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Summary. .

A computer programme has been written to solve the steady laminar two-dimensional boundary-
layer equations for a perfect gas at given wall temperature, without wall suction. The programme solves
the equations at a blunt stagnation point and then solves the equations downstream. Versions for
Mercury and Atlas are available. The Atlas programme will permit use of linear or Sutherland viscosity
laws. In an Appendix directions are given for setting up problems for solution ; the inviscid edge velocity
and wall enthalpy, as functions of downstream arclength along the body, are at the programmer’s
disposal. It appears possible to obtain results correct to at least three significant figures, usually more
not too near separation.
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1. Introduction.

It has long been known that incompressible boundary-layer theory is inadequate to deal with many
viscous flow and heat-transfer problems involving high-speed aircraft. Accordingly, the compressible
boundary layer has been the object of intensive study, beginning with Prandtl!.

Some specialisation has been almost unavoidable. Mathematically, even in the two-dimensional case
one faces the tremendous task of solving two coupled non-linear partial differential equations, and
some simplification of the basic problem is needed before a purely analytical solution may be attempted.
The layer with zero pressure gradient (flat plate) has been studied by Kéarman? and Chapman and
Rubesin®, who consider an arbitrary surface-temperature distribution. The case of zero heat transfer
at the wall has been considered by Howarth* and Stewartson®, who introduce transformations to reduce
the momentum equation to its incompressible form. Similar solutions are found by Cohen and Reshotko®
and are tabulated for many values of pressure-gradient parameter and wall enthalpy. Other similar
solutions for fluids with variable properties, and injection at the wall, have been found by Gross and
Dewey’, who present their results in graphical form. A general discussion of results is available®.



In many cases, including some of those mentioned above, the assumption of unit Prandtl number
and linear viscosity-temperature variation simplifies the equations; Young® employs a generalised
Pohlhausen method to study the effect of perturbations of Prandtl number and viscosity-temperature
index o from unity (a possible law is: viscosity proportional to w-th power of temperature). Matting!®
has solved the equations for axisymmetric flow by an expansion in powers of enthalpy difference between
the wall and the free stream, with universal functions (including a set of constants depending on the
fluid) as coefficients, the expansion being valid near the stagnation point. It is appropriate to remark
here that Mangler' ! has shown how to relate any axisymmetric boundary-layer problem to a correspond-
ing two-dimensional one.

This Report describes a computer programme to solve the equations in which no simplifications are
made beyond two-dimensional steady flow of a perfect gas in equilibrium. The Prandtl number is
assumed to be constant but not necessarily unity. This programme uses a finite-difference method for
the values at points of a mesh of transverse and downstream lines, and ‘marches’ downstream from an
initial profile at the stagnation point, utilising the parabolic nature of the equations. The method differs
from that of Smith and Clutter!?, who divide the downstream range into intervals but integrate
numerically across the layer, using trial values of skin friction and heat transfer and iterating on these
until the outer boundary conditions are satisfied. Fliigge-Lotz and Blottner'? also use a mesh method,
but they are satisfied with a single guess and trial calculation for the non-linear difference equations,
and their solutions will not be particularly accurate, unless the mesh size is very small. They also work
with physical variables instead of transforms, which introduces difficulties such as the need to add a
certain number of transverse mesh points at downstream stages to allow for boundary-layer growth.

Near separation the programme fails, and other methods will be needed to march past this point (see
Catherall and Mangler!* for an example of success in this field). Stewartson' has shown that almost
certainly a general laminar compressible boundary layer can develop a singularity at the separation
point only if the heat transfer there is zero; it was not possible to tell whether this was the case in a trial

" run, as truncation errors due to finite mesh size were appearing in the results. As a reversed-flow zone
appears after separation, so that in some measure the solution depends on downstream conditions as
well as upstream, breakdown is not surprising. Moreover, any solutions constructed in some manner
from upstream conditions alone will necessarily contain an element of indeterminacy.

2. The Boundary-layer Equations.

Consider the steady, two-dimensional flow of a perfect gas in equilibrium past a non-porous rigid
body. Let x be the dimensionless distance measured along the body from some fixed point, for example
the stagnation point in the case of a blunt body, and y* dimensionless distance measured normal to
body surface at the point given by x. These distances are scaled with respect to some characteristic
length ! of the system. Further, let u and v* be dimensionless velocities in the x, y* directions which have
been scaled with respect to the free stream velocity U, ; let p and p be similarly scaled density and
viscosity, and finally scale the pressure p and enthalpy h by factors p,, U2 and U? respectively. The
suffix oo refers to free stream values.

The Navier-Stokes equations written in these variables involve the Reynolds number R = p, I U /1.
Solutions are sought, valid in the limit of infinite Reynolds number, and good for large values also. If
we further write

y*=R"ty, v*=R"%yp (1

and ignore terms O(R™*,R™", ., the familiér boundary-layer equations are found: (¢ is Prandtl
number in equation (5))
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These are, respectively, the equation of continuity, the equations of momentum in x and y directions
and the energy equation. In addition we require the equation of state
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and the viscosity as a function of the thermodynamic variables. We shall work with two possible viscosity
laws, both of the form

u = u(h) (7)

one of which is Sutherland’s formula

h\¥(h,+S,
= () () ®

where
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C, being the specific heat at constant pressure, in suitable units so that the Sutherland constant S, is
dimensionless and the same in all unit systems. (U2, comes in because h and h,, have been scaled by
this factor.)

Outside the boundary layer, where viscosity has little effect, Euler’s equations hold, and also an
inviscid energy equation. These lead to Bernoulli’s equation which, in our scaled variables, becomes

h+%q* = const. = h,+4 = H, (10)

where g* = u?+v*? (= 1 at a great distance) and H; is the stagnation enthalpy. We can write h in terms
of the Mach number M of the system, for if T denotes temperature

_C, T 3RT 1
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We assume that the inviscid solution is known for the body. Then at the surface y* — 0, v* — 0 and
q = u = q,, say, where the suffix e will now refer to the outer edge of the boundary layer (y — o). Then
#, is also known by (10).



The boundary conditions for the system (2) through (5) are now:

At u=v=_0, h= hgx)say
(12)

As y—o0: u—g, h—h,

(It can be shown that (u—gq,) and (h—h,) decay to zero exponentially as y — co at the stagnation
point, and this behaviour may be expected elsewhere. Goldstein'® gives some arguments, both mathe-
matical and physical, on this point.)

From (2), there exists a stream function ¥ such that

oy oy
TR e = e, 13
pu 6 ’ pv ax ( )
We also put
h+3u?
s==g—-1. (14)
The system becomes
w8 oy o\ dg, 0 [ ou
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We now apply the Howarth-Dorodnitsyn transformation with an x-dependent coefficient to stretch the
y co-ordinate so that the boundary layer lies approximately within the same interval for all x (familiar
technique), while keeping the computation stage in view by choosing a field variable which decays to
zero at the edge of the layer, an extension of the method of Smith and Clutter'?. This means that more
significant figures may be retained to give the deviation from the asymptotic form in this outer region.
The equations are simplified also by writing (7) as

E_ch _ck Pe (from (17)) (18)

C_
Hs H; H; p

Suffixes s refer to free stream stagnation values.
The transformations are

‘/’ = (ﬂs pSXQe)% (¢+ﬂ) (19)
ge 8f
Alx) = Yy’ 2
n +Ax) (uspsx) [p(y)dy . (20)



where A(x) is a certain function of x. From (19) and (20), (13) gives

u=dq.($,+1). (21)

Subscripts 7 and x will denote differentiation. Since, from (12), u — q. as # — oo, the boundary condition
on ¢ is first

9,0 as y— o
or ¢ — func (x). We need the function of x to be zero, as explained above, and this may be achieved if
# in (19) is subject to a change of origin dependent on x, given by (20). Thus A(x) is determined (and is
part of the problem) by the boundary condition

¢—0 as n— 0. (22)
From (10), (12) and (14), we have also

§-50 as 75— . (23)

At the wall, given from (20) by n = — A(x), (12) and (19) lead to

¢, = —1 (24)
¢ =—n=Ax (25)
and
§ = §g(x), say (26)
where
S4(x) = h;;x)—l .

s

Equations (15) and (16) now become

he pe 0 = _1fgeX % H, x dg.( , _)
H; p, 6'1(C¢'m)— é<l+qe dx>(¢+n)¢""+he q, dx (¢"+2¢” S|+
+x[ @y (P + D=, &, 27
h. p. @ JC 0 q; o x dg,
H. p. on {; n [S+(0“1)2HS(¢3+2¢,,)} } = -3 (1'*‘21: E;)(‘ﬁ"‘ﬂ)sn’f‘
+x[S, (¢, +1)—¢.5,]. (28)

Cis afunction of S and ¢. For the (frequently assumed) linear viscosity-temperature law, 4 is proportional
to h, and from (18)

C=1. (29)



On the other hand, if Sutherland’s law (8) is invoked, with the help of (10), (14) and (21), (18) gives

[s+1— 4 (¢,,+1)2] '

c=-t 2H, (30)
[S+B’— 2‘;'15 (¢, + 1)2]
where
B =1+S,/H,. (31)

Equations (22) through (28) form a non-linear system of equations for ¢ and § with two-point boundary
conditions. The range of # (— A(x) to co) is also a variable of the problem.

We shall concern ourselves only with the special case of constant Prandtl number o, and with flow
beginning at a stagnation point. Thus wedge flows cannot be treated with the parameters adopted.
Adaptation to axisymmetric flow would be possible with suitably modified equations and computer
programme —see Smith and Clutter'?.

