is not  unique in general, but if Kut ta ' s  condit ion that the flow at 
the trailing edges of W and T is smooth is imposed, then the solution becomes unique. The reduced loading 

)11),, distributions ,q t-~o, Yo v, M) and 2~2~(xo, Yo; v, M) then acquire known behaviours near the edges of Wand  T. 
For  the parametric  coordinates (~o,qo) introduced on W let ~111, i = 1,2, . . . , n l ,  be a set of n I distinct 

points ~o in (0, 1) and let ~l~11, j = 1,2 . . . .  ,m I, be a set o f m  1 distinct points qo in ( - 1 ,  1). Precise locations 
of these points will be given later, see equations (260) and (261). 

Let hl~((o), i = 1 2, n~ be the set of n~ interpolation polynomials based on the points ? <I) i = I, 2, 
. . . .  n ~, and defined by the formulae 

= ( - ~.[~) l , i=  1,2 . . . . .  hi .  (49) 

r z e i  

The h111(~o) are a set of n~ linearly independent polynomials  of degree (n - 1) in ~-o which have the proper ty  

hl'~(~ 1~) = 6,,, (50) 

where 6z, is Kronecker ' s  delta. 
Let g}ll(qo), j = 1,2,.  . . . .  m l be the set of ml interpolat ion polynomials  based on the points j,tlt,l~ j =  1,2, 

. . . .  m~, and defined by the formulae 

(51) 
s ~ i 

The g)~)(qo) are a set of m 1 linearly independent  polynomials  of degree (m I - l) in qo which have the proper ty  

g}l)(w~l)) = 3js' (52) 

We take an approximat ion ~,~l)(xo, Yo) to ).~l)(xo, yo;v,  M), which is given by the formula 

i~l,(xo , Y o )  = - , , , :~ ,  A q ; , . , h ,  (~.o)g~ ~ ' 1 o ) ~ / - ~ o ~  x / 1 -  'Ig. (53) 

The factor x / ~  - ~o)/d-0x/1 - rlo 2 accounts for the known behaviour of the reduced loading at the edges of 
W. The factor / exp  ( - i v x o / l ) / c l ( y  o) is introduced for convenience since by doing so numerical integration 
work is reduced to some extent. The  summation 

n l  ml  

E E ,1, , ,  ,11 Aq..J~ (~o)& (%) 
r = l  x = l  



is a general  double  polynomia l  of  degree (na - 1) in ~o and (m 1 - -  1) in rio. The  coefficients A~;).~ are, as yet, 
undetermined.  

Fo r  the paramet r ic  coordinates  (Co, ~o) introduced on T let ~I 2), i = 1, 2 , . . . ,  n 2, be a set of n 2 distinct points  
eo in (0, 1) and let q}2), j = 1, 2 . . . . .  m' 2, be a set of  m 2 distinct points  ~o in ( - 1 ,  1). Precise locat ions of  these 
points  will be given later, see  equat ions (262) and (263). 

Let  hl2)(eo), i = 1, 2 , . . . ,  n 2, be the set of  n 2 in terpolat ion polynomials  based on the points  ¢I 2), i = 1, 2, 
. . . ,  n 2, and defined by the formulae  

rn__I~l [ /~0 - -  ~2) / (54) h~Z)(e°) = / ?~  ) - ~ ) / '  i = 1, 2 . . . .  , r/2. 

r-~ i 

The hl2)(eo) are a set of n 2 linearly independent  polynomials  of degree (n 2 - 1) in % which have the proper ty  

h12)(~ 2)) = cSi,. (55) 

Let  g~2)(~o), j = 1, 2 . . . .  , m z ,  be the set of m 2 in terpolat ion polynomials  based on the points q}2), j = 1, 2, 
• . . ,  mE, and defined by the formulae  

m2 ~ __ ~ 1 2 )  

g}2)((o ) = ~=1]I1 [ s o _  'Is ~[ (56) 12) 12) ' J  = 1,2 . . . .  ,m2. 
= 

s ¢ = j  

The g}2)((o) are a set of m 2 linearly independent  polynomials  of  degree (m 2 --  1) in (0 which have the proper ty  

g~2)(r / (2)) = clj~. (57) 

We take an app rox ima t ion  2~q2)(x o, Yo) to 2~2)(Xo, Yo ; v, M), which is given by the formula  

.~Z)(Xo, Yo) = c2(Yo) eXp - ~ a ~= 

The  factor ~/(1 - eo)/e o x/1 - (2 accounts  for the known behaviour  of  the reduced loading at the edges of 
T. The  factor / e x p ( -  i vxo / l ) / c2 (y  o) is introduced for convenience since by doing so numerical  integration 
work is reduced to some extent. The summat ion  

n2 m2 

" " q ; r , s ' ~ r  ~ , t 'OINs  t ~ 0 /  
r = l  s = l  

is a general  double  ~olynomial  of degree (n 2 - l) in e o and (m 2 - -  1) in (o- The  coefficients --q;r,s#2) are, as yet, 
undetermined.  

• ~ . . . . t , 1 1 )  ' . • 212) i = 1, 2, n z / j  , j = 1, 2, . m 1 t]~ 2), The choice of  locations of  the points  ~ ) ,  i = 1 ,2 , . .  n I ~ , , .. , 
j = 1, 2 . . . . .  m 2 will have no influence on the accuracy of the approx imat ions  (53) and (58), except insofar 
as good condi t ioning of matrices,  from which the z t~) and A t2) --q;r,~ --q;r,~ are obta ined later in the analysis, may be 
affected• The expressions (53) and (58) are always the most  general expressions of their kind• The results obta ined 
would be exactly the same irrespective of  the location of these points, provided precise numerical  values 
at each stage of the calculation were possible. Since we have to work with a relatively small number  of significant 
figures the results can be different because ill condit ioning may lead to loss in accuracy through not retaining 
a sufficient number  of  significant figures. The  choice of points  we make  will be discussed near  the end of Section 6. 

If  we substi tute the approx imat ions  (53) and (58) for 2~t)(xo, Y0 ; v, M) and 2~2)(Xo, Yo ; v, M) into the right 
hand  sides of  equat ions  (47) and (48) and denote  the resulting functions on the left hand sides by &~n(x, y) and 
&~Z)(x, y)  respectively, then we can write 

&~I)(x,Y) = 2 "4~1) U(1)tY v, M ) +  Z #2)  V(2)t.. " ' q ; r , s ~ r , s ~ ' * ,  Y ~ - -  - -  ._q;~,s_ . . . . . .  y;  v, M exp (59) 
r s = l  r = l  s = l  

and 

&(qZ)(x, Y ) =  --q;,,s--r,s,",#l) V t l ) t v  ,1", V, M )  + "Z "-q;r.s--,,s,-,AI2) U(2)IY ,u', v, M )  exp - - - - -  
r 1 s = l  r = l  s = l  

where 

47zl Sllf+_ U~l)~(x, y ; v, M )  - 
1 

g~l)(qo)x/1 _ q2 dq ° h~l)(~o) K x i Xo y - Yo,0 I 
' -l ; v ,  M l  d~ o, 

(60) 

(61) 



U(2)IX . 1 S2 f_'- 1 
. . . . .  y ; v , M )  4~r 1 1 

_ 1 s i r _  '-1 V~t2(x,. y" v, M) 4~ l 1 

and 

f~  k/l-- ( x - x °  Y - Y °  O;v ,M)  deo, (2) ~ v-o; eo 1 ' 1 
g~ ( ( o ) x / 1  _ ( 2  d( ° ht2)to , - e o  K 

;; ~ (X-xoy-yoh) 
g~'(,lo)x/1 - '12odqo h(fl)({o) K 7 ' 1 , ~ ; v , M  d~o 

1 s 2 f _  '-1 
(2) .. M) 47t 1 V r.~ (,~, y ; v , 

(1) (2) We determine the coefficients Au;~. ~ and Aq:,..~ from the sets of  linear equat ions 

and 

fo ) g~2)(~0)41 _ (0 2 d( 0 h~2)(eo) x - x 0 y - Yo h 
% ~ 1 1 l '  v, M de o. 

/ - 7 - -  

i =  1 , 2 , . . . , n  1 

j =  1 , 2 , . . . , m  1 

fo' , gS) ,(r/)x/1 _ ///2 (t, 

x exp - -  d~ = 0 ,  

V/I e h12)(1 - ,:) ~ e { ~ 2 ' ( x , y  

i =  1 , 2 , . . . , n  2 

j = 1,2 . . . .  ,m  2 

where 

f ) l  g~2)(Ox/1 _ (2 d( f /  

x exp - -  de = 0 ,  

^(1)  . .  % (~, Y)}× 

; v) - ~2)(x, y)} 

(62) 

(63) 

(64) 

(65) 

(66) 

and 

on W, and 

and 

1 
= ~ Ix - xL 1)(y)] 

1 q - - - - y  
S1 

1 
e = ~ , , [ x  -- x~L2)(y)] 

c2tY) 

1 ¢ = - - y  
S 2 

(67) 

(68) 

on T. The equat ions (65) and (66) are obta ined in a s t ra ightforward manner  by applying the Flax variat ional  
procedure,  in exactly the same manner  as was indicated for a single plane wing in Ref. 8. 

If we substitute from equat ions  (59) and (60) into equat ions (65) and (66) we get 

nl ml n2 m2 

(1). = E E A(1) d"!l:l) + E E A(2) I]/!1:2) i = 1,2,.  ,rt I • j = 1,2, ,m I (69) 
q ; | , J  • • " - q ; r , s ~ ' l , J ; r , s  , • • . " - q ; r , s ' r  | , j ; r , s  

r = l s = l  r = l s = l  

and 

where 

nl ml n 2 m 2 

0(2')' = Z Z A(u d/2'1) + S" '~" A (2) d/2'2) i =  1 , 2 , . . , r / 2 ;  j = 1,2, . m 2 (70) q;l,J q; . . . .  i,j;r,s ~ ~ q;r,s'r i,j;r,s • . .  , , 
r = l s = l  r = l s = l  

0 (1). = f_ ' - I  
q ; l , J  

1 

0 (2) f 1 
q ; i , j  = 

1 

i =  1,2 . . . .  , n l ;  j =  1 , 2 , . . . , r e x ,  

g ~ 2 ) ( ~ ) 4 1 -  ~ 2 d ~ f 2 h 1 2 ) ' l -  g ) ( l ~ 8 0 ~ : 2 ) ( x , y ; v ) e x p ( i ~ )  d~ 

(71) 
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i =  1 , 2 , . . . , n 2 ;  j = 1,2 . . . .  ,m 2 (72) 

i , j ; r  , s  

1 

1~!1.,2) = f + I 
t , J ; r , s  

- - 1  

,b!b 1) = g}l)(r/)41 - q2dq hll)(1 - ~) U~I~(x,y;v ,M)d~ 
~ r t , J ; r , 8  _ _  

- 1  

i =  1 , 2 , . . . , n l ;  r =  1 , 2 , . . . , n ~ ;  

j =  1 , 2 , . . . , m l ;  s =  1,2 . . . . .  m a, 

f2 J i g}2)(()4 1 _ (2 d(  hl2)(1 - e) e _~,~t ~2)" y; v, M) de 
1 - g  

i =  1 , 2 , . . . , n 2 ;  r =  1 , 2 , . . . , n 2 ;  

j = 1,2 . . . .  ,m2;  s = 1 , 2 , . . . , m  2, 

g}l)( , l ) ,~/1-  q2 dq f /  h la ) (1-  ¢)V/ l  {~_ ~ V:2:(x,y; v , M ) d ¢  

i =  1 , 2 , . . . , n ~ ;  r =  1 , 2 , . . . , n 2 ;  

(73) 

(74) 

j =  1,2 . . . .  , m l ;  s =  1 , 2 , . . . , m 2 ,  (75) 

and  

,i/.2:1) = g ~ Z ) ( ( ) ~ / 1  _ /~2 d (  h~2)(1 - -  ~ )  V~l)(x, y ;  V, M )  d,~. 
• -,,s;r,s V l  - e ' 1 

i =  1 , 2 , . . . , n 2 ;  r = 1 , 2 , . . . , n t ;  

j =  1 , 2 , . . . , m 2 ;  s = 1 , 2 , . . . , m r .  (76) 

The  sets of  equa t ions  (69) and  (70) form toge ther  a set of  man1 + mzn z l inear  s imul taneous  equat ions  for the 
mln 1 coefficients a " )  • r -- 1, 2 , . .  , n z __q; .... r = 1,2, .  ,n  a s = 1,2, m 1 and  the m2n2 coefficients a ~2~ • " , • • • ,  , - ~ q ; r , s ~  " 

s = 1 , 2 , . . . , m  2 .  

The  wing- ta i lp lane  conf igura t ion  has  been assumed  to be symmetr ic  a b o u t  the xz  coord ina t e  plane and 
the re la t ions  (29), (30), (31) and  (32) are  valid since we shall  cons ider  only  pure ly  symmet r ic  or  pure ly  ant i -  
symmet r i c  osci l lat ions.  We take  the load ing  po in ts  n ~a) and  H {2) -s  -,s to be symmet r ica l ly  d i s t r ibu ted  abou t  zero. 
The  n u m b e r  of  equa t ions  and unknowns  in (69) and  (70) can then be reduced.  The process for do ing  this is 
s l ightly different for even and  odd  values of  m~ and  m2. We shall  cons ider  here only the case of  bo th  m~ and 
m 2 being even, and  we shall  o rder  the points  q~a) and q}2) such that  

q(1) _- _/qt 1) ml 
m 1 - ~ + 1  ~ , S =  1 , 2 , . . . ,  2 '  

and  (77) 
m(2) ..(2) /g/2 
' tm~-s+l = - q ~  , s = 1 , 2 , . . . ,  2 

It  then follows that  

g~_~+  1(r/o) = g~l)(_ qo), 

g{,~2)- s + I(~0) = g~2)( _ ~o), 

ml 
s = 1,2 . . . . .  ~ - ,  

rn 2 
s = 1 , 2 , . . . , ~ - .  

(78) 

Then,  since K(x/l,  y/l, z/l; v, M) is an even funct ion of  y/1 we get immedia te ly  from equat ions  (61), (62), (63) 
and  (64) tha t  

U•l)(v M) U m l(x, y;  v, M), , ,s,~, - Y ;  v, = r ,mt-s+ 

U~22(x,-y'v,M), = U~ 2),me -,+ l ( x , y ; v , M ) ,  

V~12(x, - y ;  v, M)  = V cl) " M) 
r , m t  - - s +  1 I , ~  Y ' ~  ~Y, 

(79) 

(80) 

(81) 

and  

V~2.2(x, - y ; v, M) = V la) , _ . . . .  _s+l(X, y ;  v, M). (82) 
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Further, it follows from equations (73), (74), (75) and (76) that 

and 

Ol!a 1) + ", l - J  1; . . . .  - s + l  = ~ (1 ,1 l  ( 8 3 )  i , j;r,s , 

(1,1) i//(1,1) (84) 
i , j ; r , m l - s +  l = "r i , r a l - j +  l ; r ,a ,  

~¢( 2,2) 111!2:2) ( 8 5 )  
i , m 2 - - j +  1 ; r ,m2- - s+ 1 ~ v ' l , j ; r , s~  

//(2,2) dr(2,2) ( 8 6 )  
i , j ; r , m 2 - - s +  l = "l" i , m 2 - - j +  1;r ,s ,  

i//(1,2) i//(1.,2) ( 87 )  
i . m l - j + l ; r , m 2 - s +  1 ~--- r t , j ;r ,$~ 

//(1,2) , I , (1 ,2)  ( 8 8 )  
i , j ; r ,m2-s  + 1 = W i , m l  - j +  1 ;r,s~ 

I//(2,1) ibl.2:1) (89)  
i , m 2 - - j +  1;r,ml - -s+ I = "i'l,J;r,s 

~!2.,1) )b(2,1) 
l,J; . . . .  - S +  1 = W i , m 2 - j +  1;r,s" ( 9 0 )  

The reduced upwash functions ~ t ) ( x ,  y;v)  and ~2)(x, fl;v) satisfy the relations 

~(1),q tx, - y ; v) = ~a~l)(x, y; v) (91) 

and 

(~(2) _ ; V) /£(~(2)(X, y ; v), ( 9 2 )  q (x, - -y  = 

which follow from equations (29), (30), (39) and (40). 
Therefore, from equations (71) and (72) we get 

(1} = t40(1) • (93) 
q ; i , m t  - j +  1 " - ~ q ; t , j ,  

and 

0(2) (1;i,m2-j+1 = ~C0(q2]# ' (94)  

In view of the relationships (79) to (90) and (93) and (94) it follows that the solutions A~;).~, r = 1,2 . . . . .  n i ; 
(2) . s = 1,2 . . . . .  m~, and A q ;  . . . .  , = 1 , 2 , . . . ,  n2 ; s = l ,  2 , . . . ,  m 2 of equations (69) and (70) must satisfy the relations 

A '1) = trA~!) s, (95) q ; r , m l - - s +  l , , 

A(2) , a(2) (96) 
q ; r , m 2 - s + l  = tl'Z'lq;r,s" 

It now follows that the set of  rain ~ + m2n 2 linear simultaneous equations (69) and (70) may be replaced 
by the set of~(m~n~ + m2n2) linear simultaneous equations 

nl ½ml n2 ½m2 
(1) = E E m(1) r ) / ' !b l )  + ~ ' / ' " ' 1 )  q;i,j  v i , j ;  . . . .  - s +  i]  + E E A(2) [)/1(1,2) l.,1t(1,2) "1 - -q;r,st . 'r  i , j ;r ,s  "J- '~W i,j;r,m2 -- s + lJ ~-q;r,st . 'r  t,J;r,s 

r = l  s = l  r = l  s = l  

and 

i = 1,2 . . . .  , n l ,  

j =  1 , 2 , .  1 . . , g m  1 , (97) 

.,  ~m, ,2 ½m2 i = 1, 2 , . . . ,  n2, 
0[2) A(1) [[//12,1) . d , (2  1) 

q;i , j  = E E q;r,s " , j ; r , s - } -  t ~ i , j ~  . . . .  +1] + E E /:[(2, [¥/(2,2) , -s  - -q ;  . . . . .  ,,S;,,s + KO12;~),,~-~+l] . (98) 
r = l  s = l  r = l  s = l  J = 1,2, ±m • ' ' , 2  2" 

The set of  equations (97) and (98) may be written as the single matrix equation 

[o:,] W,i, 
®(92)] = LW(2,1) (2,2) (2) • (99) J LA. J 

0 (1!.. i =  1 ,2 ,  nt" j =  1 ,2 ,  Lm The The column submatrix ®(1) consists of  the ½mln I elements -q;,,,1, q " ' ' ~  ~ " ' ' , 2  l" 
column submatrix ®~2) consists of the l m 2 n  2 elements 0(2!. i = 1, 2, n 2 " j = 1 ,2  . . . .  ~rn,.  The column - - q ; t . j  ' " " " ' " - - 

submatrix A~q 1' consists of the ½mln 1 elements A (1) ._(1; ..... r = 1,2 . . . . .  nm s = 1,2 . . . . .  ½ml. The column submatrix 
A(2) A (2'(1 c o n s i s t s  o f  t h e  l m z n  2 e l e m e n t s  ._q; . . . .  r = 1,  2 , .  . . . . .  , n 2 ; s = 1,  2 ,  , ½ m  2 . 

We must arrange the elements of  ®~1), "Jq~(2), A~ 1) and A~ 2) in some prescribed order. It is convenient to use 
the following ordering: 

0 (1) is the n~(½m t - j )  + i'th element of ®~n, 0(2) is the n2(½m 2 - j )  + Fth element of ®(2) q;i , j  q; i , j  (t ' 

A(')q;,,s is the nl (½m , - -  s) -4- r'th element of A~ l) and A (2)q;r,s is the n2(½m 2 --  s) + r'th element o fA~  2). 
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The arrangement  of  elements in ~/(1,1) LIM2,2) ' klJ(1.2) and Wt2,~) must  correspond to the arrangement  of ele- 
ments in ®~1), ~'qC't2), A~ 1) and A~ 2). The submatrix qjtl.1)is a square matrix of order  ½mln ~ x ½mini with the 

element 

i =  1,2 . . . . .  n l ;  r =  1 , 2 , . . . , h i ;  
(1,1) Kd/1,1) 
i , j ; r , s  + "r i , j ; r , m l - s +  l j =  1,2, Am • = .. . . . .  2 1, s 1,2, .,½m l, 

in the nl(½ml - j )  + i ' th row and n,(½ml - s) + r ' th  column. The submatrix ~12.2) is a square matrix of 

order  ½m2n 2 + ½m2n 2 with the element 

//{2,2) /O/1(2,2) i = 1, 2 . . . . .  n 2 ; r = 1, 2 . . . . .  n~ • 
~,j;r,s + ~i,j;~,,,~-~+l j =  1 , 2 , : . . ,  2±m2," S = 1,2, . . . ,2!m2,  

in the n2(½m 2 - j )  + i ' th row and n2(½m 2 - s) + r ' th  column. The submatrix ~F (1'2) is a rectangular matrix 
of  order  ½rnln 1 x ½m2n 2 with the element 

i =  1 , 2 , . . . , n l ;  r = 1 , 2 , . . . , n 2 ;  
i//(1, 2 ) /01/(1, 2 ) 

i , j ; r , s  "2i- r i , j ; r , m l - - S +  l 
• 1_ m j = 1,2 . . . .  ,½ml, s = 1,2 . . . .  ,2 2, 

in the nl(½m 1 - j )  + i ' th row and n2(½m 2 - s) + r ' th  column. The submatrix ,pt2.~) is a rectangular matrix 
of order  ½mzn 2 × ½rnln 1 with the element 

i =  1 , 2 , . . . , n 2 ;  r =  1 , 2 , . . . , n ~ ;  
t//(2,1) ,~.,It (2,1 ) 

i , j ; r , s  + ~'t" i , j ;r ,ral  - s +  I 
j = 1,2 . . . .  ½m E • s = 1,2,. !m • , " ' , 2  1 ,  

in t h e  n2(½m 2 - j )  -}- / ' t h  r o w  a n d  F/l(½m 1 - s) -{- r ' t h  c o l u m n .  

5. Approximation to the Generalised Airforees 

If we transform the integration variables x, y in formula (13) to (4, ~/) over W and to (t, () over T according 
to equat ions (67) and (68) we get 

s, f_'-I el(y), f j  s2 f+l  c2(y)d( ~(p2)(x,y)2:2)(x,y'v,M)de. (100) Qpq = T 1 T a q  (~Pl)(x'Y)2~')(x'y;v'M)d~ + T0 -1  T " ' 

If  we substitute the approximat ion  2~l)(x,y) to 2~qn(x, y;  v, M) from equat ion (53) and the approximat ion  
~2)(x,y) to 2~2)(x, y; v, M) from equation (58) into formula (100) we get an approximat ion 0pq to Qpq, given 

explicitly by 

where 

and 

n 1 nl 1 112 m2 

O p q  E E "4{1)~/(1) /[(2, ~/(2) - , ;  . . . .  p;r.s + Z E (101) = - - q ; r , s r ,  p;r,s  
r= l  s = l  r = l  s= l  

Z(1) 
$1 f+1 

p;r,s  = I , J _  l 
g]X)(q)x/1- q2dqf~h~l)(~)V/-(---~fi-{~l)(x,y)exp(-i~x)d~. 

r = 1 ,2 , . . . , n l ; s=  1 , 2 , . . . , m a ,  (102) 

.(2) __$2 f + l  
L p ; r , s  = l - 1 

_ i (2) 1 g (2) , _ _ _  g~2)((,~/1 (2d(;o hr (e,)~r~--SZ-~p ( x , k ) e x p (  iT) de 

r =  1 , 2 , . . . , n 2 ;  s =  1 ,2 , . .  ,m 2. (103) 

It follows, in view of  equat ions (29), (30) and (78) that 

and 

•(I) = /(T. (I) p; . . . .  - s +  1 ~p; . . . .  (104) 

Z•2) = ~¢2) (105) p;r .m2- -  s +  1 t~p;r,s" 
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If  we substitute equations (95), (96), (104) and (105) into equat ion (101) we get 

nl ½ml n2 ½mz 

0.. 2 Z Z A"' = q; .. . .  p;,.s + 2 ~ ~. A (2) .(2) (106) 
- - q ; r , s X . p ; r , s  

r = l  s = l  r = l  s = l  

since ~ = + 1 or  tc = - l, and then expressing this equat ion in matrix form we get 

FA(1)-I [O_~pq] = 2 F~'(1) v(Z)l l -q [ 
L.~.,  ^ .  J LA~:)J' (107) 

.(1) is a row matrix of ½rnln~ elements with where [(~pu] is a matrix of the one element (~pq. The row matrix Xp 
the element 

X(1) r = 1,2, na;s  -- 1,2, ½m 1 p ; r , s  • • • , • • . , 

in the n~(s - l) + r ' th  column. The row matrix ,/2) is a row matrix of ½m2n 2 elements with the element ~.p 

Z( 2 ) p;,,~ r = 1 , 2 , . . . , n 2 ; s  = 1,2 . . . .  ,½m2, 

in the n2(s - 1) + r ' th column. 
F rom equat ions (99) and (107) we get finally 

[0..2 = [z(~ ", z'. 2'] L½v(2,,) ½v(~,~Ll L®~2)j, (108) 

an equat ion that  can be used to determine the approximat ion  Qpq to the generalised airforce coefficient Qpq, 
since all the elements of the matrices on its right hand side can be evaluated. 

