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Fanel that Changes in Thickness across the Width

by

E, C. Capey, B.Sec,

SUNMARY.

An exact solution 1s obtained for the buckling under longitudinal
compression of a simply supported panel made up of three strips irn which
the central strip differs in thickness from the outer strips. The criti-
cal buckling stress is calculated numerically for a number of different
ratios between thicknesses and widths of the central and outer strips,
Some comparative results are given for the case when the longitudinal

edges are clamped,






LIST OF CONTENTS

Page
1 Introduction 3
2 Iist of symbols 3
3 Method of solution “
4 Shear stiffness of panel 7
5 Presentation of results 7
6 Conclusions 7
References 8
LEST OF APPENDICES
Appendix
General solution of the equation of equilibrium for plates
urder compression I
Calculation of the compressive stress required to produce
buckling of a simply supported plate 1T
Calculation of the stress required to produce buckling of a
clamped plate ITI
Determination of the shear stiffness of the pamsl v
LIST OF ILLUSTRATIONS
Figure
Figure showing notation 3
Buckling stress and wavelength of buckle of a simply supported
Panels ‘§=% L
Buckling stress and wavelength of buckle of a simply supported
panel, & = 1 5
Buckling stress and wavelength of buckle of a simply supported
panel, % = 2 6
Buckling stress and wavelength of buckle of a clamped panel,
£ =1 7
Buckling stress of simply supported panels 8
Duckling stress of simply supported and clamped pansls, & = 1 9







1 Introduction

The integral construction of stringer sheet, whether by extrusion or
by machaining from the solid, mekes possible a variation an skin thickness
across the panel, with a consequent gain in effiociency’,

This report presents an exact solution for the type of thackness
variation across the width of the panel shown in Fig.1 when the edges are
samply supported,
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The cross-section of g, 1 may be considered as an approximation to
the more practical oross-section shown in Fig.2.
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1% is found that for a given width ard cross-sectional area the
highest buckling stress rs about 40% greater than for a strip of constant
thickness when

t1
2
and
c
5 8 1.

This configuration was examined for clamped edges and it was found that the
buckling stress was 9% lower than for a clamped strip of constant thickness.

2 List of symbols
s = length
dimensions b = width of ocuter strip
of panel ¢ = half width of immer strip
!
J s = width of panel = 2Zb + Zc
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properties

axes j’

Oz
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(u, v, W

displacements ¢  f£(y)

stresses
arg
foroes

Wgs Vo

L

O'OI'

q:

1]

i

H

thickness of plate
thickness of outer strip
thickness of inner strip

average thickness of panel = (2bt1+ 20t2)/§

Young's modulus
Poisson's ratio (which is taken to be 0,3%)

Modulus of shear rigidity

axes in plane of plate

axis perpendicular to plate

axes in plane of panel, as shown in Fig,3

displacement of a point in the x, y and =
darections respectively

defined by equation (9)

displacement in the z-direction of points
1n the outer and inner sirips respectively

compressive stress

buckling stress

buckling stress of a long plate with the
same width, cross-sectional area and
constant thickness

shearing stresa

shearing force per unit length

/12 (1-v2) U‘OI/E

moment per unit length

shearing stress per unit length
shearing moment per unit length

mumber of half waves into which panel buckles

ox/a = 2% x wave mmber of buckle

K J(n/Kt+1)

K f(n/ks - 1)
-4 -

congtants in equation (14)




Y
a, = K /(n/Kt, + 1)
B, = K J(n/ke, - 1)
. constants in equations (15}

¢, = K\/(‘r]/f[{tz + 1)

ﬁz = K\ﬂ(nﬂ{tz - 1)

J
A, B, G, D
4,,B,,0,,D, = constants of integration in equations (14) and (15)
AgsB59C0:Dp
H = G'.1A1
%t
= ¢
ratios 4 ° /o
Bo= c-cr/g-
» = =n/Ks = balf wavelength of buckle/width of panel
L E = T]/Ktz
A defined by equation (25)
Al defined by equation (42)
”aa.,1 = 1 =V +ye
8.2 = 1 -y - ¥e
8y = (1-v+e) v’
& = (1 -y- S) Yj
)
functions o
appearing " V(ye+1
in & Y Py = ViresT) ooth {zx 1+«:}
= Viveq) & T lye-1
b, = Vlre-1) cot {53 é1+zsg
V1
VT 7L Vie+d
b:,, = (e+1)tanh [2 T CITA
- Yie-1}- g Y {e-1
s = (e-1)tan [2x 1+Z



