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Summary.

Five methods for the approximate solution of the momentum integral equations for the three-
dimensional turbulent boundary layer are presented. These include the removal of the usual small
cross-flow velocity restriction and the development of the streamwise shape parameter is calculated by
means of an extension of Head’s! entrainment hypothesis. The predictions of these theories and of
those of a method due to Cooke? are then compared with the results of a series of experiments with an
apparatus designed to simulate the case of an infinite yawed wing. A considerable discrepancy is shown
to exist between theory and experiment which is attributed either to the streamwise skin friction being
inadequately represented by an expression derived from two-dimensional flow or possibly, if less likely,
to the neglect of certain terms in the derivation of the streamwise momentum-integral equation.
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1. Introduction.

Three-dimensional turbulent boundary layers are, in all probability, the most commonly occurring
form of boundary layers. Nevertheless the methods available for calculating the development of these
layers are very few and until the work of the present author had been undertaken none had been compared
to any extent with experiment. These methods were also in general characterised by the neglect of terms
due to cross-flow in the boundary layer and the assumption that the streamwise shape parameter was a
constant. The methods presented here represent an attempt to develop calculation methods to include
these cross-flow terms and to calculate simultaneously the development of the streamwise shape para-
meter. The predictions of these methods are then compared with the results of a series of experiments
which produced three-dimensional turbulent boundary layers upon an apparatus which simulated an
infinite yawed wing.

The main results of this comparison between theory and experiment are that, although the cross-flow
terms would appear to be adequately allowed for by the theories developed here, there still exists a
considerable disparity between theory and experiment. This is attributed either to the streamwise skin
friction being inadequately represented by any of the usual expressions taken from two-dimensional
flow or possibly, if less likely, to the neglect of certain terms in the derivation of the streamwise momentum-
integral equation.

The method of shape-factor prediction involved is an extension of Head’s! entrainment hypothesis
to the three-dimensional case and is shown here to give fair agreement with experiment.”

2. The Boundary Layer and Momentum-Integral Equations.

A system of orthogonal curvilinear co-ordinates (&, , {) is used. The surface on which the boundary
layer lies is denoted by { = 0 and { measures the distance from the surface along a normal. On the
surface { = 0 are two families of co-ordinate curves ¢ = constant and # = constant orthogonal to one
another. In this system an element of length (ds) within the boundary layer is given by

ds? = h? d &%+ h3 dn? + dL>

TSince this work was completed the author has been informed that this extension has been also derived
independently by Cumpsty and Head.



where h, and h, are length parameters which may be taken as functions of ¢ and # only provided that
the surface curvature does not change abruptly and that the boundary-layer thickness is small compared
with the principal radii of curvature of the surface.

In this co-ordinate system the boundary layer and continuity equations as given by Cooke? for
incompressible flow are:

wou v a“+Wa —k, uv+klv _1# 19 [u?f—p(ﬁ'_w')] 2.1)

hy 8 hy on O phy 8¢ p O | &
uav v dv wov 1 9P 1 0 v
E & h2 011+ a7 —kyuv+k,u? = ;h_z 5”1—+E 7 [ %—p(v w):l 2.2)
opP
0—55 (2.3)
0
(phz Wt (Ph1 v)+ (phy by w) = 0. (24)

o¢ oc ™

The velocity components in the &, # and { directions are given by u+u', v+v', w+w' where u and u’

are mean and fluctuating parts respectively. The mean of a product f* g’ is denoted by (f’¢'). P is the
pressure, p the density, u the viscosity and k;, k, are the geodesic curvatures of the curves £ = constant,
n = constant respectively, i.e.

1 oh, 1 on,

Sk e T TR o

The last terms on the right-hand side of 2.1 and 2.2 consist of derivatives of shear stress terms wu (0u/0f)

. R 5 —
and u(dv/d) together with Reynolds stresses —p (u'w) and —p (' w'). We write 7, = uég—p (u'w),

T, = U Eg— p (" w) and denote their values on the surface by 74, and 1¢,.
The values of 6P/6<f and 0P/0n are obtained from the flow at the edge of the boundary layer, i.e.

u, ou, v, 6u 1 opP
=t kU, v,k R ——— — 2.5
hy 0 h, o : phy 23)
u, dv, v, av 1 oP
£ f kiuv, +k U= —— — 2.6
hy € Thy By ettt = o G 20

We may integrate equations 2.1 and 2.2 term by term across the boundary layer using equation 2.4 to
eliminate w and equations 2.5 and 2.6 to eliminate P. We then obtain momentum integral equations and
if we put these into streamline co-ordinates so that v, = 0 and assume the external flow to be irrotational
so that we may put k; = 1/u, the momentum-integral equations then become

60 1 ue 1 T
aél (012)+ 6 (2611+61)_u—ek1 (911 922) poTl (2'7)
00, 1 0(05;) 2 Ou, 1 Tos
aé U, h2 67’] +u 6&_,’ +h2 3 a (611+022 +51) k 021 === pug . (28)



An axially symmetric analogy is found by assuming the cross-flow velocity (i.e. v) and its derivatives
in the # direction to be small. With this assumption and writing (1/h,) (8/8¢) = 0/0s and h, = r so that

1 or . .
ki = —- 7S the momentum integral equations take the form
r 0s

00, 1 0u, 1 or _ Toi
a5 Tou [(H+2)ue P as] = 2.9)

1 0u, 1 or 1 ou, Y
W"'ZGZI [u_e Es""r 5;] +—— }'I (911"‘51) —— puz. (2.10)

u;r 0 =
The various momentum and displacement thicknesses are defined as

] ] [
u v uy\u
0, :JI_;dC’52= —Ju—di,ﬂu =j (l_u_);t—dg’
0 e o e b e/ Ye

&

8 Pl
u\ v uy v?
012j (1";);,,“"’21 - —j;gdc,ezz - ”LE”’
0 0

0

(2.11)

and H = 61/011.