If we consider k modes of oscillation then there are k 2 generalised airforce coefficients Qpq, p = 1, 2 , . . . ,  k ; 
q = 1,2 . . . . .  k. 

Let [0] be the square matrix of order k × k with the element 

(~p.q, p = 1,2 . . . . .  k ; q  = 1,2 . . . .  ,k, 

in the p ' th row and q' th column. 

Let g I1) be the matrix obtained by arranging the row matrices X~p 1), p = 1, 2 , . . . ,  k consecutively beneath 
each other and let g ~2) be the matrix obtained by arranging the row matrices )(p2), p = 1, 2 , . . . ,  k, consecutively 
beneath each other. 

Let 0 I1) be the matrix obtained by arranging the column matrices O~ 1), q = 1, 2 , . . . ,  k, consecutively along- 
side each other and let O 12) be the matrix obtained by arranging the column matrices 0 `2) q , q = 1,2 . . . .  ,k  
consecutively alongside each other. 

Then we may write 

EQI [x")'xI2)]L½,1,,~,I~ ½~,=.2 U LO,2U (109) 

6. Numerical Integration 
6.1. Formulae for ~'"'J~ 

To evaluate the elements in the matrices occurring in formula (109) certain integrals must be evaluated 
and we shall now discuss their numerical evaluation. 

We obtain the elements of the matrices h ~"'1), ~F {~,2), ~p(2,1) and ug(2,2) from the formulae (73), (74), (75) and 
(76). The functions ,i) . Ur.~(X, y ,  V, M),  U~,s(x,y,(21 " v, M),  V~l~(x, y • v, M)  and V~2)~(x,. y," v, M)  occurring in these 
formulae are not known explicitly but have to be obtained from the convolut ion integrals in equations (61), 
(62), (63) and (64) respectively. Since the evaluation of  these convolut ion integrals is rather lengthy it is not  
practical to obtain values of U(~Vx~.~, ,y,' v, M),  U(2}/--r,s,A,y,," v, M), V~2(x,. y; v, M)  and V~2)~(x,. y," v, M)  at a very 
large number  of  points (x, y) on the surfaces W and T. For  this reason the number  of integration points used 
for the numerical evaluation of the integrals in formulae (73), (74), (75) and (76) must be restricted in number.  
The selection of the points is made so that the numerical values of the integrals are as close as possible to 
the actual values and to this end we use the techniques of Gaussian integration. 

Let l,(o) be a polynomial  of degree n in a which satisfies the relations 

f ~ F l , ( a ) v / l - ~ r d ~ = O ,  r = O ,  1,2, . n _  1 . a  .. , (110) 
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Let the zeros of  1,((7) be denoted by (7~"), I = 1, 2 , . . . ,  n. All these zeros are in 0 ~< (7 ~< 1 and are given by 

(see Ref. 9) 

/ 2 1 - 1  / 
a(1 m = ½ - ½cos 1 2 ~ - - ~ ] ,  I = 1,2 . . . . .  n. (111) 

Let/~")(a), I = 1, 2 , . . . ,  n, be the set of  n interpolat ion polynomials  based on the points  a~"), I = 1, 2 . . . . .  n, 
and defined by the formulae  

/Ti([)(a > = 15-[/ ( 7 -  (7~e") / (112) 
,= ,  t j y -  - (7~,)1, I =  1,2 . . . . .  n. 
P¢:I 

The #~")((7) are a set of  n linearly independent  polynomials  of  degree (n - 1) in a which have the propert ies  

/~")((7(p")) = 6w (113) 

and 

where (see Appendix 3 of Ref. 9) 

f •  #,)((7)#p.)((7)¢I - (7 d(7 = a , , ,OT,  
(7 

(114) 

L ¢ HT= [@)(~)]2 l-Gd(7 
(7 

= )((7 da 
(7 

2~ 
- -  2n + 1 (1 - -  a([)) (115)  

and b w is Kronecker ' s  delta. 
Let 7.(/~) be a po lynomia l  of  degree m in/2 which satisfies the relat ions 

f_ .-1/2%,(P)x/1 _ k t2 d/2 = 0, s = 1, m - 0, 2 , . . . ,  1. (1 16) 
1 

Let the zeros of  7re(P) be denoted by ~,s' ("), J = 1, 2, . . . ,  m. All these zeros are in - 1 ~ / 2  ~< 1 and are given 
by (see Ref. 9) 

/2(~) = cos 7r , J = 1 , 2 , . . . , m .  (117) 

Let ~)(/2), J = 1, 2 , . . . ,  m, be the set of  m interpolat ion polynomials  based on the points  ~s' ( m ) , j =  1,2, 
. . . ,  m, and defined by the formulae 

f l  [ / 2 - / 2 ~ " ' 1  (118) gY*(/2) = I,,(") ,,(m)/' a = 1, 2 . . . . .  m. 
O = l  ' , t~a  -- ~(2 ! 
Q=p J 

The  ~m)(//) are a set of  m linearly independent  polynomials  of  degree (m - 1) i n / / w h i c h  have the propert ies  

~")(/2~")) = asQ (119) 

and 

f ~ '  ~(j=)(/2)~m)(#),fl -- /22 d/2 = 6je(~} m), (120) 
1 

C,~") = f + i  
- I  

[~.,(~)]2/q _/22 d/2 

f' ~')(u),fi- /22@ = 

- 1  

where (see Appendix 3 of Ref. 9) 
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and 

If 

__ 7r. 

m + 1 [1 - (p(j,))2]. 

We define the numbers  it(l,,) ~4(2,,) [~,(2,m) " ' i a  , " i , ~  , G~:J m) and by means of the ~ j , J  

r4(~..> hl I) ") d~ * * i d  = 
0 

H(2,.)  hl2)(c)fi~n)(c) - -  C dc  
" * i , l  = 

* ~ l  

G(t,,.) g)l)(q)~(j.)(q)V/~ q2 dr/ j , J  = 
1 

formulae 

i =  1 , 2 , . . . , n t  ; 

I = 1,2 . . . .  ,n, 

i =  1 , 2 , . . . , n 2 ;  

I = 1,2 . . . . .  n 

j =  1,2 . . . . .  m~; 

J = 1 , 2 , . . . , m ,  

G(2,m) f + 1 j , j  = 

- 1  

g~2)(()g(s.o(Ox/1 _ (2 d( 
j ---  1,2 . . . .  ,mE; 

J = 1 , 2 , . . . , m .  

n ~ J11, 17 ~ / / 2 ,  m /> m 1 

the formulae (122), (123), (124) and (125) give respectively 

and 

and m >/m2, 

H(1,n) h(1)grr(n)~ ~ ( n )  

H ( 2 , n )  h(2)G.r(n)~ lQ(n) 
i . l  = "~i ' ,~  ] a a l  

G ( 1  ,m) o(I)1", (rn) l~ . (m)  
j , J  = 6 j  [l'~J ]x ' l J  

(121) 

(122) 

(123) 

(124) 

(125) 
| 

(126) 

i =  1,2 . . . .  ,n  I" 1 =  1 , 2 , . . . , n ,  (127) 

i =  1,2 . . . . .  //2; I = 1 , 2 , . . . , n ,  (128) 

j =  1,2 . . . . .  ml ;  J = 1,2 . . . . .  m (129) 

GI2,m) o(2)1 ,  (m) '~ . . (ml  j.s = s s  ~es r- 's j =  1,2 . . . . .  m2; J = 1 , 2 , . . . , m .  (130) 

In order to apply Gaussian integration techniques to the evaluation of the integrals in equations (73), (74), 
(75) and (76) we introduce the further set of  points 0~ "), I = 1,2 . . . . .  n, in (0, 1), defined by 

5 ~ ' ) =  1 - a ( ~ ) ~ +  1. (131) 

On the surface W we choose the N~ integration points ~ given by 

= ~N,), I = 1,2 . . . . .  N1, (132) 

and the M 1 integration points q given by 

~7 = t2(j M'), d = 1 , 2 , . . . ,  M t. (133) 

(if(u,) ,,(u,)~ in the transformed variables on W there corresponds the point  (x,y) To the point (3, q ) -  i , t , j  l 
_ (.~(NI,M,, y ] M j ) ) i n  the original coordinates, where " I ; l , J  , . 

y(M~) 
l ; J  = S 1 ]2[d Mx} 

and (134) 
~(NI,MI ) r) (~,(M i ) ]~(Nt )  X(I ( ( , , IMI)~  
" l ; l , d  = ~ 1 ~ Y l ; J  ) V l  ~-  L Y l ; J  I" 

On the surface T we choose N 2 integration points c given by 

~: = if7 v:), I = 1,2 . . . . .  N2, (135) 
and M 2 integration points ( given by 

=/2~s M:), J = 1,2 . . . .  ,M2 .  (136) 

r,v(u:) ,,(M~)~ in the transformed variables on T there corresponds the point  To the point 0,, () _=_ ,~l , , s  I 

¢ ~ ( N a , M 2 )  I)(M2)~ (x, y )  =- ,~.A2;I, J , y 2 ; s  ] 

in the original coordinates,  where 

~,(M2) = $2]2(jM2) 
and .~2;s 

.~(N2.M2) ,~ [ ,)(M 2)'~,.~(N 2) . ,~(2)[, ,(M2)~ (137) 
2 ; l , J  = ~"21.Y2;J 1 ~ I  ~ -  ~ L  I, Y 2 ; J  1" 
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The points (132) a n d  (133) are the Gaussian points of  integration for the evaluation of equations (73) and 
(75) and the points (135) and (136) are the Gaussian points of integration for the evaluation of equations (74) 
and (76). If N 2 = N~ and M 2 = M~ these sets of  points become identical to each other. 

If we approximate  to Utl)¢x " • M) by the double polynomial  of degree (N~ . . . . .  y ,  V, -- 1) in ~ and degree (M 1 - 1) 
in r/ 

NI M1 
U ~ ) ( x , y ; v , M ) =  ~. ~ rrmt~tN,.MO ,¢M,). ~ ¢~(M,,(,~ (138) ~.s ,~l; l .s  ,~l;s ,v,M)h(N~°-l+l( 1 -  mJ "~ 

l = I  J = l  

substitute this into equation (73), integrate and make use of the relations (122), (124), (127) and (129), we get 

N1 MI 
~(1,1) h(1)g~(NO ~ rt(1)I,,(MO]~.(M~)I[(1)I~(Nt,M~} , (MD. M) 

i,j;r,s = E E +I)H(NI ' - ) /+  tti ~,~'N~ - I  ll~j t, txJ ]"JJ ~r , s~ ,~ l ; l , J  ' Y l ; J  V~ 
I = 1 J = 1  

i =  1 , 2 , . . . , n ~ ;  r = 1 , 2 , . . . , n l ;  

j =  1,2 . . . .  , m r ;  s =  1,2 . . . . .  m~. (139) 

The formula (139) is exact if g~ll(q)hlt)(1 - 4)U (t)'r,~tx, y," v, M)  is a double polynomial  of degree ~<(2N~ - 1) in 
and ~<(2M~ - 1) in q. Otherwise it is only an approximate  formula. 

Similarly we get 
N2 M2 

~t(2,2) h(2)to(N2) ]~(N2) ~(2)(, ,(M2)~.(Mz)I~(2)[v(N2,M2) ~,(M2). M) 
i,j;r,s = E E i ~ n 2 - I + l } ' t ' t N 2 - l + l ~ S j  ~txS I"-'S 'Jr ,s~: '2;l ,J  ,Y2;J  ,V, 

/=1  J = l  

i =  1 , 2 , . . . , n 2 ;  r =  1 ,2 , . .  ,n2;  

j =  1,2 . . . .  ,m2; s = 1 ,2 , . .  ,m2, (140) 

Nt Mt 
~/(1.,2) h t l ) / 0 - (N0  "i~(Nt) e,,(I)I,(MDI~.(MO I/(2)(~.(Ni.M,) , (MD. M )  

I = l J = l  

and 

i =  1,2 . . . . .  n 1" r = 1 ,2 , . .  , r t 2 ;  

j =  1,2 . . . . .  ml ;  s = 1,2 . . . . .  m2, (141) 

N2 M2 
i//(2,1) 

i , J ; r , s = Z  Z 
I = 1  J = l  

h(2)[,.v(N2) ~ ( N 2 )  ~(2)(H(M2)'~(M2)|/(1)(~.(N2,M2) ,,{M2). ~, M )  
i ~ V N 2 - l + l l a ~ N z - l + l ~ S j  ~l~J P J J  - -r , sk~2; l .J  ~Y2;J , 

i =  1 , 2 , . . . , n  2" r =  1 , 2 , . . . , n ~ ;  

j =  1,2 . . . .  ,m2; s =  1,2 . . . . .  m I. (142) 

The formula (140) is exact i f  g}Z)(( )h12)(1  - e)Ut2)tx, r.s, ,Y;  v, M) is a double polynomial  of  degree <<.(2N 2 - 1) 
in e and ~<(2M 2 - 1) in (, the formula (141) is exact if g}l~(r/)h~l~(1 _ ~)Vr,s(X,y ; ~ 2 ~  v, M) is a double polynomial  
of  degree ~< (2N 1 - 1) in ~ and ~<(2M 1 - 1) in q, and the formula (142) is exact ifg)2)(()hl2)(1 - r.)V~2(x, y v, M) 
is a double  polynomial  of  degree ~<(2N 2 - 1) in e and ~<(2M 2 - 1) in (. Otherwise the formulae are only 
approximate  ones. 

If we take M1 and M 2 to be even numbers,  take into account  the properties in equations (79), (80), (81) and 
(82) and note that  

#~")-s+ 1 = -t~j'  ("), (143) 

then from formulae (139), (140), (141) and (142) we obtain 
N~ kM~ 

• .~;~.~ + rwi.S..~.,,,-s+l ~ y '  ~,(Ut~IN,~ = ,,, , ~ - , + 1 ,  ~ , - , + , ~ j  , . ~  , + ~ g } ' ~ ( - # ~ ' ~ ) } ~ 5  M'~ × 
/ = 1  J = l  

x t~.~w'l;t.Sgrr(a)t~(N~'MO, ya;S"(MO', V, M) ~- KUr(lm) s+l '/xINt'MI)I;I,J , Yl;J"(MO', V, m)} 

i =  1 , 2 , . . . , n l ;  r =  1 , 2 , . . . , n t ;  

j =  1,2 . . . .  ,½mi; s =  1,2 . . . . .  ½ml, (144) 

N2 ½M2 
~t(2, 2) /O]1(2,2) ~ ( 2 ) ( _  , ( M z ) ~ . ( M 2 )  i,j;r,s "~- "ri,j; . . . .  - s + l  = E ~ "i/~(2)/'~(Nz)I, VN2-/+11"ZN2-/+'~(N2) 1 {g}2)(#(jM2)) j r  .v~j  k txJ ]J '~J X 

1=1 J = l  

x { rr(2)rv.(n~,u2) ,,(M~). M) "~- ,~ ~r , rn2-s  + llW'2;l,J , Y2;J , V, ~"r,sk'~2;I.J , Ya;J , Y, u-//'(2) t~(N~,Mg) ,,(M~). M)} 
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and  

i =  1 , 2 , . . . , n 2 ;  r =  1 , 2 , . . . , n 2 ;  

j =  1,2, ! m  • . . . .  2 2, s = 1,2 . . . . .  ½m2, 

N~ -~M~ 
K)I~(t,2) rt,.I;r,sl//!l"'2) -t- "Vi.j; . . . .  -s+l = Z Z h(1)tO(N')i ~. N, - /+I ) /~[NNI0- /+  l{g~l)(]A(j M'>) -~ Kg~I>(- -] . I (M'>)}GI3M')  X 

I=1  3=1 

× {V(2)[.7.(NI,M,) ,,(MI). M )  + ~V~.).,, , + ~  I;,..~ , , r,sl,'~l;l,J ' yl;y , v, , _ (x(N,,M,) y(Mj). V, M)} 

i =  1 , 2 , . . . , n i ;  r =  1 , 2 , . . . , n 2 ;  

j = 1,2, ~m " . . . .  2 1, s = 1,2 . . . .  ,½m2, 

N2 ½M2 
~t~2,1) Kd,(2,1) "~'(N2) 1{g~2)(~(j Mz>) + ~cg~2)(--/~(yM~))}(~(~ M~) x 

• , ~ ; , , , +  , , ' , j ;  . . . .  - ~ + i  = Y. 5~ h(~)~a (~') i ~ N 2 - 1 + 1 / X ~ N 2 - 1 +  
1=1 ./=1 

]'7(1)(~7"(N2'M2) "(M2)" ~, M )  -F " 1/-(1} ~(N2.M2) lI(M2). 
× ( - - v , s ~ / ' 2 ; l . J  , Y 2 ; J  , t ' V v , m t - s + l ~ .  2 ; l , J  ,Y2 ; J  , v , M ) }  

i =  1 , 2 , . . . , n 2 ;  r = 1 , 2 , . . . , n l ;  

j =  1 ,2 , .  !m  • -ira , 2  2 S ~ 1,2, "" , " ' ' , 2  1 '  

(145) 

(146) 

(147) 

We  can n o w  wri te  

I 
l l~(1 ,1  ) l I L t / ( 1 , 2 ) ~  ~ g ( 1 ) 0  I V U ( 1  ) g ( 2 ) ~  

lkp(2,1) ½ki'/(2'2)_] = L_0 L(2) I V ( l )  U(2)j .  (148) 

T h e  m a t r i x  a p p e a r i n g  on  the  le f t -hand side of  e q u a t i o n  (148) occurs  in f o r m u l a  (108) and  has  e l emen t s  which  

are  one  ha l f  of  those  in a re la ted  ma t r ix  a p p e a r i n g  in f o r m u l a  (99). 

T h e  s u b m a t r i x  U " )  is a r e c t a n g u l a r  ma t r ix  o f  o r d e r  ½ M I N  1 × ~mln  1 with  the  e l emen t  

I = 1 , 2 , . . . , N 1 ;  r = 1,2 . . . .  , n l ;  
U(I)tc~(N,.M,) ,(M0. V, M)  + ~'fr(t) t,TIN,.M0 ,(M1). M)  

r . s~ '~ l ; l , 3  ~ Y l ; J  , " ~ V r , r n l - s + l ~ , ~ l ; l , J  ~ Y l ; J  , Y, 
J =  1 , 2 , . . . , ½ M 1 ;  s =  1 , 2 , . . . , ½ m l ,  

m the  N1(½M 1 - J) + l ' t h  row and  nl(½m ~ - s) + r ' t h  c o l u m n .  T h e  s u b m a t r i x  U TM is a r e c t a n g u l a r  m a t r i x  

of  o r d e r  ~ M 2 N  2 x ½m2n 2 with  the e l emen t  

I = 1 , 2 , . . . , N 2 ;  r = 1 , 2 , . . . , n 2 ;  
U (2)t~--'(N2,M2) "(M2)" V, M) + wiT(z) /~'(Nz'M2) a'(M2)" 

r , s~ .~2; l .J  , Y 2 ; J  " ~ r , r n 2 - s + l ~ , ~ 2 ; l , J  , Y 2 ; J  , v , M )  
J = 1,2, 1M • = . ,  • . . , 2  2, s 1 , 2 , . .  ½m2, 

m the  N 2 ( ~ M  2 - J) + l ' t h  row and  n2(½m 2 - s) + r ' t h  c o l u m n .  T h e  s u b m a t r i x  V TM is a r e c t a n g u l a r  m a t r i x  
o f  o rde r  ½ M 1 N  1 x ½m2n 2 with  the e l emen t  

I = 1 , 2 , . . . , N x ;  r = 1 , 2 , . . . , n 2 ;  
V I 2 ) ~ . ( N , . M I }  .~,(M,) . "t', M) + x V  (2) [~ (N1 ,MI )  , , (M,)  

r ,s~¢~l; l .d  , Y l ; J  r , m 2 - s + l \  1;l .d ~ Y l ; J  ;v,m) 
J = 1,2, ! M  • = . ,  • . . , 2  1, s 1 , 2 , . .  ½m2, 

m the  N~(~M~ - J) + l ' t h  row and  n2(~m 2 - s) + r ' t h  c o l u m n .  T h e  s u b m a t r i x  V (~) is a r e c t a n g u l a r  m a t r i x  
of  o r d e r  1 M 2 N  2 × ½mln 1 with the e l emen t  

I =  1 , 2 , . . . , N 2 ;  r =  1 , 2 , . . . , n t ;  
V(I)t~(N~.M~) ,,(M~). V, M )  + ~V~2).,~_~+ 1~ 2;I.s , y2;~ ; v, r,s I,¢" 2;I,3 , Y 2 ; J  [~(N2,M2) , (M2) M) 

J = 1,2, ! M  • = . . ,  . . . .  2 2, s 1 ,2 , .  ½m 1. 

m the  Nz(~-M 2 - J )  + l ' t h  row and  nl(½m I - s) + r ' t h  c o l u m n .  T h e  s u b m a t r i x  L (1~ is a r e c t a n g u l a r  ma t r ix  
of  o r d e r  ~mln x × 1 M t N  1 with the  e l e m e n t  

i =  1 , 2 , . . . , n l ;  I = 1 , 2 , . . . , N 1 ;  
1 la( 1 )[~(N1) 1)/~{NNII ) / + 1 j ] J ' ~ J  ~"i ,'~N, ,+ {g~l)(/./(M,)) + lcg~l,(_/./lM,h)~,M,) 

j =  1,2 . . . .  ,½rn 1" J = 1,2 . . . .  , ½ M I ,  

m the n~(~m~ - j )  + i ' th  row and  NI(½M 1 - J) + l ' t h  c o l u m n .  T h e  s u b m a t r i x  L (2) is a r e c t a n g u l a r  m a t r i x  

o f  o r d e r  lm2n 2 x ½ M 2 N  2 with  the  e l e m e n t  

i =  1 , 2 , . . . , n 2 ;  I =  1 , 2 , . . . , N 2 ;  

j =  1,2, ±m • J 1,2, 1 • ' ' , 2  2, = - - . , ~ M 2 ,  

• ~(2)I ~(M2)~'~/~(M2) 
2rtl s, tPN2-1 + lY N2-1+I 

m the  n 2 ( l m 2  --  j)  + i ' th  row and  N 2 ( 1 M 2  --  J )  + l ' t h  c o l u m n .  

18 



6.2. Equivalent Reduced Upwashes and Displacements 

For  the evaluat ion of the integrals in equat ions (71) and (72) we note that  the functions ~ ' ( x , y ;  v) and 
~(q2)(x, y ; v) are known explicitly and we can, possibly, carry out  these integrat ions analytically. Otherwise we 
can carry out  the integrat ions numerical ly  to as high a precision as we desire. Also for the evaluat ion of the 
integrals in equat ions (102) and (103) we note that  the functions ~ ) ( x ,  y) and (~2)(x, y) are known explicitly 
and we can, possibly, carry  out  these integrals analytically. Otherwise  we can carry out the integrat ions 
numerical ly  to as high a precision as we desire. 

Let us write 

q l ~ , j  - -  F~{III)(~(Wll ) e x p  - - -  .. • . . .  - - , - :  ). l~,,,,,, S~q,,.j, (149) 

{(2:e) 1 j i v {  . . . . .  ) l  a(2) 
q;t,J - -  --iO("~)C'"=)-j e x p  ( - - 7 . , x 2 ; i , j  S,aq;i , j ,  (150) 

(1,e) l f ~v(  . . . . .  )'~.,( 1 ) 
~;"" - sH~-("°-(m') e x P G s  ( l ~;,.s ~v; , , .  (151) 

and 

where 

and 

~'(2,~) l ~" iv..t . . . . .  )'(,,I 2) 

y(m) Im) 
1;s = S i l l s  

x(m,n) .~ I ~,(m)~trln) XI 1 )(~,(m)'i 
1;r,s = ~l '~Yl;s /~r + L Y l ; s !  