3 Method of solution

Timoshenko has shc:mm2 that, when a flat plate of constant thickness %
is subjected to a compressive stress in the x-direction, the equation of equili-
braum is

2
dhy He  dtw 12 (1-V7) % P
It 2 5ot L ¢~ 5 5 e (1)
ox 0x oy oy Bt ax

Equation (1) applies separately to each strip in the panel shown in Fig. 3.
The panel buckles symmetrically, so it is necessary to consider only one half
of the panel, Using the notation of Fig, 3, equation (1) is solved in Appendix I
and the sclution is

= i i D
w, sin Kx (A1 sinh @y, +B, sin B,y,+ C, cosh a,y,+D, cos ﬁ1y1)

(2)

=
#

sin Kx (A2 sinh a,y,+ B, #in By, + C, cosh a,y,+D, cos Bzyz)

where K, A1, 331, 01, D1, Az, BZ’ 02 and D2 sre constants of integration to

be determined from the boundary conditions, and &y 61, Gy and 52 are func-
tions of %, Oy and K,

Due to symmetry the constants A2 and ]:'52 vanish, The other six

boundary corditions are that the displacement w and the bending moment
vanish at the esdge ¥y = 0, and that at the junction between the two thick-
nesses there is continuity of displacement w , slopse -a? , bending moment and
shear,

It is shown in Appendix IT that, for a given value of X, these condi-
tions give a none~zero solution for the A's, B's, C's and D's (i.e, there is
buckling), provided that

1 )8 | Py | %Py
1 b a,b
A o 2 2 1°2 _ o (3)
1 az b3 al‘_bj
1 ah. bh’ ajbl.;.

The a's and b's are all functions of +, Z, v, A and B, and conse-
gquently 4 is a function of these guantities,

The method of solution (taking v to be 0,3), is to choose values of
vy (i.e. "32/1:1) and Z (i.e, ¢/b), andl a value of A, then determine by
trial and error the value of p for which the determinant A vanishes, Thas
process is repeated with a number of different values of A, and @ is plotted
against A for that particular panel, The wavelength which gives the smallest
K, and consequently the smallest buckling stress for a given panel is the
actual wavelength for a long panel,
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The same mathematical procedure i1s applied an Appendix ITI to the
case when the edges of the panel are clamped, and the buckling stress is
calculated for a few values of y and Z.

L Bhear stiffness of panel

It is shown in Appendix IV that the shear stiffness, in the unbuckled
state, of the panel in Fag.3 is

2
(1+2) v
Gt”[(w é)('iwé)] . )

For a2 panel of constant thickness this expression becames Gto. The

guantity in braces is necessarily <1 for all values of 4 and 4. If
v = 0.36 and & = 1, which are the conditions givaing the highest buckling
stress, then the shear stiffness is 0,78 Gt .

) Pregsentation of results

Figs.4 to 9 give the buckling stress and wavelength of buckle of a
long panel in terms of v and Z. Figs.k, 5, 6 and 8 refer to the case
when the sides of the panel are simply supported. Fig.7 gives some resuits
for the clamped case, and the two are compared in Fig,9.

These results show that a2 simply supported panel of thais type has the
greatest buckling stress if y ®» 0.36 and £ % 1. As the graph in Fig.3
goes down steeply on either side of y = 0.36, the full advantage of having
changes in thickness s not attained unless vy has a value close to 0.36,
At this value there is a reduction in the shear stiffness of 22% and a
reduction in the shear strength of 4L7k.

6 Conclusions

An exact solution is obtained for the buckling under longitudinal
compression of a simply supported panel, made up of three strips, in which
the central strip differs in thickness from the ouber strips, It is showmm
that, for a given width and cross-sectional area, the buckling stress has
a maximum value of J.42 times that of a strip of constant thickness, when:

(a) The central strip 1s about twice as wide as ecach of the outer strips

(lceo é = 1).