3. The Assumed Velocity Profiles and Wall-Friction Values.

The various suggestions for the form of the velocity profiles have been comprehensively reviewed by
Cooke? and it is intended here only to mention those which are necessary for the calculation methods
of Section 5. Since the streamwise velocity profiles in three-dimensional flow are similar to those in
two-dimensional boundary layers, it has usually been assumed that the streamwise velocity profile
follows a power law of the form

u/u, = ({/5) (3.1)
and substitution of this into the definition of H the streamwise shape parameter yields

H—-1

C w2
3 so that ufu, = (3) (3.2)

n =

The form assumed for the cross-flow velocity profile is usually

v IN? u
L. (1_3) s (3.3)

with o = tan f = 74,/74, where B is the angle between the direction of a streamline in the free stream
and the corresponding limiting streamline on the surface of the body.
Eichelbrenner® has suggested that v/u, should be written as a quintic in w/u,,

v u u 2+ u 3+ u 4+ uy?
— = —+a, [— oy [— oy [— as{—)
u, Yu, \u, *\u, *\u, *\u,



he then defines

_ Lim- v e Lim v
" ufu,—0 u T ufu,—1 (w—u,)’

If one assumes that v/u, is to be linear with respect to u/u, at u/u, = 0 and 1, i.e.

Pofu,\ Pofu, N ovju,\ ovfu,\
(a(u/uy)o =0 (a(u/ue)2)1 =0 (M) = (au/u)l“”

then applying the further boundary condition (v/u,), = 0 one obtains

[ )0 < L ]

o — ,
Unfortunately the assumed boundary condition 5—(;—/%9)—2 = 0 is suspect since we may write
0% (vfu) _ 0 (wju) 0 (ufug) [a (u/ug] ? [az (v/ue)] 55)
> o) or /4 O wu)’l '

which at the wall with the above boundary conditions reduces to

0 (u/ue)] 3 [62 (u/ue)]
|, Yl |,

But at the wall the boundary layer equations 2.1 and 2.2 give

0% 1 9P o*u 1 0P

YR Tha M hE

1 06P /1 9P

theref = [
erefore o W o/ i 9

i.e. the limiting streamline is normal to the isobar. This implication, which may also be deduced for the
triangular profile suggested by Johnston* is in direct contradiction with all the experimental evidence
so far produced. '

To overcome this we assume here a quartic in u/u, for v/u, and only apply the four boundary conditions

0N P o) dwh)] sy
(u_e)l“o’ [a(u/ue)Z] e [a(u/ue)] , = and [a(u/u,,,)] =¢

This gives




The streamwise wall skin friction is assumed to be given by the well known two-dimensional relation-
ship due to Ludwieg and Tillmann’

Tor o —o6ram (e 011 —-0-268
s 0-123 x 10 (—v ) (3.7
or by a relationship due to Young®
—-1/5
1-'012 = 0-0088 (uefl 1) ) (38)

The cross-flow skin-friction component 7, is taken to be 7, tan g with

tan f = Limv/u.
{—=0 (3.8)

4. Shape-Factor Prediction in Three Dimensions.

In order to predict the shape factor in three dimensions it is desirable that we first consider the
established two-dimensional methods. Cooke” in fact did this in the case of small cross flow with an
application of Spence’s® method. This yielded fair results in one case and very poor results in another.
Thompson® however has shown that most two-dimensional methods, including Spence’s method, can
be unreliable when used in situations very different from those from which they were initially derived.
Thompson, however, shows that Head’s! method is generally more reliable than other methods.

Head showed that if we assume the entrainment by the boundary layer of fluid from the external
stream (i.e. the rate of change of volume flow in the boundary layer) to be a function of the velocity-
profile shape, the external flow and some measure of the boundary-layer thickness an equation of the
form

1 4d %

" I [u(é 0 )] = F(H;_s) @.1)
is obtained. Here 6* is the displacement thickness, & the boundary layer thickness, u the velocity of the
external stream, H;_; = (6 —6*)/0 and 0 is the boundary-layer momentum thickness. F(H,_;) is a
function derived by Head which he obtained by plotting (1/u) (d/dx) [u(6 — 6*)] against H;_ . for several
sets of experimental results.

As has been mentioned previously the streamwise velocity profiles in three-dimensional flow are
similar to those in two-dimensional boundary layers. This being so we might hope to derive a similar
equation to 4.1 for the three-dimensional case with due allowance being made for the convergence or
divergence of the external streamlines and the effect of mass addition or subtraction through the sides of
the control volume.

To do this we consider the continuity equation 2.4

1 0(huw 1 i
hih, o hyhy o1

(hv)+—2 = 0.
(48

Integrating this term by term across the boundary layer yields

8 4

é
1 [ 1 d(hyu 1 %, ow
EJE % d“iij o o ”’“”dCJ’J i “=0



&\ hyud 0| hy
1 0 u, 6 1 0
ie. - = = - 42
o ok % kot a LT 42
Writing
I
1 1 o 1 ¢ 0
hy =r’u—e_’h1’h—1 %@, %_a—andéz- —J‘—ed‘:
4.2 becomes
é
a(r ) udl)
1 ° U008,  u06
P T R (4.3)

where w, signifies the value of w at the edge of the boundary layer. The terms on the right-hand side of

4.3 represent the entrainment of the external flow by the boundary layer and, following Head, we assume

this to be a function of the streamwise velocity-profile shape, the external flow and some measure of the

boundary-layer thickness. We choose these parameters to be H;_ 5, u, and 6 —d, respectively and rewrite
43 as

I

1 8 [rLudC ] 00, _
r

s "ue—é'ﬁ' S(Hs- 515 Ue 6—64)

or

o[ru, (6—98 5
[—(as—l_)]_"eﬁn—z = f(Hy— 31, thy 6—51) 4.4)

1
;

The left-hand side of equation 4.4 has the dimensions of a velocity so that 4.4 may be written as

1 8[ru, (6—46,)] 06,
P Y U F(Hs_ 1)
1 o[ru, (6—06 06
il _[_L__Ql.___l = F(Hj_5)- (4.5)

Ut 0s on

Now Lighthill*® has shown that the true displacement thickness 6* is given by

4
1 9
* — o
5 St ar,j 8,d¢



Therefore

ru0* = ru,d, +

O(ru0*) a(rueél)_}_}_ @
ds  0s hy On

or

1 O(ru,d%) _Lﬁ(rueé) N 09,
ut 0Os “ur  0Os on’

(4.6)

Therefore 4.5 may be rewritten

1 3[ru, (6-5%)]

ur Js = F(H;-51).
4.5 may also be written
1 0[u(6—9,)] 1 or 06,
u—e e +(6 51); = o F(H;s-51)

and it will be seen that the second and third terms represent the effects due to convergence or divergence
of the external streamlines and the addition or subtraction of mass through the sides of the control
volume respectively.

