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Summary.

A method is presented for designing the lower surface of a lifting configuration for high supersonic
speeds using the known flow field behind an axisymmetrical conical shock wave. The leading edge can
be prescribed on the conical shock wave and the lower surface is obtained by replacing the stream surface
through this leading edge by a solid surface. Provided that the upper surface is so designed as not to
cause shock detachment, the resulting configuration supports a conical shock wave attached at its swept
leading edge, with a known flow field between the shock and the lower surface.

Formulae for the calculation of the forces on such surfaces are also given.
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1. Introduction.

At high supersonic Mach numbers the flow field about a lifting wing contains a strong shock wave
on the high pressure side. Owing to the strongly non-linear nature of the flow field the only feasible
design method giving a configuration with exactly predictable properties appears to lie in the use of basic
simple known flow fields, making use of the fact that stream surfaces can be replaced by solid surfaces.
An example of this procedure is given by the ‘Nonweiler wing’™? where the basic flow field is taken as
that past a two-dimensional wedge and contains a plane oblique shock wave. The leading edge of the
configuration is prescribed as a curve drawn on the shock wave and the lower surface of the configuration
is obtained by replacing the stream surface through the leading edge by a solid surface. Thus the lower
surface is designed to have a prescribed (constant) pressure coefficient. Examples are illustrated in Fig.
1. In Fig. la the ‘curve’ on the leading edge is prescribed as an ‘inverted - V’. The upper surface of the
configuration has been taken as parallel to the free stream for simplicity. In practice any upper surface
can be used that does not detach the shock wave from the swept leading edges. In Fig. 1b it is shown
how two simple flow fields can be combined to give a more general configuration.

The purpose of the present Report is to illustrate the possibility of using the flow field behind an
axisymmetrical conical shock wave as the basic flow field, thus providing a wider selection of possible
shapes for which the exact flow field is known. The leading-edge curve is now drawn on the conical
shock wave, and the lower surface of the configuration is obtained, as before, by replacing the stream
surface through the leading edge by a solid surface. The pressure coefficient on the lower surface is no
longer exactly constant but (fortunately, since it is intended to design for prescribed conditions) the
variation is not large. The extremes of pressure coefficient occur just behind the shock and on the cone,
and these limiting values are plotted, for the case M = 4, as functions of cone semi-angle in Fig. 2. The
effect of the adverse pressure gradient on the configuration boundary layer is an aspect of the method
to be investigated experimentally.

Two basic types of configuration have been considered, depending upon whether or not the cone apex
lies on the prescribed leading edge. The case where the cone apex becomes the apex of the configuratinn
is called a Type A configuration. In the Type B configuration the apex lies off the cone axis.

The principal difference between the Type A and Type B configurations described is that in the former
case wings and body are distinguishable as separate entities on the lower surface (the body being part
of the basic cone) whereas in the latter they have been ‘integrated’. Of course, by taking the apex of the
configuration near to the cone apex a smooth transition between the two types can be obtained.

The overall forces due to the pressure on the lower surface might be computed by integrating the
pressure over the surface. However, in Section 6 we have used momentum-integral methods to derive
formulae for these forces, and by exploiting the conical similarity of the basic flow have reduced the
expressions for lift, drag and pitching moment to single rather than double integrals.

It should be pointed out that the idea of replacing stream surfaces in the flow field past a non-lifting
cone by solid surfaces has been used previously® in the design of precompression bump surfaces for use
with supersonic inlets. The ‘bump’ generated in this case follows the stream surface defined by the curve
of intersection of a conical shock wave and a plane parallel to the free stream.