(152) 

(153) 

y(m) ~ ,,(m) 
2;s ~ °2/Xs 

x(,.,m ~ r,,(m)x.~(.) ~(2)t,,(,.l~ (154) 
2;r,s = L2L)'2;sI~r OK a L  ~Y2;sl" 

If  ~(1), q ix, y;  v), ~2)(x ,y;v) ,  (~l)(x,y) and ((pE)(x,y) are sufficiently smooth  we can apply Gauss ian  numerical  
integrat ion techniques to evaluate ~q,ij,0 (1) 0 (2).;i,i, ,~p;,,~,'(1) ,,p;~,~Y(2) f rom equat ions  (71), (72), (102) and (103) respectively. 

0~(I): . T o  evaluate  numerical ly the integral in equat ion (71), we approx ima te  to q ~x, y ,  v)exp (ivx/l) by the double  
po lynomia l  of degree (N 1 - 1) in ~ and (M1 - 1) inq 

f 
(155) %')(x ,y;v)exp i = E E ,~('):~(N,,M,),a~O.v)ex p ~q k~l ; I .J  ~ Y l ; J  , 

I=1  J = l  

and substitute into equat ion (71) to get 0 (x) Then f rom equat ion (149) we get q;i,j " 

~( 1,e)q;i,j ~ l=lZ J=lZ "i/a( 1 )/,..el/~ 1 ) k U N l _ l + l / ~ / S j  "~ az ,~lHi-l+l rr(1 )/,.(~-I t )X ~J J ~ , / x j  / ~ , . ~ A P G j  ~v~)ii__k.e.l;l,jLv F'7"INI'M 1) - -  al;i,jv(nl'ml)q~(1)t~'lNl'MI)jf~q ~,'~l;l.J Vl;,l"IMt) .. V} 

i =  1 , 2 , . . . , n l ;  j =  1,2 . . . .  ,m t. (156) 

The formula  (156) is exact if g( ' )( q)hl l)(1 ~c6 TM - ~, q Ix, y;  v) exp (ivx/l) is a double polynomial  of  degree E ( 2 N  l - 1) 
in ~ and ~<(2M 1 - 1) in i/. Otherwise it is only an approx ima te  formula.  

Similarly we get 

- ~q ~ 2 ; l , J  ~.Y2;J , I + l , ~ ~ j  ~ J  / ~  P t T k " X 2 ; l . J  ~2;i . j  J ;  tv(2),~(N2,M2) ,,(M2). 1') 
I = 1 J = l  - - i  ~ j  

i =  1,2 . . . . .  n2; j =  1,2 . . . . .  m 2. (157) 

T h e _ f o r m u l a  ( 1 5 7 ) i s  exact if g}2)(()h12)(1- e)~2)(x ,y;v)exp(ivx/1) is  a double  polynomial  of  degree 
~<(2N 2 - 1) in e and ~<(2/~ 2 - 1) in (. Otherwise  it is only an approx ima te  formula.  

To  evaluate n~merical ly the integral in equat ion (102) we approx ima te  to (~l) (x ,y)exp(- ivx/ l )  by the 
double  polynomial  of  degree (/V, - 1) in ~ and (M, - 1) in q, 

( .  ( x ,y ) exp  - - - -  = Z Z "py(1)/~(Nt'/~')t~I;I,J , : l ; J ' " ~ ' h e x p  ~ ,  ,,t, (158) 
I = 1 J = l  
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v(1) and subst i tute  into equat ion  (102) to get ~r:,..~ Then,  from equa t ion  (151) we get 

N~ M~ /~(NO ~'.(M 0 ( ",  

~(~'~') h (~ ") "-'J . . . . .  ' l)~,,<~")~vJ - ~ x -  t l~ r .~c~ .m)  ,~< .. . . . .  >1"( 

r = 1,2 . . . . .  n l ;  s =  t , 2  . . . . .  m 1. (159) 

The formula (159) is exact f e(l)(q)h~ '~ (1 ~., (~-K'V)(X, y) exp (- -  ivx/I) is a double  po lynomia l  of degree ~< (2N/~ - 1 ) 
in ~_ and ~<(2M 2 - 1) in q. Otherwise  it is only  an a p p r o x i m a t e  formula.  

Similar ly  we get 

N2 M2 /~(/V2) ~(N/2) f " 
((2.e) E E h(2)/o'(N2)i 1 r ' (2)f"("~2)l 'aJ  ~ - ~  ~ I I ) F x ( N 2 . M 2 ) - - x . ' {  . . . . .  >]`(~"(2)/'~(N2./VTr2) ,.{/~r2l'l 
. p : r , s  = I = 1 J = , r ' 1 ' ~ ( n e )  '/*'3 t~(~(m2 ) _ s  "AIJ - -  l k 2 ; l , J  a2;r ,s  J ~ b p  b A 2 ; l . J  ,Y2 ; J  ! 

r = 1,2 . . . . .  n2; s = 1,2 . . . . .  m 2. (160) 

The formula  (160) is exact if (2) - (2) , ~'(2) - -  l )  g, (g)h~ (0% ( x , y ) e x p ( - i v x / l )  is a doub le  po lynomia l  of  degree ~<(2N 1 
in c and  ( 2 ~  2 - 1) in ~. Otherwise  it is only an a p p r o x i m a t e  formula.  

If we take 

/~2  ~ /'/2, 
(161) 

m I = m~,  
and 

M 2 = m 2 

in formulae  (156),  (157),  (159)  and (160) they respectively reduce to 

~X(1,e) ,.,,(I>(,7( . . . . .  ) ,,(m,). V), (162) 
q ; i , j  = ~ q  ~ a l ; i , j  , Y l ; j  , 

{(2..e.) ~ ( 2 ) t C . - ( n 2 , m 2 )  ,,(m2) . v,,~ = ~'q v'2;i# ,yz; j  , v), (163) 

gv( l . e )  y ( 1 ) l . . d n l , m l )  ( m O ]  
p ; r , s  = * p  t " l : i , j  , Yl:)  , (164) 

and 
~(2,e) v ( 2 ) ( v ( n 2 , m 2 )  (m2) / 

p; r , s  = ~ p  ~ ' ~ 2 ; i , j  ' Y2;j  J" (165) 

We call (~,~,) %~.~ the equivalent  reduced upwash in the mode  q at the upwash point  t~( . . . . .  ) ,,,,.I 0) on the wing, t ~ l ; i , j  ~Yl; j  
/~ ~ . . . . .  ) v~2~ ), h) on the tai lplane,  ~(~.e) 7(2"'9 the equivalent  reduced upwash in the mode  q at the upwash point  ,_ 2:~.j , ,  , 

" q, l .  l - p ; r , s  

the equivalent  reduced d isp lacement  in the mode  p at the d i sp lacement  point  t~( . . . . .  ) "('~') O) on the wing t ~" 1 ; i , j  , Y l ; j  , 

and (~(2,e). v;~.~ the equivalent  reduced d isp lacement  in the mode  p at the d isp lacement  poin t  ~'~-Vln2"m2)2;i.j, Y ( ~ ' , j ) ,  h) on 
the tail plane. If the formulae  (156), (157), (159) and (160) are  of acceptab le  accuracy when the condi t ions  (161) 
are satisfied, then formulae  (162), (163), ( t64) and {165) show that  the equivalent  reduced upwashes  can be 
taken equal  to the actual  reduced upwashes  at the upwash points  and the equivalent  reduced d isp lacements  
can be taken equal to the actual  reduced d isp lacements  at the d i sp lacement  points.  

6.3.  F'ormula for genera l i s ed  A i r f o r e e  Coef f i c i ent  M a t r i x  

Let r/(l'e) be the column matr ix  of ~rnln ~ elements  with the element  --q 

• 1 ~(~ ~) i = 1, 9, ,n  1 j = 1,2, .  ,~m~, - - q ; i , j  . . . .  

in the nl(½m ~ - j) + i ' th row. 
Let v(2'") be the co lumn matr ix  of ~m2ne elements  with the e lement  --q 

c(2.~) i =  1,2, . , r t  2 j 1,2 . . . .  q ; i , j  " " " = i r a 2 ,  

in the ne(~rn ~ - j) + i'th row. 
Let ~ '~ )  be the row matr ix  of ½m~n~ elements  with the e lement  - p 

~'(~'~') r = 1,2, ,n~ '  s =  1,2, ½m~ p; r , s  . . . . . .  , 

in the n~(~m~ - s) + r ' th  column.  
Let ((2,~) be the row matr ix  of }m2n 2 elements  with the e lement  -p 

~(2,e) r = 1,2, , n 2 • s = 1, 2, ~m 2 p; r . s  . . . . . .  ~ 

in the rtz(~m 2 --  s) + r'th column.  
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Let D (a) be the diagonal matrix of order lmln  I x ½mln 1 with the element 

/~t,,,~,(,,,) { / v  (,,,,,,,] i = 1, 2 , . . . ,  j = 1, 2 ½m 1, v j  exp_ l "*" ' J  5 n l ;  . . . .  

in the nl(½m 1 - j) + i ' th row and column. 
Let D (z) be the diagonal  matrix of order  ½m2n2 x ½mzn 2 with the element 

iv 
/41"~)(~} m2) exp _r.(,~.,e~)'~ i = 1 2 . . . .  n 2 , j = 1, 2 , . .  ½m 2, I "~2a,J ] , ~ ' , 

in the n2(½m 2 - j) + i ' th row and column. 
Let B (1) be the diagonal matrix of order  ½mln I x ½m~n 1 with the element 

7 - - '  - s  exp ~.-~-~1;~,, S r =  1 , 2 , . . . , n  1, s =  1,2 . . . .  ,~m 1, 

in the nl(½ml - s) + r ' th row and column. 
Let B ~2) be the diagonal  matrix of order ½m2n2 x ½m2n2 with the element 

iv 
1 --~ vs exp [ I ~2;,.s j r = 1, 2 . . . .  , n 2, s = 1, 2 . . . .  , gm2, 

in the n2(½m 2 - s) + r ' th  row and column. Then from equat ions (149) and (150) we get 

[ {~1) l FD(1)0 l FO{~1'e) l 
®S~)A = LO D,=) j L~S~,~)A, ( 1 6 6 )  

and from equat ions (151) and (152) we get 

[~{pl) Z(2) ] = [~(pl,e) ~p,(2e)][~ (1) 0B (2)-]" (167) 

The matrices denoted by [0] are matrices with zero elements and with order appropria te  to the position they 
occupy. 

If we substitute from equations (148), (166) and (167) into equat ion (108) we get 

[o ' ' °  F  'e'l L~2.~j. (168) 

N o w  let #la.~) be the matrix obtained by arranging the row matrices #~*'~), p = 1,2 . . . . .  k consecutively 
beneath each other  and let #{2.e) be the matrix obtained by arranging the row matrices ~-12,~) ,p , p  = 1,2 . . . . .  k, 
consecutively beneath each other. Let ~(,,e) be the matrix obtained by arranging the column matrices %'~'e), 
q = 1 , 2 , . . . ,  k consecutively alongside each other  and let c(2'~) be the matrix obtained by arranging the 
column matrices ~2'~) ~,q , q = 1, 2 , . . . ,  k, consecutively alongside each other. Then we get immediately from 
equat ion (168) 

%]{ [20 o qp,..e,q. 

If, in formulae (139), (140), (141) and (142) we take 

N1 = /'/1 ~ 

N2 = n2, (170) 

M 1 = m 1 
and 

M 2 = m 2 , 

then the matrices L ~) and U 2) of formula (148) reduce to diagonal matrices. 
The matrix L ~1) becomes a diagonal matrix of  order ½mln ~ × ½mln ~ with the element 

f f I ("~)C, ,  (m~) " * (171) i - ;  i =  1 , 2 , . . . , n ~  j =  1 , 2 , . . . , ~ m l ,  

in the n~(½m~ - j) + i ' th row and column 
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The matr ix  L ̀ 2~ becomes a diagonal  matr ix  of order  ½m2n 2 × ½m2n 2 with the element 

I•(n2)•r(m2) i ~ j  

in the nz(½m2 - j) + i ' th row and column• 
The formula  (169) then reduces to 

O =  [ff ̀l,e), ~{2,e)][: (1) 

i =  1 , 2 , . . . , n 2 ;  j =  1 , 2 , . . . , ½ m  2, (172) 

o Fu" '  - '  

where E '1~ is the diagonal  matrix of  order  ½rain 1 x lmln 1 with the element 

iv 

in the n~(½rn i - j )  + i ' th row and column 
element 

e x p  

in the nz(½m 2 - j) + i ' th row and column• 

i =  1 , 2 , . . . , n l ;  j = 1,2 . . . .  ,½ml, (174) 

and E ~2) is the diagonal  matr ix  of order  tm2r t  2 × ½m2n 2 with the 

i =  1,2,.  . . . . .  ,r/z; j = 1,2, , ~m2,1 (175) 

6 . 4 .  E v a l u a t i o n  o f  Ut~12, U~ z' • r,x 

The methods  of evaluat ion of trm(v(N,.M,) ,,(M,). v ,M),  If(2)I~(N2'M2) ,,(M2). ~, M), I/'(2)¢~(Nt.MD ,(MO. M) 
V r , s ' , ~ l ; l , J  , Y l ; J  ' V r , s ~ ' ~ 2 ; l , J  ~ Y 2 ; J  , V r , s ~ ' ~ l ; l , d  , Y l ; J  , ~  

and --r.,v'2;x.sVm~'7~N"M O, yz:s, (M~., v, M) are still to be discussed. We consider the evaluat ion of ~r(t~t.7(N,.Ut)~,~I;I,S , Yt;J"(M'~., V, M) 
first. We can rewrite equat ion (61) in the form 

f_~ 1 g~l~(qo)x/a _ a qo i~1)(~, M) dr/o (176) y ;  v, M )  = , v, 

where 

1 '1  f :  ~ ~ 0 ~ 0  ( X - XO y -  ) l~)(~,q, q o ; v , M  ) = ~ ~(r /  - r/o) 2 h~l)(~o) K -l ' -l Y ° ' O ; v ' M  d~°" (177) 

We have immediate ly  from the definition of K(x/l,  y/l, z/l; v, M) given in equat ion (43) that  

l imY2 [x  y ) { 2  i f x > O  
yoo ~r. .~ , v , M  = (178) 

l ' l  ' 0 "  0 i fx  < 0 

and therefore it follows that  

I<~1)(~, r/, r/, v, M) 2n sl • - - .  hr ( ~ o ) { - - ~ o ~ d ~ o  . (179) 

The function l~n(~, r/, r/o ; v, M) is finite for any qo in the range ( -  1, 1). For  r/o = r / i t s  numerical  value is 
obta ined f rom formula  (179) but for r/o ¢ r/ the comple te  formula  (177) must  be used and numerical  integrat ion 
carried out. For  z = 0 we can write, f rom equat ion (43), 

( ) f; ( ) ~KY2 x -Y O ; v , M  = y 2  e-i~./l du M ( M x  +__R1) 2 _ l X  1 (180) 
l ' l '  , (u 2 + y 2 ) l  + Rl(X 2 + y 2 )  Y exp 

where 

R 1 = x / x  2 + (I - M 2 ) y  2 (181) 

and 
- x  + MR~ 

X~ - (1 - M 2) (182) 

We can further write 

yZ e - i vu// du 
t ( u2 + 72)~ - I 
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~ X¢lyl dv 
- e -  ivlylv/l ( 1 8 3 )  

~o ( v2 + 1) e- 

where I~ and K~ are modified Bessel functions of the first order and respectively of the first and second kinds 
and H_ t is a Struve function of order - 1. 

The numerical evaluation of y2/(12)K(x/l, y/l, O: v, M) for u =~ 0 can now be carried out using equations 
(180) and (183), so the integrand in the integral on the right-hand side of equation (177) can be evaluated and 
the numerical evaluation of that integral carried out. 

However we observe that when y is very small, XJly l  can become very large and the numerical evaluation 
of the integral on the right-hand side of equation (183) can become a lengthy process. In this case we can 
evaluate the integral on the left-hand side of equation (183) by a different but more rapid process. 

If XI/ly[ is very large and positive we write 

du e_i.lylvll dv ~ .(2n + 1)!Ivy'2"+2^ lvXl~ y2 
, (u2_l - y 2 ) k -  ,11,1 (v2 _I_ 1 )~ -  "=° ( - Z ~  1) 2Tn~-]? /T ) I 2 n + 3 / T  } (185) 

where 

Loo 
].(a) = e -i~dv. (186) 

V n 

The rapidly convergent series (185) must be summed to get the value of the integral• The i.(a) satisfy the re- 
currence relation 

1 1 
]"+l(a) = n ~  e-i~ - ¼ ] . ( a )  (187) 

which enables the ].(cO. n > 3 to be obtained from a stable process from ]3(~). 
We evaluate ]3(a) from 

ia(a) = ~ ? + + ~ l o g a  + 2cd ~ 4 + n(n + 2)! tl=l 
for ~ positive, except when a is very large and positive, in which case we use the asymptotic expansion 

[ 1 3 3-4 n, ] 
] a ( a )~  ~ + ~ + ~ + . . .  + 2 ( _ ~ ) . +  1 + . . .  e -'=. (189) 

If X1/ly I is very large and negative we write 

f/ f; f y2 e-/,u/t du dv x,/lyl e -i~'lylvlt dv 
, (u 2 + y2)/ - co e-i*lYlv/t(v2 + 1)~ - - ~  (/)2 + 1)~ 

f: v i i  e,~l,lv/t dv 
= 2  K I - -  - (v 2 + 1)~, (190) 

X~llyl 

and we can evaluate the integral on the right-hand side of equation (190) in a similar way to the way the 
integral in equation (185) was evaluated, the only difference being that the sign of i must be changed. 

In the numerical evaluation of the integral on the right-hand side of formula (177) one should note the 
rapid change in values of (r/ - r / o ) 2 K ( ( x  - Xo)/l , (y - yo)/l, 0; v, M) when Yo is near to y and Xo passes through 
x. A number of subintervals in the range (0, 1) of ~o are taken, which together cover the whole range (0, 1), 
and over each of these subintervals a Gaussian numerical integration is carried out. These subintervals should 
be smaller where (q - r / 0 ) 2 K ( ( x  - X o ) / l  , ( y  - yo)/l, 0; v, M) has a rapid change in its values than they are 
elsewhere, so that the subintervals can be larger as Xo moves away from x. Also when Yo is far from y fewer 
subintervals can be taken than when Yo is near to y. 

The integral on the right-hand side of equation (176) is an improper integral, the integrand at r/o = q having 
a singularity which is dealt with according to Hadamard's  method of finite part integration. We could ap- 
proximate to I~X}(¢, q, t/o ; v, M) for qo in ( -  l, 1) by means of a polynomial in r/o in order to perform this 
integration. We note, however, that in the neighbourhood of r/o = r / the function i~1)(~, q, qo; v, M) may be 
developed into a series of the form 

I~l'(~,rl, rlo;v,M) = ~ E m ' ;  • ~ U'lt,  x _ ,;vt,~,rl,v,M)(rl - r/o)P + (r/ - r/o)21oglr/ - r/o I ,,p,.~,rl;v,M)(rl r/o)V (191) 
p=O p=O 
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and that an improvement  in the accuracy of the integration can be effected by subtacting the lowest order  
logarithmic term from ltri)(~, r/, r/o;V , M) before making the polynomial  approximation.  To  do this the co- 
efficient F(1)t~,.ot~, r/," v, M) of the lowest order  logarithmic term must be known, and, according to Ref. 9 this is 
given by 

1 Sll ( 1 _ff_[ ~ / 1 - ~ ]  ivc~(y) ( ~ ) 1  - ~  
F(')'~.,o,., q ; v, M ) -  4n c2(y)~ - (  - M 2) h(rl'(~) At- 2 ~ h .  ( ~ ) V / / ~  + 

+ v  ~ - J o  h. ( u ) ~  u du; .  (192) 

We now write 

g~ (r/)F~,o(~,~;v,M)(~ ~o) 21ogl~ ~ol + 74.~ ~'tOJ'r tS,  V], ?]0 V, = - -  - -  

+ (~) (1) M)  {1) {1) . [g, (r/o)lr (~,~/,~/o;r, -- g, (~l)Fr.o(~,q,v,M)(q - r/o)21oglq - r/oil (193) 

and approximate  to the expression in square brackets by means of a polynomial  of degree (ml - 1) in qo. 
We take this polynomial  to be the interpolat ion polynomial  with the same values as the expression in square 
brackets has at the points qo =/~m,), Q = l, 2 . . . .  , ml ,  where/1~ z) is defined by formula (117), and on doing 
this we get 

mt 
gkl)(qo)l(rl)(~, q, qo v, M) (1) (l) ," = g~ (q)F, .o(~,q;v,M)(~l  - qo)2 l°g It/ -- qol + ~ L6~rc'(lh'"(@l)l/(l)l~:W~Q /'r ~ ,  r/,/~')," v, M) - 

Q=I 
(1) (1) __ f l ~ t ) ) 2  - g,  (r/)F~,o(~, q; v, M) (q  log It/ - # ~ ' ) l ] ~ ' ) ( r / o )  (194) 

where the interpolat ion polynomial/,,~")(/~), J = 1, 2 , . . . ,  m, has been defined in formula (118). 
If we substitute the approximate  expression (194) for g~(1)(~/o)l ~(~)(~, q, r/o ; v, M) into equation (176) we get 

f_~l  ml tJ~,'~I1)tx. , y ; v ,  M) = ~"(1)¢'~F(1)t>, " , , .  r.o,~ ,r ," v , M )  log It/ - qol ~/1 - rlZodrlo-{- E L~sr~(l)d'a(mD~l(1)[~kt*Q l'r ~ ,  q , t ~ ' ) ; v ,  M)  
1 Q=I 

' I )  (I) /~Q fF/l))2 f + l  ~ I ) ( ~ 0 ) 4 1  __ ~02 
- g, (r/)F,.o(~, r/; v ,M) (q  - log It/ - /~m')l]  d - ,  ~ ~o)~- d,o (195) 

and therefore 

U(1)Iv.(N, .MD , ,(MD. M )  o(1)(,flMt)~Ig(1)[~,(Nt) , ,(Mr). V, M) × 

[;1 , 
x log l#(y ') -- t/olx/l - ~/g dr/o - Z (.(jM,) _ /~,))2 log I# (M') -- ,ubm') I x 

1 Q=I 

X . . . . .  I (aSM,) _ qo)2 &to + E 6sO(1)["(mt)~r(1)#~(Nt)~.Q , 'r W~ ,~,j"(M'),/-t~'); v, M)  × 
Q=I 

f_ ' l  ~ , ) ( i ,~O)~  I -- /72 )( . . . . .  
( / 6 .  o _ r/o)2 dr/o. (196) 

Now, we know that, (see Ref. 2 or Ref. 9), 

{ - ~ ( m  + 1) Q = J 

f_ ' & ) ( . o ) . j i  - . o  {1 - 
, (/~(s " ) - r / o )  2 dr/° = ( m +  1) ~ ¢ ~ 7 - ~  ( - 1 )  0 + J =  - 1  (197) 

0 ( - 1 )  o + ~ =  1, Q C J .  

We can make use of formula (197) in equation (196) if 

~1 + I = q l ( M ,  + 1) (198) 

for some positive integer ql ,  for then all the n~"IM'), J = 1 . . . .  2, , M~ , are included among t h e / ~ ' ) ,  Q = 1,2, 
. . . .  ~1- We shall henceforth take ~1 to be given by the relation (198) for some q~, and we shall evaluate 
U(1)tr~.M,) ,(M,). ,, M) from formula (196). To  do this we need the result r , s ' , ~ l ; l , d  ~ Y l ; J  ~ % 

f + l  log It/ - qolx/l - r/o ~ dr/o = -~(2r/z - 1) - 5 log~ 2. (199) 
-x 4 
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The technique leading to the formula (196) for evaluating ~r.st~l;l.j/f(lJ/'v(N"M'), y~Mj). V, M) was first advocated in 
Ref. 10 for isolated wings oscillating at low frequency and later applied, in Ref. 11, to isolated wings oscillating 
at general frequency. 

We note that 

ff l Y__m(~o) ~/1 - /7o2 d/to = 0, S = 1,2, ,m, (200) 
(tl~s ~) - ~to) 2 " ' "  

where 3~,,(~/o) is obtained from relations (116). It follows that the formula (196) is exact provided that the ex- 
pression in square brackets in formula (193) is a polynomial of degree ~< ~ in qo. 