(b) The thackness of the central strip is aboub 0.36 times the thickness
of the outer strips (1.e. vy = 0.36).

The buckling stress of a simular clamped panel has also been calcu—
lated, If the dimensions are determined by v = 0.36 and & =1, the
buckling stress 1s 0,91 times that of a corresponding clamped panel of
constant thiclness.
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APPENDIX T

General Sclution of the Equation of Equilibrium
for Plates under Compression

The equavion of equilibrium of a flat plate under a compressive
stress o, can bhe writien as

e S I (5)
5t 2 STt 3% 5
ax ax 8y oy +7 ox
where
2 2
o= 12 (1-v) o /8, (6)

which is independent of the thickness of the plate, and is therefore the
same for all parts of the panel,

If the plate is simply supported a2t the emds x =0 and x = a,
then at these ends:

% = 0 (7)
and
2 2
‘a—'“g'+vj%= e . (8)
X oy

Equations (7) and (8) are satisfied by

w = f£(y) sin (mx/a) , (9)
where m dis an integer.
Substituting
K = m/a (10)
in equation (9), we obtain
w = sinKxf(y) (11)

which, when substituted in equation (5), gives

L TR o =7, (12)

which may be put in the form

r L (62_ az) "o o;2[32f = 0. (13)



It oan be shown that the general solution of equation (413) is:

f = A ginh ay + B sin By + C cosh ay + D cos By . (14)

The strip buckles symmetrically, aso only one half of it need be con-
sidered, For the outer strip of this half of the panel:

w, = sinKx (A1 sinh @y, +B, sin {31y1+(}1 cosh &,y,+D, cos B1y1)1
and for the central strip (15)
w, = 8 Kx (A2 sinh a2y2+B2 sin Bzy2+ 02 <sosh %Yo+ Dz cos Bzyz) .

Because of symmetry the constants A‘Z and B2 vaniash.

The expressions for P [-31, &, and Bz can be gimplified by sub~
stituting

e = n/kt, (16)
to the form
tx1 = Kjye+ 1 {31 = Kv,‘ye—’l }
(17)
a, = KJe +1 132=K,b/s-1 f

- 10 -



APPENDIX IT

Caleulation of the Compressive Stress Required to Produce
Buckling of a Simply Supported Pansl

Boundary Conditions

At Iy = 0 the panel is simply supported, so that

Ty

W1 =
(18)
dzw 62w f
1 1
5 *tv Ty = 0.
ay1 AX
L
These boundary conditions are satisfied only if 01 and DJl in
equations (15) vanish, leaving
w, = sinKx (A1 sinh «,7, +3B, sin ﬁ1y1)
(19)
w, = sinKx (02 cosh &,¥,+D, cos Bzyz)

Junction Boundary Conditions

At the Junction between the two thicknesses the following boundary
conditions hold:

- ~
(W1 )-b b (Wz)_c
& - @)
oy Wy Jua
_Et) a%w 32w ~Et? %% 3%
1 1 1 2 2 2
M = 5 5 + Vv 5 = 5 5 + VvV 5 ?(20)
T2 (1-5) 3y & 12 {1 -v%) \oy 3x* /o
oM s W, ow,
Q@ - = ( + 2=y )
y oo 12(1-v2) ay13 ax26y1 b
—Etj 33W ajw
2 2 = 2
= ( 3 + 2=y 5 )
12(1) 3y; 9% 3y, / =

-1 -



When equations (19) are differentiated, and the differential coefficients
are simplafied using equations (17) and substituted into equations (20), we
obtain:

272

A1 sinh a.1b + 131 sin B1b - 02 coah azc - D2 cos B2° = 0 \W
a,A, cosh a,b + BB oost + o 0 sinhazc-ﬁZDz sinﬁzc = 0

1™ 1

tf (yesd=v) A, simh @b - '013 (ye=1+v) B, sin Bb- t23 (s:+1--'ul)02 eosh &0

+ 15 (e-14+v) D, cos oo = O
2 (ye-1+v) A,a, cosh a,b, - 2 (ye+1-v) B,B, ecoe B,b
1Y 1%4 199 7 F M 171 1
+ 1—,25 (e~14v) C,&, sinh ay0 + t23 (e+1-v) DyB, sin Bc = O )