2. Streamline Equations and Construction of Compression Surface.

In axisymmetric flow a streamline through any point is wholly contained in the plane defined by that

point and the axis of symmetry. This means that in spherical polar co-ordinates r, .. ¢ (see Fig. 3) one of
the equations defining a streamline is

¢ = constant. (N

The other equation can be derived from the continuity equation,

gr (r* sin 9pu)+ (r sin Opv) = 0, (2)



which is satisfied by some stream function y such that

W _ r? sin Opu

a0
% = —rsinfpv.
or

In conical flow the dependent variables p, u and v are functions of 6 only. We therefore put

¥ =r’f(6)

&)
when
pu = ;—iﬁj—g (4)
and
2
pv = —-Egb—f(ﬂ). (3)
The equations for a streamline,
¢ = constant
¥ = constant,
now become
¢ = constant
(6)
r? p (6)v (8) sin @ = constant
(using (5)).
Suppose that the leading edge of the lifting surface is given by
¢ = F(r)
0 =0, %)

where 0, is the semi-angle of the basic conical shock. The equations for the streamline which intersects
the leading edge at r = R are then

¢ = F(R)
12 p(O)v (8) sin @ = R? p(O,)v (8,) sin 6, (6)

= R? p,v,sin 0, say,



and the required lifting surface is the surface generated by all such lines for values of R from the apex
to the intersection of the leading and trailing edges. By eliminating R from (6), we obtain the equation
for this surface:

@) (0) sin 9} . "

P, Ug sin O

2(r0,¢)=¢—F {r

The intersection of the lifting surface with a plane normal to the axis of the basic cone, say the plane
r = ry sec 0, is obtained by substituting for r. This yields

é = F < rysec 9‘/4‘3-@?'—9 . 9)
P Ug SN 0

The actual shape of the lifting surface at that section is obtained by plotting 4 = r, tan f against ¢ (see
Fig. 4). The M.LT. Cone Tables* contain all the data necessary for computing the argument of F in (8)
directly.

3. Type A Configuration.

3.1. General Properties.

We describe the sort of lifting surface formed when the leading edge extends to the apex of the basic
conical shock as a Type A configuration. In this case, the leading edge might be described by the relations

‘ 0 =0, (7a)

¢ = F(r) = £[¢o0()] | >

where ®(0) = 0. The Type A configuration permits a distinction to be made between the ‘wing’ (formed
by the streamlines originating from the leading edge) and the ‘body’ (formed by part of the circular cone
which supports the basic shock). We now deduce some of the properties of the intersection of the ‘wing’
and the ‘body’.

ood
The problem reduces in essence to an investigation of how the derivative E(g of the curve defined by

(9) behaves as 0 — 0,. From (9) (see Fig. 4) we have immediately that

d¢ dF dR pvsinf
a _ ar ax R = Ll
0~ 4R dp> “here R = rsech \/ oo, sin b,

Now, as 0 -0,

d .
ﬂ‘i—r secHtan § M+ sec 0 ('l@(f“’sm@)
o ° D5 Vg I O 2:/ pspvsvsin B sinf



tends to infinity like (6~ 8,)~?, since v(8)— —2 u, (9 —0,), and

d
%(pvsin()) = —~2pusinf-»—2p,usinb,.

Thus three cases can be distinguished :

@ If Z—; remains finite as @ — 6, when R — 0 like (8 —6,)%, then % tends to infinity like (6§ —6,)~*. The
‘wing’ is then tangential to the ‘body’ at & = 0,; i.e. the two are smoothly faired together.

(i) If ég— = O(R) = 0(0—0,)%, then % has some finite value as #— 0, and the ‘wing’ intersects the

d
‘body’ at some angle between 0 and /2 which will depend on the distance from the apex.

(i) If gg = o(R) = o(6—0,)%, then %‘g tends to zero as 6 tends to 6., and the ‘wing’intersectsthe ‘body’

at right angles.

3.2. Example of Type A Configuration.

An example of a Type A configuration is illustrated in Fig. 5. The basic flow field is taken to be that
past a 10° semi-angle cone at M = 4. The upper surface has been constructed by taking generators
parallel to the free stream through the leading edge whose front projection is an arc of a circle. The lower
surface C; and L/D, values thus become overall values for the configuration. Since the front projection
of the leading edge has non-zero curvature at the apex, it follows from Section 3.1 that the trailing edge
is tangential to the cone at the wing root.