The formula analogous to (196) for evaluation ~r,~v,2;~,sr r~2)¢~.~s~,u~), y2;s"(u~, v, M) is 

U(2)i~.(N2,M2) a,(M2). M) rr(2)(t~(M2)'t~'(2)[~(N2) tt(M2}" Y, M )  × 
r ,s ' ,~2;l ,J  ~ Y2;J  ~* = ,Ss kt~J )~r ,Ok~ l  ~ b*J , 

where 

and 

We take 

+ i t~2 

1 Q=I 

f_x ]'o= +~ g~')(¢°)a/1 -- Cg d(o + Z ,~(2)¢, (.~.h,(z)t.v(N.) ,.(m,, ,,,m.) M) × 
X . . . .  ' V, 

f_ ~ ~)(~o3~/1 _ if2 

× ~ ( ~ -  ~o)-~ 
d~o (201) 

1 I f~  V /  { X - X o  Y - Y o  ) Ill)( e , ~ , ~ o ; v , M ) = ~  ( { - ( o ) 2  h~2)(go) 1 - e oK  O;v ,M de o 
~o ~ i ' i ' 

(202) 

F~2)o(e, ( ; v, M) - 1 s2l M2 d h tz) e 1 - e 
4~ cz2(y) { - ( 1 -  ) ~ [  r ( ) ~ T ]  -[- 

h (2) u 1 - u 

2ivC2(Y!h (2~ e / 1  - e 
1 ~ ( ')~[ 

+ 

(203) 

m 2  "~ 1 = q2(M + 1). (204) 

6 . 5 .  E v a l u a t i o n  o f  V (2~ r.s 

We can rewrite formula (64) for V~22(x, y; v, M) in the form 

where 

f_'-I V(Z)tx "" M) g]2)(~o)xf i- 2 (2) . M) d~ ° - ~oJr (L ~, ~o,  v, 
1 

(205) 

1, 2 ?1 ) 
j~a)(¢,//, ~o ; v, M) 4n l h ~ Z ) ( g ° )  x - x o y - Yo h eo ~ l- ' 1 ' 7 ; v ' M  de o. (206) 

The function j~2)(~,/1, ~o ; v, M) is finite for any ~o in the range ( -  1, 1) since the tailplane is assumed not 
to be in front of the wing in the plane of the wing. To evaluate K(x/l, y/l, h/l; v, M) from equation (43) we need 
to evaluate 

where 

12 f~o e -i~"a (u 2 + y2 _ 2h 2) • 
~x (u 2 + y2 + h ~ j ~  a u  

(207) 

- x  + M R  
X - (208) 

(1 - M 2) 
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and 

We can write 

R = ~ / x  2 + (1 - M2)(y 2 + h2). (209) 

t.~o (u2 y2 e-lVU/t, + - 2hZ)d 
X /p . 

nl 2 (iv ~ )  fH_  liv ~ \  2i Iv ~ ~  

nlZh 2 fiv ~ ) 2 (  liv ~ ~  
+ 

£ _ 12 e_i~./t(u2 + y2 _ 2h 2) 
(u 2 + y 2 +  h2)~ du, (210) 

where I~ and l 2 are modified Bessel functions of the first kind and of the first and second orders respectively, 
K~ and K 2 are modified Bessel functions of the second kind of the first and second orders respectively and 
H _ l and H_ 2 are Struve functions of  orders - 1 and - 2 respectively. 

The numerical  evaluat ion of the integral (207) can now be carried out using the formula  (210) so that 
K(x/l, y/l, h/I; v, M) can be determined from formula  (43) and then the. numerical  evaluat ion of the integral 
on the r ight-hand side of equat ion (206) can be carried out using Gauss ian  integrat ion over  a number  of  
subintervals.  

However  we observe that  when X/x /y  2 + h 2 is very large the numerical  evaluat ion of the integral on the 
r ight-hand side of  equat ion (210) can become a lengthy process. In this case we can evaluate the integral (207) 
by a different more  rapid process. 

We take X/x / y  2 + h 2 to be very large and positive and write 

l 2 | e_~,,/~, + - 2 h  2) , v2 ~ ( _  1 ) . ( 2n+  1)! 
• Ix ( ~  + y2 + ~  au = .=o  22"(n[) 2 12"+3 l -  - -  

v 2h2 ~ 1)" ( 2 n + 3 ) [  (vr)2"+21 [vX I 
- r 2.-@o ( -  22"+~n!(n + 1)! T 2.+51-/ ], (211) 

where 

r = ~ /y l  + h 2. (212) 

The  quantit ies i,(~) can be evaluated as before and the rapidly convergent  series in equat ion (211) summed  
to get the value of the integral. 

We could consider the case of X/x / y  2 + h 2 being very large and negative but  this is not  likely to occur  
in a practical wing-tailplane configuration.  

We now approx ima te  to g~2}(~o)J~2}(~ , 7, (o;  v, M) by means  of the interpolat ion polynomia l  of  degree 
( m 2 -  1) inGo 

m2 
(2) (2) g~ (~o)Jr (3, r/, (o ; v, M) = ~ .{2}t,,{~,2}~r{z}t): . ,,{~}. 6~ ~t~Q J~  ~ ,  9, ~'O , v, M)~m~)((o) , (213) 

Q=1 

where the interpolat ion polynomial  ~s"}(/~), J = l, 2 . . . .  , m, has been defined in formula  (118). 
If we substitute the approx imat ion  formula  (213) for g~2}((o)J~2)(~ , r/, Go, v, M) into (205) we get 

r~ 2 

V~2)~(x, y; v,M) E "'0~'{~)"{2}t"{~)~'{2}¢'~8~ v~o ,"~ t~, 7, # ~ ;  v, M) (214) 
Q = I  

and this formula  can be used for evaluat ion -~,,~;i,svI2}¢'r{u"u~}, y~;s"{~t°', v, M). 
The formula  (214) is exact provided that  {2} {2} g~ ((o)J~ (¢, q, (o; v, M) is a polynomial  of degree ~<(2~ 2 - 1) 

in (o. 

6.6. Evaluation of ~t~ 

The function V~l)s(X , y ; v, M) is defined by formula  (63). We note that  if the tailplane is in the plane of the 
wing, behind the wing, the kernel function K((x - Xo)/l , (y - Yo)/l, h/l; v, M) can become infinite as Yo -+ Y. 
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If the tai lplane is nearly in the plane of the wing the kernel  function can become very large as Y0 ~ Y and 
this feature can lead to difficulties with subsequent  numerical  integration.  We can separate  the kernel into 
two parts, one of which is well behaved for all values of h/l and the other of  which becomes infinite if 
h/l = 0, or becomes  very large if h/l << 1 when Yo ~ Y. This second par t  will occur  in integrals which can be 
evaluated analytically so that  no numerical  difficulties are experienced. 

Thus  we can write, f rom equat ion (43), 

where 

and  

(x h) _(,h) ) 
KT,7,7;v,M = K 7 , 7 ;  v + t l , l , 7 ; v , M  

(1 h ) 12 f_ :' e-i~"it(u2 W y 2 -  2h2)" 
/~ , ~ ;  V = ~o (U 2 -I- y2 _p. h2)}  au 

-- 2 / 2 ~  1 ~  Kx ~ ~  212h z Iv ~ \ 2  

= _ 2 v 2 K o ( ~ ~ ) _  d I-212y Iv ~ '  ( ~ ~ ) ]  ~'~Liyf~ h2)tT~y" -'1'- hAJKI 

K*l-[ ' i ' l ;V'M = 12 _ e_i~,/~(u2 + y2 _ 2h 2) 
co (U 2 + y2 + h ~ - d u +  

(_   xlf " M(M_x__+__R 2 h M(M  + h M (1 - MZ)x 
+ e x p  I ] ( R(x 2 + y2 + h 2)-  R(x 2 + yZ + h2)3 - R3(x 2 + y2 + h 2) 

2h2M(Mx+R) iv h2M2(Mx+R) }1 
- R ( x  2 _1_ y2 + h2)2 l RE(x 2 + y2 .~_ ~ )  " 

(215) 

(216) 

(217) 

In the above,  K o is the modified Bessel function of the second kind and zero order  and X and R are defined 
in formulae  (208) and (209). 

The  function K*((x - Xo)/l, (y - yo)/l, h/l; v, M) is well behaved as Yo ~ Y when x is a point  on the tail- 
plane and x o is a point  on the wing. 

We now write for VCr~2(X, y ; V, M) given in formula  (63) 

where 

and 

V(1)tx v, M) --(1) . . . . . .  Y ;  = V,,s(y, v) + ~'~2(x, y, v, M), 

- - ( 1 )  . v, .Ay,  v) - 

(218) 

;o ( 1 s 1 1 h~l)(~o) d~ ° g ~ l ) ( r / o ) ~ K -  Y - Yo h. / 
4n l 1 i '7'v] a"°' (219) 

j._.l = g~ (r/o)1,,/T-S~-~o~J, (~,~,,o; 1,3"(,~)(x, y ; v, M) (a) 2 *ll) v, M) dr/o, (220) 
1 

( 5 1 s l  h~l)(~o) K *  x 
4n I 

Xo Y -  Yo h. t 
' l ' l '  v, m ]  d~ o . j~l)(/~, ( ,  r/O ; V, M) - 

To evaluate K*(x/l, y/l, h/1; v, M) f rom equat ion (217) we need to evaluate 

t,x (//2 y2 
l 2 I e-iVu/l~ + -- 2h 2) , 

J-oo (U2 q_ y2 q_ h2)~ au. 

(221) 

(222) 

We can write (cf. equat ion (210)) 

12 
co ( uz q_ y2 q_ h2)~ au 
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_ lrl 2 iv ,,.~.2 .... ~.2 { H  liv /75-7~_2 \ 2i K 

+ l 2 ~X e -ivu/l (/A2 _1_ y2 _ 2h 2) 
• ~o (u2 + y2 + ~ d u .  (223) 

The numerical evaluat ion of the integral (222) can now be carried out using the formula (223t so that 
K*(z/l, v/l h/l: v, M) can be determined from formula  (217) and then the numerical  evaluat ion of the integral 
on the r ight-hand side of (221) can be carried out using Gauss ian  integrat ion over  a number  of subintervals.  

Again we observe that  when X / v / y 2  + h 2 is very large the numerical  evaluat ion of the integral on the 
r ight-hand side of (223) can become a lengthy process. In this case we can evaluate the integral (222) by a 
different more  rapid process. 

We take X / v ' y  2 -t /72 to be very large and negative and write 

l 2 e ivu/l(U2 -[- y2 .- 2h 2) 1,,(2n + 1)![vrl2n [ 
(/./2 @ 3;2 ~ £ h 2 - ) }  d l A =  1'2 L ( - - )  ~ n ~ , ~ - / V  ] 12n+3 / - -  -- 

- * I I = 0 

- r 2 ,=~0(-1)"22.+~n[(n + 1)~t l /  i_,.+s - (224) 

where ],,(71 is the complex conjugate of ],,(c0, and these can be evaluated as before. 
We could consider the case of X / x / v  2 + h 2 being very large and positive but this is not likely to occur 

in a practical wing-tailplane configuration.  
We now approx imate  to gs'~)(r/o)J r*(u(c, ~, 1/o ; v, M) by means  of the interpolat ion polynomial  of  degree 

(ml - 1) in qo, 

ml 
g~)(r/o)Jp)(e, {, %" v, M) = ~ Ss"(ll~"(~')~Jc')*°t~,Q , ~ ,,;, ~, I~b ~')- • v, M)~q~"(tlo), (225) 

Q=I 

where the interpolat ion polynomi'al  ~0')(/~), J = 1, 2 . . . .  , m, has been defined in formula  (118). 
If we substitute the approx imat ion  formula  (225) for t,~#nt"~,~o,o~ita)(e, ~,/7o" v, M) into (220) we get 

ml 
(1)t" M )  E t~'{Fn')'~(lll"{mDil{l)(° ?" ] j~a) ;  M),  (226) r,s~'a', Y ; p, = " Q  8 s  ll~Q Jar  t" ,~,  F, 

(.2=1 

• 1 and this formula  can be used for evaluat ing V ( ~tv~"~'~2~ ,,IM~I. ,, ~/r~ r ,s ' ,~2; l ,d  ~ Y 2 ; J  , ~, ~wt ]. 
~(1) I (1) . v , The formula (226) is exact provided that g~ ( lo)J~ 0,, ~, qo, ~, M) is a polynomial  of degree ~< (2/~ 1 - 1) 

in rl,. 

6.7. Evaluation of M, 

If 

nl ~ N1 (227) 

then the formula  

h~l)(go) ~d~o = ~ "r~tut"(N')l~(s'),vl , " I  , (228) 
I=1 

where the a~ ") are given in equat ion (111) and the/4~") are given in equat ion (115), is exact and may  be used 
in equat ion (219). 

In equat ion (219) we also need to evaluate 

(,h) ( ) = Y - Y 0  h 
1 1 ' l v dr/o. (229) 

We shall write, in the integrand of the integral on the r ight-hand side of equat ion (229) (assuming s 2 ~< sL), 
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and 

and put 

~0 = COS (~0 

y / s  I = COS ¢ 
(230) 

(y - yo) 2 + h 2 
Z = s~ (231) 

Until now the positions of the points r/~ ~), j = 1, 2 . . . .  , n~ in ( -  1, 1), introduced in Section 4 has not been 
specified. If we take these points to be given by the formulae 

s = cos , j = 1,2 . . . . .  m~, (232) 

then we can use the expansion 

where 

2 sin q~, " '  
sin j ~  sin Jq~0 

g~l)(q°) = im 1 + 1) sin ~b o s~, 
(233) 

57~ 
qS~- (ml + 1~' (234) 

If we use the formula (216) and the expansion (233) in equation (229) we get 

h ) 4 v  2 

M s / , ~ ; v  = - ( m  1 + 1) m, fo: sin~bsj__~l.= sinj~b~ s i n j ¢ o s i n ¢ o K o  ~ - ~ X  dqSo + s~ (m I + 1) x 

× sin qS~s=l ~ sinj¢~ s m j O o ~ o ~ / ~ ] t c o s  q5 o - cos¢)K~ 

o ,  (v,1) , 2 4  
4 v ~ 2  sin q5 s 2 sinj~bs sinjq5 o sin qSoK o / - x / Z  dqgo x 
(m 1 + 1) j=a s 2 (m 1 + 1) 

(% × s i n e ,  Z j s in j¢~  ~ ] t c O S ¢ o -  cos ¢) co s j¢oK 1 d4'o. 
j = l  

(235) 

We shall write the modified Bessel functions of the second kind of order zero and one respectively in the 
forms 

and 

= - + y + log + X K l , l ( x  ) 
x 5 5 

where ~ is Euler's constant  and 

_ _  X 2r  X 2r, Koa(X) = cr - )' + log 
r=l 2'r! r = l  

r=l r2/~+lrt( r + 1). ~ ~' 22~+lr[(r + 1)t r = l  

i 1 
s = l  S 

and 

(236) 

(237) 

(238) 

(239) 

(240) 

d r = c e + - -  
2(r + 1) 

(241) 
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Then we can write 

s l ,~;  v - ( m , + l )  7 + 1 ° g ~ 2 1 ]  sin4~ 2 sinj4~ s i n j 4 ° s i n 4 ° d ~ ° + ( m ~ + l ~ ) s i n ~ x  
j= l  j= l  

. f:,cos0o_cos , x sin j4  ~ log (z) sinj4o sin 4o d4o s~ (m I + 1) sin4~ ~ jsinj4~ 
j= l  ; 

2V2~sin4~ 7 -  + log  ~ j s i n j 4 ~  ( c o s 4 o - c o s 4 ) x  x cosj4o d4o - (m, + 2 l ~ - ] J  )=1 

x cosj4o d4o -(rex + 1) sin4'  jsinj4~ log(z)(cos 4 o -  cos 4)cosj4o d 4 o -  
j= l  

4V 2 mt f o  ~ (v~l _Z) 1) s i n 4 s  (m 1 + 1) sin 4s ~ sinj4s Ko 1 sinj4o sin 40 d4o 4v2 m l  , Z J ×  
j= l  (ml + j= l  

x smj4~ K1A ~-x/-Z (cos4o - c o s 4 ) c o s j 4 o  d4o 

-(m 1 + 1) + log  sin 2q5~ ' -  + log  sin/4~+ 
I 21 l j  (m 1 + 1) 5 / ~ - ] J  

2V 2 mt ~ ~ V 2 ml 
+ (m I + 1)sin4s ~ sinj4s J0 l°g( ;0s in j4°s in4°d4°  1)sin 4s ~. j x 

j= l  (ml + j= l  

o l  

12 4 sin 4s ~, J x x sinj4~ log00(cOS4o -- cos¢)cosj4o d4o s 2 (m I + 1~ s=l 

;o - 4v~ ~' fo~ ( v ~  ) x sinj4~ ~ (cos 4o cos 4)cosj4o d4o (m~ + 1) sin ¢~ ~ sinj4~ Ko,1 ~ / Z  x 
j= l  

fo 4V2 sin4~ ~ jsinj4s K1,1 x × sinj4o sin 40 d4o (rn 1 + 1~ j= 1 

x (cos 40 - cos 4)cos J40 d40. (242) 

In formula (242) the last two integrals are to be evaluated numerically. The range of integration is divided 
into a large number of subranges over each of which a Oaussian numerical integration is carried out. This 
process should have good accuracy even though logarithmic functions occur in formulae (238) and (239) for 
Ko.~(x) and K t,l(x) because the logarithms do not lead to infinite values of these functions in the integrands. 

The other integrals in formula (242) can be evaluated analytically but the present writer has not succeeded 
in obtaining general formulae valid for all j. They are evaluated by using a combination of reduction formulae, 
numerical integration and analytical integration as shown below. 

Let us define 

and 

Then 

and 

  ,cos0o_cos , 
J 1' = ~o Z cosj4o d4 o 

(; fo ' L; , = log(z) cosj4o d4o- 

'~ 1 y 

(243) 

(244) 

(245) 

(246) 
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Now, for j # O, 

LJ(1,~) =~fo l°g(z )S~o (sinjq~o)d(ao 

1 f f  . d = - ]  o smjq~°~o{l°g( ;O} dq~o 

2 f o ~ '  " = _ smjq~°(cos 4~o _ cos ~b) sin ~bo dq~ o 
] ;~ 

= ]  + (247) 

To  evaluate Nj(y/l, h/l) we write, instead of formula (243), 

( t )  <,cos o_cos 
Nj if, = ~ ~b)(cosyq~o - cosj~b)d~b o + cosj~bN o , 

"Jo 

r ,cos.,o- +") sinai's'°- + cosj , o(  , 48) 
= .,o } sin {{4'o + q~) ~ n  ~ o -  ~5 ' ' 

Now, (cos ~b o - cos ~b)2/g is a cont inuous function, even as h ~ 0, and it is multiplied by a cont inuous function 
in the integrand of the integral in equat ion (248). The integral can therefore be evaluated numerically by 
Gaussian integration to a high degree of accuracy. We note  that  

sin nO f 2{cos (n - 1)0 + cos (n - 3)0 + . . .  + cos 0} n even 

sin 0 - 12{cos  (n 1)0 + cos (n - 2)0 + + cos 20} + 1 n odd. (249) 

It now only remains to determine No(y/l, h/l) and Lo(y/l,.h/1). Tractable  expressions for these are deter- 
mined analytically in the appendix and the results are : 

and 

where 

/~+H ~ ~_H ~} 
(y h) ~ H (u 4- I) V IV ]7- ~ - +  ~ 1  

N°7'7 2x/~ x/1 + H2 XfU-Z + H2 { u2+~/~pcH 2u/~- + H2 } 

~ [ / u 4 - t - H  z . / ~ H ( I + u  2) 1 

~;~1 vi;m+'+~"+'~) / ~ + m  
v ( x /  ] 7 - f f~  + - -  

•/I - y/sl h/sl 
u=  , H -  

+ y/sx 1 + y/sl" 

As a matter  of interest the analytical formulae for the first few Nj(y/I, h/l) are" 

N a = utl(q~) + N o cosq~ - ~ r o ~ 7 , 7 ] h ( ~ b ) ,  

h 2 
N 3 ( I , ~ )  = g t 3 ( q ~ ) - 4 ~ [ 2 t , ( ~ ) +  N o ( / , ~ ) ( c o s 3 ~ b  6h2 , h z_ [y 

h a h _ h 2 ~_4tl(c~ ) 

h 2 y h 2 

(250) 

(251) 

(252) 

(253) 

(254) 

(255) 

(256) 
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and 

where 

and 

h 2 h 4 
= nts(~b) - 7r~[24t3@ ) + 12t~(~b)] + 16~ t~(qS)  

h 2 h 4 

h 2 
s~ P ° ( ~ ' ~ ) {  5tS(~b) - h 2  h4 s~-[4Ot3(q~) + 20tl(q~)] + 16~t,(~b)} (257) 

sin rq~ 
tr@) - sin ~b (258) 

l t" :o } 2~/2 .-~ + ~ / ( x / i  -7 h ~ ~ V 1 + 14 2 3 (259) 

6.8. Location of Loading Points 

Once the points ?~1) ., . #1) . . . =i , i =  1 ,2 , . .  n 1 , . , ;  , 3 =  1,2 . . . . .  ml ~I 2 ) , i =  1,2 . . . . .  n 2 and r/~2),j= 1,2 . . . . .  m2, 
have been specified, all the elements of the matrices appearing on the r ight-hand side of  formula (169) or the 
simplified formula (173) may be evaluated so that  the matrix Q of the generalised airforce coefficients may 
be obtained. We specify these points by means of the formulae 

(2i- / 
c ~(~) 1 - cos i = 1, 2, ° '  = 

j~ 
r/} 11 = cos - - - -  j = 1, 2, 

m l + l  

(~(2) 1 - cos i = 1, 2, 

and 

., nl ,  (260) 

• , ml,  (261) 

• , n2 (262) 

•(2) 
jT~ 

j = c o s - - - -  j = 1, 2 , . . ,  m 2. (263) 
m z + l  

As mentioned earlier, the location of these points is not  crucial to the accuracy of the final results for Opq, 
but we note that we have used the locations (261) already in formula (232). 

A program has been written in 1900 F O R T R A N  (,see Ref. 15) to evaluate the generalised airforce co- 
efficients from formula (173), and taking ql = 1 in equat ion (198) and q2 = 1 in equation (204). Results ob- 
tained using this p rogram are described in the next section. 

7. Examples 

Example 1 

As a first example we shall consider the wing-tailplane configurat ion of Laschka and Schmid (see Ref. 3). 
The wing and tailplane are swept-back tapered wings as shown in Fig. 1. The typical length l of the con- 
figuration is taken to be the root  chord OA of the wing and its value can be taken to be unity. The con- 
figuration is immersed in a subsonic flow of free-stream Mach number  M = 0 and is assumed to be oscillating 
with a frequency parameter  v = 1.0 in one of four symmetric modes of oscillation defined by 

~(ll)(x, y) = 1 ~(12)(X, y) = 0, (264) 

~21)(x, y) = 0 {~22)(x, y) = 1, (265) 
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and 

( t l ) t x  = (266) 3 ,  , y)  x/1 ~32~(x, y) = 0 

x 3 
~41)(x, y) = 0 ~?)(x, y) - I 2 (267) 

where the origin of  coordinates  is at the apex of  the wing. 
The configurat ion with h :~ 0 is obtained from the configurat ion when the wing and tailplane are coplanar  

simply by translating the tailplane a distance h in the direction of the z-axis. 
We present results for the elements (~pq of  the matrix [(~] of  the approximat ions  to the generalised airforce 

coefficients Q~q (equation 13) for a number  of  values of  h, the vertical separation of  the planes of the wing 
and tailplane, and for a selection of combinat ions  of the integers ml,  nl ,  me, n2. We write the quantities Opq 
in the form 

Opq = ~'pq "4- iVQ'~q. (268) 

Laschka and Schmid a obtained values of  ^' " Qw and ~pq for h = 0 only, using an integral equat ion approach.  
The values of m 1 , n 1 , m2, n 2 used for obtaining these values are not  quoted in Ref. 3. 

Mykytow,  Olsen and Pollock have also reported results for the wing-tailplane configurat ion of  Laschka 
and Schmid with h = 0 in Ref. 13. Results have been obtained by the integral equat ion approach  of  Albano,  
Perkinson and Rodden,  4 by the doublet-latt ice method  of  Albano and Rodden 12 and by the later doublet-  
lattice method of  Kfilm~n, Rodden and Giesing. s In the application of  the integral equat ion method there 
were 15 collocation positions across the total span of the wing and tailplane and there were 3 collocation 
points at each spanwise position. In the application of  both  doublet-latt ice methods an array of 9 boxes along 
the semi-span and 5 boxes along the chord  of  the wing, and 6 boxes along the semi-span and 5 boxes along 
the chord  of  the tailplane were used. All the results have been converted to the notat ion of  the present report  
and are given in Table 1 together with results from the present theory with m 1 = 10, n 1 = 3, m 2 = 10,/~2 = 3. 
The results are seen to be in generally good  agreement a l though there are a few instances of  large discrepancies, 
for example in (~'11 and ^' Q33 where the results from the doublet-latt ice methods  differ by up to 10 per cent 
from the results from the present method.  