5. Approximate Solutions of the Momentum-Integral Equations.

Cooke’ made the assumption of small cross flow velocity and hence the momentum-integral equations
took the form

96, 1 ou, 1or| 1o

Os +0u [(H+2) u, 0s +r Bs] ~ pu,? (5-1)
008, 1 du, 1or 1 ou, _ Toz
_6s—+29“ [&: 63+r as] +uer o (49“+61)_pue2 (5.2)

He then assumed that H is constant and equal to 1'5 and that t,,/pu,”> = 0-0088 (u,8,,/v)”'/*. This
resulted in 5.1 becoming

AOu,*rt'?)

2 = 00106y, (5.3)

U, 0,,) VS
®=B“( v“) '

where




For the solution of equation 5.2 he assumed that the streamwise and cross-flow velocity profiles are
given by 3.2 and 3.3 respectively, ie.

where o« = tan f=f and § is the angle between the limiting and external streamlines. Then once more
assuming that H is constant and equal to 1.5 he obtained 5.2 in the form

0t 00166 2-187 ou
Zpo R o0 Te 4
Bs+ ® u2> oy (54)

where

g = Pru; 3.

This method has been programmed in Mercury Autocode for solution on the University of London
Atlas Computer.

As will be mentioned in greater detail in Section 7, results with this method did not agree well with
experiment and so the cross flow term (1/r) (00,,/0n) was next included in the streamwise momentum-
integral equation. We now work with the equations

25, 1 01,)

1 0u, 1 or To1
H+2)— —+4+- —| = .
ds r On 01 [( + )ue s 65] pu,? (5:5)
and
90,4 1 0u, 1or 1 éu To2
—==4.20 — 24— — — = = . .
0s + 20 [ue Os +r 6s] +uer on O11+3) ou,* (52
Assuming the velocity profiles 3.2 and 3.3 we find
6y, = ad —l+ 4 L u + 2
1z H H+1 H+2 H+3 H+5
and (5.6)

_sH-1y -2
STE@E) T HE D EY

In the general case the derivative with respect to # would have to be first ignored, whilst a solution for
several streamlines was obtained, and then accounted for by iteration. In the case of the infinite yawed
wing to be considered here, however, we find that we may write

where uy, v, are velocity components in the x,y axes respectively, x and y are cartesian co-ordinates
normal and parallel to the leading edge of the wing respectively. Thus, consider axes s and n along and



normal to the external streamline respectively inclined at angle ¢ to the x,y axes so that tan ¢ = v,/u,
and u,? = u,;%2+0v,2 Then

X = §COS¢p—nsin ¢

y = ssin ¢+ncos ¢

0 0 0x 0 o0y u, 0

3 ox as+6y 0s u, 0x

0 0 0x 00y v 0

on oOx on dy on  u, ox
(The derivatives with respect to y vanish as the wing is infinite and yawed).

10 d v, 0
Hence;%—%—“‘aé—é.

We now assume that H is constant and equal to 1.5. It will be shown in greater detail in Section 7
that the variation of H only produces small changes to the results obtained from the streamwise
momentum-integral equation but it may have significant effects upon the prediction of § the angle
between the limiting and external streamlines particularly if § is large and 0H/0s significant. However,
with the assumption of constant H we find that 5.6 becomes 8,; = —8/7 af,, 0,, = 0-498x0,,. The
momentum-integral equations 5.5 and 5.2 may therefore be rewritten as

a0, v, 86, vy 0o 1oy 1 6u, 1 or
— 04980 2t L1t _ 4989, UL XX Tor H2)— L 2 X
Os 0498“% ds 0 80“u1 os  pu? O +2)ue s 7 3
8 90, 8, du_ 1o 16 1 ou, 1or
7% 3s 79“6s-_mpue2+70”911 u, s 7 s
v, 1 ou, ]
ot 50 29,

We now assume that o, /pu,* = 0-0088(u,0,,/v)~'/* and thus have two simultaneous differential equations
in the two unknowns, #,, and «. These have been recast into a form in which they could be solved on
the computer by means of a step-by-step process involving a library routine of the Runge-Kutta-Merson

type.
These equations are

s T P00 4
da ¢, a 00y,
Sl e —(QR75 22

where

A “e011> —us 35 0u, 1 éor
b, = 0:0088 (—v ~0n | Bty 5

10



u, ds r ds

11

ub,,\ "5 16 1 du, 1 or v, 25 ou,
1 U u, 0Os

¢2 = 0:0088a (——v——) +7d

A comparison of the results obtained by the use of this method, known as Method 1, and those obtained
experimentally will be made in Section 7.

After the extension of Head’s' entrainment hypothesis to the three-dimensional case had been derived,
an attempt was then made to include the variation of H in the streamwise momentum-integral equation
for small cross flow 5.1 and simultaneously to calculate H. This will be known as Method 2.

The entrainment equation is

1 ofru,(6-3)]_25,

ugr 0s on F(Hs-50).