3. Linearisation of the Equations for Iterative Solution.

The equations (27) and (28), with (30) if required, contain four parameters which all depend on the
distribution of edge velocity g,(x) when the stagnation enthalpy H, (or the Mach number, by (10) and
(11)) is known. The parameters are:

|
F = Ih{_es gf = (%":) o (from the equation of state)
L (32)
=L ,
We remark that, by (10
—ge—s = 1-3iH (33)
while
E = 2—’;7 %. (34)

Hence the ratio g2/H, is also sufficient.
Equations (27) and (28) are both parabolic, (27) in ¢, and (28) in §; for example, (28) contains S, and
S, Consequently, when an initial profile has been obtained at a given x-station, to act as an initial



condition for the parabolic equations, it is possible to take a series of stations separated by small step-
length b, to replace the x-derivatives by central differences and to ‘march’ downstream from the initial
station. This is the technique used by Smith and Clutter!? and by Catherall and Mangler'*. For a variety
of reasons—one being the two-point boundary conditions—it was decided not to attempt the solution
of the resulting ordinary differential equations, using the computer’s Runge-Kutta integration sub-
routines, as done by Smith and Clutter, but instead to divide the transverse (1) range into small steps
and to replace the n derivatives by differences also, as done by Catherall and Mangler. This involves
truncating the boundary layer at a point where the field variables (which are decaying, probably
exponentially, near the edge) are sufficiently small, » = Y say; Y is a constant which experience shows
can be taken as 5 or 6.

The heart of the method of solution at each step downstream will now be as follows : in the equation
(28) for S, say, replace all x-derivatives by central differences, for instance

os 1

ax - Z)‘ (Snew station Slast slalion)

and other quantities, including differenced #-derivatives, by weighted averages, for example

4) -0 ¢new station + (1 - 6) ¢lasl station (343)

where 0 is a constant, the ‘weight parameter’, which lies between 0 and 1. The reason is that the repre-
sentation for the x-derivative is most accurate at an interior pomt of the downstream interval, by the
first mean-value theorem, and we are really attempting to solve the equations at some such interval
point while using the end-station values as unknowns. Next, suppose that a guess has been made at the
values ¢ and S of ¢ and § at the interval points labelled 1, 2,...., N,.... of the transverse (#) co-ordinate
line which is the new x-station. Replace some of the unknown field quantities by their guessed values so
as to leave a system of linear equations in the remaining unknowns Sy; for example, the term S, ¢,
becomes

1
B (SN; :g\la(vns‘::;'ilon - SN; last stalion) [9(¢n)N; ﬁgfvssslation'i' (1 - 9) (¢n)N; last station] .

Since the differential equation (28) is of second order in #, the difference equations obtained from centrally
differencing all »-derivatives at the N-th interval point will contain Sy, Sy, and Sy_,, so that the
linear equations possess a tridiagonal matrix and can be solved without much computer labour (there
is no need for full scale matrix inversion), as explained in Appendix A. The resulting values are used as
new guesses in the other equation and the cycle continues until the values converge by some criterion
to be determined. This is the method used by Fliigge-Lotz and Blottner!?, but they are content with
the values obtained by one iteration only. Also, they take either a fully explicit scheme (8 = 0} or a fully
implicit one (6 = 1).

The equation (28) is almost linear in S, and it is fairly clear what must be done here. However, equation
{27), which should be used to solve for ¢, is non-linear in this variable. There are many ways to linearise
this equation, but the method used must not decrease the order of the differential equation, nor may it
make application of the boundary conditions impossible; also, the linearised differential equation
should have the same character as the asymptotic form of the equation for large 5. It would be desirable
to use a scheme yielding quadratic convergence, as in the Newtonian successive approximation to the
zero of a function; however, this would give a form of (27) containing ¢ and all its derivatives up to
®qny i the unknown part, not replaced by iteration values, and the matrix of the system of equations
would have five diagonals instead of three. So it is better to replace ¢ by its last guessed value wherever
it occurs, giving a second-order equation for ¢, with an associated tridiagonal matrix, as before. ¢ can
then be found by integration from the outer boundary. This sacrifices quadratic convergence, but the
other criteria can be satisfied ; it turns out that the right method effectively solves for u in the original



equations (3) and (5), when the corresponding terms are compared ; further, just as in (5) the operator
(pu 8/0x + pv 8/dy) is applied to the unknown h, so in (3) and the new version of (27) it is applied to the
unknown u with the operator variables u and v replaced by their values guessed by iteration.

We use bracketed superscripts to denote the number of iterations that have been done to obtain
the superscripted variables. Suppose we are performing the pth iteration; then ¢~ Y, 5%~ are known
and (27) is linearised to

x [((ﬁf,p_ 1) -+ 1) Gf,f’) — (l,gcp— 1) Gﬁ,”’] +G [(d,gp- 1)+ 1) G(p)_I_ ¢$1p~ n__gr- 1)] _%(1 +E') (¢(p~ 1) -+ ,7) Gf,")
4 0 (p— 1) ((p) '
=F F [C G} (35)

where
GP = d,slp) . (36)
The reader is reminded that G’ is a constant given by (32).

C?~1 s calculated from ¢~ and S®~ 1, When ¢'? has been found from (35) and (36), it is used to
determine S from the similarly linearised equation (28):

x [(@P+1) SO~ P SP]—3 (1 +E) (¢P+n) S

- %F% {CO [S9+(o—1) H' ¢2 6P+ 1)]} 37

C®) js calculated from ¢ and S@~ 1), The equation (35) is now solved again using the new values, and
the cycle continues until convergence is attained.

“The problem of coping with the variable range of 7, —A(x) < # < Y, with A(x) an unknown of the
problem, is best overcome by a linear transformation ' ‘

_ntAx) 1

C—m— D(x)(’H—D-Y) (38)
where
D=Y+A,
so that 0<{<1.
We have
0 ¢ D, 0
g 10
pp -5 @ (40)
It is convenient to scale ¢ also and to write
¢ = Do 41)



so that

¢r’ = (PC = G

(42)
1
b = B¢CC
(35) now becomes, on rearranging :
D Y F'
G [x {§(I—C—<p<ﬂ"l’)-cp;"-l>} ~3(1+E) ((pw-“+5—1+c) ~ 5 C‘;”‘”] +
+x (([)Ep_ 1)+ N G;")+G' [((pép— D 1) G(p)+(p(gp— D _gte— 1)]
FI
=5 CrUGR. (43)

Since D must also be brought into the iteration scheme, we understand that D means D~ 1. Equation
(37) becomes:

D Y 1 F .
s [x {f(l—c-—cpw))—«pgp’} -%(1+E')(<p"’>+5—1+c>—; e Cé”’]

1 F.
+x @+ 1) S+ (1-0) H' 2 CF" o (o +1)

1 F .
=~ 51 CO[SP—(1—0) H' o (o + 1)+ (o)7].. (44)

From (24), (38) and (41), the boundary conditions on ¢ in (43) are:

at{ =0 (45)
@ = 1-Y/D(x)
and since the rate of decay of ¢ is exponential,
@ =0, G=0at{=1. (46)

The boundary conditions on S in (44) are as before ;

(47)

The four boundary conditions in (45) and (46) on a third-order equation imply that D(x) can indeed
be calculated as well as ¢. In fact, this is made the basis of the convergence criterion. A set of guesses
is fed into (44) in difference form, from which new Sy are determined with the help of (47). These Sy, and
the last set of @ and D are fed into (43), and the boundary conditions {45), (46) on G are used to determine
new Gy. The other boundary condition of (46) is then used to integrate G inwards by the trapezoidal

10



rule to obtain ¢y. The second boundary condition of (45) now gives D in terms of the value ¢, at the
wall: ‘

DW= . (48)

"It is found that comparison of D with the value D?~ " fed in is a sufficient test of convergence, and
that convergence will occur almost everywhere upstream of separation, that is, the iteration scheme is
stable. o

The details of the difference scheme (due in principle to Crank and Nicolson'”) and solution of
equations (due to Leigh'®) are given in Appendix A.

At each step downstream, it is useful to have some information printed out by the programme. In
earlier versions, tables of , ¢, U = ¢’ + 1 and S were printed at intervals of 0-1 in x; later versions printed

the parameters, displacement thickness
5*=f(1— pu)dy (49)
! Pede

and skin friction (drag per unit length)

Fy= iy (%)B (50)

These expressions are transformed to the working variables, and comments made upon computation
processes, in Appendix B.
Obviously the programme can be modified to give profiles if desired.

4. Reduction of Discretization Error.

The replacement of derivatives with respect to { by differences is an approximation becausc of the
finite transverse mesh size a. We can show that

P 1 | 2 Ly

Z) = ZZE((PN+1—2(PN+(PN—1)+O(Q )+ 0(a®) (51)
9y _1 21 0(g*

(5E>N = 55(¢N+1—<p~-1)+0(a )+0(a®). (52)

These errors are carried through the entire iteration and marching processes. Hence the final answers
will have errors 0(a?) and 0(a*); even when the successive values of A® converge to within 103, the value
converged upon may differ from the true value in the fourth or even third decimal place. The difference
is the discretization error. Some error is due also to finite b, caused by x-derivatives and weighted
averaging, but it is the error due to ¢ with which we are concerned here.

In order to eliminate the error of order a?, we use Richardson extrapolation. Two calculations are
performed, one with « at its smallest possible value (for the Mercury programme) and one with @ cxactly
twice this value. Thus the number s of steps used for the smallest @ must be even; on Mercury this
requires s = 94, since s < 95 (see Appendix A). Let us consider A. Denote the value of A for transverse
step length a by “A; °A is then the correct value in the limit a — 0, and we have (writing A for second
derivative of A with respect to transverse step length)

1t



a’..
A = °A+3'A+O(a“)
s (53)

a2

2ap _ O
A=CAtas,

A+0(a*)

Eliminating a? A from (53), we have
%A = 1 (4°A-2°A)+0(a%). (54)

It is now possible to get five decimal places of accuracy for A.