Results f rom the present theory are given in Table 2 for a number  of  values of  h and for a selection of  com- 
binations of  the integers ml ,  nl ,  m2, n2 so that convergence of  the results with increase of  the values of  the 
integers ml ,  nl ,  m2, n 2 may be observed. With n I = n2 = 2, the values of  the ( ~  seem to be converging as 
m I and m 2 are increased. With n 1 = n 2 = 3 only the values m 1 = m 2 = 10 of m 1 and rrt 2 are considered, and 
in each case the value of  0~ij is not  greatly different f rom the corresponding value when m 1 = 10, n I = 2, 
m 2 = 10, n 2 = 2. 

We note  that when h = 0, airforces on the tailplane caused by wing mot ion  only, e.g. (~21, are comparable  
in magni tude with airforces on the wing caused by wing mot ion  only, e.g. (~11- This is due to the influence 
of  the wake from the wing which, in inviscid linearised theory, is carried downstream with undiminished 
strength in the plane of the wing. The actual values are (~21 = 0.6671 + i0.1921 (rn 1 = 10, nl = 3, m E = 1 0 ,  

n 2 = 3) and (~11 = 0.5305 - il.947 (m 1 = 10,/'11 = 3, m 2 = 1 0 ,  n 2 = 3). As h increases from zero the mag- 
nitude o f  ~ 2 1  decreases, that  is the interference effects of  the wing on the tailplane decrease, and for h = 2 
we have (~21 = 0-03655 + i0.01088 (m 1 = 14, n I = 2, m 2 = 14, n 1 = 2). The magnitude of (~11 also decreases 
as h increases, but  only to a limited extent. 

We also note that airforces on the wing caused by tailplane mot ion  only, e.g. Q12, are of small magni tude 
compared  with airforces on the wing caused by wing mot ion  only, e.g. (~ 11. At h = 0 we have (~lZ = -0 .01824  
- i0-06486 (m 1 = 10, nl = 3, m 2 = 1 0 ,  nl = 3) and at h = 2 we h a v e  0 1 2  = 0.002399 + i0.009830 ( m  1 = 14, 
nl = 2, m 2 = 14, nl = 2). The magnitudes of  both these values are small compared  with the value of  (~1 for 
h = 0, which was given above. 

Example 2 

As a second example we shall consider the wing-tailplane configurat ion shown in Fig. 2. This is the con- 
figuration which A.G.A.R.D. specified for calculation of  generalised airforces and for which some preliminary 
results appeared in Refs. 5, 13 and 14. The wing and tailplane are again swept-back tapered wings. The semi- 
spans of  the wing and tailplane are both  of  unit length and the typical length I is taken equal to the semi-span. 
The origin of coordinates is at the apex of the wing. 
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The configurat ion is immersed in a subsonic flow of  free-stream Mach number  M = 0.8 and is oscillating 
with a frequency parameter  v in the range 0 to 1.5 in one of two ant isymmetric  modes of oscillation, defined 
by 

(~)(x, y) = y(x - 2.251Yl - 0.85), ~(2)(X, y) = y, (269) 

~21~( x ,  Y)  = YIY[ and ~22)(x, y) = (x - 3.35) sgn y. (270) 

The configuration with h ~ 0 is obtained from the configurat ion when the wing and tailplane are coplanar  
simply by translating the tailplane a distance h in the direction of  the z-axis. 

Mykytow,  Olsen and Pollock have reported results for the A.G.A.R.D. wing-tailplane configurat ion in 
Ref. 13. Results have been obtained by the integral equat ion approach  of  Albano, Perkinson and Rodden 4 
when h = 0 and h = 0.6 and by the doublet-lattice method of  Albano and Rodden 12 when h = 0. In the ap- 
plication of the integral equation method there were 15 collocation positions across the total span of  the 
wing and of  the tailplane, and there were 4 collocation points at each spanwise position. In the application 
of the doublet-lattice method an array of 8 boxes along the semi-span and 6 boxes along the chord of the 
wing and of 8 boxes along the semi-span and 4 boxes along the chord of the tailplane were used. Four  modes 
of oscillation were used but these could be combined together in pairs to give the modal  shapes (269) and 
(270). The results given in Ref. 13 could then be combined appropriately to give the corresponding general- 
ised airforces. The results are given in Table 3 together with the results from the present theory with m I = 16, 
n l  = 4 ,  m 2 = 16 and n z = 4. Also included are the results of  the later doublet-lattice method of Rodden,  
Giesing and Kfilmf_n, which are reported in Ref. 5 in the same form as those given in Ref. 13. Only  the case 
h = 0, from this reference, are quoted in Table 3 since for h = 0.6 the tailplane was moved aft. The results, 
again, are seen to be in generally good agreement with each other, a l though in most  cases the results from 
the integral equation approach  are nearer to the results from the present theory than are those from either 
of the two doublet-lattice methods.  

Tables 4a, 4b, 4c, 4d give results for the generalised force coefficients for (v, h) = (0, 0), (1-5, 0), (0, 0.6) and 
(1.5, 0.6) for a selection of combinat ions  of  values of  ml,  nl ,  m 2 and 17z, so that the nature of convergence of  
results may be observed when ml,  n~, m 2 and n 2 are increased. With n~ = n 2 = 3, the values of  (~j seem to 
be converging as m I and m 2 are increased. With n 1 = n 2 = 4 the values of  (~j seem to be converging as ma 
and rn 2 are increased but to values that are different, but  not  greatly different, from the values of (~j when 
/I 1 : 17 2 ----- 3. With n L = rt 2 = 5 only the values ma = 12, m 2 = 12 o f m  I and m 2 were considered and in each 
case the value of (~j was not greatly different from the corresponding value when rn 1 = 12, n I = 4, m 2 = 12 
and n 2 = 4. 

Table 5 gives results with m 1 = 16, n 1 = 4, m 2 = 16 and n2 = 4, for v = 0 and v = 1.5 and a number  of 
values of  h in the range 0 to 0.6. 

Table 6 gives results with m~ = 16, n~ = 4, m 2 = 16 and n 2 = 4, for h = 0 and h = 0.6 and a number  of 
values of v in the range 0 to 1.5. 

Example 3 

As a third and final example we shall consider the wing and tailplane to be identical rectangles of  chord  
c = 0-098 metres and semi-span s = 0.1515 metres as shown in Fig. 3. The reason for choosing this example 
is that  experimental work has been carried out at O .NE.R.A.  ( s e e  Ref. 6) to estimate the values of lift and 
pitching moment  on a configuration of  two rectangular wings in tandem oscillating harmonical ly in heave 
and in pitch, and so theoretical values could be compared  with experimentally determined values. 

The leading edge of  the tailplane is at a distance c2 metres downst ream of the trailing edge of the wing and 
the plane of  the tailplane is at a distance C H  metres from the plane of  the wing. The position of  the tailplane 
relative to that of the wing is then characterised by the non-dimensional  separation parameter  ). and height 
parameter  H. 

Models of a half-wing and half-tailplane were mounted  on a wall and immersed in a subsonic flow. Either 
the wing or the tailplane could be excited in heave or in pitch about  the mid-chord line and measurements  
of total lift or total pitching moment  could be made on either surface. The wall acts as a reflecting plate so 
that the values of  lift and moment  relevant to a complete wing and tail are obtained by doubling the values 
obtained experimentally for the half-wing and half-tailplane. 

The models may therefore oscillate in one of the following four symmetric  modes 

~(II)(x, y) = 1 ~[I2)(X, y) = 0, (271) 

(1) ?'(2)t {2 ( x , y ) =  0 ~2 ~ x , y ) =  1, (272) 
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and 

~31)(x, y) _ x 1 c 2 ~(32)(x' y) = 0 (273) 

(~l)(x, y) = 0 (t42)(x, Y) = _Xc - 2 + ~, (274) 

where the origin of coordinates is at the centre of the leading edge of the wing. 
Approximate values Qu were evaluated with ml = 6, nl = 2, m 2 = 6 and n 2 = 2, for a number of values 

of Mach number M and frequency parameter  v. The low values ofm~, n~, m 2 and n 2 were considered adequate 
for the high semi-span to chord ratio of wing and tailplane and the low values of v taken, bearing in mind 
that the values of Qu were only required for comparison with experimental results. 

In the experimental work either the wing or the tailplane was restrained elastically in pitch about  the mid- 
chord line, and it could be excited by applying an external pitching moment  which was harmonically time 
dependent. The other surface was restrained to be at rest, but both the total lifting force and pitching moment  
induced on it, as a result of the vibration of the first surface, could be measured. 

With an airflow of Mach number  M relative to the wing and tailplane one of the surfaces was excited in 
pitch by applying an harmonically time-dependent external pitching moment  and the frequency of the har- 
monic excitation was adjusted, without changing its amplitude, until resonance in the motion of that surface 
was observed. The aerodynamic pitching moment  acting on the excited surface could then be deduced from 
measurements made of the response of that surface and also the lifting force and pitching moment  on the 
surface not being excited were measured at the resonance frequency. The resonance frequency changed sig- 
nificantly with change of Mach number but not significantly with change of 2 or H at a fixed Mach number. 
In the numerical calculations, therefore, the frequency parameter  was taken to be dependent on M only with 
a value close to that obtaining at resonance in any of the tests at that Mach number. This dependence is given 
by the following set of associated numbers. 

M = 0.30 0.45 0.65 0.80 

v = 0.3856 0-2436 0-1513 0.1112 

The particular quantities Q~: that could be compared with experimentally determined values from these 
A J A ^ 

tests were Q33,034,  Q43,044, Q14 and Q23. The Qu are expressed as in formula (268). Numerical values of 
Q'u and ( ~  for H = 0 and H = ~ were obtained at a number  of values of 2 from 2 = 0 to 2 = o~ and are 
recorded in Tables 7 to 18. The values at 2 = ~ were obtained by applying a computer  program for a single 
isolated surface, or by deducing that the values were zero, as appropriate.  

Graphs  of these numerical values have been drawn in Figs. 4 to 15 and also on these graphs are shown 
the experimental values obtained by O.N.E.R.A. The O.N.E.R.A. values were obtained by personal com- 
munication to the present author. They were expressed in a different notation but could easily be adapted 
for our notation simply by multiplying by proportionality factors. 

When H = 0, 2 = 0 the tailplane leading edge abuts on the wing trailing edge. The analytical conditions 
at the tailplane leading edge and wing trailing edge assumed in the theory are then not correct and the results 
obtained may not be good approximations to the actual linearised values. Otherwise the analytical con- 
ditions are correct, and we may expect the results to be good approximations to the actual iinearised values 
except when both 2 and H are very near to zero, in which cases the values of n 1 --- 2 and n2 = 2 taken in the 
calculations would not be high enough. 

There is a good deal of qualitative agreement between the numerical and experimental results, as can be 
seen from Figs. 4 to 15, but these are discrepancies in the magnitudes of the results. The best comparisons 
are for the direct aerodynamic moment  coefficients 033 and Q44, as we might expect because the interaction 
of one surface on the other is dominated by the action of a surface on itself. There is less interaction of the 
tailplane on the wing than of the wing on the tailplane and in conformity with this we find that the numerical 
and experimental values are closer to each other in the case of (23a than in the case of (~44. Furthermore com- 
parison of experimental and theoretical values is no worse for H = 0 than it is for H = ~, so that the theoretical 
model does not appear to be invalidated when the tailplane lies in the wake from the wing. 
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8. Conclusions 

A method has been developed for calculating generalised airforce coefficients on two parallel lifting surfaces 
using continuous functions as approximations to the loading. Results have been obtained for a number of 
configurations and comparisons of the results have been made with results obtained by other workers. The 
comparisons show generally good agreement. 

The results were obtained using a computer program in 1900 FORTRAN. 1 s This computer program was 
constructed to use only the lowest value unity of the integration parameters ql and q2. An improvement in 
accuracy of the results for given values of ml, nl ,  m 2 and n 2 should result if higher values than unity for qa 
and q2 were taken. 

Comparison of O.N.E.R.A. experimental results 6 for two rectangular wings oscillating harmonically in 
subsonic flow has been made with results obtained using the method of this report. There is qualitative agree- 
ment in the behaviour of the results for the different cases considered, but there are discrepancies in the actual 
magnitudes between the experimental and theoretical values. 
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A P P E N D I X  

Evaluation of Some Integrals 

In this Appendix we obtain analytical expressions for the integrals (259), and (243) and (244) with j = 0, 

(ff ) £'¢c°s4° - c°s4)d¢o (A-2) 
No ' = X 

and 

where 

and 

fo L o , = log(z)&bo (A-3) 

(y - yo) 2 + h a 
Z = s~ 

Y0 = S1 COS ~b 0 

(A-4) 

(A-5) 

y = s 1 cos 0. (A-6) 

The analytical expressions to be obtained have been quoted in formulae  (259), (250) and (251) of the main  
text. 

and 

If we put 

Uo = tan ~o (A-7) 
2 

~o / 1  - y /s  t 
u = t a n ~ = { i  + y / s ,  (A-8) 

in the integrands of the integrals on the r ight-hand sides of (A-l), (A-2) and (A-3) we get, 

L i u2)2 (I + u2) duo 
Po , = ~(I  + [ ( u 2 -  ua) a + H~(1 + u2)~l 

1 /A2) 2 f m  (1 + UZo) du O 
= ~(1 + - ~  [(u2 _ u2)2 + Ha(1 + u2)2], 

and 

fo  ~ (u a - u2) duo 
t ~ ' ~1 i(.2 - + ~ ( i  + .2)'] 

1 f_~ (u a - u 2) duo 
= ~(~ + ua) ~o [(.2 _ ~ ¥ ~ -+ u b q  

L o , = 2 log k (]- + u~)2(l + u2) 2 1 + u 2 

= l o g  (u2 - /</2)2 _~. H 2 ( I  _]_ b/02)2 du  o 2 duo 
_~ 1 + H 2 1 + u2 2 co l og (1  + u o ) l ~ u o 2  + 

ool + u  2 

(A-9) 

(A-10) 

(A-11) 
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where 

Now, we can write 

where 

and 

Then we get 

H - h/sl 
1 + y/s 1 

(ug - u2) 2 + H2(1 + /22) 2 = (1 + HZ)[(Uo - c~) 2 + fl2][(U 0 -J- ~)2 .jr_ f12] 

c~ + H  2 1 + ~ f 2 ~  iV 1 + H 2 

1 # ~  u~_4+H 2 (u2zHZ) l 
fl = ~ V  ( ~  i ~- H 2 1 + H e J" 

(/ ~) (1+u2)2(~z +f12+ 1)y+m{ 1 1 }duo+ 
Po , = 16(a 2 + fi2)(1 + H  2) -co [ (Uo_a)2  + fi2] + [(Uo + a ) 2  + fi21 

(1 + u2)2(cd + fig - 1) ['" f (Uo - c~) (Uo + ~) } duo 
+ i & ~  + ~2~i + 7 / ~ 0 _ . l  [(Uo- ~7 + ~]  - [(Uo + ~)~ + ~] 

M 

= i g # j  7 7 ~ i  + ?-/~k ta - '  + t a n - '  - •  + 

(1 + u2)2(0{ 2 q- /~2 ) log /12 
+ 32~( ~x2 + /~2)(1 + (Uo ~ 002 + -oo 
~(1 + H2)2(~ 2 + /~2 ..{_ 1) 

8fi(e 2 + fl2)(1 + H 2) 

x/1 + H 2 (1 + u  2) . /  ~ + _ _ _ _  1 + 
V 1 +  1 +  V l +  4xf2 H ~ ~ 4  H 2 H 2 H 2 

(A-12) 

(A-13) 

(A-14) 

(A-15) 

and 

2 x T / 2 h x / T g T - - ~ v G /  i - H 2 1 

1,14 + H2} 
+ 1 + H 2 (A-16) 

(l "1- U2)(U2 -1- ~2 -'1- fl2) f_) { (U0 -- ~) 
8o~( a2 + f12)( 1 + H2) ~o [(Uo - ~ 7  + f12] 

~(1 + u 2 ) ( u  2 - c~ 2 - /32) 
4fl(0¢ 2 + /~2)(1 + H 2) 

n H (u ' ~ -  1) v [ ¥  1 + H 2 

1 } 
[ ( U o + ~ ) 2 + 3 2 ]  dUo- 

(Uo + c~) ~ duo i 

[(Uo + ~)2 + f12] ) 

u 2 _ H 2} 
+ ~ -  

1 
2 , ~  x/1 + H 2 x//-~ + H2 kt u2 + ~ / ~ ~ ' i T ~  J (A-17) 

In order to obtain an analytical expression for Lo(y/l, h/l) using equation (A- t 1 ), we must obtain an analytical 

log [!U2 - U2)2 + H2(l + ug)21 duo 
1 + H 2 1 + ug 

duo 
log {[(Uo - ct) 2 + fl2][(Uo + c~) z + f12]} 1 + ug' (A-18) 

expression for the integral I, where 

I = ; _  ~ 
o~ 
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W e  d o  this by r e so r t i ng  to  the  ca lcu lus  of  res idues  in the c o m p l e x  u 0 p lane .  
Let  us pu t  

u 0 - c~ - i f i  = r I e iO' --re <~ 01 < re, 

U o + a - -  i f i  = r 2 e ~°a --re <. 02 < n,  

u 0 - ~ + i f l  = r 3 e i°3 - r e  ~ 0 3 < re 

a n d  

u 0 + ~ + ifl = r 4 e i°~ - r e  <~ 04 < re 

where  r I , r2,  r3,  r~, 0 , ,  0e,  03 ,04  are  real  number s .  Let  us, fur ther ,  t ake  

l o g ( u  0 - ~ - ifl) = l o g r  I + i O , ,  

log (u 0 + c~ - ifl) = log r 2 + i 02 ,  

l o g ( u o - c ~  + i f l ) = l o g r  3 + iO 3 

and  

T h e n  

log (u o + ~ + ifl) = log r 4 + iO 4.  

( A - 1 9 )  

(A-20) 

(A-21) 

(A-22) 

(A-23) 

(A-24) 

(A-25) 

(A-26) 

log {[(u o - ¢¢)2 + fl2][(ido q_ 0{)2 q_ fi23] 

= log {(u o - a - i f l ) (u  o + ~ - i f l)(Uo - ~ + i f i ) (u  o + c~ + ifi) I 

= log {(u0 - ~ - i f l)(Uo + ~ - ifl)] + log {(Uo - ~ + ifl)(Uo + ~ + ifi)].  (A-27) 

By t a k i n g  the c o n t o u r  in tegra l  of  the  func t ion  

1 
1 + u 21°g{(u  o -  0 ¢ -  i f l ) (u o + a -  ifi)} 

a r o u n d  a c o n t o u r  cons i s t i ng  of  the real  axis  and  infini te  semic i rc le ,  cen t re  or ig in ,  in the  lower  ha l f -p l ane  
Im (Uo) < 0, and  n o t i n g  t ha t  the  on ly  s ingu la r i t y  of  the  func t ion  wi th in  the c o n t o u r  is a s imple  pole  at  u o = - i ,  
we get, on  a p p l y i n g  the ca lcu lus  of  res idues  

f ~ duo  ;~ log {(Uo - ~ -  i f l)(Uo + o~ - i f l ) ] l  + u2 - re log [c~ 2 + (1 + fl)2] _ in 2. (A-28) 

By t a k i n g  the c o n t o u r  in tegra l  of  the  func t ion  

1 
1 + Uo 2 log {(u o - -  c¢ + i f l ) (u o + ~x + ifi)] 

a r o u n d  a c o n t o u r  cons i s t ing  of  the  real  axis  and  inf ini te  semic i rc le ,  cen t re  or ig in ,  in the  u p p e r  ha l f -p l ane  
lm (uo) > O, and  n o t i n g  tha t  the  on ly  s ingu la r i ty  of  the  func t ion  wi th in  the c o n t o u r  is a s imple  po le  at  u = + i, 
we get, on  a p p l y i n g  the ca lcu lus  of  res idues  

f ~ duo  ,~ log {(u o - ~ + i f l ) (u  o + ~ + ifl) I 1 + u 2 - r e l ° g  [az + (1 + fl)z] + ire2. (A-29) 

There fo re ,  on  n o t i n g  e q u a t i o n  (A-27), we get f rom e q u a t i o n s  (A-18), (A-28) and  (A-29),  

I = 2re log [a 2 + (1 + fl)2~. (A-30) 

F u r t h e r ,  we have  

f_ o db/o f in /2  
- log (sec 2 ~00) d~o  ~ol°g(1 + U o  2) 1 + u  2 ~-~/2 

4 ~.12 
log (cos ~o) d~Po 

--  '¢0 

~ n/2 
= - 2  log (cos ~o sin ~o) d~9 o 

aO 
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f 
rrt2 

= 7t log 2 - 2 log (sin 20o) dOo 
"10 

= g log 2 - log (sin 00) d0o 

and therefore 

Also 

f f/2 = n l o g 2  - 2 log (sin 0o) d0o 

= u l o g 2 + ~  log(1 + u~) duo 
-oo -I- U~' 

f f  log(1 + Ug) l duo + u° 2 = 2 ~ l o g 2 .  

_o du o 
~ l + u ~  - ~ '  

If we substitute from equations (A-30), (A-32) and (A-33) into equation (A-11) we get 

Lo 7 ' 7  = 2 ~ c l ° g l  2(1 + u  z) 

LmT N i T  (1 + u  
+ H 2 u 2 _ H 2 )  

+ H  2 + ~ - -H2-  

(A-31) 

(A-32) 

(A-33) 

(A-34) 

The requisite analytical expressions have now all been obtained and are given in formulae (A-16), (A-17) 
and (A-341. 
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T A B L E  1 

V a l u e s  o f  G e n e r a l i s e d  A i r f o r c e  C o e m e i e n t s  f o r  t h e  W i n g  T a i | p l a n e  C o n f i g u r a t i o n  o f  

L a s c h k a  a n d  S c h m i d  f o r  h = 0,  v = 1 .0 ,  M = 0 a s  O b t a i n e d  b y  D i f f e r e n t  W o r k e r s  

011 
Q'I_, 
Qi3 

Q';, 

(?;3 
0;4 

071 
(?'2_, 
0?3 

(??1 
(?'_;2 

0;1 

0;3 
0;4 

(?;: 
0;3 
0;4 

(?x_, 
0:~3 
(?:,4 
Q41 

O:i~ 

kaschka  

Schmid 

0.515 

- 0 . 0 1 2  

- 1 . 5 5 9  

- 0.077 

- 1 . 9 2 9  

- 0 . 0 6 6  

- 2.508 

- 0 . 0 2 4  

0.659 

0.140 

0.785 
- 0 . 8 2 5  

0.175 
- 0 . 8 8 9  
- 0 . 5 2 5  

- 0.752 

0.437 
-0 .008  

- 0 , 8 4 5  

- 0 . 0 5 9  

- 1 . 2 0 4  

- 0 . 0 5 2  

- 1 . 8 7 9  

- 0 . 0 2 2  

0.278 

0.079 

0.334 

- 0 . 3 2 9  

0.069 

-0 .338  

- 0 . 2 1 9  

-0 -378  

Albano  

Perkinson 

Rodden 

0.516 

- 0 . 0 1 8  

- 1.561 

- 0 . 0 7 6  

- 1 . 9 3 3  

- 0.064 

- 2.512 

- 0.019 

0.655 
0.140 

0-789 
- 0 . 8 2 8  

0.183 
-0 -892  
- 0 . 5 1 2  

- 0 . 7 5 3  

0.436 
-0 .011  

- 0 . 8 4 7  

- 0 . 0 5 8  

- 1 . 2 0 6  

-0 .051  

- 1 . 8 8 2  

-0 -018  

0.276 

0.079 

0.336 

- 0 . 3 3 0  
0.073 

- 0 . 3 7 3  

- 0 . 2 1 4  

- 0 . 3 7 5  

Davies 

0-531 

-0 -018  

- 1 . 5 6 8  

- 0 . 0 7 8  

- 1 . 9 4 7  

- 0 . 0 6 5  

- 2.544 

- 0 . 0 1 9  

0.667 

0.144 

0.813 
-0 -832  

0.192 
-0 -897  

- 0 . 5 1 6  
- 0 . 7 6 2  

0.448 
-0 .011  

- 0 . 8 4 3  

- 0 . 0 5 9  

- 1.207 

-0 .051  

- 1 . 8 9 8  

-0 -018  

0-280 

0.081 

0.341 

- 0 . 3 3 0  

0.075 

- 0 . 3 7 3  

- 0 . 2 1 7  
- 0 . 3 7 8  

Albano  

Rodden 

0.498 

- 0 . 0 1 6  

- 1-591 

- 0 . 0 8 0  

- 1.966 

- 0 . 0 6 8  

- 2.547 

- 0.025 

0.668 
0.131 

0-808 

- 0-864 
0-184 

- 0 . 9 2 5  
- 0 . 5 1 9  

- 0 . 7 7 5  

0.412 
- 0 . 0 1 0  

-0 .911 

-0 .061 

- 1.259 

-0 -053  

- 1.913 

- 0.022 

0.292 

0.073 

0.353 

- 0 . 3 5 9  

0.074 

- 0 . 3 9 9  

- 0 . 2 2 7  

- 0 - 3 6 0  

Giesing 

Kfilmfin 

Rodden 

0.478 

- 0 . 0 1 6  

- 1.587 

- 0 . 0 8 0  

- 1.952 

- 0.068 

- 2 . 5 1 9  

- 0.025 

0.699 

0.131 
0.813 

- 0-864 

0.189 
0.926 

- 0 . 5 1 8  
0.775 

0.404 
- 0 . 0 1 0  

- 0.908 

-0 .061 

- 1.255 

- 0 . 0 5 3  

- 1.901 

- 0-022 

0.292 

0.074 

0.355 

- 0 . 3 5 9  

0.076 

- 0 . 3 9 9  

- 0 . 2 2 7  

-0 .381 
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m 1 n l  m 2 

T A B L E  2 

Values  o f  Generalised Aifforee Coefficients for the Wing-Tailplane Configuration of  
Lasehka and Sehmid v = 1.0, M = 0 

n2 ( '11  '12 A, A,, A,, Q14 Q1, Q12 
Art 

Q13 
^ t t  

Ql4 

h = 0  6 

6 

8 

8 

10 

10 

12 

12 

14 

14 

16 

16 

10 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

3 

4 

6 

6 

8 

8 

10 

10 

12 

12 

14 

14 

16 

10 

2 0.5391 - 0 . 0 1 8 1 5  - 1.573 - 0 . 0 7 7 5 7  - 1.962 - 0 - 0 6 4 2 2  - 2 - 5 7 3  - 0 . 0 2 0 0 7  