If small cross flow is assumed we have

_}_ a[rue (5 B 51)]

Ur Js = F(Hs-51). (5.7)

We assume F(H;_s,) and H,_;; as a function of H to be given by Head’s curves and use the analytic
form for these curves quoted by Standen?®,

H; 51 = 1535 (H—07)"2715433

(5.8)
F(H&_‘;l) = 0'0306 (Hé—él _3'0)_‘653 .
We now assume that 7,,/pu,? is given by the Ludwieg-Tillmann® relation
Tt — 0123 x 10706784 (uel?u) mo268
pu, v
and thus have two simultaneous differential equations for 8,, and 6 —4d, i.e.
06,, 1 6u, 120r e u,0,,\ ~0268
—_— N el = 012 0-678H [ “eV11
7 +6,, [(H+ )ue 6s+r as] 0123 x 10 ( 5 ) 5.9
M = 00306 M_g,.o e 6-35,) 1 Q.,.l Ou, (5.10)
s 04 YVros u os '
and
—1/2-715
5;51 _ 3.3
H= | 2—— 1| +07

1-535

from 5.8 above. This method has also been programmed for solution on the computer.
It is also possible to include the variation of H in the momentum integral equations 5.5 and 5.2 allowing

11



for cross-flow. We thus have the three equations

o6 — 51) or 1 du,
as (HJ 61) (6 51) I: as+u_e -E
6011 6(012) _ T()l 1 aue 1 ar
3s T om T pu? u, Os O [H+2]-6, r os = ¢
6021 T2 1 0ue 1 or 1 6u
a5 ;;;5—2921 (;; s +r 7s =0y (H 1) u, on =¢,.

+»w assume the velocity profiles 3.2 and 3.3 so that from 5.6 we have

204,

Oor =11 )01y 0 = ——

(5.11)

and

012 =f>(H)0;, 0

_ 8y aH(H+1) [1 4 1 4, 2]
(H-1) H H+1 H+2 H+3 H+5

We also assume that the skin-friction term is given by the Ludwieg-Tillmann relation and we have

0/on = —(v,/u,) (0/0s). The momentum-integral equations may thus be written as
0011 vy, 00,0 vy P _
T??+Zf2 s u_1011“ s o (5.12)
) 96, a
01, a%% — = ¢ (5.13)

00 d d
11"‘2‘3‘911 [& “‘f‘l““f“z“:l ¢1+vl f2¢2~°‘1

Js  uy f1 6s Os uy f1
or
00y, v, 0 [fz if_l__% _
s g “_ fioH oH | ™
or
90,, v, dH [a(a-—al) aeu]
—_—— —— —_— ——-H_ —— ==
0s +ulozcx2 dH;_ s 0Os 9701 Bs %
where
_20
" f,6H @H

12



so that

80, v, dH  #5—6,) dH
= —Lyoy— - ) 5.14
3s ["‘1 w, %200, " os / ! ‘“‘2 Ho-orgmr. ., (5.14)

5.13 may be rewritten as
da ) 00
Fr [(152 0y §1 1“—631—1]/f1911

or

oo 6611 8f1 dH (6(5—51) a6, /
— RCA Ntnd 5.15
Y |:¢2 ~f1a s 6H 9H,_,, 75 Hs 51 —— s f1644 ( )

and we have also that

o5—3,)
os

Lor 1 6ue} (5.16)

=1 00306(H5 51“'3 0)_ 653 (5 5 ) [r as—{-u— g

From 5.8 we have

Hj s = 1-535(H—07)" 2715433

so that
=1/2-715
_ Ha—a1"‘3'3] .
H= [ 1535 +07
and
H5—61_3'3 —1-368
@ _ 1-535
dHs_ 5 41675

In this form the equations have once more been programmed for solution on the Atlas computer.
It is also possible to include the cross-flow term, 8(8,)/0n in the entrainment equation. This has been
done here and will be known as Method 4. We have the equations

A3—5,) 86, T tor 1 ou, ~
%5 o (6-46,) Ty s u B +F(Hs-51) = @3 (5.17)
06, 001, o1 1 du, 1 or
ds  on  pu> u, Os O H+2)=0:, 7 Bs_d)l
0,0 tor 1 du, 1 or 1 ou,
ds  pu? 2021 u—e—gs—_’_r Os . on =2

We now make the same assumptions for the velocity profiles and skin friction as we did in Method 3,
so that

13



Tmz =123 x 10~ 06784 (ue 611)_'268

pu, v
20,,a
01 =f10,00= _(_H_———l)l(_ll—{_-l-_z—)

6011 . 0(1 OC4~1 6(5"51)
ds oc4+ oy Os ' (5.14)

and

Jo ) a0
% [«braou%—f,aw“}/fleu (5.15)

and in this form the equations 5.19, 5.14 and 5.15 have been programmed for solution on the computer.

In addition to his expression for the cross-flow velocity profile 3.4 FEichelbrenner® has suggested a
calculation method which is not restricted to the case of small cross flow. For the shape parameter
equation he multiplies the streamwise equation of motion by u and then integrates with respect to { to
obtain the three-dimensional counterpart of the energy integral equation. The term which appears on
the right-hand side of this equation

&

du
J T1 5_1; dC
he assumed to be given by a two-dimensional expression due to Rotta:
]
ou
j Ty EE d{
0 9 —-1/6
= 00056 (”—‘—‘) .
pu, v

This type of technique does not yield as good results as the entrainment approach in two dimensions!!
and so a method has been developed which uses the entrainment approach together with the quartic
(3.6) velocity profile. This will be known as Method 5.

The use of the quartic velocity profile

e[ o) (] )]

together with the form for the streamwise profile

yields

H(H+1) 1 4 1 4 2
O, =10,0=0,0——— l: :|

H-1 “HTH+1 H+2 H+3 H1s

14



and in addition

[

Y 1606, H .
52_Jued€‘ H-DH+HE+ - 20 (5.18)

o

5.17 may therefore be written as

6(5"‘51) Ul aguot 1)1 5f3

s “‘;Ia s ’“;l—l' 11€S‘=¢’3-
Substituting for d(af,,)/0s from 5.13 gives
6—354) vy f3 0fy Ofs _ v f3
i tH [l e Bl il L
or
0(6—6,) vy OH | f3 dfy Ofs _ v f3
ds ulocBu ds { fy 0H 0H —¢3+u1 ,¢2
A3=5y) vy [fs o, 0f3] dH [6(6—51) ae“] s
55 TutLf, oH oH| dH, g | 05 TemuTps | T Oty 70
But from 5.14
00, oy o,—1 6(6—9,)
=
Js oy Oy ds
where
vy fo vy dH
6 =1 +— =y, 0, =1——ao, Hy_5 —
1 ¢1 u, f] ¢2 4 u, 2 6—al dHa—a],

so that we may write

oy oy 0s

o6—6 - —
—(*6;2(1'*'“5)—0551'16—51 l:g—l_lh <a4 l) % 51)] =¢3+%é¢2

or

0(0—6 o, —1 o v
—“as—lz [I‘I‘(Xs”“'J‘sH«s—«n(4OC )] =¢3+“5Ha—51a—1+‘—1&¢2 (5.19)