Similar methods can be applied for ¢,, y and Sy As only the mesh points with even values of N
are used for the 2a calculation, in order to get the values at odd mesh points an interpolation formula
is used based on the 2°¢,, : the formula is accurate to O(a*). Richardson extrapolation is then performed
on all these values and they are used as the values at the last station, when calculating @, , , etc. This
method has a suspected drawback —it may be responsible for some oscillation which increases as we
go downstream, and it might be better to do two completely separate ‘runs’ with different values of a,
and extrapolate afterwards as an isolated routine. However, the method used has the advantage of
conyenience, as it requires only two sets of information besides the ones basically needed, as discussed
in Appendix A, while the other method would require four extra sets. Moreover, on Mercury it is
frequently convenient to interrupt a run for resumption later, and half as much data again would have
to be extracted for use on resumption in the other method (see Appendix C).

The values of A* and ¢ (convenient notation for (¢,)8), Which are measures of the displacement
thickness and skin friction respectively, are calculated as part of the solution for steplength a and for
steplength 2a separately, and values for (a) stored along with A, “op .y and “Sy, y while the values for
(2a) are being computed. The reason for this is that an integration has to be done in computing A* (see
Appendix B), and this integration is liable itself to involve errors of order a? which are best absorbed
into the Richardson extrapolation. (The original programme performed the integration on the final
extrapolated values, and the results were observed to be definitely poorer.)

As the values of (¢,)y v = G,y are correct only to order a2, within the iteration cycle, the value of

3 = (@m0 D! calculated from (B12) of Appendix B will have an error of order a, and the formula

°p; = 25— ¢ +0(a’) (55)

had to be used instead of (54) in calculating the values reported in the next Section. After these tests
reported there, another formula for ¢; was developed, in the alternative forms (B16) and (B24). As
both these are correct to 0(a?), ordinary Richardson extrapolation was again employed.

5. The Initial Profile and Departure therefrom.

The program requires an initial profile from which to march, and can quite easily be made to calculate
one. The boundary layer always starts at x = 0, at which point all the terms with x-derivatives in (27
and (28) disappear, and so also in (43) and (44), so that these equations are ordinary differential equations
in y (or {) for ¢ and S, with two-point boundary conditions, and the same iteration process is used to
solve them. In the weighted averaging process defined by (34a) reference to quantities at the ‘last station’
is suppressed by fixing 6 = 1; thus the averaging leaves all quantities unchanged but the same program
can be used.

All the examples done in the next section are blunt stagnation point flows (blunt flows for short),
near which g, is proportional to x so that:

E/=F/=Gl=1’ H!=0

12



But the program will also cope with wedge flows, and flat plate flows (Blasius flows), for which ¢, = 1,
E' = F’ = 0 and the momentum equation is uncoupled from the energy equation.

When an initial profile has been calculated at x = 0, some care is needed with the first few steps
downstream. At the first step x = b the equations do not depend on b explicitly, but only through the
four parameters E'... H'; thus for blunt flows when the change in these is of order b?, the solution at
x = b should not vary much with b, and we expect to find for instance dA*/dx = 0 at x = 0; but for
wedge flows and decelerating flows the change in E'... H' is of order b, and the solution is then found
to be rather sensitive to the value of 8. The theoretical optimum value is & = 0-5, but in practice this
causes the values of A* and ¢'; at successive values of x to oscillate, even for blunt flows. This can usually
be cured by choosing a larger value of §; the best value to take depends on the problem, but 0-7 is a
good average first guess. In some cases adjustment of 6 may still fail to produce acceptable answers;
the next line of attack is to decrease b. This has worked for a decelerating flow g, = 1—x, at high Mach
number M = 2.

Far downstream, if # is returned to the ‘optimum’ 0-5, oscillation usually appears again. This is contrary
to normal experience, whereby errors tend to die out downstream ; it could well be due to the Richardson
extrapolation which attempts to return the solution of the difference equations to that of the differential
equations at each step but thereby unbalances the smooth running of the difference scheme. However,
this oscillation does not appear (and indeed, can be severely inhibited) when @ is kept a little higher
than 0-5, say 0-56; the program is thus arranged to let 8 tend to 0-56 as x increases.

6. Examples and Comparisons.

In order to test the programme, three special cases were examined and compared with results obtained
elsewhere. These were, the incompressible boundary layer on a parabola (Catherall and Mangler'#);
the similar solutions of Cohen and Reshotko®!®; finally, some profiles computed at the stagnation
point by a different method, using numerical (Runge-Kutta) integration, in which the linear law and
the Sutherland law could be employed as desired.

Finally, these two laws were compared in their effect on displacement thickness and skin-friction
parameters at the stagnation point, and a new example was run, of subsonic flow past a suitable cooled
cylinder, such that the inviscid velocity distribution round the cylinder is a simple function - the shape
of the cylinder is not needed in the calculation, and is not considered.

The programme was modified slightly to allow for an adiabatic wall (zero heat transfer instead of
prescribed wall enthalpy), with ¢ + 1, but the enthalpy profiles grew from zero only very slowly with
increasing x, and it is not considered worth while to present the results.

6.1. Incompressible Solution for the Parabola.

Inspection of the equations of motion (27), (28) and the viscosity law (18) shows that reduction to the
incompressible case is obtained by putting

h,

C=1F——la-—1SB(x) (56)

From (32) and (33) we have
H=0F=1;G=FE. (57
In terms of the variables used by Catherall and Mangler!*, writing g = q,:
J = &g, dx = ¢{d¢/q | (58)
and for the parabéla

J=14+¢& 59
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Eliminating J and ¢ from (58) and (59),

dq
==y
hence
1
x=%ln———1+q+%1q 5 (60)
-4 —4q

This makes x — 0 as ¢ —» 0, and x — o0 as g —» 1 —. g is calculated at the required x-station by solving
(60) numerically, and then substituted into the formula

d
E=§£=nhwwmu>m 61)

As there is no thermal boundary layer, ¥ was put equal to 4. At this point in the known solution,
¢ was 520 x 10”7 (with x = 0).

Fig. 1 shows the agreement between the methods of calculating ¢(y) at the stagnation point x = 0:
values found by both methods lie on the same smooth curve. As ¢ decays exponentially to zero at the
outer edge, log;, ¢ was used to demonstrate that the significant figures agree throughout the range;
a plot of ¢ would not have shown this so well. (Similar considerations were applied to Figs. 3 to 6 later.)

Comparison of downstream results in detail is complicated and tedious, and it was judged that
comparison of a few vilues of A would form a sufficient test. The table below shows the agreement in
A(x) up to x = 0-2. The value A, due to Catherall and Mangler is determined from the series expansion
for small x:

Acp(x) = 0-64790+(0-29190)x2 — (0-21528)x* +(0-20358)x5 — . ..... (62)
x 00 0025 0-05 0075 0-10 0-20
A 064790 064793 064867 064940 665077 065922

Acp 064790  0-64808 064863 064953  0-65080  0-65925

The agreement at the stagnation point x = 0 is good ; a small error is introduced at the first down-
stream step, and this is reduced in the next step but is persistent thereafter. Catherall and Mangler
encountered this difficulty also, and discussed its cause, which is that the terms in the difference equations
at the first step do not involve b, so that the values found at the first step will be about the same for all b,
They developed a Gortler series to leave the stagnation point ; this method is not available to us, at least
without considerable labour, and in the next sub-section we shall see that the error can be reduced in
some cases by a change in 0 (the weight parameter ; see Section 3).

The programme is not suitable for the incompressible case for two reasons: it uses two unnecessary
sets of storage locations (enthalpy), and on Mercury it takes about 9 seconds per iteration in solving
for 94 points across the boundary layer, whereas the Catherall and Mangler programme requires 7%
seconds (a new programme developed by Catherall?® as a simplification of the present one requires
only 2 seconds per iteration).
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6.2. The Similar Solutions of Cohen and Reshotko.

The variables used by Cohen and Reshotko® are:

dx =% Pe gy
s 8 L
a, p

iy =2 P,
as ps y

where a,, a, are sound speeds at the boundary-layer edge and at free-stream stagnation respectively;

the stream function used is defined by

=2y - 2

¥ po Po
and ‘velocities’ are defined by

Uquy, V= —'\Px

so that
U=-"Lu
e
“The linear viscosity law is assumed.
The similar solution is sought in the form
2, U, X |#
"P — * 5 e
Jer) [ps(m+1) ]
where
n* = (m+1 Ps Ue)% y
2 X
so that
U u
= =—=f'n¥),
Ue ¢
and the free stream ‘velocity’ is taken as
Uy = C* X",

(64)

(65)

(66)

(67)

(68)

(69)

(70)

The enthalpy function S is defined the same way, as in (14), and ¢ is taken to be 1. Then the equations

solved by Cohen and Reshotko are:

[T = B -1-5)

S"+f8' =0
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with boundary conditions

JO=f0)=0, S0 = SH ; =Ielimf’= 1, *limS =0. (72)
: n* —oco n* —o0
Here
2m
B= m+1 (73)

(The dashes here denote differentiation of f and § with respect to 5.) Now, if the free stream flow is
adiabatic, for our perfect gas

!J_e_= (%,_,_)v/v-1=Hw(y_1); BE:"—H“”_“ : &zH*} (74)
Ds s Ps a
. . h,
if for convenience we define H = 73 ; then by (63)
5
X _  3=h
I H . 75)
Equations (66), (70) and (74) give
g. = HE XmC*
or, writing C* = (2c HJ)3
2
%H’=ﬁ;-=c.H.X2"'. (76)
Moreover, by (10) or (33)
H+ip' =1
and eliminating H' with (76) gives
1
= Trex an

The constants y, ¢, m are still at our disposal in the similar solution. The value y = 1-4 for air is par-
ticularly convenient, for in (75) it makes (3y —1)/2(y—1) = 4; ¢ can be set equal to 1, and in flow from a
stagnation point x = 0 (X = 0) we must have g, proportional to x, so that by (66), (70), (74), (75) and
(77) (which give U proportional to g,, and X proportional to x, near x = 0) m = 1. Then equations
(75) and (77) give

X
X = J(1+Xf)4 X,
[¢]
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or

2 4 6 1 8
X 142y _6;( _IX ~ X8, 7

Givenx > 0, thereisan X > 0 which satisfies (78). This X is found by the computer, and is then substituted
into (77); then the quantities in (33) are given by

~

H = 2(1-H)
F = H*S
(79)
x ?
E =>H*
X
(X e
G =%H )

From (20) and (68), with (63) and (74),

E3
y =(m+1 &_{) =H*(i)% (50)
7+ A(x) 2 gy X X
This quantity was also calculated and printed at each step downstream. We see that at the stagnation
point there is no difference between (1 + A) and 5*, but that downstream of stagnation the ratic changes
(n* increases relative to #+ A). It is a constant at a given x station, so that the boundary-layer variable
is uniformly stretched ; this is helpful in comparing the tables.