Section AA (Fig. 5) illustrates the limiting form that all Type A configurations take near the apex. In
particular it can be seen that the wing thickness tends to zero. In practice thickness can be obtained by
adding a small amount of volume on the upper surface, the only necessary condition being that the re-
sulting compression on the upper surface is not large enough to cause shock detachment. When the upper
surface is parallel to the free stream the lower surface force data give overall values: C; = 0075, L/D =
81,

4. Type B Configuration.

4.1. General Properties.

We denote by the term “Type B configuration’ a lifting surface the apex of which lies behind the apex
of the basic cone. In this case, the surface does not include any part of the circular cone which supports
the conical shock (ie. 6 is always > 8. and the distinction between ‘wing’ and ‘body’ cannot be made.
The leading edge could be given by

=20,
¢=Fr)=xr—af'y@r—a (7b)
defined only for r > a. n is a number > 0, and ¥(x) a regular function of ¥, such that (0) % 0. The apex

of the lifting surface so formed is at r = a, and the ‘ridge line’ of this surface, that is, the trajectory of
the streamline through the apex, is given by

rea Ps Uy Sin 6,
TV p®v6)sing

¢ =0 (10)



d
The ‘ridge angle’ (see Fig. 4) is determined by the behaviour of Zi% on the surface near that line, i.e. as

¢ — 0. In fact, if the intersection of the lifting surface and the plane r = r, sec 0 form a curve defined on
that plane variously as

J16,¢) = f2(4,¢) = f3(x,y) = 0

(where A = r, tan 6, and x and y are cartesian co-ordinates, as shown on Fig. 4), then the semi-ridge
angle f is given by

Vi dx
B= ——tan“(w)
2 dy £3=0,4=0

s _ ) do
= ~—tan 1(sm@cos@—) . (11
2 a8/ s =0, 4=0 :

From (9), we have that

o pvsing _
=10 F{rosec()]/——psvssines} =0

and on substituting for F from (7b), we find
do d pvsinf )” ( pvsinf ¥
— = +— 0,/ ————— 0/ ————
a6 /h=0 wo{(""m V orosing, %) Y\l o sing, © |
The limit ¢ — 0 is equivalent to lettin cos B posinf
5 r hd
d ETo psvssin()s—*a

Clearly, for 0 < n < 1, this passage to the limit results in £ tending to infinity, giving = 0;
S1=0

the ridge angle is then zero, and the section of the lifting surface is cusped. For n = 1, a ridge angle between

o . . d .
0 and 7 will in general be obtained, while for n > 1, ;1% will tend to zero, giving i = n/2 and the
JS1=0
ridge angle = =, i.e. the section of the lifting surface is smooth.

4.2. Example of Type B Configuration.

An example of a Type B configuration is illustrated in Fig. 6. The upper surface comprises two inter-
secting planes with their line of intersection at an angle of attack. The upper surface intersects the conical
shock wave associated with a 15° semi-angle cone at M = 4, and the leading edge is defined as the curve
of intersection. The lower surface of the configuration is then obtained by replacing the stream surface
through the leading edge in the cone flow field by a solid surface. The angle of attack of the upper surface
was chosen by trial and error in order to give structurally reasonable wing tip angles in cross section.
The resulting shape is a geometrically slender wing (aspect ratio approximately 1-6) with a fairly flat
lower surface. This type of wing tends to a ‘Nonweiler wing’ at the apex. Integration of the pressure
coefficient over the planform and front projections of the wing gives the lower surface data: C; = 0-146,
L/D, = 53. Owing to the sharp apex there is a ridge on the centreline of the lower surface (as in ‘Non-
weiler wings’). The magnitude of the ridge decreases from the ‘Nonweiler’ value at the apex as distance
from the apex increases, as shown (Fig. 6).



5. Inverse Construction.

The methods developed above permit a simple inverse construction for a lifting surface, i.c. a con-
struction of the leading edge from a given section at some plane r = r, sec 0. Suppose the section is given
as

0 =0 (¢) (or,equivalently,d = roytan 0 = A (¢))

in the plane. Then the leading edge is given by

R=rysec@(g) ,/AO)O)sn®
Ps Vg Sin G

6 =0, (12)

The construction of some intermediate section, say at* = r, sec 6, where r, < r,, must be done graphically,
or by interpolation. The relationship between @ and ¢ at this section is implicitly given by

F,(6) = —sec? v (0) p(6)sin §
2 R
= F,($) = — ('-;9) sec? © 1(©) p(©)sin © . (13)
1

It should be remarked here that an inverse construction in which a Type B trailing-edge shape and
an undisturbed flow Mach number are given is not unique. We have in this case the choice of a continuous
range of shock wave angle 6, from the maximum possible at that Mach number to the Mach angle ; and
for each f; we may position our prescribed trailing-edge shape anywhere in the flow field provided
only that its tips fall on the shock-wave surface, and it nowhere touches the conical body corresponding
to the shock angle.