4

where

Ot5=

Uxa[fa of 1 afa] o0H

w | fi 0H GH ] 0H,

f, 0H oH

15



From Method 3 we also have

o [

u\ u on u on
0y, = l-——df = 5y = | 1 ——d = —
H j ( ue)ue‘: r+1)Q2n+1)° ! J U, b=t

so that

and

5 — Udc—é[l 3,3 1 (3 5 .2
N N1 2041 3n+1 dn+d 1 3n+l dn+l

9__uvdé,__5 1_3+3_1_ 3_5+2
N 2071 3n+1 dn+1 Sn+1)” “\Gnrl dn+l Sn+i

o

8

v ou 1 4 6 4 1
P12 = JZ_Z?‘ZC = ~0atba = =0 [“(n+1_2n+1+3n+1'4n+1+5n+1>

3 8 7 2
“\2n+1 3n+1 4n+1 5n+1

(5.20)

b _ vzd(—é[zl 6 15 20 15 6+1>
S R Y\onF1 341 dn+1 Sntl 6n+rl Tn+l 8n+l

) 3 14 26 24 U 2
*N3nt1 an+l S+l 6n+l Tn+1 8n+l

. 9 30 37 20 4
+c - + - -
4n+1 5Sn+1 6n+1 Tn+1 8n+1
With these assumptions we may reduce all the quantities in the momentum and entrainment equations
to functions of 8,,, &, ¢ and H. At this stage however we have only three equations and four unknowns
so a further equation is required.

Eichelbrenner® has suggested an equation which relates ¢ to the external flow, which for irrotational
flow may be written

de _ _C(l or 1 6ue)_£ du, (521
0Os u, on

ros u, 0s

This equation has been accepted here. As before in the general case derivatives with respect to n would
have to be accounted for by iteration but in the case of the infinite yawed wing we may write d/0n =
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—(v,/u,)(6/0s) and so include them directly. This being done we have four equations in the four unknowns,
0,1, ¢, @ and H, which after rearrangement have been programmed for solution on the computer. These
equations are not given here because, as will be mentioned in greater detail in Section 7, this method
yielded unrealistic values for the angle between the limiting and external streamlines.

The main features of all the methods outlined above are listed for easy reference in Table 1.

All the momentum-integral equations mentioned above include the term (1/r) (8r/s). Cooke” has shown
that for an infinite yawed wing

u
r=A—
ue

where u, is the velocity component of the free stream normal to the leading edge of the wing and 4 is
an arbitrary constant. We may therefore write

1 @ _ % é(u /1)
ros u 0s M°° (5.22)
but

u? = u 2 +v,?

and v, is a constant. We have also that

o _wmd
ds  u, 0x
so that 5.22 becomes
10r wu, 0 v,2du;, v2 du, vl 1 oOu
=T =y = = - 2 5.23
ros u; 0s (/) u, dx uu’ 0s u?u, 0s (5.23)

by means of which the term (1/r) (8r/0s) has been accounted for in all the computations mentioned above.

6. The Experimental Measurements.

The model used to obtain three-dimensional turbulent boundary layers was basically a flat plate
swept at 26+ deg and mounted horizontally between vertical false walls in the 30 in x 39 in working
section of the Queen Mary College low-speed blowdown wind tunnel. Beneath this plate and also swept
at 263 deg was a porous circular cylinder fitted with a Thwaites'? flap. Boundary-layer suction was
applied to the cylinder to prevent boundary-layer separation. The Thwaites flap could be put at any
desired angle and the distance between the cylinder and plate varied so that different pressure distributions
could be obtained on the plate. This somewhat unusual arrangement was used in preference to a simple
swept wing as it offered the advantage of a flat surface on which to measure the boundary layer so that
traverses normal to the surface were easily accomplished.

By using a constant-temperature hot-wire anemometer the boundary-layer velocity profiles in both
magnitude and direction were measured along the centreline of the plate for the nine pressure distributions
shown in Figure 1. The theoretical prediction of these pressure distributions was accomplished by
means of an extension of a theory which had been developed for an unswept version of the apparatus.

Further details of the apparatus and measurement techniques will be omitted as it is hoped to publish
these in full detail together with details of all the measured velocity profilés as a separate report.
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7. Comparison of Theory with Experiment.

7.1. The Prediction of Momentum Thickness.

All the velocity profiles mentioned in Section 6 have been analysed to obtain experimental values of
0,, the streamwise momentum thickness, 8 the angle of the limiting streamline and H the streamwise
shape factor. Cooke’s theory and the five other theories detailed in Section 5 have then been used to
predict theoretically the variation of these parameters for each of the nine runs. The results for streamwise
momentum thickness are shown plotted against x, the distance normal to the leading edge of the plate,
in Figures 2 to 10. In each case the theory was started at x = 4-34 in and again at x = 1597 in, the first
point measured in the adverse pressure gradient. The start at x = 4-34 in rather than at 2:55 in was chosen
as the pressure distribution was not given accurately by the theory at the latter value.

For easy reference the main features of the methods under test are listed in Table L

There are two series of Runs, Runs 1 to 5 and Runs 6 to 9, the pressure gradients are highest in Run
1 and lowest in Run 5 for the first series, and highest in Run 6 and lowest in Run 9 for the second series
(see Figure 1).