Cohen and Reshotko give a table for the case m = 1, with 'Sz = 1. This boundary condition was used
accordingly; Y = 5 seemed to be the best value to take to include most of the thermal and velocity
boundary layer, and for the Mercury programme 94 transverse steps were used. The easiest variables
to compare were the velocity u/g, = f' = ¢,+ 1, and the enthalpy function S. For the velocity, Fig. 2
shows that the Cohen and Reshotko points and those obtained by the present method lie on the same
curve to within three decimal places; interpolation reveals differences in the fourth place. (For x = 0-2
the calculated (7%, ') points again lie on the curve (and nearly coincide with the calculated points for
x = 0), which agrees with the theoretical similarity.) Current programme variables f’ and S are inter-
polated to #* = 0(0-2)4 and are displayed, together with the corresponding Cohen and Reshotko values,
in Table 1; the results again agree to three decimal places, which is as much as could be expected since
Cohen and Reshotko give only four places, and moreover we have reason to believe that their tables
are only accurate to three places in any case, as we shall now show.

The value of A in terms of #* and fat x = O is

A= $(—8)= - j¢,,dn - j (1—-—"i>dn
P J\ 4
¢ , lim
=f(1~f_)dn* = 2o 1) (81)
0

From Cohen and Reshotko’s tables, A = 0-4254. On the other hand, the current programme (with
Richardson extrapolation) applied for 70 steps, 94 steps, and (later, on an Atlas run) with 150 steps,
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gives A = 0-42500 to five figures; increasing Y to 6 makes no difference in the fifth place, although
decreasing it to 4 does make a difference here (too much boundary layer cut off); moreover, as we shall
see later, the value of a related parameter does not change downstream to this order, and finally, the
accuracy obtained (nearly six decimal places) in the Catherall and Mangler comparison suggests that
A can be calculated to five places in general, certainly at the stagnation point. It is concluded that the
present results are probably more accurate than Cohen and Reshotko’s tables.

We turn to the related parameter mentioned above. Return to equation (81) for general x. At x = 0,
n+A = n*; downstream, equation (80) is invoked and then

© +
d -1
Ax) =J(1-f’)wn*dn* = A©) [H* (—}) ]
0

so that we may define Acg by

%
Acg = H*(%) A(x) = A0). (82)

Consequently the correct value of A(x) at any x is determined in principle.

A programme was written for Atlas (similar to Mercury, but larger and faster) and provision was
made for the value of Aqg to be calculated from A(x) and the parameter (80) at each step.

The values should have been all equal to A(0), and the difference provided an excellent check on the
accuracy. As mentioned earlier, 150 transverse steps were used, and the downstream step length was
taken as b = 0-005, 0-01, or 0:02. The accuracy demanded of the iterations was 10~

At first the value of the weight parameter 6 = 0-5 was used, and in all runs oscillation in Agp started
at the first step downstream. The oscillation tended to be smallest for b = 0-01, so that decreasing the
step length b was not the best way to get more accuracy. When » = 0-01, the oscillation was about
+25%x 10" %uptox = 02, and increased steadily thereafter. Attempts were made to relate this oscillation
to errors due to finite a and b, with the aid of formulae like the Richardson extrapolation rule, with a
general power, but they all failed to give a satisfactory answer, and it was concluded that the oscillation
was not only not due to finite steplengths, but was considerably larger than errors due to such step-
lengths. Two possible causes are, the first step from the stagnation point, which introduces difficulties
noted in Sub-section 5.1, and the actual manner in which the Richardson extrapolation is used; in this
programme the values from the extrapolation are used as the initial values (at the last station) for the
next step, whereas it may be better to keep two runs going together, one for twice the transverse step
length a of the other, the calculations being performed completely independently, and Richardson
extrapolation being done outside the main programme as an incidental. Catherall?® has done such a
‘parallel run’ from stagnation point for incompressible flow past a parabola, and finds no oscillation.
However, as remarked in Section 4, the present method has the advantage of convenience.

Moreover, the method can be greatly improved by manipulating the parameter 6. As 8 was increased
from 05 the oscillation at the stagnation point became less, and eventually at the value 6 = 075 it
disappeared altogether (s = 150, b = 0-01). Table 2 shows how the value of A;; now tends to rise very
slightly and then to fall away again; as the run was continued, Acp continued to decrease, below its
correct values so that monotonic instability set in (not shown). The values of Agg found for 6 = 0-5 are
given for comparison. _

[t now seems plausible that the monotonic instability far downstream is due to discretization errors
piling up for 6 # 0-5. {Theoretically the error in the equations through replacing x-derivatives by central
differences and other quantities by averages is 0(h?) for 8 = 0-5 and 0(b) for 6 + 0-5). The instability can
be checked by gradually returning 8 to its theoretical optimum, 0-5; no comparisons have been made
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to see how this should be done, but the programme has been written to replace 6 by its average with
0-5, viz

041 = 0-50,,+05) (83)

at every station x = 0-1 L, where L is an integer.

The optimum value 6, to start with is a function of the problem; for 8, = 0-5 or perhaps 0-55, the
similar solution with S = —1 (instead of Sp = 1) yields hardly any oscillation and increasing 8, to
075 produces monotonic instability immediately; for Sg = 0, 8, = 0-6 is a good value, and for S = 2,
0o = 08 is near the best. In this particular problem, determination of 84(Sp) is easy because the para-
meter Ay is available as a check ; however, in a general problem one should have A printed out at each
step to six decimal places, using 10~ as a convergence limit, and spotlight oscillation by taking differences.
In good cases, even some way downstream fourth differences may be required. 8, is then varied suitably
until the oscillation is minimised. 8, must not be set too high at first, because then monotonic instability
will set in at once, and this cannot be detected by differencing. Thus the smallest value of 8, which just
eliminates oscillation is the one to use.

One last comparison with these similar solutions was made. Cohen and Reshotko!® give a table of
displacement thickness A* against wall enthalpy Sp; the current programme was accordingly fed with
these values of Sy; and the results are displayed, along with Cohen and Reshotko values, in Table 3.

The negative displacement thickness for S; = —1 (zero wall enthalpy and temperature) indicate
that the relative density near the wall is very high.

On the whole the values of A* differ in the third decimal place, except for the incompressible case;
as A* is calculated from A and an integral over quantities which differ in the fourth place, this is not
surprising. We again have reason to believe that our values are better.

It was noted that the first five points nearly lie on a cubic curve; a least squares fit gave

A* = 0-64785+(0-76356)Sy — (0-03444)S2 +(0-00751)S3 . (84)
From (84) A* = 2:097 at Sp = 2, which differs by 0-02 from the table value; within the range |Sg| < 1,
the cubic curve will be accurate to 4 decimal places. The zero of A* occurs at S5 = —0-8135.

For the similar solution Sy = 1, Cohen and Reshotko give the skin friction f' = ¢ as 1-7368, and
- one Atlas run gave 173668, using (B16). (The expression (B12) gave 1-73472, which reveals its inadequacy.)
The difference is of the order as that found for A and A*.

6.3. Another Method of Obtaining Stagnation Point Profiles.

At the stagnation point x = 0, the differential equations become ordinary (in fact, the leading terms
in a Gortler expansion in powers of x are given by these ordinary differential equations in #). The
equations are:

[Co 6] +(do+m) d5— 5 —2d5+S, =0 (85)
[Co So] +a(do+1) Sp = 0. (86)
These equations are obtained from (27) and (28) with the stagnation point values E' = F' = G’ = 1,

H' = 0. Here ¢ = ¢(0,7), S, = S(0,7), and dashes denote differentiation with respect to 5. Also C,
= C(Sy), by (30). The boundary conditions for (85) and (86) are:

$o(—Ag) = Ag, do(—Ag) = —1, So(—Ag)=S§ ;

B
¢o, Sy exponentially small as # —
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Now, the most accurate way of ensuring that this last condition holds is to integrate (85) and (86)
inwards from a suitably chosen outer value of %, 5, say. (This can be done, because Mercury has a built-in
Runge-Kutta integration subroutine for solving coupled ordinary differential equations of first order.)

To do this, initial conditions on ¢, ¢q,

o0 S¢ and S are required at #,. These are derived from the

asymptotic solution of (85) and (86) for large n; as n— o0, Cy—1 from (30), or Cy = 1 from (29), and

from (85), (86),

o' +1¢—2¢p+So ~ 0
o+nSoo ~0

so that, introducing constants 4 and B,

where

r, 1 12 ’ Z“ _ Lgn?
exp (—zon )y’ = ot

from which X, can be asymptotically expanded :

and

2 1 .
] -
1 1 1472
(é"+2 n

B B R
"o |t A T )e 2 T Yo i
0 ( 1 ) (1+Z))e 1(1+ )€

where Z; means (Z,),-;.
When ¢ = 1, the solution for ¢, is replaced by

1{2 1 1 1 —dn2

Po=4 [5(5*5@ " (”3"2) 2*] o
B 4 1 31 2
+5[(§+5"2> +(2+ "Z)E] e

20

(87)

(88)

(89)



However, this case was not computed.