To obtain a unique surface it is necessary in this case to specify both 8, and r,,.

Illustrative example.

To illustrate the inverse method the shape of the leading edge, and of the section of the lower surface
at half-chord, were determined for a compression surface having a straight-line trailing edge in a certain
conical flow. Petails of this flow are as follows:

M, = 407
eshock = 17-52° (Gcone = 100);

and the trailing edge, at a section » = sec @ in arbitrary units, is given by

tan 6 cos ¢ = tan 13°,

ie. the trailing edge is a tangent to the circle A = tan 13° in the section plane.

The plan of the lifting surface so derived is given in Fig. 7a, while in Fig. 7b the projections of the
leading edge, trailing edge, and section of lower surface at half-chord on the plane r = sec 6 (rear eleva-
tions) are shown.



6. Formulae for Lift, Drag, and Pitching Moment.
The lift, drag and pitching moment on a surface ¥ due to the forces of pressure on the lower side of

it are respectively
L= —“ (p—p.)i-ndS
z

D= H‘(p——pm)k.ndS
z

M= Jj@-pw)i.(rxn)ds,
x

where n is the unit normal to X, directed away from the side on which the pressure acts, and in the ex-
pression for M, r is the vector from the point about which the moment is to be taken to the element
of area dS. Here and in what follows we employ, in addition to the spherical polar co-ordinate frame
shown in Fig. 3, a related cartesian frame with co-ordinates x,y,z, associated unit vectors i, j, k, and
velocity components v,, v,, and v,. The z-axis coincides with the line § = 0, and the plane x = 0 with
the plane of symmetry of the compression surface. We list relations connecting quantities in the one
frame with corresponding quantities in the other in Appendix A.

The direct evaluation of these integral expressions by graphical or numerical means is tedious, and
in this section we reduce them to single integrals with respect to the variable 6.

We proceed from the general expressions for the steady flow of inviscid fluid, not experiencing any
body force, through a fixed control volume:

ffpu.ndS=0 (14)

jj{u(pu.n)—kpn} S =90 (15)

jj (uxr)y(pu.n)+pmxr) dS=0. (16)

S

Here the integration is over the surface S enclosing the control volume, m is the unit outward normal
to the surface at any point on it, and r the position of the point relative to some origin.
In the trivial case when u = 0, and p = constant = p_, the pressure of the undisturbed flow,

”pwndsz ”pw(nxr)dszo,

jf{u(pU~M)+(p—pw)n}dS=0 (15)

N

whence (15) and (16) may be written

U{(u X 1) (pu. W)+ (p—p.) X1} dS = 0. (16)

s

Before specifying the control volume which we are to use, we shall provide for more general planforms
than those treated up to this point, by supposing that the trailing edge be defined by the intersection of
the compression surface with some surface of revolution r = R(f), or in the inverse case that the trailing



edge, defined in some other way, implicitly determines such a surface of revolution. The trailing edge
is then the curve

r = R(0)

¢=F{ @) p(@)v(ﬂ)sin@}

s Ug Sin 6
P (17)

The choice of trailing edge is restricted by the requirement that it be everywhere supersonic; if this
were not so the conical similarity of the flow would be destroyed in some region.

We now apply equations (14), (15') and (16’) to the flow in a volume enclosed by a surface made up of:

(i) The compression surface X.

(i) The surface S;, being that part of the surface of revolution given by r = R(6) which is enclosed by
the trailing edge and the intersection with the shock.

(iii) The surface S,4 S5, where S, is the normal projection of S; onto the plane at right angles to the
undisturbed flow direction which passes through the apex of the surface X, and S5 is the normal projection
of ¥ onto the same surface.