2 0.5398 - 0 . 0 1 7 8 7  - 1.572 - 0 . 0 7 8 5 7  - 1.961 - 0 . 0 6 5 3 1  - 2.573 - 0 . 0 2 0 4 5  

2 0.5276 - 0 . 0 1 7 7 6  - 1 .566  - 0 . 0 7 8 0 3  - 1047 - 0 - 0 6 4 8 5  - 2 - 5 4 8  - 0 - 0 2 0 2 9  

2 0.5272 - 0 . 0 1 7 6 7  - 1 . 5 6 6  - 0 . 0 7 7 4 7  - 1 . 9 4 7  - 0 . 0 6 4 3 8  - 2 . 5 4 8  - 0 . 0 2 0 0 1  

2 0-5156 - 0 - 0 1 7 5 7  - 1-560 - 0 . 0 7 6 9 5  - 1-934 - 0 - 0 6 3 9 4  - 2 - 5 2 4  - 0 - 0 1 9 8 5  

2 0.5152 - 0 . 0 1 7 5 1  - 1.561 - 0 . 0 7 6 2 9  - 1.934 - 0 . 0 6 3 3 7  - 2 . 5 2 4  - 0 . 0 1 9 6 0  

2 0-5076 - 0 - 0 1 7 4 2  - 1-556 - 0 - 0 7 5 8 9  - 1-925 - 0 . 0 6 3 0 4  - 2 - 5 0 7  - 0 - 0 1 9 4 9  

2 0.5073 - 0 . 0 1 7 3 6  - 1.556 - 0 . 0 7 5 4 5  - 1.925 - 0 . 0 6 2 6 7  - 2 . 5 0 7  - 0 . 0 1 9 3 4  

2 0-5032 - ' 0 -01729  - 1-552 - 0 - 0 7 5 1 8  - 1-920 - 0 - 0 6 2 4 5  - 2-496 - 0 . 0 1 9 2 9  

2 0.5031 - 0 . 0 1 7 2 6  - 1.552 - 0 . 0 7 4 9 7  - 1.920 - 0 . 0 6 2 2 9  - 2 . 4 9 6  - 0 . 0 1 9 2 1  

2 0.5012 - 0 - 0 1 7 2 1  - 1-550 - 0 - 0 7 4 7 9  - 1-917 - 0 - 0 6 2 1 4  - 2 . 4 9 t  - 0 . 0 1 9 1 8  

2 0-5012 - 0 . 0 1 7 1 9  - 1.550 - 0 . 0 7 4 7 3  - 1.917 - 0 . 0 6 2 1 1  - 2 . 4 9 0  - 0 - 0 1 9 1 5  

3 0-5305 - 0 - 0 1 8 2 4  - 1 - 5 6 8  - 0 - 0 7 7 8 9  - 1-947 - 0 . 0 6 4 8 6  - 2 . 5 4 4  - 0 . 0 1 9 2 3  

h = 0.25 10 

12 

14 

16 

10 

10 

12 

14 

16 

10 

2 0-4920 - 0 - 0 1 6 2 5  - 1.577 ±0-06074  - 1.932 - 0 . 0 4 9 0 1  - 2 . 4 9 6  - 0 . 0 1 3 1 3  

2 0.4845 - 0 . 0 1 6 1 2  - 1.572 - 0 - 0 6 0 0 6  - 1-923 - 0 - 0 4 8 4 6  - 2 - 4 7 9  - 0 - 0 1 2 9 5  

2 0.4805 - 0 . 0 1 6 0 3  - 1.568 - 0 . 0 5 9 6 6  - 1.917 - 0 . 0 4 8 1 4  - 2.469 - 0 . 0 1 2 8 5  

2 0-4787 - 0 - 0 1 5 9 8  - 1 . 5 6 6  - 0 - 0 5 9 4 6  - 1-914 - 0 - 0 4 7 9 9  - 2 . 4 6 3  - 0 . 0 1 2 8 0  

3 0.5064 - 0 . 0 1 6 6 7  - 1.585 - 0 . 0 6 1 6 8  - 1.944 - 0 . 0 4 9 8 8  - 2 . 5 1 5  - 0 - 0 1 2 9 0  

h = 0.5 10 

12 

14 

10 

10 

12 

14 

10 

2 0.4746 - 0 . 0 1 2 4 9  - 1.594 - 0 . 0 3 2 3 7  - 1.932 - 0 . 0 2 3 6 2  - 2 . 4 7 9  - 0 - 0 0 2 6 8 6  

2 0-4673 - 0 . 0 1 2 4 1  - 1-588 - 0 - 0 3 2 0 1  - 1-923 - 0 - 0 2 3 3 3  - 2 . 4 6 2  - 0 . 0 0 2 6 0 5  

2 0.4635 - 0 . 0 1 2 3 5  - 1.584 - 0 . 0 3 1 7 9  - 1.918 - 0 . 0 2 3 1 7  - 2 - 4 5 2  - 0 - 0 0 2 5 6 2  

3 0-4885 - 0 - 0 1 2 4 7  - 1-602 - 0 - 0 3 2 5 5  - 1-945 - 0 . 0 2 3 8 1  - 2 . 4 9 7  - 0 . 0 0 2 7 2 3  

h = 1.0 10 

12 

14 

10 

10 

12 

14 

10 

2 0-4649 - 0 - 0 0 4 4 6 9  - 1.603 0.002400 - 1.931 0.005385 

2 0.4578 - 0 . 0 0 4 4 5 7  - 1.597 0.002355 - 1.922 0.005333 

2 0.4541 - 0 . 0 0 4 4 4 9  - 1.593 0.002332 - 1.917 0.005305 

3 0.4788 - 0 . 0 0 4 3 3 2  - 1.611 0-002569 - 1.944 0-005507 

- 2.468 

- 2 - 4 5 2  

- 2-442 

- 2 - 4 8 6  

0.006994 

0-006955 

0.006933 

0-006855 

h = 2-0 10 

12 

14 

l0  

12 

14 

2 0-4651 0-002426 - 1.601 0-01173 - 1.930 0.009999 

2 0.4580 0.002411 - 1.595 0.01161 - 1.921 0.009892 

2 0.4543 0.002399 - 1-591 0-01154 - 1.915 0-009830 

- 2-467 

- 2.451 

- 2 . 4 4 1  

0-003800 

0.003753 

0.003728 



0 

h = O  

h = 0.25 

h = 0.5 

h =  1.0 

h = 2.0 

/ql 1 

6 
6 
8 
8 

10 
10 
12 
12 
14 
14 
16 
16 
10 

10 
12 
14 
16 
10 

10 
12 
14 
10 

10 
12 
14 
10 

t0 
12 
14 

fl I 

2 
2 
2 
3 

tn  2 /'12 0'_,1 
^ 
Q~ 

TABLE .- ~ (continued) 

0 2 3  0 ' 2 4  0'_;2 

4 
6 
6 
8 
8 

10 
10 
12 
12 
14 
14 
16 
10 

0-6813 
0.6768 
0.6730 
0.6701 
0.6667 
0.6664 
0-6612 
0.6592 
0.6575 
0-6562 
0.6554 
0.6547 
0.6671 

0.1436 
0.1476 
0.1475 
0-1439 
0.1438 
0.1404 
0.1403 
0.1380 
0.1379 
0-1369 
0.1367 
0.1361 
0.1444 

0.8336 -0.8448 
0.8293 -0-8381 
0.8269 -0.8381 
0-8201 -0 .8337 
0.8160 -0 .8337 
0.8101 -0-8297 
0.8052 -0 .8298 
0.8013 -0 .8267 
0.7975 -0 .8268 
0.7954 -0 .8249 
0-7930 -0-8249 
0.7922 -0 .8238 
0.8131 -0 .8319 

0.1971 
0.1965 
0.1968 
0.1927 
0-1917 
0.1884 
0-1867 
0.1847 
0.1833 
0.1824 
0.1814 
0.1812 
0.1921 

-0-9106 
- 0.9047 
-0 .9047 
-0.8988 
-0.8988 
-0 .8936 
-0 .8936 
-0-8899 
-0 .8899 
-0 .8877 
-0 .8877 
-0.8865 
-0.8973 

-0.5275 
-0-5243 
-0.5192 
-0.5200 
-0.5167 
-0.5169 
-0.5151 
-0-5147 
-0.5139 
-0-5133 
-0.5132 
-0-5125 
-0.5160 

10 
12 
14 
16 
10 

0.4350 
0.4318 
0-4299 
0.4289 
0-4370 

0-1308 
0.1286 
0.1274 
0.1268 
0.1344 

0-5730 -0 .8332 
0.5672 -0.8301 
0-5635 -0-8282 
0.5614 -0.8271 
0.5746 -0 .8355 

0.1523 
0.1499 
0.1484 
0.1476 
0.1545 

--0.8917 
--0.8880 
--0.8858 
--0.8847 
--0-8955 

-0.2918 
-0.2904 
-0-2896 
-0.2891 
-0-2915 

10 
12 
14 
10 

0-2860 
0.2840 
0-2827 
0-2874 

0-1233 
0-1212 
0.1200 
0.1267 

0.3906 -0.8373 
0.3869 -0-8341 
0.3845 -0 .8322 
0.3917 -0 .8397 

0-1092 
0.1076 
0-1066 
0.1106 

-0 .8915 
-0.8878 
-0-8855 
-0-8953 

-0.1769 
-0-1761 
-0.1756 
-0-1768 

10 
12 
14 
10 

0.1325 
0.1315 
0-1310 
0.1332 

0.1190 
0.1170 
0.1159 
0.1224 

0-1849 -0 .8393 
0-1832 -0.8361 
0.1821 -0.8341 
0.1856 -0 .8417 

0.05191 
0-05115 
0-05071 
0.05265 

--0.8908 
-0.8871 
-0 .8849 
-0 .8946 

-0.07889 
-0-07854 
-0-07832 
-0-07881 

10 
12 
14 

0.03700 
0-03672 
0-03655 

0-1t91 
0.1171 
0.1160 

0.04905 -0-8388 
0.04857 -0 .8356 
0.04827 -0 .8336 

0-01119 
0.01099 
0.01088 

--0-8903 
--0-8866 
-0-8844 

-0-02565 
-0.02553 
-0.02544 

G4 

-0 .7700 
-0.7725 
-0.7724 
-0.7658 
-0.7657 
-0.7591 
-0.7590 
-0.7542 
-0.7541 
-0.7512 
-0.7512 
-0.7495 
-0-7621 

-0-7479 
-0.7432 
-0.7403 
-0-7386 
-0.7506 

-0.7399 
-0.7353 
-0.7325 
-0.7425 

-0.7351 
-0-7306 
-0-7278 
-0-7377 

-0-7349 
-0.7304 
-0-7276 



% r l  

h = O  

h = 0.25 

h = 0.5 

h = 1.0 

h = 2-0 

ml 

6 
6 

8 

8 

10 

10 
12 

12 

14 

14 

16 

16 

10 

10 

12 

14 

16 

10 

t0 
12 

14 

10 

10 

12 

14 

10 

10 

t2 

t4 

m 2 n2 

T A B L E  2 (continued) 

A I 0;2 0;4 0;1 0';2 
2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

3 

4 

6 
6 

8 

8 

10 

10 
12 

12 

14 

14 

16 

10 

2 0.4544 --0.01089 -0 .8502  -0-05797 - 1.221 

2 0-4548 -0 .01065  --0.8494 -0 .05865  - 1.220 

2 0.4422 -0-01081 -0 .8600  -0 .05853  - 1.220 

2 0.4419 --0.01077 -0 -8603  -0 .05808 - 1.220 

2 0.4308 --0-01086 -0 .8680  - 0 . 0 5 7 8 8  --1-220 

2 0-4305 --0.01083 -0 -8684  -0 .05737  - 1.220 

2 0.4231 --0-01086 -0 .8717  -0 .05716  --1-219 

2 0-4229 --0.01083 -0 .8720  -0 .05683  - 1.219 

2 0.4186 --0-01082 -0 .8725  -0 .05664  - 1-217 

2 0-4185 --0.01080 -0 .8726  -0 .05648 - 1.217 

2 0.4162 -0 .01078  -0 .8719  -0 .05634  - 1.215 

2 0.4162 -0 .01077  -0 .8718  -0 .05629 - 1.215 

3 0.4480 -0 .01132  -0 -8426  -0 .05912  - 1-207 

- 0 . 0 4 9 5 9  
--0-05035 

- 0 . 0 5 0 1 4  

--0-O4975 

--0.04949 

--0-04905 

--0.04883 

--O-O4854 

- 0 . 0 4 8 3 7  

--0-04824 

--0.04812 

--0.04809 

--0-05073 

2 

2 

2 

2 

3 

10 

12 

14 

16 

10 

2 0-4123 -0 .01028  -0 .8825  -0 .04503  - 1.219 

2 0.4050 --0-01027 -0 .8857  -0 .04460  --1.217 

2 0.4008 -0 .01024  -0-8861 -0 .04432  - 1.215 

2 0.3985 --0-01021 -0 .8852  -0 .04416  - 1-213 

3 0-4289 -0 .01048  -0 -8574  -0 .04590  - 1.206 

- 0 - 0 3 7 4 2  

--0.03702 

--0-03678 

- 0 . 0 3 6 6 5  

--0.03828 

10 
12 

14 

10 

0.3989 -0 .008112  -0 .8962  -0-02284 - 1.220 
0.3917 -0-008109 -0 .8991 -0-02264 - 1.218 

0-3876 -0 .008094  -0 .8994  -0 .02250  - 1.216 

0.4149 -0 .007933  -0 .8716  -0.02271 - 1-207 

- 0 - 0 1 7 1 2  
-0 -01693  

-0 -01681  

- 0 . 0 1 7 0 9  

10 

12 

14 

10 

0.3918 -0 .002982  -0 -9027  0.003005 - 1 - 2 2 0  

0.3847 -0-002979 -0 .9056  0.002953 - 1.218 

0-3807 -0 .002978  -0-9058 0.002927 - 1-216 

0.4078 -0 .002775  -0 .8782  0-003370 - 1.207 

0.004949 

0.004900 

0.004873 

0.005208 

10 
12 

14 

2 0.3921 0-001611 -0 .9016  0.008609 - 1.219 

2 0-3850 0.001614 -0 .9045  0.008535 - 1.217 

2 0.3810 0.001612 -0 .9047  0.008486 - 1 . 2 1 5  

0.007430 

0-007360 

0.007316 

^ tp 

Q33 

- - 1 - 9 1 1  

- 1.9tl  

-- 1-899 

- 1.899 

-- 1.885 

-- 1.885 

- 1 . 8 7 3  

- 1.873 

-- 1.865 
-- 1-865 

- 1 . 8 6 0  

-- 1-860 

- 1.898 

- 1.864 

-- 1-853 

- 1 . 8 4 5  

- 1-839 

- 1.876 

- - 1 . 8 5 1  

--1.840 

-- 1.832 

-- 1-863 

- 1-844 

-- 1.833 

- 1.825 

- 1-856 

- 1-843 

- 1.832 

- -  1-824 

0;4 

-0 .01869  

-0 .01898  

-0 .01868  

-0 .01844  

-0 -01819  

-0 .01797  

-0 .01781 

-0 .01768  

-0 .01759  

-0 .01753  

-0-01748 

-0 .01746  

-0 .01804  

-0 .01224  

-0 .01212  

-0 .01190  

-0 .01185  

-0 .01229  

-0 .002984  
-0 .002882  

-0-002825 

-0 .003110  

0.005435 

0.005407 

0-005391 

0.005316 

0.003038 

0-002994 

0.002969 



h = O  

h = 0.25 

h = 0-5 

h =  1.0 

h = 2-0 

m 1 

6 
6 
8 
8 

10 
lO 
12 
12 
14 
14 
16 
16 
10 

10 
12 
14 
16 
10 

10 
12 
14 
10 

10 
12 
14 
10 

10 
12 
14 

/71 /ql 2 

TABLE 2 [concluded) 

042 

4 
6 
6 
8 
8 

10 
lO 
12 
12 
14 
14 
16 
10 

0.2885 
0.2854 
0.2831 
0.2841 
0.2825 
0.2832 
0.2820 
0.2821 
0.2814 
0-2812 
0.2809 
0.2806 
0.2801 

0.08347 
0.08384 
0.08390 
0.08131 
0-08130 
0.07904 
0.07900 
0.07752 
0.07748 
0.07664 
0.07661 
0-07617 
0.08144 

0.3527 -0.3375 
0.3478 -0.3328 
0.3480 -0-3327 
0-3472 -0-3343 
0.3465 -0-3343 
0-3459 -0.3355 
0.3442 -0.3355 
0.3435 -0.3359 
0.3422 -0.3359 
0.3416 -0.3357 
0.3408 -0.3357 
0.3403 -0 .3354 
0-3414 -0-3295 

0.07883 
0.07629 
0.07735 
0-07547 
0.07568 
0-07438 
0-07395 
0.07316 
0.07272 
0.07230 
0-07203 
0.07185 
0.07445 

-0.3819 
-0.3769 
-0.3768 
-0.3770 
-0.3770 
-0-3771 
-0.3771 
-0-3768 
-0.3768 
-0.3764 
-0.3764 
-0.3759 
-0.3725 

-0.2239 
-0.2229 
-0-2187 
-0.2214 
-0.2190 
-0-2209 
-0-2197 
-0.2206 
-0-2200 
-0.2202 
-0-2200 
-0.2198 
-0.2174 

10 
12 
14 
16 
10 

0-1852 
0.t845 
0-1840 
0.1836 
0-1832 

0.07464 
0-07316 
0.07231 
0.07186 
0.07695 

0.2379 -0.3373 
0-2364 -0-3377 
0-2352 -0.3375 
0.2343 -0-3371 
0-2347 -0.3313 

0.05666 
0.05580 
0.05524 
0.05489 
0.05649 

-0.3765 
-0.3762 
-0-3757 
-0-3752 
-0.3719 

-0.1304 
-0.1303 
-0.1301 
-0.1300 
-0.1284 

10 
12 
14 
10 

0.1214 
0-1210 
0.1207 
0.1201 

0.07141 
0.06997 
0-06914 
0.07370 

0.1599 -0-3390 
0-1589 -0.3393 
0.1581 -0-3391 
0-1577 -0 .3330 

0.03960 
0-03903 
0.03866 
0-03942 

-0.3763 
-0.3760 
-0-3755 
-0.3717 

-0.08115 
-0.08116 
-0-08108 
-0-07992 

10 
12 
14 
10 

0-05618 
0-05600 
0-05584 
0.05554 

0.06966 
0-06823 
0.06742 
0-07196 

0-07542 --0.3397 
0.07496 -0-3400 
0.07460 -0.3398 
0.07444 -0-3337 

0.01888 
0.01861 
0-01843 
0.01883 

-0.3759 
-0.3756 
-0.3751 
-0.3713 

-0.03641 
-0.03643 
-0.03641 
-0-03580 

10 
12 
14 

0.01562 
0-01557 
0.01552 

0.06971 
0.06868 
0.06747 

0.02021 -0-3395 
0.02008 --0.3398 
0.01997 -0.3396 

0.004205 
0.004125 
0.004075 

-0.3757 
-0-3754 
-0.3749 

-0-01131 
-0.01131 
-0.01130 

-0.3823 
-0-3827 
-0.3828 
-0.3806 
-0.3806 
-0.3780 
-0.3779 
-0-3759 
-0.3758 
-0.3743 
-0.3743 
-0.3733 
-0.3776 

-0.3730 
-0.3709 
-0.3694 
-0.3684 
- 0 . 3 7 2 6  

-0.3695 
-0-3674 
-0.3660 
--0-3691 

-0-3675 
-0.3654 
-0-3640 
-0.3671 

-0.3674 
-0-3653 
-0.3639 



TABLE 3 

Values of Generalised Airforee Coefficients for the Agard Wing-Tailplane 
Configuration as Obtained by Different Workers 

Albano 
Perkinson Albano 

Davies Rodden Rodden 

0 h:01 

Giesing 
K~ilmfin 
Rodden 

Qll 0-4403 0.4425 0.4554 0.4401 
Q]2 -0.6202 -0.6121 -0.6655 -0.6557 
~ -0.1046 -0.1054 -0.1107 -0.1044 
Q~z -0.1759 -0-1954 -0.2237 -0.2126 

Q~I -0.5425 -0.5420 -0.6052 -0.5875 
Q~2 -0.4611 -0.4476 -0.4557 -0.4735 

A ¢t Q21 - 0.5127 -0.5166 - 0.5784 - 0.5553 
^ t t  Q22 - 0-6649 - 0.6398 - 0-6538 - 0.6758 

[ v = "  h = 0  I 

~]1 1.106 - 1.1208 1.0215 1-0231 
012 -0.07195 -0-0568 -0.0436 -0.0757 
Q~I 0.3716 0.3688 0.3122 0.3337 
~ 2  0.5367 0.5104 0.4876 0.4943 

Q~I -0.7583 -0.7633 -0.7768 -0.7929 
Q~2 -0.6101 -0.5928 -0.6047 -0.6310 
Q~I -0.6220 -0.6268 -0.6718 -0.6645 
Q~2 -0.7780 -0.7524 -0.7415 -0.7813 

G1 
G2 
GI 
G2 

A t t  

Q12 

4. 2 1  
tt 

Q22 

Davies 

v = 0  h =0.6  

0.1470 
-0.6402 
-0.24O4 
-0.1619 

-0.5492 
-0.6181 
-0-5308 
-0-7565 

Albano 
Perkinson 

Rodden 

0.1490 
-0.6312 
-0.2405 
-0.1817 

-0.5505 
-0.6070 
-0.5329 
-0.7306 

Davies 

I v =  1.5 

0.5713 
-0.3558 

0.1262 
O.4568 

-0.6274 
-0.7180 
-0.5989 
-0.8729 

Albano 
Perkinson 

Rodden 

h = 0 - 6  ] 

0-5814 
- 0.3450 

0.1226 
-0.4278 

-0.6382 
-0.7053 
-0.6026 
- 0-8464 

53 



TABLE 4a 

Generalised Airforee Coefficients for the Agard Wing-Tailplane Configuration 
v = O , M  = 0-8, h = 0  

ml nl m2 n2 (~'~1 (~'12 Q ~  (~2 0'~1 (~'£z 0~1 0~2 

4 2 4 2 
8 3 8 3 

10 3 8 2 
10 3 10 3 
12 3 12 3 
14 3 14 3 
16 3 16 3 
18 3 18 3 
20 3 20 3 

10 4 10 4 
12 4 12 4 
14 4 t4 4 
16 4 16 4 

0.4701 -0-6531 -0.1243 -0 .1213  -0.5102 -0.5287 -0.4895 -0-7065 
0-4554 -0-6246 -0.1128 -0 .1557  -0.5332 -0.4787 -0.5099 -0.6835 
0.4314 -0-5932 -0.09012 -0-1987 -0.5149 -0.4790 -0.5192 -0-6734 
0.4450 -0 .6244 -0.1065 -0 .1686  -0.5385 -0.4698 -0.5109 -0-6727 
0.4344 -0.6235 -0 .1014 -0 -1800  -0 .5420 -0-4653 -0.5111 -0.6645 
0-4263 -0.6222 -0.09750 -0 .1889  -0-5444 -0.4625 -0.5120 -0 .6584 
0.4198 -0.6213 -0.09475 -0-1951 -0-5463 -0-4606 -0-5122 -0.6538 
0-4163 -0.6207 -0.09319 -0 .1988  -0 .5482 -0-4583 -0.5125 -0.6506 
0.4153 -0-6202 -0.09258 -0-2006 -0 .5500 -0.4560 -0.5129 -0.6486 