The value #, = 8 was considered sufficiently large. Parameters A and B were now at our disposal,
and when all these values were inserted into (88) and (89) for use as initial conditions at #, the equations
(85), (86) were integrated inwards until ¢y = —1. An alternator routine to decrease the Runge Kutta
step length in the neighbourhood of this point was embodied. The value of S, was next compared with
Sg while at ¢y = —1,n = —Ag, and ¢, should be Ay ; so (¢ +#) was compared with 0. Effectively two
conditions must thus be satisfied by two unknowns, A and B.

Much trouble was experienced in finding A and B; most 2-point and 3-point interpolation formulae
after finding the values of (S, — Sp) and (¢ +#) corresponding to trial values of 4 and B which were
not near their correct values broke down, refused to converge, ran on into large negative values of #,
~ or caused the machine to handle numbers beyond its capacity (107%). In order to find 4 and B for a given
Sg, it was necessary to start from a known case (Catherall and Mangler'®), S = 0, and to increase or
decrease A and B very slowly, keeping the condition ¢o(—Ay) = Ay, and determining the corresponding
values of Sz; thus A = A(Sp), B = B(Sp). Eventually S; was large enough to enable a polynomial curve
for A and B to be computed by least squares; then the required value of S could be fed in, the trial values
of 4 and B were calculated and iterations commenced. The iteration scheme was to vary B and keep A
fixed at first, and to iterate on S—Sp = I, say. If B, gave a value | = [,, and B, gave a value [,, then the
next value tried was

_ B4, —-B, 1,

B
? L=

(90)
This scheme is a linear extrapolation to ! = 0. When I did converge to zero, or rather to +107¢, the
values of A and of k = ¢, +# were noted. If successive values of A and k were (4,, k,) and (4,, k,), then,
analogously to (90), the next value of 4 would be

. A2 kl e Al kz

A3 - kl—kz (91)

This method worked quite well for 0 = Sz = —0-5, but after this point the programme again refused
to converge and/or produced large numbers. The convergence limit set on k usually had to be relaxed,
with consequent decrease in accuracy.

The value ¢ = 0-7 was assumed, since for T > 200 deg K we have 0-68 < o < 074 (Monaghan??)
and small changes in ¢ are not important (Young®) although calculations of heat transfer may differ
considerably from reality if ¢ = 17. Profiles were obtained for S; = —0-4, with both linear (equation
(29)) and Sutherland laws (equation (30)). When Sutherland’s formula was used with a Mach number
of 0-5, gas ambient temperature 4 deg. C and y = 1-4, the value of B’ in (31) was found to be 1-391. (The
formulae (9) and (31) give also

14/T
B=1+—
RSV 2)

where T is in deg K.) Profiles determined by both methods are shown in Figs. 3 and 4 for the linear
case, and the difference is noticeable only at the outer edge where the assumed boundary conditions
¢o = S, = 0 force the curves apart. (The values of ¢, and S, were plotted on a logarithmic scale.) For
@y, the effect is shown of varying ¥ from 5 to 6; the values with Y = 5 are appreciably worse near the
outer edge, as one expects.

The values of A, A* and ¢ do not compare well after the third decimal place. Table 4 presents results
from both methods, the matrix programme value being given first. The inferior formula (B12) was used

{vel
for the matrix values ¢”, unfortunately. However, the values of A—A* = — §So dn (see (B4)), agree to
~A

four decimal places.
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6.4. Comparison of Linear Law with Sutherland Law at the Stagnation Point.
We now turn to some independent results, and begin with an examination of the differences due to
a change in the viscosity law.
It is known (Young®) that, when the viscosity law is of the form

poc! T® (93)

the value of @ may affect the skin friction considerably. However, @ changes considerably over the
temperature range, and Sutherland’s formula gives a much better {it; we now examine the case @ = 1
(linear law) and see how the profiles are changed. The Prandtl number o is again taken as 0-7.

When S; = —0-4, the stream functions and enthalpy functions for each case are as shown in Figs. §
and 6, and are nearly indistinguishable; the values found for A, A* and ¢} are given in the first and last
columns of Table 4 already referred to. From these values, we see that the difference between the results
for A and A* is about 4 per cent and for skin friction ¢} is about 5 per cent. The difference increases when
the wall enthalpy function Sy is increased (so that the heat transfer increases also); Table 5 shows the
results and percentages based on the linear results when Sz = —0-5 and when S; = +1-0, again with
o= 07.

It is concluded anew that the linear law may give results sufficiently accurately for some engincering
applications, and so is a worthwhile theoretical simplification.

6.5. Subsonic Flow Past a Cooled Cylinder.

In order to see how the programme behaved when the pressure gradient became unfavourable down-
stream, a sinusoidal distribution of edge velocity was fed in, given by

q. = 2 sin (x/r) (94)

where x is arc distance from the stagnation point. This is the inviscid incompressible flow for a circular
cylinder of radius 7 in a uniform stream of unit velocity; in the compressible case, the shape of the cylinder
will not be circular and will depend on the Mach number, but this is immaterial; we require only a
convenient function for the programme. The diameter 2r was taken 1, so that g, had a maximum at
x = n/4 = 0-785, and we took M = 05,y = 14, ¢ = 0-7. The cylinder was assumed cooled relative to
stagnation conditions, and isothermal, and we took the arbitrary value

Sp(x) = —05. (95)

This was expected to move the separation point downstream. The incompressible separation point
is?® x/r = 104-45° so0 here x = 0-91. Separation was expected for some x > 091,

The external flow parameters were calculated from (32). The linear viscosity law was assumed.

At first the programme was run on Mercury with 94 transverse steps, Y = 5,b = 0-01, 1075 convergence
accuracy, and f = 0-5. The machine eventually reached the point x = 0-92 in about two hours, and then
the iterations failed to converge. Inspection of the displacement thickness A* and skin friction @} at
successive stations showed increasing oscillation which became noticeable even on a graph after x = 0-7,
and inspection of the profiles showed bad behaviour of the velocity near the outer edge and of the
enthalpy near the body —the value one station out (H, on the computer) was oscillating between limits
of the order 4 3-0 and — 1-0, compared with the boundary value —0-5. Quite clearly the Crank-Nicolson
scheme (with 6 = (-5) was producing unacceptable numerical instability. An Atlas run with 150 steps
(in hopes of reducing the initial error) was no better: oscillation at the stagnation point was visible from
third differences in A(x).

A different value of 0, was accordingly tried on the Atlas programme. The value 6, = 0-6 smoothed
out the oscillation considerably at the stagnation point, second differences showing its presence in the
sixth place: however, at each station x = 0-1 L the averaging of  with 0-5 according to (83) seemed to
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allow oscillation to increase downstream, although not so .drastically as before—but it was again
unacceptable around x = 09.

By chance a profile taken from this run at x = 0-7 was fed in again with 0 restored to its former value
of 0-6, and this time the oscillation damped out within five downstream steps and did not reappear. So
the Crank-Nicolson approximation (83) was abandoned and # was instead made to tend to the value
0-56 downstream, freedom being retained to choose 6, to minimise oscillation at x = 0; (83) was thus
replaced by

Oe1=050,4+028. (83a)

The results with 8, = 06 were very satisfactory, oscillation being absent everywhere except near
x = 0 (not quite best ,). Figs. 7 and 8 show the velocity and enthalpy profiles at x = 0-9; both are
characteristic near-separation profiles, and it will be noticed that near n+A = 0 both curves are begin-
ning to turn over, a point of inflexion appearing, and the gradients diminishing rapidly. Figs. 9, 10 and
11 show the variation with x of A, A* and ¢} respectively. From the ¢ curve, or by extrapolation from
the numerical results (not presented), we can predict that ¢y will become zero for some x between 0-92
and 0:93; that is, aft of the incompressible separation point, as predicted, but not greatly so. (We must
remember, however, that the two bodies are not the same.) A graph of (¢3)* against x (Fig. 12) gave a
fair straight line near separation and confirmed the prediction of the separation point.

No arrangement was made to march right up to separation by halving the steplength, because of
lack of time. A routine has been inserted to do this.

We remark that the total number of iterations needed at each step seemed to be insensitive to the
values of b and s, depending only on x and the accuracy demanded, when the solution was smooth.
With V' = 1078, near x = 0, after fluctuating for a few steps, it would settle down to about 6, increase
slowly to about 20 at x = 0-8 and then more rapidly to about 35 at x = 09.

Simple-minded attempts to march past the separation pomt have failed, as have most others in the
past, on account of the singularity which usually prevails at ¢ = 0. The incompressible programme of
Catherall and Mangler!* prescribes A and finds g,, or rather x/q, dg,./dx (our E’); as the four parameters
E', F', G’ and H' are non-linearly connected, at first attempts were made to prescribe A, guess a set of
parameters and compare resulting A®) with A, but a more promising line is to solve for E’ as in the
incompressible case, noting that the values of F’, G'/E' and H' change only slowly compared with E’
and so setting these quantities from the last calculated value of E'. The matrix scheme is more complicated,
with the extra unknown, but the problems associated with it have been solved and a pilot programme
written by Catherall?°, which appears to converge well and may be the subject of another Report later.

7. Concluding Remarks.

A programme has been written to solve the laminar steady two- d1men51ona1 boundary-layer equations
for a perfect gas, beginning at a stagnation point. On the Mercury version, for reasons of space and time,
only the linear viscosity law is assumed, but an Atlas programme will allow the Sutherland law to be
used also (and, if the programmer desires, some other law could be used instead). For those who wish
to use the programme for the solution of their own special problems, Appendix C describes the storage
locations used and certain facilities available, and contains directions for setting up these problems.

By judicious adjustment of the weight parameter 6 to suit any given problem, it appears possible to
obtain results correct to at least three significant figures accuracy, and in many cases, especially near
the stagnation point, four or five. The limiting factor is the minimal oscillation, which appears to arise
because of the use of Richardson-extrapolated results for initial values in a downstream step; if no
Richardson extrapolation were used, and the parameters a, b and 0 are chosen so that the scheme is
stable (Richtmyer??), the solution of the difference equations is expected to be smooth—but only if the
last set of values found is used as the new set of initial values. The effect of attempting to use the extra-
polated values instead, these being better approximations to the solution of the differential equations, is
to destroy this smoothness. It is hoped to write an alternative programme to avoid this defect and to
use instead the ‘parallel run’ method, for use on Atlas if desired.
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As mentioned in Sub-section 6.5, near separation the programme fails. To march past this point,
Catherall has written a pilot programme analogous to his incompressible programme!#, and preliminary
results obtained seem promising.