(iv) The cylindrical surface S, formed by the sheet of undisturbed streamlines which, by the definition
of §, and §; above, must connect the boundary of S, + S5 with the upper boundary of Z (the leading edge)
and the lower boundary of S, (the circular arc formed by the intersection of the shock surface, 8 = 6,
and the surface of revolution r = R(#)).

The control volume is illustrated in Fig. 8, which in the interests of simplicity shows the case for a
compression surface with a trailing edge straight in plan, when the surface of revolution r = R(0) (= r,
sec 8) is the plane z = r,,.

(a) Lift and drag.

For the control volume described, we note that on S,+S;, p—p, =0, u=kg, and n = —k: on
Zun = 0 (since X is a stream surface); and on S, both u.n =0 and p—p, = 0. (since S, is a stream
surface in the undisturbed flow). Equations (14) and (15’) then become respectively

=P oo (S2+83)+ ~Upu-ndS—:O (18)

S

and

P @3 (SS9 k+ H(p~pm>nd5+ ”{u(pu~n)+(p—pw)n}d5=0 (19)

The second term on the L.H.S. of (19) is simply Dk — Lj, where D is the drag and L the lift, and using
(18), we absorb the first term into the third, to get

Dk—Lj+ H {@=q, k) (pu. )+ (p—p,)m} dS = 0 (20)
or, scalar-multiplying by j and k respectively,

L= ” {u.jlpu.n)+(—p,)n.j}ds (21)

D=~ Jf {@.k—g.)(pu.n)+(p—p,)n.k} dS (22)



We choose dS to be that element of the surface S, (given by r— R(6) = 0) bounded by its interesections
with the surfaces

0=¢, 0 =0+do
¢=9¢, o=¢+d¢".
Then from consideration of the sketch of the element dS in Fig. 9, and using the relations listed in the
Appendix, we have that
dS = R /R*+R"*sin 0 do’ d¢'

Re, — R'e
n= 1 2

where

and
L= JJ Rsin 6 cos @' {p(0') (u(6") sin O’ + 1(0") cos ) (u(@) R — (') R')
+(p(0)—po) (Rsin @ — R’ cos 0')} O do’

D= Jj Rsin & {p(0') (u(6') cos 6’ — v(6) sin 0" —q..) (@) R—v(0") R')

+(p(0')—p,) (Rcos @ — R’ sin §')} dO’ d¢’ .

Both these expressions may be integrated with respect to ¢’ immediately. The limits of integration are
determined by equation (17), for the trailing edge; by symmetry ¢ goes from

0/ ’ . 6[ 9/ 9/ : ( 12
—F Y R(®) pin(G_)sL} to +F 3 R() M—)S—E(i . We now also suppress the primes on
Ps U sin O Ps U s1n 6

variables of integration, and the expressions for lift and drag finally become :

95 e e
<‘-‘ ()
L=2 JRsinOSin (1-{1{ \/”-' o }) x
P U sin 0
9*

(23)
x {p(usin @+ v cos 0) (uR—vR)+(p—p,,) (R sin §— R’ cos 0)} dO
O .
D=2 j R sin OF {RMLSI.”B—} x
P Vg SIn G
0*
(24)

x {p(ucos 0—vsin @ —q,) (uR—vR)+(p—p,) (R cos 6+ R sin0)} do.

10



Here the lower limit of integration 6* is the value of 8 for which equation (17) gives ¢ = 0; it corresponds
to the midpoint of the trailing edge.

(b) Pitching moment.