Dealing first with the prediction of streamwise momentum thickness 6, as shown in Figures 2 and 10
it is immediately apparent that apart from Run 1 (Figure 2) there is a discrepancy between the experi-
mental points and the theoretical predictions. Moreover the magnitude of this discrepancy appears to
increase as the values of the pressure gradients involved decrease. This being so, it seems hardly likely
that the discrepancies are due to cross-flow effects, which might be expected to be greatest at the higher
pressure gradients, especially as will be shown below, the theories seem to take reasonable account of
these. Nor does it seem likely that the discrepancies can be attributed to departure of the experimental
conditions from those pertaining to an infinite yawed wing, as here also it might reasonably be supposed
that these departures would be greatest in the cases involving the larger pressure gradients. It appears
possible, therefore that the skin-friction term t,,/pu,? is responsible as this will assume greater importance
in the momentum-integral equation as the magnitude of the pressure gradient decreases. To account
for the observed discrepancies in Figures 2 to 10 the skin friction term t,,/pu,2 would have to be lower
in the case of a diverging flow with a favourable pressure gradient and higher in the case of a converging
flow with an adverse pressure gradient than would be so in the two-dimensional case.

In an effort to be more precise about this an attempt was made to evaluate the magnitude of the skin-
friction term for the Runs 1,2 and 5, used in Table 2, by accounting for all the other terms in the momentum
integral equations. Unfortunately to do this the term df,,/ds must be obtained from graphical differen-
tiation of the experimental results. This latter procedure is always difficult and in this case there are
too few points for ¢0,,/0s to be evaluated to a degree of accuracy which would ensure a meaningful
figure for the resulting value of the skin-friction term 1,,/pu,2. To resolve this matter the direct measure-
ment of the skin friction would have had to be attempted which, in the circumstances, was out of question.

Another possible if less likely explanation for the discrepancy between experiment and theory is that
certain terms which have been neglected in the derivation of the equations may not necessarily be negli-
gible in this case. These terms are such that if they are included the streamwise boundary-layer equation
becomes

udu +~U- 6_u+w6u_k w+k, v? =
h&  hy on O 2 T

0 Bu_ e _}_ o(u'v") }_ o'?)
== “55 p(u' w') .

tap 1 _
phy 98 p O hy on  hy &

-2

1 .
The terms in question are the last two on the right-hand side. Of these the term e -—g—é—— is generally ne-
1

glected on the assumption that rates of change in the & direction are far smaller than those in the { direction.
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The other term ——1— Ouv)

h, on
neglect it here on the grounds that rates of change in the # direction are far smaller than those in the
.{ direction. Turcotte!® suggested that this term might be responsible for the discrepancy between ex-
periment and theory found by Ashkenas and Riddell** for the growth of a turbulent boundary layer on

a yawed flat plate. Ashkenas!® made an attempt to measure this term but states that his measurements

were of questionable validity although they did indicate that —ﬁl— 6(; )
2 Ui

small a magnitude to explain the discrepancy found by Ashkenas and Riddell. The effect of this term in
the present series of experiments is a matter which could only be settled by further experiment and
unfortunately the author is no longer in a position to do this.

As mentioned above an analysis of the orders of magnitude of the various terms in the streamwise
momentum-integral equation has been made in the case of three runs, numbers 1,2 and 5, and is presented
in Table 2. We rewrite the momentum-integral equation in the form

would be zero in a two-dimensional boundary layer and we might hope to

was of the correct sign but too

or

00 80y, 1 ou, 1 0r 1
u_for, M) 1 Ot o (622 (7.1,

2 611'1'51)"; 35

ds  pu? 0On u, Os

The terms (1/u,)/(0u,/ds) and (1/r)/(0r/0s) have been calculated from the theoretical pressure distribution
and @, ,, 8, and 0, are taken from the experimental measurements. The term &(8, ,)/0n has been obtained
by graphical differentiation of the measured values of 6,,. The skin-friction term is as given by the
Ludwieg-Tillmann® relation but as mentioned above this may well be in error. It is immediately apparent
from study of Table 2 that the last term on the right-hand side, (1/7) (0r/8s) (8, .), is negligible in comparison
with the other terms. The term &0, ,)/0n would appear to be at least of the same magnitude as the term
#,.(1/7) (0r/8s). This cross flow term 8(8,,)/0n would appear generally to amount to less than 10 per cent
of the total 88,,/0s and study of Figures 3 to 10 reveals that the increments in 6, predicted by those
theories (2, 3, 4 and 5) which attempt to account for this term are greater by this amount than those which
do not. The comparison here should be made between Cooke’s method, which does not allow for the
cross-flow term, and Method 1 which does, and between Method 2, which allows H to vary but does
not allow for this term, and Methods 3 and 4, which also have H varying and account for the cross-flow
term. This would appear to confirm that the cross flow is adequately accounted for by the present theories.
Figures 2 to 10 also indicate that the variation of H has little effect upon the final result as is the case
in two dimensions for moderate pressure gradients.* An increase in H increases the magnitude of the term
(1/u,) (Ou,/ds) (20, +J;) but decreases the magnitude of the term t,,/pu,?, the net result being little or
no change in the value of 88,,/0s. It will also be noticed that Methods 3 and 4 coincide as might be
expected from the above-mentioned insensitivity of the streamwise momentum-integral equation to H,
the only difference between Methods 3 and 4 being the inclusion of a small cross-flow term in the shape-
parameter equation. To summarize it would appear that the cross-flow terms in the streamwise
momentum-integral equation are fairly small for chordwise pressure gradients of the order investigated,
thus giving some support to Cooke’s original assumption, although they may amount to 10 per cent of
06,,/0s, but the skin-friction term may be significantly different from that in the corresponding two-
dimensional case and some experimental determination of the magnitude of the terms neglected in the
derivation of the streamwise momentum equation is desirable.

*This may be seen by comparing the results obtained by the use of Cooke’s method, which assumes
small cross flow and H constant, with the results obtained by Method 2 which also assumes small
cross flow but includes the variation of H.
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7.2. The Prediction of B.