Tt will be noticed that the current programme deals with an impermeable wall with a fixed temperature
distribution as boundary condition. The boundary condition on S could be altered easily to a condition
on heat transfer, but the inclusion of suction effects would entail a little more modification.

APPENDIX A
The Difference Equations and their Solution

The equations (43) and (44) contain first derivatives in x and up to third derivatives in {. These
derivatives are replaced by central differences in a rectangular mesh in the (x, {) plane; let a be the width
of the mesh in the (transverse) { direction and b the width downstream (x direction). Use an integer N
to denote a transverse mesh point, and let N run from 0 (at { = 0) to s (at { = 1). Clearly a = 1/s. For
convenience, we may use M as an integer representing the downstream x-station at which the solution
is to be determined, so that the previous station is labelled (M — 1). We denote the value of a function,
¢ say, at the M-th downstream and N-th transverse mesh point by ¢, y. If the quantity ¢ is still being
determined by iteration, it is represented by ¢y at the p-th cycle, as in the equations (43) and (44). This
will not be needed at the (m— 1)* station, since the solution is known there (by the marching process).

The central difference formula for x-derivatives

op _ Pun—Pu-1N
(6x> MN b (AD

is an exact identity at some interior point of the interval (x,,_,, X,,) and has an error of order b at an
end point and of order b? at the mid-point. So in order to obtain better accuracy (and stability also) all
other quantities, including differences due to { derivatives, are replaced by weighted averages of their
values at the (M —1)" and Mth stations, the effect being that the equations are solved at an interior
point of the interval (x),_ , X,s). Although the error is theoretically smallest at the mid-point, there are
reasons why the weight parameter should be a variable at our disposal in the calculation; a judicious
choice of this parameter increases the stability of the march downstream, and a suitable choice enables
us to use the same programme to calculate an initial profile at the stagnation point, from which to march.
We therefore replace x, for example, by

Oxp+(1—0)xp_y = xy—(1-0)b (A2)

where 0 is the weight parameter, and calculate H' and the other external flow variables at this mean
station. ¢, is replaced by

[9 {¢5&",N+ 1 “‘(055),N+1} +(1-6) {¢M— ILN+1— Ppm—1 N- 1}]/2(1
and ¢ by (A3)
[0 {0Bn+1— 208+ 08 y_1}+(1-0) {OMm-18+1— 204 1 v+ Or—y n-1]]/a

The error in these expressions is 0(a?).
When these and similar expressions are substituted into the momentum equation (43), the following
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difference equation is obtained:
oy Gns 1+ By G n+InGEn-1 =y (LS N <s-1) (Ad)

where we write

D9=0D(]5_1)+(1"'6)DM_1
FI
= > AS
a® D? " (A3)
CN=6C(p 1)+(1_0)CM 1,N J
pe-v_p
A=% I:M—Du[l {— {008 3" +(1—0) @pr— 1 v} ] — (@Y (pM—l,N):l +
o
1 ' (p—1) Y
+3(1+E) [1-{—{00fx"+(1—0) @p— 1N}"‘—9 -
a
‘“'Z“H[B(CS\%NIJh CEN )+ =N (Cpr—y y+1—Chr- 1v-1] (A6)
and then
A _
ﬁN—( +0G){0GS{}}V”+(1—-0)GM_I'N+1}+2H€N (A8)
A —
=0 (-5-nc) (49)
Oy = {%—(I—G)G'} {0GE M +(1—0) Gy x+1} Gpoy v —
—G [{0GHEN+(1—0) G w} — {0 SEN"+(1—0) Sy w11+
+H(1-6)Cy (Cr-1v+1—=2Gy - v+ Gy n-1)—
“A(l—e)((PM—1,N+1"2¢M—1.N+¢M—1,N—1)/az~ (A10)

When N = s—1, there are slight changes due to the end point. By (46), G5 = 0. Also, some care will
be needed over the penultimate term in Jy, which involves what is really (¢ - 1)y It is found inconvenient
to store Gy 4y as well as @y, y, in the computer’s high speed store, so the term in brackets must be
replaced by

1
—[Prs-1 822001 n+1+2 Ore 1 N1~ Or—1.8-2] (Al1)
2a
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which includes a term not in the computed set of variables when N = s— 1. We remember that

Gyun= 2 (Prmn+1— Oun-1)-

Here we use the fact that ¢ = ¢, = 0 at { = 1 to develop the formula

1
3 (Pm-1,5-1+2Pa—1,5-2— Par-1,5-3]
for use instead of (A11) in (A10).

When N = 1, corresponding changes have to be made. From (45), G¥o = — 1. Again, (A11) contains
a term outside the variable set used, and (by (45)) must be replaced by

1
1 Pm-1,3—2 Pr-1,2—Pru-1,1+20p-10—2a].
2a

The energy equation (44) yields the following:
o0 SWw e 1+ B SEN+VESE -y = 6% (A12)

where equations (A6) to (A9) inclusive hold for the corresponding starred variables and in (AS) a factor
¢~ ! is introduced into the second equation so that it reads:

Fl

(All bracketed superscripts are now changed from (p— 1) to (p) in these equations.) & is given by

X
=3 [1+0GEy+(1-6)Gp 1y 5] SM——I,N_Z(I =) (Sy-1n+1=Su-1n-1)+

+H(1—0)(Sp-1,8+1—2Sy-1.n+Su-1.n-1) Cn—
—HH (1-0) GN{[BG%}’,N+(1—9)GM_1,N—I-1]X
| 006tnei =260 6800+

1-6
+‘EE‘((PM—1,N+2‘2 Om-1N+1 T 201 N1 —Py-1n-2) | +

+ I:% 0 (G n+: —G®un-1)

1-6 2
+—‘—((PM 1N+1~ 2Py Nt Ou—1n-1)

+3(Cyv1—Cy-y) [0 GHy+(1-06) Guy-1n+ 1] x



N [%e<csf;z~ﬂ—csaz~-l)+

1-0
+T((PM—1,N+1—2 ¢M—1,N+‘PM-1,N—1)] (Al4)

(A12) is treated like (A4) when N = 1 or when N = s—1. From the boundary conditions (47) Sy, = 0
and S, o = Sp(x) given, and the term (A11) in (A14) is substituted for according to the value of N.

Equations (A4) and (A12) are both systems of (s—1) linear equations in (s—1) unknowns, and the
matrices governing the systems are both tridiagonal, of the form

ﬁs-—l Ps-1 0

I
il

G52 ﬁs-—z Ps—2

Us—3 ﬂs-—S Ps-3

(A15)
0 L] B2 Y2
oy B
The matrix 4 may be factorised into lower and upper triangular matrices Land U':
ks._ 1 . W 1 Us—1 ]
ls__ 2 ks -2 . ‘ 0 1 Us o 0
ls— 3 ks- 3 ! Us—3
L.U=
-0 l ka
ll kl 1 2]
b
(Al6)
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Comparing (A15) and (A16), we have:

ks—-l = ﬁs—l

kn = By—oyuy., (1 S N <s5-2)

- (A17)

kNuN='})N(2<NSS_1) 4

Now, if h represents an unknown vector and ¢ represents the right side of the equation {(Ad) or (A12) as
a column vector, the equation

dh=9
may be split into

Ly=3¢ (A18)

Ubh=y (A19)
where y is a new column vector (y,_ , ys—2,...., ¥,)-

Equation (A18) now gives
ks—lys—l = 5s—1
(A20)
ky yn+oy yury = On—ho v [6,5](1 < N < 5-2).

The term hy y; &, y takes the boundary condition at the wall into account (6 1.~ is the Kronecker delta);
for (A4) hy is replaced by —1, for (A12) by S o. Equation (A19) gives

hy =y,
(A21)
hy+uyhy_1 = yy2 < N <s—1)

Now, from (A17) all the uy can be computed and stored in succession, and simultaneously all the y,
from (A20), in descending order. Then from (A21) the hy can be computed and stored in ascending order.

Using this method, only two sets of auxiliary variables (uy, yn) need to be used in the computer, and
as they are not required when the hy have been found, the stores in which one set has been placed can
be used for the hy, successively ‘overwriting’ the auxiliary variables which are no longer needed. This
embodies a slight improvement on the matrix scheme used by Leigh!® and by Catherall and Mangler'4;
in their matrices the diagonal of 1's appears in L, and another unknown set in the leading diagonal of
U, so that this extra unknown set has to be stored as well before calculating hy. In a small computer
such as Mercury, which has only 480 ‘main variables’ in its high speed store, the fewer sets of numbers
needed the better; even in its larger counterpart, Atlas, the number of sets of variables used for a given
number s of transverse mesh points influences the running cost of the programme,

At the beginning of an iteration the following sets of numbers need to be stored in the high speed
store: @y and Sy v; @ 3", S " We remark that, for the first iteration at a new station, p = 1,
an obvious choice of first guess is @§Py = @y n, S%9'% = Sy, ». that is, the values at the previous
station. It is convenient to start the iteration with the momentum equation, (A4), even though the vital step
— comparison of successive values of AY) with the equation before (48) - is done immediately after
this cquation has been solved and @ found by quadrature. With the hy representing Gy, the matrix
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equations are solved; as ¢ " are no longer required, the variables uy are put into their locations and
the yy stored elsewhere, in a fifth set; then in using (A21), the Gy are put into the yy locations and
the trapezoidal rule ,

{=Na

OpN = f Gundl = —[05Gys+Gps-1+Gps-2+ .- +Gyn+11+05Gyyla
=1
s =0
(D%).N = @ n+1—05a (G¥w+1+ GEN) (A22)

used to calculate @y and store them in the uy locations, which are the old o 3" locations. Next the

energy equation (A12) is solved; the programming is a little easier because in setting-up the equation
(A14) for 8%, the values of Gy are available immediately (whereas in solving the momentum equation
they have to be calculated along with the Gy, x)- This time, the matrix variables yy are put into the
SE&" locations while the uy go into the spare set (occupied by G®»); then the hy (now S y) are put
into the y(S% ") locations and the cycle is complete.