To calculate the pitching moment of the surface, we now use equation (16'). The vector r in it may
be taken from any fixed origin ; for concreteness we shall take the moment about a line through the apex
of the wing parallel to the x-axis. We shall in what follows use the symbol r to denote the vector xi+ yj+ zk,
and substitute for r in (16) the vector ¥’ = r—a = xi+(y—a sin 8,)j+(z —a cos ;) k. Here a is the value
of the co-ordinate r which in equation (8) gives ¢ = 0; in other words, the position of the apex of the

surface is, in spherical co-ordinates (a, 05, 0), and is the origin for r’. With this substitution, we take the
i — component of (16"):

—p U i.(kx(r—a))dS+ ” (P—po)i.mx({r—a))dS
S

2+ 83 b

+ ” i.{ux(r—a)(pu.n)+(p—p,)n.(r—a)}dsS =0

Si

(25)

The second term in this equation is the pitching moment about the apex, M, where M is reckoned positive
in the nose-up direction. The first term in (25) (say, I,) reduces to

I, = —pyq%asin0,(S,+S3)+p, 42 ” yds.

S52+83
(26)
The integral in (26) is the moment of inertia of the surface S, + S5 about the line given by
z = acos b
y=20

It is more convenient to evaluate this integral by projecting the surface normally to itself onto the plane
defined by the intersection of the surface » = R(f) with the shock surface, § = 0, i.c. onto the plane
z = R(0;) cos f;. This projection is shown on Fig. 10. The lower boundary of S, + S, is given by 0 = 0,
in this plane, and the upper boundary, the normal projection of the leading edge onto the plane, by

b= +F (R(es) ;;;;g)

The integral then becomes

yds = j f R3 cos® O, tan? 0 sec? 0 cos ¢ df dgp

S2+83 S2+8;3

65
= 2R3 cos® 0, J tan? 0 sec? 0 sin {F (R;tM) } de.
tan 0,

a
tan™! (F tan 95)

11



We now turn to the reduction of the third term in (25) (say, I;). 1his may be expressed as
I, = jj fi.uxn)(pu.m+(p—p,)i.mxr)}dsS

S

—{acos 0, j—asin (k). jj‘ {u(pu.n)+(p—p,In}dsS.
(27)

The second term in the expression for I is

—acosf,L—asinf;,D+asinl,q, Jj pu.nds,
S1

and we observe that, from (18), the last term in this cancels on addition with the first term for I, in (26).
Further, it can be shown that on the surface S,

i.{uxr)= Rcos¢v
and

RR'cos ¢

from which finally we may write the expression for M :

o . tan 6
M = +p,, g2 2 R} cos® 0; j‘ tan? 0 sec? 0 sin {F <R3~§§—~ )} do
tan ! (; tan (L\)

—asinfly,D—acos L

in 0
42 J stinesin{F (Rﬂ%)} {pv(Ru~R’v)—(p—I’m)R} do.

(28)

i.mxr) = —

Clearly, if for « sin 0, and a cos 0, in (28) we substitute the co-ordinates y = Y. z = Z of any pointin
the plane x = 0, then (28) will give the pitching moment of the surface X about that point. Conversely.
if M is set equal to zero, and y and z substituted for a sin 0, and a cos 0, (28) yields the equation for the
trim line of the surface.

In reducing the values of L. D and M to the corresponding non-dimensional coefficients C,, Cp, and
C,. a reference arca characteristic of the surface is needed. In Appendix B, the calculation of the area
of the plan projection of X is sketched.

Hlustrative calculation.

As an example of the use of the formulae developed above, the lift, drag, and pitching moment about
the apex have been calculated for the surface which served as the illustrative example for the construction
given in Section 5. (The shape of this surface in plan is shown in Fig. 7a).

12




The following results were obtained

C, = 00635

} hence L/D = 11-6
Cp = 00055
Cyr = 0:0408 .

In these results C; and Cp, were reduced with respect to the area of the surface in plan, and C,, with
respect to this area times the centre-chord of the surface in plan.

7. Discussion.

It has been shown how the flow field past a non-lifting circular cone at high supersonic speeds can be
used to design the lower surface of a lifting configuration. The leading edge of the configuration is defined
by means of a curve on the conical shock wave and the lower surface is obtained by replacing the stream
surface through this leading edge by a solid surface. The configuration then supports a conical shock
wave attached at its leading edges. The method is a direct extension of the method of Nonweiler!*? in
which the flow field behind a plane oblique shock wave is utilised.

Examples of ‘Nonweiler wings’ are illustrated in Fig. 1, and three illustrations of the present method
are given in Figs. 5, 6 and 7. By extending Nonweiler’s design method to include configurations supporting
conical shock waves a larger choice of shapes associated with exactly known flow fields is possible.