0-4456 -0.6213 -0.1091 -0 .1612  -0 .5314 -0.4730 -0-5121 -0.6746 
0.4466 -0.6212 -0 .1085 -0 -1654  -0 .5372 -0-4657 -0.5126 -0.6713 
0.4442 -0.6207 -0.1068 -0 .1705  -0-5404 -0.4627 -0-5127 -0.6681 
0.4403 -0-6202 -0.1046 -0-1759 -0.5425 -0-4611 -0.5127 -0.6649 

12 5 12 5 0.4389 -0-6206 -0.1057 -0-1712 -0-5395 -0.4640 -0.5136 -0.6647 



TABLE 4b 

Generalised Airforee Coefficients for the Agara Wing-Tailplane Configuration 
v = 1.5, M = 0.8, h = 0  

L~ 

ml 

4 
8 

10 
10 
12 
14 
16 
18 
20 

10 
12 
14 
16 

12 

/'11 

2 
3 
3 
3 
3 
3 
3 
3 
3 

/7/2 

4 
8 
8 

10 
12 
14 
16 
18 
20 

10 
12 
14 
16 

12 

/ /2 

2 
3 
2 
3 
3 
3 
3 
3 
3 

tt  Q2t Q22 

1 .128  -0.04327 0.3058 0-5396 -0-6t16 -0.5990 -0-5328 -0.6398 
1.154 -0.07985 0.3670 0.5535 -0.7485 -0.6172 -0.6146 -0.7826 
1 .104  -0.01444 0.3718 0.4505 -0-6986 -0.5858 -0.6332 -0-7178 
1 .111  -0-08074 0-3756 0.5342 -0.7442 -0.6152 -0.6154 -0.7715 
1 .068  -0.08279 0.3786 0.5116 -0.7380 -0-6168 -0-6136 -0-7629 
1~37 -0-08516 0.3784 0-4944 -0.7342 -0.6177 -0.6132 -0.7569 
1-013 -0-08732 0.3769 0.4818 -0.7322 -0-6183 -0-6125 -0-7527 
0.9977 -0.08793 0.3745 0-4752 -0.7319 -0.6178 -0-6124 -0.7503 
0.9896 -0.08752 0.3717 0.4732 -0.7330 -0-6166 -0-6127 -0-7493 

1 -144  -0-08091 0-3689 0.5528 -0.7546 -0.6113 -0.6224 -0.7842 
1-113 -0.07524 0.3690 0-5512 -0-7574 -0-6092 -0-6219 -0-7830 
1.120 -0-07265 0.3702 0 .5451 -0.7581 -0.6093 -0.6217 -0.7809 
1 .106  -0.07195 0.3716 0.5367 -0.7583 -0-6t01 -0-6220 -0-7780 

-0-6233 1.t10 -0.07567 0.3650 0 .5391 -0.7576 -0-6116 
-0-7787 



TABLE 4c 

Generalised Airforee Coefficients for the Agard Wing-Tailplane Configuration 
v = O,M = 0-8, h = 0-6 

m, "1 m2 "2 0; ,  O'la Oi _ 0';1 0';2 05, O?a 

4 2 4 2 
8 3 8 3 

10 3 8 2 
10 3 10 3 
12 3 12 3 
14 3 t4 3 
16 3 16 3 
18 3 18 3 
20 3 20 3 

10 4 10 4 
12 4 12 4 
14 4 14 4 
16 4 16 4 

12 5 12 5 

0-1789 -0.6788 -0.2412 -0-1092 -0 .5519 -0 .6838 -0.5385 -0-7934 
0.1599 -0.6499 -0-2439 -0 .1390 -0 .5549  -0 .6297 -0.5371 -0.7715 
0-1506 -0.6488 -0.2388 -0 .1784 -0-5510 -0 .6090 -0.5484 -0.7416 
0.1505 -0.6457 -0-2413 -0.1544 -0-5503 -0-6253 -0.5333 -0.7641 
0-1410 -0.6426 -0.2395 -0-1671 -0 .5460  -0 .6227 -0-5294 -0.7580 
0-1337 -0-6405 -0-2382 -0.1768 -0 .5428 -0-6201 -0.5268 -0.7533 
0.1281 -0.6389 -0.2372 -0-1834 -0 .5407 -0 .6183 -0-5244 -0-7496 
0-1250 -0-6379 -0.2368 -0 .1874 -0 .5397 -0-6165 -0.5229 -0-7471 
0.1240 -0.6372 -0.2367 -0-1893 -0 .5394  -0 .6147 -0.5223 -0.7455 

0.1536 -0.6439 -0-2412 -0.1446 -0 .5529  -0-6229 -0-5362 -0.7636 
0-1534 -0-6422 -0.2414 -0 .1500 -0-5520 -0 .6200  -0.5345 -0.7614 
0.1507 -0-6411 -0.2410 -0.1559 -0 .5507 -0-6188 -0.5326 -0.7589 
0-1470 -0.6402 -0.2404 -0.1619 -0 .5492  -0.6181 -0-5308 -0-7565 

0-1447 -0.6419 -0.2419 -0.1557 -0-5503 -0 .6185 -0.5328 -0.7559 



TABLE 4d 

Generalised Airforce Coefficients for the Agard Wing-Tailplane Configuration 
v = 1.5, M = 0.8, h = 0.6 

"---.I 

At!  ~Pt Art 
m l n l ma n2 Q'~ Q'~2 Q~, Q~ Q1~ Q12 Q21 022 

4 2 4 2 
8 3 8 3 

10 3 8 2 
10 3 10 3 
12 3 12 3 
14 3 14 3 
16 3 16 3 
18 3 18 3 
20 3 20 3 

10 4 10 3 
12 4 12 3 
14 4 14 3 
16 4 16 3 

0.5679 -0.3555 0-09538 0-4878 -0-5329 -0 .7096 -0.5453 -0.7178 
0.5869 -0.3595 0.1253 0.4954 -0 .6280 -0.7291 -0-6042 -0-8790 
0.5186 -0.3645 0-05802 0-3483 -0.5978 -0-6424 -0.5948 -0.7443 
0-5646 -0.3651 0.1298 0.4594 -0.6157 -0.7215 -0.5936 -0-8660 
0.5406 -0.3706 0.1309 0-4262 -0-6040 -0-7163 -0.5835 -0.8536 
0.5214 -0.3741 0-1301 0-4020 -0.5961 -0 .7120 -0.5767 -0.8446 
0.5073 -0.3763 0.1290 0.3847 -0 .5913 -0-7089 -0.5717 -0-8385 
0.4987 -0-3773 0-1273 0.3752 -0 .5889 -0 .7063 -0.5689 -0.8351 
0.4950 -0.3775 0.1253 0.3716 -0 .5882 -0-7042 -0-5679 -0-8336 

0-5873 -0.3558 0.1244 0.4883 -0.6353 -0-7241 -0-6070 -0-8813 
0.5857 -0-3550 0.1253 0-4812 -0-6337 -0.7211 -0.6043 -0.8794 
0-5796 -0.3550 0.1260 0.4700 -0.6307 -0 .7195 -0-6016 -0.8764 
0.5713 -0.3558 0-1262 0-4568 -0-6274 -0 .7180 -0.5989 -0.8729 

12 5 12 5 0.5685 -0.3574 0-1183 0-4639 -0.6318 -0-7204 -0-6026 -0.8738 



T A B L E  5 

Generalised Airforce Coefficients for the Agard Wing-Tailplane Configuration 
M = 0.8 (m 1 = 16, n I = 4, m 2 = 16, l/2 = 4 )  

1.5 

0 
0.01 
0.04 
0.1 
0.2 
0.3 
0.4 
0.5 
0-6 

0 
0-01 
0-04 
0-1 
0.2 

0.3 
0.4 
0.5 
0.6 

O'l i O'l 2 - '  ^' ^" ^" ^" ^" Q22 (L2 02~ Q22 O2, O,, 

0.4403 -0 -6202  - 0 . 1 0 4 6  - 0 . 1 7 5 9  -0 -5425  -0 .4611  -0 -5127  - 0 . 6 6 4 9  
0.4199 -0 -6242  -0 -1162  - 0 . 1 7 8 6  - 0 . 5 4 6 7  - 0 . 4 7 4 2  -0 -5176  - 0 . 6 7 3 3  
0.3786 - 0 - 6 3 1 2  - 0 . 1 3 8 6  - 0 . 1 8 2 7  - 0 . 5 5 3 3  -0 .4981  - 0 . 5 2 6 8  - 0 . 6 8 8 6  
0-3223 - 0 . 6 3 8 7  - 0 . 1 6 7 4  - 0 . 1 8 3 9  - 0 . 5 5 8 6  - 0 . 5 2 6 3  - 0 . 5 3 5 4  - 0 . 7 0 6 7  
0-2591 - 0 . 6 4 2 3  - 0 . 1 9 7 6  - 0 . 1 7 7 4  - 0 . 5 5 8 8  - 0 - 5 5 6 2  - 0 . 5 3 7 8  - 0 . 7 2 5 6  
0.2163 - 0 . 6 4 2 0  - 0 . 2 1 5 8  - 0 . 1 7 0 2  - 0 . 5 5 6 0  - 0 - 5 7 8 0  - 0 . 5 3 5 9  - 0 . 7 3 8 0  
0.1859 - 0 . 6 4 1 0  - 0 . 2 2 7 3  -0 -1655  -0 .5531  - 0 . 5 9 4 9  - 0 . 5 3 3 8  - 0 . 7 4 6 4  
0-1636 - 0 . 6 4 0 4  - 0 . 2 3 5 0  - 0 - 1 6 3 0  - 0 . 5 5 0 8  -0 -6079  - 0 . 5 3 2 0  - 0 . 7 5 2 3  
0-1470 - 0 - 6 4 0 2  - 0 - 2 4 0 4  - 0 . 1 6 1 9  - 0 . 5 4 9 2  -0-6181  - 0 . 5 3 0 8  - 0 . 7 5 6 5  

1.106 - 0 . 0 7 1 9 5  0-3716 0-5367 - 0 . 7 5 8 3  -0 .6101  - 0 . 6 2 2 0  - 0 - 7 7 8 0  
1-064 - 0 . 0 9 6 9 2  0.3471 0-5235 - 0 . 7 5 3 2  - 0 . 6 1 8 8  - 0 . 6 2 3 3  - 0 - 7 8 5 3  
0.9767 - 0 . 1 4 7 3  0.2986 0.5001 - 0 . 7 3 8 9  -0 .6351  - 0 . 6 2 5 3  - 0 - 7 9 9 4  
0.8590 - 0 . 2 0 9 6  0-2390 0.4774 -0 .7141  - 0 . 6 5 4 6  -0 .6241  - 0 - 8 1 6 9  
0.7394 -0 -2679  0.1856 0.4660 -0-6821  - 0 . 6 7 5 4  - 0 . 6 1 6 2  - 0 - 8 3 5 9  

0.6687 - 0 - 3 0 2 0  0-1585 0.4638 -0 .6601  - 0 . 6 9 0 6  - 0 . 6 0 9 0  - 0 . 8 4 9 4  
0.6235 -0 -3253  0-1430 0.4623 -0 .6451  - 0 . 7 0 2 2  -0 .6041  - 0 - 8 5 9 4  
0.5928 -0 -3425  0.1331 0.4600 - 0 . 6 3 4 8  - 0 . 7 1 1 2  - 0 - 6 0 1 0  - 0 . 8 6 7 0  
0.5713 - 0 . 3 5 5 8  0.1262 0.4568 - 0 - 6 2 7 4  - 0 . 7 1 8 0  - 0 . 5 9 8 9  - 0 . 8 7 2 9  

T A B L E  6 

Generalised Airforee Coefficients for the Agard Wing-Tailplane Configuration 
M = 0 .8 (m 1 = 16, n I = 4, m 2 = 16, n 2 = 4) 

0 

0.6 

0 
0.1 
0.2 
0.4 
0.6 
0.8 
1-0 
1.2 
1.5 

0 
0-1 
0-2 
0-4 
0.6 
0.8 
1.0 
1.2 
1.5 

^ 

0 ' , ,  0 ' , 2  " " ^"  ^"  " Q2, 0'~ 011 Q~2 02, Q22 

0.4403 -0 -6202  - 0 . 1 0 4 6  - 0 . 1 7 5 9  - 0 . 5 4 2 5  -0 .4611  - 0 . 5 1 2 7  - 0 . 6 6 4 9  
0-4436 - 0 . 6 1 7 6  -0 -1025  - 0 . 1 7 2 8  - 0 . 5 4 3 3  - 0 . 4 6 1 7  - 0 . 5 1 3 0  - 0 . 6 6 5 3  
0.4533 - 0 . 6 0 9 9  -0 .09631  - 0 . 1 6 3 5  - 0 . 5 4 5 7  - 0 . 4 6 3 7  - 0 . 5 1 4 2  - 0 . 6 6 6 6  
0-4925 - 0 . 5 7 9 4  -0 .07141  - 0 - 1 2 6 4  - 0 . 5 5 5 7  - 0 . 4 7 1 4  - 0 . 5 1 8 8  - 0 . 6 7 1 6  
0-5576 - 0 . 5 2 9 0  - 0 . 0 2 9 5 9  - 0 - 0 6 4 2 0  - 0 . 5 7 3 4  - 0 - 4 8 4 0  - 0 . 5 2 7 0  - 0 . 6 8 0 2  
0.6475 -0 .4591  0.02946 0.02351 - 0 . 5 9 9 8  -0 -5017  -0 .5391  - 0 . 6 9 2 7  
0-7596 - 0 . 3 7 0 2  0.1060 0.1373 - 0 . 6 3 5 0  -0 -5246  - 0 . 5 5 5 7  - 0 . 7 0 9 7  
0-8895 - 0 . 2 6 2 9  0.1998 0-2775 - 0 . 6 7 8 8  - 0 . 5 5 3 5  - 0 . 5 7 7 5  - 0 - 7 3 2 0  
1.106 -0 -07195  0.3716 0-5367 - 0 - 7 5 8 3  -0 .6101  - 0 . 6 2 2 0  - 0 . 7 7 8 0  

0-1470 - 0 . 6 4 0 2  -0 -2404  -0 -1619  - 0 . 5 4 9 2  -0 .6181  - 0 . 5 3 0 8  -0 -7 565  
0-1490 - 0 . 6 3 8 8  - 0 . 2 3 8 8  - 0 - 1 5 9 2  - 0 . 5 4 9 5  - 0 . 6 1 8 5  -0 .5311  -0 -7 569  
0.1548 - 0 . 6 3 4 6  -0-2341  -0 .1511  - 0 . 5 5 0 4  - 0 . 6 1 9 8  - 0 . 5 3 1 8  - 0 - 7 5 8 0  
0.1779 - 0 . 6 1 7 9  - 0 . 2 1 5 4  - 0 - 1 1 8 7  - 0 . 5 5 3 3  - 0 . 6 2 4 8  - 0 . 5 3 4 8  -0 -7628  
0.2164 - 0 . 5 9 0 5  - 0 - 1 8 4 0  - 0 . 0 6 4 4 3  - 0 . 5 6 0 8  -0 .6331  - 0 . 5 4 0 0  - 0 - 7 7 0 9  
0.2701 - 0 . 5 5 2 8  - 0 . 1 3 9 5  0.01235 - 0 - 5 7 0 2  - 0 . 6 4 4 6  - 0 . 5 4 7 3  - 0 - 7 8 3 0  
0.3387 -0 -5053  -0 -08154  0.1121 - 0 . 5 8 2 4  - 0 . 6 5 9 7  -0 -5573  -0-8001 
0.42t7 -0 -4493  -0 .009303  0.2347 --0-5977 -0 -6793  -0 -5705  - 0 . 8 2 3 4  
0.5713 - 0 . 3 5 5 8  0-1262 0.4568 - 0 - 6 2 7 4  - 0 . 7 1 8 0  - 0 . 5 9 8 9  - 0 . 8 7 2 9  
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TABLE 7 

V a l u e s o f  Q 3  3 f o r  H = 0(m 1 = 6, n 1 = 2, m 2 = 6, n 2 = 2) 
f o r  O n e r a  W i n g - T a i i p l a n e  C o n f i g u r a t i o n  

M =  0-3 M = 0-45 M = 0.65 M =  0-80 
v = 0-3856 v = 0-2436 v = 0.1513 v = 0-1112 

0;3 

0 
1 

3Y 

_L 
16 
l 
8 

16 
l 
4 
3 
8 
1 
2 
3 

1 

2 

2 
O0 

1-3078 
1.3048 
1.3047 

1.3087 
1.3146 
1.3208 
1.3322 
1.3414 
1.3543 
1.3622 
1.3699 
1-3724 
1-3875 

1.3700 
1.3646 
1.3631 
1.3656 
1.3711 
1.3772 
1.3890 
1.3989 

1.4136 
1.4232 

1.4339 
1-4389 
1.4379 

1.5315 
1-5218 

1.5175 
1.5167 
1.5200 
1-5248 
1.5349 
1.5439 

1-5578 
1.5671 

1.5780 
1.5834 
1.5843 

1-7779 
1.7618 

1.7531 
1.7462 
1.7453 
1.7470 
1.7526 
1.7586 

1.7685 
1.7755 
1.7833 
1.7868 
1.7826 

Art 
Q 3 3  

0 
1 

32 
t_  
16 
t 
8 
3 
16 
t 
4 
3 
g 
1 

3 7g 

1 
3 

O(3 

-0 .2297  
- 0.2647 
- 0-2898 
-0-3241 
- 0-3479 
- 0.3666 
-0 .3958  
-0 .4190  
- 0.4547 
-0 .4810  
-0 .5168  
- 0-5390 
- 0 . 6 3 0 4  

- 0 . 3 0 0 0  
-0 .3438  
-0 -3752  
-0 .4182  
-0-4481 
-0 -4716  
-0 .5087  
-O.5380 
-0 .583 2  
-0 .6168  
-0 .6632  
-0 .6933  
-0 .760 2  

-0 .4905  
- 0 . 5 5 7 0  
-0 -6043  
- 0 .6693  
-0 .7151  
-0 .7511  
- 0 .8077  
- 0 . 8 5 2 0  
- 0 .9189  
-0 .9678  
- 1.0348 
- 1.0785 
- 1.1859 

- 0 .9106  
- 1 .0172  
-1 -0922  
- 1 - 1 9 6 1  

- 1 . 2697  
-1 -3277  

- 1-4176 
- 1 . 4 8 6 5  

- 1.5884 
- 1.6614 

- 1 .7602  
- 1 .8239  

- 1.9466 
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T A B L E  8 

Values of 033 f o r  H = ~ ( m  1 = 6, n 1 = 2, m 2 = 6, n 2 = 2) 
f o r  O n e r a  W i n g - T a i l p l a n e  C o n f i g u r a t i o n  

M = 0.30 M = 0.45 M = 0.65 M = 0.80 
2 v = 0-3856 v = 0.2436 v = 0-1513 v = 0.1112 

0;3 

0 
I 

3 2  
1 

16 
1 
8 
3 

16 
1 
4. 
3 
8 
1 
2 
3 
4 

1 
3 
2 

2 

1-2955 
1.3026 

1.3076 

1.3156 

1-3223 

1-3283 

1.3382 

1.3460 

1.3566 

1.3630 

1.3691 

1.3711 

1.3875 

1.3551 

1.3619 

1.3666 
1.3741 

1.3808 

1.3868 

1.3974 

1.4059 

1.4181 

1.4260 

1.4347 

1.4388 

1.4379 

0;3 

1-5104 
1.5156 

1.5t88 

1.5239 

1.5289 

1.5339 

1.5432 

1.5510 

1.5626 

1.5703 

1.5792 

1.5836 

1.5843 

1.7501 
1.7502 

1.7494 
1.7488 

1.7501 

1.7523 

1.7577 

1.7628 

1.7711 

1-7768 

1.7832 

1.7861 

1-7826 

0 
I 

3 2  
I 

1 

3 

1 
4 

8 
1 
2 
3 
4 

1 

2 

-0 .3601 
-0 .3573  

-0 -3613  

-0 -3755  

-0 -3905  
-0 -4042  

-0 -4276  

-0 .4467  

-0 .4763  

- 0 . 4 9 8 0  

-0 .5273  

- 0 . 5 4 5 4  

- 0 . 6 3 0 4  

-0 .4557  

-0-4553 

-0 -4626  

-0 -4832  

-0 .5035  

- 0 . 5 2 1 6  
-0 .5521 

- 0 . 5 7 6 7  

-0 .6147  

- 0 . 6 4 2 7  

-0 .6811 

- 0 . 7 0 5 8  

- 0 . 7 6 0 2  

- 0.6929 

-0 .7032  

-0 .7215  

-0 -7604  

-0 .7948  

-0 .8242  

- 0 . 8 7 2 0  

-0 -9096  
-0 .9662  

-1 .0071 

- 1 . 0 6 2 6  

- 1 . 0 9 8 4  

- 1 . 1 8 5 9  

-1 .1675  

-1 .2065  

-1 .2487  

- 1 . 3 2 3 0  

- 1 . 3 8 2 6  

- 1.4314 

- 1.5080 

- 1 . 5 6 6 6  

- 1.6524 

-1 .7132  

- 1 . 7 9 4 6  

- 1.8468 

- 1 . 9 4 6 6  
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TABLE 9 

V a l u e s  o f ( ~ 3 4 f o r H =  0 ( m  1 = 6, n 1 = 2, m 2 = 6,  n 2 = 2) 

for  O n e r a  W i n g - T a i l p l a n e  C o n f i g u r a t i o n  

M = 0 . 3 0  M = 0 . 4 5  
v = 0.3856 v = 0-2436 

M = 0.65 
v = 0-1513 

M = 0.80 
v = 0.1112 

0;4 

0 

3 2  
t _  
16  
I 

3 
t 6  

1 
4 
3 
g 

2 
_3 
4 

1 
3 

O(3 

0-1181 
0-1224 
0-1227 
0-1178 
0.1100 
0.1017 
0.0860 
0.0727 
0.0526 
0.0390 
0.0228 
0-0141 
0.0000 

0.1125 
0.1197 
0.1219 
0-1191 
0.1125 
0.1047 
0.0895 
0-0762 
0.0558 
0-0417 
0.0246 
0-0152 
0.0000 

0 . 0 8 1 0  

0.0929 
0.0982 
0.0996 
0.0957 
0.0899 
0.0775 
0.0660 
0-0480 
0.0353 
0.0198 
0-0113 
0-0000 

0.0183 
0.0367 
0.0468 
0.0549 
0.0558 
0.0539 
0.0471 
0-0397 
0.0271 
0.0180 
O.O07O 
0.0013 
0.0000 

0 

3 2  

16  
1 

3 
16  
1 

3 
8 
1 

3 
4 

1 

2 

2 

-0.3541 
-0 .3099 
-0 .2779 
-0.2347 
-0.2062 
-0.1852 
-0-1549 
-0.1331 
-0.1026 
-0 .0820 
-0.0561 
-0-0407 

0-0000 

-0 .4860  
-0.4317 
-0-3923 
-0 .3384 
-0.3021 
-0.2747 
-0.2342 
-0 .2043 
-0 .1616 
-0.1321 
-0 .0940 
-0 .0706 

0.0000 

-0.7625 
-0 .6834  
-0-6264 
-0 .5477 
-0.4931 
-0.4511 
-0 .3876 
-0.3401 
-0 .2716 
-0 .2239 
-0 .1614 
-0 .1222 

0-0000 

~1.1550 
-1 .0339 
-0 .9476 
-0 .8274 
-0.7427 
-0-6767 
-0-5765 
-0-5016 
-0 .3944 
-0.3198 
-0.2213 
-0 .1586 

0.0000 
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T A B L E  10 

Values of  Qa4 for H = ~  (m~ = 6, n 1 = 2, m 2 = 6, n 2 = 2) 
for O n e r a  W m g - T a i l p l a n e  Configurat ion 

M = 0.30 M = 0.45 M = 0.65 M = 0.80 
v = 0.3856 v = 0 . 2 4 3 6  v = 0.1513 v = 0 . 1 1 1 2  

0 
1 

3 2  
1 

1 6  
! 