The necessity for five variable sets restricts Mercury programmes to 96 mesh points including the
wall and the outer boundary point, so that the greatest allowable value of s is 95. As it is convenient to
use four more variables for storage, this is reduced to 94. It would be possible to add another six points
to the mesh by using the ‘Page 15’ storage with negative indices, but the mystique of 100 mesh points is
over-rated here as the significant variable # has a changing range —A(x) <# < ¥, so that the mesh
values of # will not be ‘nice’ values in any case. Moreover, the error due to finite a can be significantly
reduced by other means (Richardson extrapolation), as explained in Section 4.

The calculation of an initial profile at x = 0 (the stagnation point) from which to march is straight-
forward. At x = 0 no x-derivative terms appear in the equations of motion; the partial differential
equations therefore become ordinary differential equations in { for the profiles of ¢ and § at x = 0,
which depend only on {. Since g, is proportional to x near the stagnation point, E’ = x/q,dq./dx =1
and H' = 0,G' = F' = 1. These values are set in the programme, x is of course set tn 0, and all reference to
the quantities at the last x-station (@ -,y €tc.) is suppressed by setting ® = 1, since these quantities
have either x or (1 —#6) as a factor (x occurs in all x-derivative terms, as in (A1), and (1 —6) in all weighted
average terms). (This is why it is convenient to keep 0 as a programme variable. 6 is set to its averaging
value as soon as the initial profiles (o, Sox) have been calculated, ready to march downstream.) As
the programme seemed to need much the same number of iterations to converge on the true profiles
whatever values of ¢, y were fed in as a first guess, and as the ¢, v profiles were of different character
for negative or positive values of stagnation wall enthalpy Sz(0), the first guess was @§) = 0; however,
as it was known that S(0, ) ~ e~ 47 for large 1, the first guess for S was Sy(0) exp [ —4 o (Y +0-6479)
N? a?], the number 0-6479 being the value of A(0) for the incompressible case. This is purely a matter
of taste.
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APPENDIX B

The Displacement Thickness and Skin Friction

For a compressible boundary layer, the displacement thickness is taken as

0

5*=j (1— ””)dy. (B1)
)\ pene

By (20) and (21)
1 ASPSX)T Pe )
5*=_( Pe 1-9.) 4 B2
Pe\ 4, P @) dn (B2)
“a
- l(“s p’x>%A*. (B3)
pe qe

Making use of (17) and (25), we have

<9}

A* = f (£—1)dn+A. (B4)

A

Finally transform to the ¢ and { variables. From (14), (21) and (42)

S=i+l-‘1—é(¢ +1)2-1 (B5)
H W *H, "¢ '

Substituting for h from (B5) in (B4) and using (10), also using (38) to change the integrating variable,

) ,
«_ Hy q: L2
A* = Z—D(x) S—fg—(ﬁodﬁ o7) | dl+A(x) (B6)
e ) s
or, with (32),
1
A* =g7 j‘[S—-H'((p5+%(pf)]dC+A(x). (B7)
(4]

The parameter A(x) is therefore related to A* as well as to the boundary conditions at infinity (by (19),
(20) and (22)).

In the computational scheme, the value of A*, rather than 6* given by (B3), is printed out at each
step. The ratio 6*/A* could be calculated if desired, when the variation of viscosity with temperature is
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known ; for the linear law (29), for example, we find

-2

2(6-1
% L %
5* =__1__ ﬂspsx — [Hs/(Hs 2)] X . (BS)
A*  p.\ 4. A

HEH*(1—4H)

The integral in (B7) is calculated using Simpson’s rule.

The drag per unit length is
ou
= -] . B9
Fp=pg (6 y) 5 (B9)

On use of (17), (18), (20) and (21)

% +
FD = CB (%s_) Pe (%e_) de (%) (¢m1)B . (BIO)

Cj, the value of C at the wall, can be computed from (29) or (30) and the boundary conditions. After a
little algebra to reduce to functions of H, and H ', we find

y=2
LIG-D , VES!

C Hs r 4 -
Fﬁc‘i(ﬁ?—%) HEHP(-3H)  xF y)s. (B11)

Again, only (¢,,)s = D™ '(¢y)p is printed at each step.

We observe that a quantity can in general be found more accurately from first differences than from
second differences, because of cut-off of significant figures; thus, ¢ should be found from the G’s rather
than the ¢’s. The programme was therefore written to compute ¢; while the G’s are in the high speed
store, after solving the momentum equation.

The formula used in this early attempt was the semi-extrapolation

1
(o = T2 [—3 Gaat16Gy3—36 Gy 2 +48 Gy, —25 Gy 0] +0(a%). (B12)

One trouble here is that the Gy, y are only correct to 0(a?), so the error in (B12) is really O(a). Later
it was realised that a more accurate value could be obtained from the equations at { = 0. These equations
are not used down to N = 0 in the computer scheme as they would contain quantities at the (M,—1)
mesh points ; however, these fictitious points can be utilised as follows.

The momentum equation at { = 0 reduces to:

FI
If the linear law is being used, this gives further:

DG
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The central difference formulae

+0(a?) (B15)

are now invoked ; eliminating G, and Gy, _, from (B14) and (B15),
1
¢CC = "271[2 GM,1_2 GM'o+a2 l)2 G,(1+SB)/F/]‘ (B16)

On the other hand, if Sutherland’s law applies, (B13) and (B14) are not sufficient as the factor C, brings
in the value C,; _,. We now need the energy equation and the values of C and C, calculated from (30)
at { = 0. These are:

C§;+C8S; = H(l-a) Gf (B17)
_ Sz+1) P
CB - SB+B/ (BIS)
S{(B’_SB'—z)
= —_— e B19
Co=Cp 2Sz+B)(Sg+1) (B19)

We may eliminate C, from the momentum and energy equations by (B19):

B—S;—2 DG’
S.G
Sat B) Sat D TG F

B —S;—2

, H{l-o)
2(Sp+B)(Sz+1)

S+ S; = o

G? (B21)

Write, in this context only,

B—Sz—-2

g = i_ - 5 =
*(Sp+B)(Sp+1)

_a*D*G

h= o (1459 (B22)

H(l1-0)
T 4C,

Similar equations to (B15) can be written down for S;, S;. Eliminating Cp, Gy, -; and Sy, from
(B18), (B20), (B21) with (B15), we obtain

U =2a¢, (B23)
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where
29(Sy,1—Sum,0) U+ UQGy,1 —2Gp0+h—U)—(2Gy,1 —2Gp o+ h—UP —oU* = 0 (B24)

(B24) is a quartic in U, and an iterative solution with a first approximation from (B12) is the best technique.
The Newtonian method is very easily programmed.

Preliminary tests of the new formula indicate some improvement, reduction in oscillation being
quite marked, but no results can be given for comparison; (B12) was used in all the runs reported in
Section 5.

(B12) is used by itself if Sutherland’s law holds and 'Sz = —1 (Sz < —099 in programme).

The heat transfer can also be found from these equations. For the linear law, the energy equation is:

SCC - H’(l_’a') ng.

Writing
Sur1—Sy - w
S, = LM_.“&_I =— (B25)
we then have, after a little algebra,
W = Sy1—Suo—sH(l—0)U?. (B26)

On the other hand, for the Sutherland law, we use the transformed momentum equation (B20).
Substituting for Gy, S, and G, and using (B22), we find

_2Gy,1—2Gy,o—U+h

W
29U

(B27)

This equation is ill-conditioned when U = 0, but the programme stops before this point is reached.

(B26) or (B27) will give S, and hence S, = %SC, when U is known from (B16) or (B24).
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APPENDIX C
Computational Details

For the convenience of possible future users, Table 6 lists the contents of the stores in Mercury Auto-
code. It will be noticed that several of the stores (4, B, B, D, E', F', G', H', X, Y) have been chosen to
match the quantities mentioned in the text. It will also be noted that most of the ‘special’ variable space
has been used ; only C’ remains unoccupied. This seems to be the bare minimum required.

The programme is divided into five chapters; Chapter 1 reads in data and sets the machine to calculate
profiles at the stagnation point if this has not been done ; Chapter 2 holds the iteration scheme ; Chapter 3
sets the outer-edge (inviscid solution) variables E’, F’, G’ and H' at both mean and end stations, and the
enthalpy boundary condition, and performs any other calculation that may be required ; in Chapter 4
the solution variables for the smaller step length are read into the drum (backing store), along with A,
A* and ¢p, while the solution for the larger step length is calculated, and Richardson extrapolation is
performed on the two sets; in Chapter 0 the values of the three parameters are printed at each down-
stream step, with additional data if desired, x is increased to its new value and 6 is reset in accordance
with (83) every time x passes through a value 0-1L. In any programme, therefore, only Chapter 3 will
need alteration; it should be remembered that X has been set to its mean station value, x, say, on entry
into the chapter, so that if, say, the wall enthalpy Sy is a function of x, it must be calculated at the end
station using Z = x,+ b(1 —8), and its value put into the store H,. So should any other functions required
(for instance, edge velocity).

The values of the four parameters E’, F', G’ H' and G'/E’ at the end station are needed in Chapter 4
to calculate the displacement thickness and skin friction (see¢ Appendix B). These values are held in main
variables V;, V|, V,, Vi, E respectively. With 94 steps, there is room in the Mercury high speed store for
these.