Two types of configuration, referred to as Type A and Type B configurations, depending upon whether
or not the apex of the basic cone lies on the leading edge, have been illustrated. In the former case (Fig. 5)
the wing and body are distinct, the body being part of the basic cone. The concentration of volume in
the centre of these configurationsis probably theirmost useful distinctive feature. In the latter case (Type B,
Fig. 6) an ‘integrated’ configuration results. The possibility of providing a nearly flat undersurface with
a flow field known in depth below it is useful in connection with the design of engine intakes.

Analogous work on the design of upper surfaces using axisymmetric expansion flow fields has been
presented by Moore®. The methods can be combined to give a design method for complete configurations
for flight at high supersonic speeds.

13



LIST OF SYMBOLS

C, Lift coefficient
Cp Drag coefficient
Cu Moment coefficient
r,0,¢ Spherical polar co-ordinates
u,v,w Corresponding velocity components
X, V, 2 Cartesian co-ordinates
Uy Uy, U, Corresponding velocity components
P Pressure
p Density
W Stream function
(s Quantity at shock wave
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APPENDIX A

Relations Connecting the Two Co-ordinate Frames.

X = r sin @ sin ¢
y=rsinfcos ¢

Z=rcosf. (A.1)

0 = tan~* {(x2+ p?)¥/z}

¢ =tan"! (x/y). (A.2)
i = sin 6 sin fe, +cos 0 sin ge, +cos ¢ e,
j = sin @ cos ¢e, +cos 0 cos e, —sin de,

k = cos fle, —sin fe, . (A.3)

whence,

e, = sin @ sin ¢i+ sin & cos Pj+ cos Ok

e, = cos 8 sin ¢i-+cos 6 cos ¢j—sin Ok

€3 = cos ¢pi—sin ¢j (A4)

Relations connecting the velocity components in cartesian co-ordinates with those in spherical polar
co-ordinates are obtained by substituting v,, v,, v, for i, j, k, and u, v, w for e,, e, e, in(A.3)and (A.4).
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APPENDIX B

Calculation of Plan Area.

We refer to Fig. 11, in which the half-plan of the surface is shown as the region between the projection
on the x-z plane, of the leading and trailing edges. represented by the curves x = f(z) and x = f(2) re-
spectively. The plan area of the surface is clearly

A=2 [jzzﬁ(z)dz+ jz‘f,(z)dz}

21 z2

(provided that both f; and f; are single-valued functions of z).
From the equation (1) for the leading edge, and the relations in Appendix A,

fi(z) = z tan 0, sin F(z sec O)

and the equation for the trailing edge is implicitly given by

x = R(0)sin Osin F {R(0)1 [ posind }
D5 U sin G

z = R(f)cosd.
The limits of integration are
zy = acos b
z, = R(6)cos b,

z4 = R(6*) cos 6* .
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FiG. 1. Nonweiler wings.
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Fi1G. 2. Pressure coefficients in flow field past non-lifting cone at M = 4.
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F1G6.3. Co-ordinate system, basic conical shock

and body.
e
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F1G. 4. Sectionr =r ,secf.
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Fig. 5. Type A. Example.
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FiG. 6. Type B. Example.
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FiG. 7a. Plan of wing with straight trailing edge.

PROJECTION OF LEADING EDGE g

“SECTION OF UNDER SURFACE AT
HALE-CHORD. |, . .

TRAILING EDGE.

SECTION OF SURPPORTED SHOCK AT TRAILING £DGE

—

F1G. 7b. Rear view of wing with straight trailing edge.
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ELEMENT d.5
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FiG. 8. Control volume.
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F16.9. Element of area on r = R(f).
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PROJECTION

oF £.e. 9)
%:Rscosss tan © A
ELEMENT OF AREA
des=Ad Ad @
=R} cos*e tan®sec’oded @
1}:7\ cos @ -

= Ry COS §; tan 8 cos @

F1G. 10. Normal projection of §,+ S,.

ge:x =f§ (2)

F1G. 11. Plan area of general surface.
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