3_ 
1 6  

4 
3 

| 

3 
4 

1 
3 
2 

2 
7t3 

0.1469 
0-1373 
0.1306 
0-1196 
0.1098 
0.1007 
0-0847 
0.0715 
0.0518 
0.0384 
0.0225 
0-0140 
0.0000 

0.1492 
0-1399 
0.1335 
0-1233 
0-1140 
0-1051 
0.0891 
0.0757 
0.0553 
0.0413 
0.0243 
0.0151 
0.0000 

0-1228 
0-1159 
0-1119 
0-1052 
0.0983 
0-0912 
0-0777 
0.0659 
0.0477 
0.0351 
0.0196 
0.0112 
0.0000 

0-0571 
0.0572 
0.0586 
0.0596 
0.0580 
0.0549 
0.0472 
0.0396 
0.0269 
0-0179 
0.0069 
0.0012 
0.0000 

0 
1 

3 2  

1 6  
1 

3 
1 6  
1 

3 

1 
2 
3_ 
4. 

l 
3 
2 

2 
73 

^ t t  
Q34 

-0 .2401  
- 0 . 2 4 5 5  
--0.2405 
- 0 . 2 2 1 5  
- 0 . 2 0 1 5  
-0 -1839  
- 0 . 1 5 5 5  
- 0 . 1 3 3 8  
- 0 . 1 0 3 0  
-0-0821  
-O.O56O 
- 0 . 0 4 0 7  

0.0000 

- 0 . 3 6 6 3  
- 0 . 3 6 7 5  
- 0 - 3 5 7 4  
- 0 - 3 2 8 6  
- 0 . 3 0 0 6  
- 0 . 2 7 6 2  
- 0 . 2 3 6 8  
- 0 . 2 0 6 6  
- 0 . 1 6 3 0  
- 0 . 1 3 2 8  
-0 .0941  
- 0 . 0 7 0 6  

0.0000 

- 0 . 6 3 8 2  
-0 -6241  
- 0 . 5 9 8 7  
- 0 . 5 4 4 6  
- 0 . 4 9 7 0  
- 0 . 4 5 6 8  
- 0 . 4 9 2 9  
- 0 . 3 4 4 2  
- 0 . 2 7 3 8  
-0 .2251  
- 0 . 1 6 1 7  
- 0 . 1 2 2 2  

0.0000 

- 1-0410 
- 0 . 9 8 9 2  
-0 -9327  
-0 -8323  
- 0 . 7 5 1 4  
- 0 . 6 8 5 4  
-0 .5831  
- 0 . 5 0 6 2  
- 0 . 3 9 6 4  
- 0 . 3 2 0 6  
- 0 . 2 2 1 3  
- 0 . 1 5 8 4  

0.0000 
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T A B L E  11 

V a l u e s  of 043 f o r  H = 0 (m t = 6, n I = 2, m 2 = 6, n 2 = 2) 
f o r  O n e r a  W i n g - T a i l p l a n e  C o n f i g u r a t i o n  

M = 0-30 M =  0-45 M = 0 - 6 5  M =  0.80 

v = 0-3856 v = 0.2436 v = 0.1513 v = 0.1112 

0 
1 

3 2  
1_ 
16  
1 
g 

3 
i-6 
1 

_3 
8 
1 

3 

1 
_3 
2 

2 

0 
1 

3~ 
! 
16  
L 
8 
3 
16  
1 

3 
8 
1 

3 

1 
3 

2 

- 0 . 5 6 8 0  

-0 -6636  

-0 .7281  

-0 -8043  

- 0 . 8 4 3 5  

- 0 . 8 6 3 9  

-0 -8763  

-0 -8692  

-0 -8275  

-0 -7670  
-0 .6171  

-0 -4438  

- 0 . 6 0 7 7  

- 0 . 7 0 6 4  

-0 -7736  

-0 .8553  

- 0 . 9 0 0 6  

-0 -9277  

- 0 . 9 5 4 4  

- 0 . 9 6 2 7  

-0 .9547  

-0 .9311 
-0 -8626  

- 0 . 7 7 7 6  

^ t t  
Q43 

0.0175 

0.0925 

0.1705 
0.3185 

0.4516 

0.5719 

0.7846 

0.9703 

1.2868 

1.5510 

1.9676 

2-2640 

0.0252 
0.1102 

0.1974 

0.3619 

0.5100 

0.6445 

0-8842 

1.0961 

1.4656 

1.7867 

2.3372 

2-8022 

- 0 . 7 2 6 7  

--0.8335 

--0-9059 

-0 -9952  

- 1.0470 

--1.0798 

- 1.1169 

-- 1.1345 

- 1-1438 

- 1 . 1 3 7 7  
- 1.1071 

- 1-0648 

-0 -9295  

- 1 . 0 4 5 9  

- 1.1242 

- 1.2222 

- 1.2806 

- -  1.3188 

- 1.3635 

- 1.3862 

--1.4025 

- 1 . 4 0 1 7  
- 1 . 3 8 1 2  

- 1 . 3 5 0 0  

0.0572 

0-1739 
0-2897 

0.5037 

0-6944 

0-8670 

1.1735 

1.4432 

1-9116 

2.3196 

3-0324 

3.6623 

0.1432 

0.3245 
0.4970 

0.8076 

1.0804 

1.3249 

1.7523 

2.1208 

2.7461 

3°:2799 

4.2007 

5.0133 
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TABLE 12 

Values o f  043 for H = ~ (m I = 6, n I = 2,  m 2 = 6, n 2 = 2) 
for O n e r a W i n g - T a i l p l a n e  Configuration 

M : 0.30 M = 0.45 M = 0-65 
v = 0.3856 v = 0-2436 v = 0.1513 

M =  0.80 
v = 0.1112 

0 
1 

3 2  
1 

1 
8 
3 
16  
1 

3 
8 
1 
2 
3 
4- 

1 
3 
2 

2 

-0 .7202  
-0 .6977  
-0 .6985  
-0 .7103  
-0 .7203  
-0 .7252  
-0 .7232  
-0 .7109  
-0 .6701 

-0 .6175  
-0 .4926  

-0 .3511 

-0 .7419  
-0 .7327  
-0 .7379  
-0 .7570  
-0 .7731 

-0 .7838  
-0 .7934  
-0 .7933  
-0 .7790  
-0 .7554  

-0 -6953  
-0 .6243  

-0 .8183  
- 0 .8226  
-0 .8378  
- 0 . 8 6 9 6  
-0-8935 
- 0 . 9 1 0 0  
- 0 .9284  
-0 .9358  
- 0 .9352  
-0-9255 

-0 -8957  
-O-8590 

-0 .9462  
-0 .9725  
-1 .0018  
-1 .0493  
- 1 .0817  

- 1.1036 
-1 .1288  
-1 .1405  
- 1 . 1 4 5 8  
-1 .1407  

- 1 . 1 1 9 4  
- 1 . 0 9 2 0  

Q:;3 

I 
! 

3 2  
! 

1 
8 
4 
16  
1 
4 
3 
8 
1 
2 
3 
4 

1 
3 
2 

2 

0.1894 

0.2114 
0.2489 
0-3367 
0.4269 
0-5139 
0.6739 
0.8170 
1.0639 
1.2715 
1.6003 
1.8342 

0.2002 
0.2314 
0.2756 
0.3768 
0.4796 
0.5784 
0.7608 
0.9253 
1.2151 
1.4686 
1-9051 
2-2748 

0-2510 
0.3019 
0.3667 
0.5064 
0.6433 
0-7725 
1-0076 
1.2176 
1.5855 
1.9079 
2.4743 
2.9769 

0.3636 
0.4601 
0.5683 
0.7848 
0.9868 
1.1721 
1.5008 
1.7871 
2-2768 
2.6980 
3.4299 
4.0799 
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TABLE 13 

Values  o f  Q44 for H = 0 (m I = 6, n I = 2, m 2 = 6 ,  n 2 = 2) 
for Onera  W i n g - T a i l p l a n e  Conf igurat ion  

M =  0.30 M =  0-45 
v = 0-3856 v = 0-2436 

M =  0.65 
v = 0.1513 

M =  0.80 
v = 0.1112 

0 
1 

32 

16  
! 
8 
3& 
16 
! 
4 
_3 
8 
± 
2 
3 

1 
3_ 
2 

2 
oo 

0-6909 
0-8237 
0.9181 
1.0409 
1.1167 
t.1683 
1.2342 
1.2745 

1.3197 
1.3428 
1.3632 
1.3703 
1.3875 

0.7371 
0-8693 
0-9631 
t.0854 
1.1616 
1.2140 
1.2821 
1.3244 
1.3730 
1-3991 
1.4239 
1-4344 
1.4379 

Act 

Q44 

0 
! 
32 

16 
I_ 
8 
3 

i-6 
1 

3 
8 
1_ 
2 
3 

1 
3 

2 
o c  

-0-0355 
-0 .0610  
-0 .0883  
-0 .1386  
-0 .1806  
-0 .2158  
-0 .2726  
-0 .3169  
-0 .3824  
-0 .4280  
- 0 . 4 8 6 0  
-0 .5199  
- 0 . 6 3 0 4  

-0 .0590  

-0 .0946  
-0 .1302  

-0 .1933  
- 3.2451 
-0 .2885  
- 0 . 3 5 8 4  
-0 .4131  
-0 .4938  
- 0 . 5 5 0 4  
-0 .6232  
-0 .6672  
-0 .7602  

0-8579 
0.9941 
1.0895 
1-2139 
1.2921 
1.3465 
1-4177 
1.4620 
1.5131 
1.5403 
1.5666 
1.5779 
1.5843 

1.0547 
1-1950 
1.2921 
1.4187 
1.4991 
1.5552 
1.6283 
1.6731 
1-7232 
1-7490 
1.7727 
1.7822 
t.7826 

-0 -1085  

-0 -1702  
- 0 . 2 2 8 0  
-0 .3267  

-0 .4068  
-0 .4738  
- 0 . 5 8 1 4  
- 0 .6649  
- 0 .7862  
- 0 .8696  
- 0 .9755  
- 1.0392 
- 1 - 1 8 5 9  

- 0 . 2102  
-0 .3242  
-0 .4262  

-0 .5968  
-0 .7349  
- 0 .8503  
- 1.0339 
- 1-1736 
- 1.3707 
-1-5021 
- 1 - 6 6 4 9  
- 1 - 7 6 1 1  
- 1.9466 
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TABLE 14 

V a l u e s  o f ( ~ 4 ~ f o r H =  ~ ( m  1 = 6 ,  n 1 = 2 ,  m 2 = 6 ,  n 2 = 2)  

for  O n e r a  W i n g - T a i l p l a n e  C o n f i g u r a t i o n  

M = 0.30 M = 0.45 M = 0.65 M = 0.80 
v =  0.3856 v = 0.2436 v = 0.1513 v = 0.1112 

0 
1 

3 2  
1 

16 
_1 
8 
3 
16 
1 

3 
g 
1 

3 
4 

1 
3 
:Z 

"9 

3(; 

1.0968 

1.0868 
1-0998 
1-1424 

1.1829 
1.2159 
1.2629 
1.2936 
1.3291 
1.3475 

1-3638 
1.3695 
1.3875 

1.1195 

1.1168 
1.1351 
1.1842 

1.2282 
1.2635 
1.3138 
1.3468 
1.3857 
1.4067 
1.4268 
1-4351 
1-4379 

1.1928 
1-2090 

1.2402 

1-3039 
1.3552 
1.3948 
1.4498 
1.4852 
1-5266 
1-5487 
1-5700 
1.5792 
1.5843 

1.3232 

1.3677 
1.4157 

1.4964 

1.5553 
1-5988 
1.6572 
1.6935 
1.7344 
1.7554 
1.7747 
1.7823 
1.7826 

0 
1 

X~ 

16  
1 
g 
3 
16  

1_ 
4 
3_ 
8 
1 

3 

1 
3 

'9 

7 2  

-0 .2487  
-0 .2289  
-0 .2268  
-0 .2425  
-0 .2657  
-0 .2893  
-0 .3315  
-0 .3665  
-0 .4191 

-0 -4560  
-0 .5029  
-0 .5303  
- 0 . 6 3 0 4  

- 0 .3049  
-0 .2886  
-0 -2914  
- 0 .3168  
- 0 . 3 4 8 6  
-0 .3795  

-0 .4336  
- 0 .4777  
- 0 .5437  

- 0 .5900  
-0-6495 
-0 .6852  
-0 .7602  

-0 -4197  
-0 -4190  
-0 .4385  
-0 .4943  
- 0 .5513  
- 0 .6032  

-0 .6905  
-0-7595 
- 0 . 8 6 0 0  

-0 .9288  
-1 -0156  
-1 .0675  
- 1 . 1 8 5 9  

-0 .6148  
-0 .6571 
-0 .7161 
-0 .8381 
-0 .9478  
- 1 . 0 4 2 8  

- 1-1960 
-1 .3127  

- 1.4766 

- 1.5850 
- 1.7184 
-1 .7966  
- 1 - 9 4 6 6  

66 



TABLE 15 

V a l u e s  o f  (~1~ fo r  H = 0 (m l = 6,  n t = 2,  m 2 = 6 .  n 2 = 2)  
f o r  O n e r a  W i n g - T a i l p l a n e  C o n f i g u r a t i o n  

M =  0.30 
v = 0.3856 

M = 0.45 M = 0.65 
v = 0-2436 v = 0.1513 

M =  0-80 
v = 0.1112 

0 

3 2  
1 

t 6  
1 

3 
16  
1 

3 
8 
1 
2 
-3 
4- 

1 
3 
2 

2 
O0 

- 3.0222 
-2 .5093  
-2 -1369  
- 1.6407 
- 1-3256 
- 1 . 1 0 5 6  

- 0 . 8142  

-0 .6278  
-0 .4043  
-0 .2785  

-0 .1496  
-0 .0891  

0.0000 

- 3.0165 
- 2.5086 
- 2.1423 
- 1 . 6 5 4 8  

-1 .3437  
-1 .1249  

-0 .8326  

-0 .6443  
-0 .4171  
-0 .2886  

-0 .1559  
-0 -0929  

0-0000 

- 2.9480 
-2 -4426  
-2.O837 
- 1 - 6 0 8 1  

-1 .3027  

-1 .0863  
-0 .7957  
- 0 .6087  

- 0 .3857  
- 0 .2615  

- 0 .1353  
- 0 .0765  

0.0000 

-2 -7610  
-2 -2673  
- 1 .9222  
-1 .4653  

- 1 . 1 6 9 8  

-0 .9598  
-0 .6797  
-0 -5030  
-0 .2987  

-0-1893 
-0 .0829  

- 0 . 0 3 6 0  
0.0000 

A t  t 

Q14 

0 

3 2  

16  
1 
8 
3 
16  

4- 
3 

1 

3 

1 
-3 
2 

2 
OO 

0.0521 
0-1476 
0-2648 
0.3767 
0.4166 
0.4274 
0.4149 
0.3871 
0.3257 
0.2723 
0.1948 
0.1450 
0.0000 

0.5109 
0.6758 
0.7626 
0.8268 
0.8309 
0.8126 
0.7540 
0.6897 
0.5734 
0.4804 
0.3497 
0.2657 
0-0000 

1.6823 
1.7918 
1.8233 
1.7921 
1.7182 
1.6335 
1.4659 
1.3150 
1.0708 
O.8886 
0.6427 
0.4875 
0.0000 

3.5719 
3.5796 
3-5128 
3.3101 
3-0912 
2-8814 
2-5090 
2.1999 
1.7312 
1.3995 
0.9673 
0.6992 
0.0000 
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T A B L E  16 

V a l u e s o f ( ~ 4  for  H = ~ (m I = 6, n 1 = 2, m 2 = 6, n 2 = 2) 

f o r  O n e r a  W i n g - T a i l p l a n e  C o n f i g u r a t i o n  

M = 0.30 M = 0.45 M = 0.65 M = 0.80 

v = 0-3856 v = 0.2436 v = 0-1513 v = 0.1112 

O r l  4 

0 
1.. 

3 2  
1 
16, 
I 
8 
3 

16, 
1 
4 
3 
8 
1 
i 
3 
4 

I 
3 
2 
-) 

c'f~ 

- -1 .5328 

- 1.6087 

- 1 . 5 6 4 8  

- 1.3767 

- 1.1838 

- 1 . 0 2 0 0  

- 0 . 7 7 4 6  

- 0 . 6 0 5 5  

- 0 . 3 9 4 7  

- 0 - 2 7 3 5  

- 0 . 1 4 7 7  

- 0 . 0 8 8 3  

0.0000 

- 1-6893 

- 1 - 7 2 4 8  

- 1 . 6 5 3 6  

- 1 . 4 3 5 4  

- 1 - 2 2 8 2  

- 1 - 0 5 6 3  

- 0 . 8 0 1 6  
- 0 . 6 2 7 1  

- 0 . 4 0 9 9  

- 0 - 2 8 4 8  

- 0 - 1 5 4 4  
- 0 . 0 9 2 2  

0.0000 

- 1.9237 

- 1 . 8 6 9 2  

- 1 . 7 3 9 9  

- 1 . 4 6 1 1  

- 1.2272 

- 1 . 0 4 2 1  

- 0 - 7 7 6 0  

- O . 5 9 8 0  

- 0 . 3 8 1 1  

- 0 . 2 5 9 0  

- 0 . 1 3 4 3  

- 0 . 0 7 6 0  

0.0000 

At~ 
Q14 

- 2.0953 
- 1 . 9 2 0 8  

- 1-7239 

- t-3840 

- 1 . 1 2 8 3  

- 0 . 9 3 5 2  

- 0 - 6 6 8 4  

- 0 - 4 9 6 6  

- 0 - 2 9 5 7  

- 0 . 1 8 7 6  

- 0 . 0 8 2 3  

- 0 . 0 3 5 7  

0.0000 

0 
1 

3 2  
1 

16  
1 
8 
3 

16, 
1 
4 
3 
8 
I 
2 
3 
4 

1 
3 
2 
"9 

:3( .  

0.4746 

0.4841 

0.4911 

O.4978 

0.4933 

0.4808 

0.4448 

0.4053 

0.3333 

0.2756 
0.1954 

0.1449 

0.0000 

0.9467 

0.9609 

0.9621 

0.9448 

0.9124 

0.8733 

0.7913 

0.7141 

0-5849 

0.4862 

0.3513 
0.2661 

0.0000 

2.0315 

2.0314 

2.0045 

1.9160 

1.8117 

1.7066 

1.5127 

1.3462 

1.0857 

0.8962 

0.6448 

0.4879 
0-0000 

3.9061 

3.8311 

3.7193 

3.4622 

3-2068 

2-9704 

2.5633 

2-2340 

1.7456 

1-4057 

0.9680 

0.6986 

0.0000 
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T A B L E  17 

Values  of 023 f o r  H = 0 (ms = 6, n 1 = 2, m 2 = 6, n 2 = 2) 
f o r  O n e r a  W i n g - T a i l l f l a n e  C o n f i g u r a t i o n  

M =  0-30 M =  0.45 M =  0.65 M =  0-80 

v = 0.3856 v = 0.2436 v = 0-1513 v = 0.1112 

A Qi3 

0 

3 2  

16  
1 
8 

16  
1 

-3 8 
1 

-3 
4. 

1 
-3 
2 

2 

1-9745 

2.2888 

2-5048 
2.7668 
2.9077 

2.9858 

3-0438 

3.0317 

2.9044 

2.7034 

2.1856 

1.5759 

2.1014 
2.4247 

2.6488 

2-9293 

3-0916 

3-1933 

3-3028 

3-3467 

3.3417 

3.2748 

3.0532 

2.7644 

^ .  

Q23 

2.4799 

2.8265 

3-0656 
3-3691 

3-5518 

3-6726 

3-8173 

3-8936 

3.9509 

3.9476 

3-8647 

3-7324 

3.1000 

3-4718 

3-7262 
4.0527 

4.2542 

4.3905 

4-5584 

4.6510 

4.7317 

4.7481 

4.7048 

4.6169 

0 

3 2  

16 
1 

3 
16  
1 

3 
8 
1 
2 
3 
4 

1 
3 
2 

2 

- 0 - 3 3 6 6  

- 0 . 5 9 0 2  

- 0 . 8 5 0 9  

- 1 - 3 4 4 1  

- 1 - 7 8 9 2  

- 2 . 1 9 4 3  
- 2 . 9 1 6 8  

- 3.5548 
- 4 . 6 5 4 5  

- 5.5818 

- 7.0554 

- 8.1094 

- 0 . 3 3 4 5  

- 0 . 6 1 2 1  

- 0 . 8 9 6 0  

- 1 . 4 3 3 2  

- 1.9203 

- 2 . 3 6 6 7  

- 3.1713 

- 3-8924 

- 5 . 1 6 6 4  

- 6 - 2 8 6 5  

- 8 - 2 2 5 3  

- 9 . 8 7 4 6  

- 0 . 3 0 8 1  

- 0 . 6 6 2 3  

- 1 . 0 1 8 1  

- 1 . 6 8 4 3  

- 2 . 2 8 7 2  

- 2.8401 

- 3 . 8 3 6 8  

- 4 . 7 2 8 6  

- 6 - 3 0 2 9  

- 7 - 6 9 4 1  

- 1 0 . 1 5 3 6  
- 1 2 . 3 4 7 7  

- 0 . 1 4 6 9  

- 0 . 6 4 5 7  

- 1 . 1 3 4 5  

- 2.0382 

- 2.8515 

- 3 - 5 9 3 5  

- 4 . 9 1 6 8  

- 6.0815 
- 8.0982 

- 9.8517 

- 1 2 . 9 2 4 6  

- 1 5 . 6 7 0 8  
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T A B L E  18 

V a l u e s  o f  023 for  H = -~ (m 1 = 6, n L = 2, m 2 = 6, n 2 = 2) 

for  O n e r a  R e c t a n g u l a r  P l a n f o r m s  

M = 0.30 M = 0.45 M = 0.65 M = 0.80 

2 v = 0 .3856 v = 0 .2436 v = 0.1513 v = 0.1112 

073 

0 
1 

3-2 
1 
1 6 
i 
8 

16 
1 
4 
3 

1 

3 
4 

1 
3 

0 
1 

3 2  
! 

16  
1 
8 
3 

16  
1 
d~ 
3 

1 

4, 

1 
3 

2.4223 

2.3836 

2.3926 

2.4434 

2.4873 

2.5135 

2.5224 

2.4926 

2.3679 

2.1936 

1-7621 

1.2615 

2-5178 

2.4949 

2.5185 

2-5940 

2 .6594 

2.7063 

2.7574 

2.7723 

2.7448 

2.6774 

2.4835 

2.2419 

- 0 . 9 2 8 5  

- 0 - 9 9 9 0  

- 1 . 1 1 5 6  

- 1 - 3 9 9 8  

- 1 . 6 9 8 3  

- 1 . 9 8 9 4  

- 2.5327 

- 3.0251 

- 3.8865 

- 4 . 6 1 9 8  

- 5.7925 

- 6.6337 

- 0 . 9 3 8 8  

- 1 - 0 2 7 4  

- 1 . 1 6 3 8  

- 1 - 4 8 7 0  

- 1 . 8 2 2 5  

- 2 - 1 4 9 2  

- 2 . 7 6 1 3  

- 3 . 3 2 2 1  

- 4 . 3 2 5 4  

- 5 . 2 1 5 0  

- 6 . 7 6 4 4  

- 8.0884 

2.7537 

2.7742 

2.8299 

2.9465 

3.0378 

3.1040 

3.1860 

3.2274 

3.2500 

3.2338 

3-1520 

3.0372 

3.1319 

3-2208 

3.3197 

3.4846 

3.6018 

3.6848 

3.7883 

3.8438 

3-8866 

3.8872 

3.8392 

3.7619 

- 0 . 9 6 4 2  

- l . l l 0 1  

- 1 . 3 0 4 3  

- 1 . 7 3 5 1  

- 2 . 1 6 6 2  

- 2 . 5 7 9 0  

- 3 . 3 4 3 4  

- 4 . 0 3 8 4  

- 5 . 2 7 8 2  

- 6 .3827 

- 8.3493 

- 1 0 . 1 1 3 5  

- 0 . 9 1 5 3  

- 1 . 1 8 0 9  

- 1.4874 

- 2.1165 

- 2 .7172 

- 3.2785 

- 4 - 2 9 4 8  

- 5-1988 

- 6 - 7 7 9 3  

- 8 . 1 6 6 2  

- 1 0 . 6 1 9 2  

- 1 2 - 8 2 8 0  
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FIG. 1. Wing-tailplane configuration of Laschka and Schmid. 
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FIG. 2. Agard wing-tailplane configuration. 
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FIG. 14. Values of Q2a for H = 0 for Onera wing-tailplane configuration. 
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