The initial data tape must be prepared as follows:

0 if data tape required ; 1 otherwise

Mach number (3 0}

Convergence parameter (1077 usual)

Outer limit Y

Number of transverse steps s (must be even and < 200)
Downstream steplength b(=+ 0; should be divisible into 0-1)

Prandtl number o

The integer L; machine will stop at x = 0-1L and read in a new case
B’ (set to value given by (31) if Sutherland law used; set to — 1 if linear law used)
The boundary value Sg(0)

Weight parameter 6.
The first number (0 or 1) directs the machine to calculate a stagnation profile. In data tapes output
downstream this number is replaced by 2; then the first eight numbers printed are as above, and are
followed by necessary station details.

The values of Y (which is actually called ETA, here), s and b and the convergence parameter are
printed out on a line at the top of the page before any calculations are performed, for example:

ETAy =6 S§S=94 B=0010 ACCURACY 10,-5.

This is followed on the next line by actual problem details: ¢, the viscosity law, value of §, = H, and
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Mach number, for instance.
SIGMA = 072 LINEAR LAW S§(B) = —1-00 M =05

This may help in filing results.

The value B’ is used to determine which law is used. If it is a number less than 0, the linear law is used ; it
is chosen in this way to avoid one possible division by zero. By (31) or (92), for the Sutherland law B’ > 1,
and so no confusion can arise between the two laws.

When testing to find optimum values of 6, there is little point in having separate tape outputs for each
trial value, and each output currently costs 10/~; consequently, when starting from x = 0, the first number
should be set to 0 only if a tape output is required at the end of the run, and to 1 if no output is required, as
in the trial runs. If this number is set to 0, so that there is output, the new first number on the tape will now
be 2; should this be read in again, unchanged, a data tape will again be provided at the end of the new
run, but if it should happen that no further data output is required, this first number (2) should be altered
to 3. This can easily be done by hand on the tape, punching two extra holes.

For the trial runs a value of L should be set to that x = 0-1L embraces 20 downstream steps or so,
say L = 2. The outputs can then be inspected and tested for oscillation, for the final run without halt,
L can be set to ~1.

The programme will also stop, and produce tape output or not according to the above, when the
last value calculated for ¢ falls below 0-1, that is, when separation is near. This criterion can be adjusted
if desired, at label 5 for Chapter 0.

Finally, at Label (2) of Chapter 3 the programmer must write his own routine for calculating E’ and
H' as functions of the variable Z(= x) and storing them in ¥V, and V,. The programme then calculates
F, G (V1, V,) and E. The Mach number is stored in U’ for evaluating H, by (10) and (11), and hence H'.
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LIST OF SYMBOLS

a,, dg Sound velocities
a Transverse step length

Downstream step length

B 1+S,/H,
¢, C* Cohen and Reshotko constants
C Viscosity factor
D Y +A(x)
x d
E . ?1%
f Cohen and Reshotko transformed stream function
F he po/H; ps
Fp Skin-friction drag per unit length
G o¢/0n
H
G Zf E
h Scaled enthalpy
H, Free stream stagnation enthalpy (scaled)
H ho/H,
H q:/H,
J Catherall and Mangler variable

o~

Characteristic length scale

L Integer denoting downstream stations x = 0-1L
m Cohen and Reshotko similarity parameter
M Mach number
j4 Scaled pressure
q. Velocity (u) at outer edge of boundary layer
R Reynolds number p [ U /1,
s Number of transverse steps
S Enthalpy function
S. Sutherland constant
So S(0, #); stagnation point profile
T Temperature (°K)
u Dimensionless velocity in x direction
U, Free stream velocity (unscaled)
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LIST OF SYMBOLS—continued

R? p*

Dimensionless velocity in y direction

Dimensionless arc distance downstream from stagnation point
Cohen and Reshotko downstream co-ordinate

R* y*

Dimensionless distance measured normal to body surface
Value of n representing outer edge of boundary layer
Cohen and Reshotko pressure gradient parameter

Ratio of specific heats

Displacement thickness

Transform variable

A(x) calculated from Catherall and Mangler series solution
n*(x)

n(x)

Cohen and Reshotko check parameter A(x)

Transformed # for computer scheme

Transformed transverse co-ordinate

Transformed Cohen and Reshotko transverse co-ordinate
Weight parameter

Value of 6 for 0 < x € 01

Scaled viscosity

Catherall and Mangler downstream co-ordinate

Scaled density

Prandt! number

Transformed stream function

&(0, ) ; stagnation profile

. . P o2
Convenient notation for skin-friction parameter (5”125)
B

Transformed ¢ for computer scheme
Stream function

Cohen and Reshotko stream function
Viscosity-temperature index

Suffixes
Free-stream value

Free-stream stagnation value

37



LIST OF SYMBOLS—continued

e Value at outer edge of boundary layer
B Value at body surface
N, N+1,etc Value at {Nth, etc.) transverse mesh point
M,N Value at M-th downstream station and N-th mesh point
Superscripts
(r) Value of unknown field variable found in p-th iteration cycle
Overbar Weighted average value for neighbouring x-stations
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TABLE 1

Comparison with Cohen and Reshotko Similar Solution

U U S S
n* (Current (Cohen and (Current (Cohen and
programme) Reshotko) programme) Reshotko)

0 0 0 1-0000 1-0000
02 0-3077 0-3084 0-8770 0-8770
0-4 0-5434 0-5439 0-7548 0-7549
0-6 0-7160 0-7165 0-6356 0-6357
0-8 0-8366 0-8370 0-5221 0-5223
1-0 09164 09167 0-4174 0-4176
1-2 0-9657 0-9659 0-3241 0-3243
1-4 0-9935 0-9936 0-2441 0-2444
1-6 1-0072 1-0073 0-1780 0-1783
1-8 1-0121 1-0122 0-1256 0-1259
2:0 10124 1-0123 0-0857 0-0860
22 1:0104 10104 0-0564 0-0568
24 10079 1-0078 0-0359 0-0363
26 1-0055 1-0053 0-0220 0-0224
28 1-0036 1-0034 0-0131 0-0134
30 1-0022 1-0020 0-0075 0-0078
32 1-0013 1-0010 0-0041 0-0045
34 1-0007 1-0003 0-0022 0-0026
36 1-0004 0-9999 0-0011 0-0015
38 1-0002 Not given 0-0005 Not given
4-0 1-06001 Not given 0-0003 Not given
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TABLE 2

Effect of 6 on Cohen and Reshotko Parameter Acg

Acr Acr
0=05 | 6=075

0-00 0-425000 0-425000
0-01 0-424991 0-425000
0-02 0-425007 (-425002
0-03 0-424981 0-425001
0-04 0-425020 0-425002
005 0-424976 0-425002
0-06 0-425021 0-425003
0-07 0-424973 0-425003
008 | 0425024 0-425003
0-09 0-424971 0-425004
010 0-425025 (-425004

011 0-424969 0-425004
012 0-425026 0-425005
013 0-424968 0-425005
0-14 0-425025 0-425005
015 0-424968 0-425005
016 0-415024 0-425005
017 0-414987 0-425005
018 0-425029 0-425006
019 0-424975 0-425006
0-20 0-425023 0-425005

021 0424962 0-425005
0-22 0-425025 0-425005
0-23 0-424951 0-425005
0-24 0-425030 0-425005
025 0-424939 0-425005
026 0-425038 0-425005
0-27 0-424928 0-425004
0-28 0-425051 0-425004
0-29 0-424925 0-425004
030 0-425074 0-425003
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TABLE 3

Variation of Displacement Thickness with Wall Enthalpy

A* A*

Sp (Cohen and Reshotko) | (current programme)
—1 —0170 —0-157738
—-08 0-012 0-011251
—04 0-345 0-336312

0 0-648 0-647901

1-0 1-386 1-384477

2:0 2077437
TABLE 4

Stagnation Values Comparison. ¢ = 0-7

Linear law Linear law Sutherland law | Sutherland law
SBZ _0'4 SB= —05 SB:: _03 SB= —04
Matrix 0785473 0-824124 0769625 0-814095
Runge-Kutta 0-785187 0-823987 0-769012 0-813597
« Matrix 0-293197 0202367 0-395122 0305946
Runge-Kutta 0-292932 0202178 0-394591 0305562
oy Matrix 099783 093588 1-01625 094769
B Runge-Kutta 099770 093622 1-01671 0-94749
TABLE 5
Viscosity Laws Compared at Stagnation Point. ¢ = 0-7
SB = —0'5 SB = 10
Linear Sutherland Difference Linear Sutherland Difference
law law % law law %
A 0-824124 0-860360 44 0-381559 0-344717 97
A* 0202367 0214067 58 1-487935 1-375699 7-5
B 093588 0-88070 59 1-76553 197564 119
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TABLE 6

Contents of Computer Stores

Special variables Indices
Plain Dashed Plain Dashed
A a (step length) G® i1
B b (step length) 1+S,/H, J Slave
C o 01/B 10 times under
@ relaxation
b D Dy factor
x dg,
E H/h, = = L X =01L+MB Stop when
g dx L=1L
M 1<« M<K
F Slave B—e&
ps Hy N Cycles Cycle counter
G 2£ E % O | oscillation counter
4 € P | Set to 1 when D@
H o 4 q2/H, converges
U (P8)r/Das Mach number 0 0 (momentum equation)
V |1+ Gy Convergence 1 (energy equation)
(weighted velocity) parameter S—1 058
W |oscillation test variable | %)y, S| 1/4;RotS Largest No.
X X; Xg; Xo/b 0 of steps
Y y 1—9 T 0 or 2 stagnation point
1 or 3 downstream
VA Slave Slave
£(n) 1/D, F'/a?D}
Main variables
Ey Sa—-1.8 Cy Weighted Sutherland
Hy | sg® © =0 viscosity factors C
matrix yy Voo Vi, Va V3 Values of E', F', G/,
S@n @=1 H’ at end stations.
Fy Pm-1,N
Uy ‘P?}),N @=1
matrix variables uy
A Q=0
Gy | matrix yy
GiYn Q=0
matrix uy @=1
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