Condition of Buckling

The condition of buckling is that the determinant of the coefficients of

A1, B1, 02 and D2 vanishes, that is

sinh a,bl a,cosh a,b t,lz' (ye+1-y) sinh o,b tf (ye-1+v) @ cosh a,b

sin B,bl B, cos B,b —1:13 (ye-1+v) sin By -tf (ye+1-v) By cos B,b

i
Q

3 .
~o0sh 0 @,sinh %0 -tg (e +1-v) oosh %0 | 5 (s = 14v) a,sinh a,0

-cos ﬁzo -62 sin |320 t; (& = 14v) vos ﬁzc tg (e +1-v) 132 sin 520

ceenee (22)

The four rows of this determinant are now divided by (sinh a b) ,
(sin B b), ( -qosh « c) and (-0os B c) respeotively, and the uolumns by
(1), (K), (’o ) a.nd (—K‘tj} respectlvely, which is permissible, as none of
these qual:.tles is in general equal to zers when the determinant vanishes.

Eliminating b and ¢ by using the relations

1]

b s/2 (14Z) (23)

and

Q
Il

sz/2 (1+%), (24)

-q2 -



we have

1 a1 b1 a.2b1
1 a, b2 a1b2
A = , - - = O (25)
%3 1 %3 | %03
1 ah b& 1 ajb#
where
a, = 1~v + ve )
a, = 1 -v ~ye
, (26)
a; = (1~v+€) T3
&4 = (1-9-—8) TB
S/
and ~
e + 1
b_} = ,/Ys + 1 OOth{z?. 1+§)]
% /ve -1
b, = /ye - 1 cot [a (1+z;}
; (27)

o
A%}
]
L
.
{
bl
-
[~ 2
5
P}
P
<“|-
Y 1]
+ |+
1 Y
| N

Evaluation of stress

It is now necessary to find an expression for the buckling stress,
It follows from equations (6) andl (16) that

B 2,2 2
o = w7 5, (28)
cr 12 (1_v2) 2

Let © be the stress required to produce buckling of a uniform strip of

the same width 8 and cross-sectional area sto. Timoshenko has shown3
that

- 13 -



2 t
- % B o
5 = HE o (29)
12 (1-v7) s
50 that
g Kea t,42
or 2
P = —— = (—""—-*') . (30}
= 2 nty
This oan be put in terms of &, v, A and & , giving
2
& (1+%
K “{2x uqz} ) (31)
Method of Computation
The problem now is to evaluate
R o= K& v, \6) (32)
given that v = 0,3 and that
b = A(ga Ys A, 3) = 0, (33)

£ and vy are chosen, thus fixing the shape of the panel; then a number
of values of A are chosen, for each of which the value of & for vanishing
of A is determined by trial and error, and hence p can be caleulated, In
this way | 1s obtained as a function of &, v and A,

For a long panel there is no restriction on the possible values of the
wavelength due to boundary conditions, so 2 long panel buckles with that wave-
length which gives the minimum value of the buckling stress. Therefore, for a
given £ and vy, g is plotted against A, and the minimum of the curve
represents the aotual wavelength of buckle and buckling stress, DBy thia
method p and A are obtained as functions of vy and & , The results of
these computations are plotted in Figs.4 to 6,

Special Cases

v = 1, This is the oase of & uniform plate, It follows from its defini-
tion that g = 1. Tirmoshenko has shown® that A = 1.