Turning to the prediction of 5, the angle between the limiting and external streamlines, shown in
Figures 11 to 19, it will be seen that the agreement between experiment and theory is in general quite
good apart from the predictions of Cooke’s method and Method 1 in the region 10 in < x < 16 in for
all runs and for x > 10 in for run 6. It will be recalled that Cooke’s method and Method 1 are the only
methods, of those tested, which do not include the variation of H, the streamwise shape parameter.
Rewriting the cross-wise momentum-integral equation 2.10 in the form

00,, T2 1 ou, 10r 1 Ou,
=22 _ S N R 2,1
os  pu? 2 [ue 6s+r as] u an( 1+0) (7.2,1)

e

it will be remembered that for Cooke’s method and Methods 1 to 4, #,, was obtained in terms of §,
H and 6, by means of the relation

_ 2P0y,
T (H-1)(H+2)
so that
90,, 2 B0, o8 oH 1
= - = — N — 72,2
5 = TwE-DmETy & T THu \moh@Ee (7.2.2)
substituting in 7.2.1 gives
o (H-1)(H+2) [ 7, 1 ou, ]
—_— T e — ——— —— 6
ds - 26,, ﬂpuez u, 6n( 11+941)
1 ou, 1or 0H
_2p [u_e b1 &] Wi (72,3)

For Cooke’s method and Method 1, H is taken to be constantly equal to 1.5 so that the last term on
the right-hand side of equation 7.2.3 is assumed to be zero. This will clearly not be so should j be large
and 0H/ds be significant as is the case for Run 6 x > 16 in. In the other cases of failure mentioned above
for x > 10 in we have f small and (1/u,) (0u,/dn) negative so that the first term on the right-hand side is
negative. H is generally about 1-2 in this region so that the assumption of H = 1-5 produces values of
df/0s which are more negative than actually is the case as can be seen from Figures 11 to 19.

Method 5 has not been plotted in Figures 11 to 19 as it gave values of § which varied wildly. An example
of this is shown in Figure 20. The reason for this is thought to be as follows. Method 5 assumes ,, to
be given by

13 41 3.5 2
O21= =0 [“ <2n+1“3n+1+4n+1_5n+1) - <3n+1_4n+1+5n+1>] 724

where

o = tan f§

0= (12,4)
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and a and ¢ are of the same size with ¢ usually slightly greater than «. Taking a typical value of H, 14,
and substituting in 7.2.4, and 7.2.3 gives

"h =02
(72,5

0,1 = —8[2(006)— ¢ (1)]

so'that 6,, depends to a very much greater extent upon the value of ¢ than upon the value of 8. Similarly
00,,/0s will depend much more upon the value of dc/ds than upon the value of d8/0s. Unfortunately it
is this latter much smaller term which we are attempting to calculate by allowing approximately for all
the other terms in the cross-flow momentum-integral equation. In other words we are attempting to
calculate the small difference of two large numbers neither of which are known exactly. This sort of
procedure usually results in the type of result shown in Figure 20. It must be mentioned here that despite
the doubt concerning one of the boundary conditions employed in its derivation, the quintic velocity
profile 3-4 due to Eichelbrenner® was incorporated in a calculation method similar to Method 5 and
similar wild variations in f resulted. The predictions for 8, by this method were virtually identical
with those given by Method 5.

7.3. The Prediction of the Streamwise Shape Parameters H.

The predictions for H as given by the various methods are shown in Figures 21 to 25. It will be seen
that there are only slight differences between the predictions of the various methods, the greatest
differences occurring, as would be expected, in those cases involving the largest cross flows. The difference
between Methods 3 and 4 is that the latter includes the term 88,/0n in the entrainment equation 4.5 and
it can be seen that, apart from when the cross flow is large, there is little to choose between them, thus
confirming that the assumption of small cross flow for the entrainment equation in Method 3 was valid.
The comparison between the experimentally determined value of H and the theoretical predictions is
encouraging particularly when it is remembered that Cooke’s attempt to apply Spence’s two-dimensional
method to three dimensions resulted, in one case, in values of H twice as large as those determined ex-
perimentally. The scatter of the experimental points for Run 6, x < 13 in, is rather large but the velocity
profiles at these positions were rather unusual.

7.4. The Prediction of the Parameter c.

Method 5 involved the calculation of the variation of the parameter ¢ by means of equation 5.2,1 due
to Eichelbrenner?. Figures 26 to 29 compare the results obtained by the use of this equation with those
obtained experimentally. The experimental values were determined from polar plots (v/u, against u/u,)
of the velocity profiles. ¢ is defined as

Lim v
€= wu,—~»1u—u,
and the large scatter of the experimental results reflects the difficulties involved in determining this
quantity. These difficulties are naturally greatest when there is little or no cross flow as inaccuracies in
the measurement of the flow direction then become dominant. This explains the odd values of ¢ obtained
for Run 1, x = 9-7 in and 11-5 in and Run 6, 11'5 in. Although the scatter of the experimental points
makes assessment difficult it would appear that equation 521 gives fair results for ¢. This point will
not be pursued further because, as mentioned above, the use of this equation in Method 5 resulted in
unrealistic values of the parameter §, and the knowledge of § is far more important than that of ¢ as the
former parameter is required to give some indication of three-dimensional separation.

5. Conclusions.

It has been shown that a discrepancy exists between the values of streamwise momentum thickness
predicted by the theories detailed in Section 3 and those found experimentally. This discrepancy is thought
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to be due to the skin-friction term not being adequately accounted for by a ‘two-dimensional’ expression
or possibly if less likely to the neglect of certain terms in the derivation of the streamwise momentum-
integral equation. Certainly, in any future experiments on three-dimensional turbulent boundary layers,
it would be of great value if the magnitude of skin friction and the neglected terms could be measured
directly although this is not to suggest that such measurements will be easy to accomplish.

The inclusion of the cross-flow terms in the streamwise momentum-integral equation results in the
examples given here in a small improvement in the prediction of the streamwise momentum thickness.
In the general case, unlike the infinite yawed wing considered here, these terms can only be accounted
for by an iterative process. Where the cross-flow terms are manifestly small, however, it is debatable
whether the increase in accuracy obtained by their inclusion is justified by the additional complexity
involved in the calculation. Should their inclusion be required, however, the methods presented here
appear to take reasonable account of them.

As in the two-dimensional case the variation of the shape parameter H produces little changes in the
values of the streamwise momentum thickness from those obtained by the assumption that H is a constant.
This assumption has been shown, however, to produce inaccurate values of B, the angle between the
limiting and external streamlines, for cases involving small values of f# and low values of H. This could
of course to some extent be rectified by choice of a smaller constant value of H, but more serious errors
in the prediction of f are to be found in cases in which f§ becomes large and 0H/ds becomes significant.
For safety it would appear advisable to include the variation H in the prediction of §. This variation
may be calculated by the extension of Head’s entrainment hypothesis to the three-dimensional case,
presented here. The use of the type of calculation procedure suggested by Eichelbrenner® appears, in
the cases tested here, to suffer from the defect that f may not be calculated with any reliability.
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LIST OF SYMBOLS

Orthogonal curvilinear co-ordinates with { measured normal to the surface
Metrics in the &, 1, { co-ordinate system (h; = 1)
Velocities in the &, , { directions respectively

1 ¢h
= — Ohy geodesic curvature of the curve ¢ = constant
hyhy 06

1 0k .
= ——— = geodesic curvature of the curve # = constant
hyhy, oOn

Directions along and normal to an external streamline respectively

Displacement and momentum thicknesses defined by equation 2.11

Skin-friction components in the &, n directions respectively
= §,/0;, the streamwise shape parameter

= (0 —6,)/0,, shape parameter used in entrainment theory
The density of the fluid

" The viscosity of the fluid

u/p the kinematic viscosity of the fluid
The static pressure in the fluid

Cartesian co-ordinates

u, 0.\ . .
=0, ( "v 11) parameter used in Cooke’s method, Section 5

= Bru,” 32 parameter used in Cooke’s method, Section 5

The boundary-layer thickness
The true displacement thickness
The angle between limiting and external streamlines
= tan f
_ limit v
ufu,— lu—u,

External to the boundary layer
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TABLE 1

The Turbulent Boundary-Layer Methods.

Cooke’s Assumes the streamwise shape parameter H to be constant and equal to 1-5. Assumes
Method small cross-flow velocity and the velocity profiles to be given by
ufu, = ({/6)~"* and v/u, = (1-{/8) (u/u.) o
with & = tan 8 = 74,/7¢y, With 14,/pu,2 = 0-0088 (u, 8,,/v)” /5
Method Not restricted to small cross-flow velocity. All other assumptions as for Cooke'y
1 method.
Method Assumes small cross flow but allows for the variation of H in the streamwise momentum-
2 integral equation by means of the equation
(1/ugr) (0[r u. (6—8)1/0s) = F (H,_;,)
with
Hjs_5 = 1:535(H—-0-7)"271543:3
and
F (H(S“(sl) = 0'0306 (Hﬂ—t;l - 3'0)—.653 .
The streamwise skin friction being given by the Ludwieg-Tillmann relation
To/pu.® = 0:123 x 10706785 (yy 9 . /)= 0268
Method Not restricted to small cross flow. Velocity profile assumptions as Method 1 but H]
3 calculated as for Method 2.
Method As for Method 3 except that H is calculated by the equation
4
(1/ucr) (0[ru, (6 —06,)]/0s) — 86,/0n = F (H;_5).
Method Includes all the terms in both streamwise and cross-wise momentum-integral equa-
5 tions. Assumes the Ludwieg-Tillmann relation for the skin friction and the velocity

profiles to be given by

= () 2= @) - PO -
() )" |

Calculates the variation of H by the same equation as Method 4.
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TABLE 2

Orders of Magnitude of Terms in Streamwise Momentum-integral Equation.

004, Tot 00, 1 ou, 1 or 1 éor
s o2 ~ " on Tu g(2911+51) 7 '6—5(911) + a(ezz)
x = 434in 221 x 1073 —315 x 1074 —1-68 x 1073 —~1-11x107% —2:38 x 107¢
x = 6-13in 229 x -219 x —-276 x 172 x —-1-87 x ,,
R x = 792in 238 x ., —168 x —436 x -235%x —599 x 1077
x = 970in 250 x —086 x ,, —-54 x -237x -123 x
U x = 11-49in 188 x —0-06 x —50 % v —1-67 x ,, —86 x 1078
N x = 1597in 206 x 274 x 786 x ,, 253 x 94 x 1077
x =1775in 163 x 857 x ,, 10 x 1072 4-58 x ,, 66 x 10°¢
1 x =19-541in 134 x ,, 104 x 1073 835 x 1073 442 x 1118 x 1073
x = 21-33in 120 x ,, 123 x 638 x ,, 374 x 1-54 x ,,
x= 434in 223 x 1073 —4-8 x 1074 —127 x 1073 —885x 1073 —2:62 x 1076
R x= 613in 235 x —-2:57T x ,, —2113 x —139 x 1074 —-238x
x = 792in 248 x ~179 x —311 x —182x 127 %
U x = 970in 258 x - 721 x 1073 —395 x —191 x -92 x 1077
x = 11-49in 255 x —1-84 x ,, —-45 x -17 x 221 x
N
x = 1597in 217 x 3-52 x 10™# 501 x 202 x 80 x
2 x = 17"75in 71 x 649 x 825 x 415 x ,, 50 x 10~
x = 1954in 143 x 727 x ,, 652 x 376 x 1403 x 1073
x = 21-33in 147 x 664 x 417 x 282 x 806 x 10~°
x = 434in 211 x 1073 —~384 x 107* —~447 x 1077 —-35 x 1078 —108 x 107°
R x= 613in 223 x -227 x —40 x 107% —313 x 1073 —72 x 1077
x = 792in 235 x -224 x —152 x 1073 —-985x —179 x 1076
U x = 970in 255 x —159 x ,, —2:44 x —17 x 1074 -2:08 x
x = 1149 in 25 x —54 x 1073 —326 x —194 x —-136 x
N
x = 1597 in 208 x 24 x 1074 48 x 30 x 1199 x ,,
3 x =1775in 187 x 341 x 39 x 276 x 248 x
x = 1954 in 176 x 195 x 162 x 122 x 18 x ,,
x = 21-33in 177 x ,, 805 x 1073 3-87 x 107% 30 x107° 40 x 1077
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