¥ «» 0. The central part of the plate is very thin, so buckles like a "
clamped plate of width 2¢ and thickness tz. Por this Timoshenko has cbtained

2 2
kr E'h2

Lo} = 3
T T 4p (42 (20)°

(34)

where k is 6,967; and the plate buckles with a half-wavelength of 0,668(2¢c),
from which it follows that

-y -



_ Z
A= 0,668 32 (35)

Using equations {29) and (34):

c 2
or 1+ 4
Bo= "g_" = k[z T+yZ ?:.] ’ (36)

When v -+ O this becomes

n
b= kii_g)_yz' (37)

Equation (37) was used to plot J for small values of y in Figs.L to 6,

- 5 -






APPENDIX ITT

Caleulation of the Stress Required to Produce Buckling
of a Clamped Panel

Boundary Conditions

As in the simply supported case equations (15) apply, and A, and
B2 vanish due to symmetry, As the boundary ¥y = 0 is clamped, the
conditions there are that

.
W1 = Q
and S (38)
Mg
9y, )
/

Equations (15) and (38) give
(w1)0 = sin Kx (G1+D1) = 0

and y (39)

éwd
(-a—y—-) = S81in &{(“1A1 + ﬂ1B1) = 0,
1/0 J

On substitution of equations (39), equations (15) become:

e

sinh oy, sin B,7,
w, = sinKx [H( - - B )+ 01 {cosh @,y; = 0os 131_71)]
» (40)
w, = sinKx (02 cosh a5y, + D, 00s B,y,) .
>

Junction Boundary Conditions

The same boundary conditions, equations (20), apply at the junctions
between the two thicknesses as in the samply supported case, On differentia-
tion of equations (40) and substitution of the differentaial coefficients,
these become:

/(41)

- 46 =



= - b—-ccsﬁ1b) -0

sinhe b sinB,b
- ( 1 1
1

; B )+ 01(cosha , oosh ayc - D, 60s B0

H (coshq‘b ~ cosf,b) + 01((11 sinh a,b+B, sin B,®)

+ 02a2 sinh azc - Dzﬁz gin 520 = 0

3 sinha1b sinB1b 3
ty B (ye+1-v) + (ye=14v) + t7 0, [(ye+1-¥) cosh a,b
+ {ye-1+v) cos B1b] - tg 02(e+1—v) cosh a0
+ 50D (e=14v) cos Boo = O
272 2 -

tf H {(ye~1+v) cosh b+ (ye+1-v) cos B‘lb} + t13 o, i('fa-1+v)a1sinh ab

- . . 3 . ;
{(ye+1-v) B,sin B1b} + 5] 02“2(8 1+v)sz.nhazc

+ tg DZSZ (e+‘1—-v) sin 620 = 0,

Oondition of Buckling

It

S (1)

The condition of buckling is that the determinant of the ooefficients of
H, 01, 0, and D, vanishes, On dividing the rows and columms of this deter-

2

minant by various functions, as in the simply supported case, the conditiom

begomes; A! =

eosha_]b ) ainﬁ1b cosh a1b a1sinha1b i azsinBTb 8, cosh a1b
Jyaﬁ ﬁe-—1 - oos ﬁ1b \/?8_4--1" Jye-1 - &, 008 B1b
lrmed b TETE ad
cosh a1b JYe+1 sinh a1b 8, cosh ac1b 8, ve+ ginh a1b
- aos B,b oy _ e
1 +jys 4 =in 51b a, co3 B1b +a, Jye 1 sinB1b
1 b_‘j aj a.]_l:b3
1 bh_ 8'14. a3 1

~ 17 -



This problem can be solved numerically by the same method as was

employed in the simply supported case,

Special Cases

y o= 4 Thf;s is a clamped plate of uniform thickness, for which
Timoshenkeo™ has shown

2
ks Yo

.
er T 4p (197 &%

where k is 6,967, and the half-wavelength is 0, 668s,

Using equation (29)

while

A = 0,668,
s

Y« O The situation is the same as in the simply supported case,

- 48 -
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APPENDIX IV

Determination of the Shear Stiffness of the Panel

When the panel 1s subjected to a shearing force N per unit length,
the shearing stress is i

du dv
% = ny/% = G i EE) . (45)

As there is no displacement in the y-direction, v vamishes, leaving

N
du _ K
dy -~ &t -

The shear stiffness of the panel is the shearing force per unit length
darvided by the average shear sirain, which is

N 1
w8 g (2‘:+~%9-) , (46)
ty %

= Ta
1 [au f &Y
8 [ dy dy K

which can be put in the form:

2
3 1+
Shear stiffness = G’so{ .l OV ] . )

- 19 -
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