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The Buckling under Longitucllnal Coxpress~on of a Simply Supported 
Panel that Ghan&es xn Thickness across the Width 

E. C. Capey, B.Sc. 

An exact solution 1s obtained for the buckling under longitd~~~l 
compression of a simply supported panel made up of three strips in whach 
the central strip differs in thiokness from the outer strips. The critr- 
cal buckling stress is calculated. numerically for a number of different 
ratios between thioknesses and widths of the central and cuter strips. 
SoIlie comparative results are given for the case when the longitudinal 
edges are clampea. 
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1 Introduction 

The mtegral constrvctlon of stringer sheet, whether by extrusion or 
by machuing from the solid, makes possible a variation in skin thickness 
across the panel, with a consequent gain in cfflciencyl. 

This report presents an exact solution for the type of thokness 
variation across tho width of the panel shown in Fig.1 when the edges are 
simply supported. 

6------b- -.--.> <-- - 2c --5 4 .b e--m-) 

?&+I- 

The cross-section of Fig.1 may be considered as an approximation to 
the more practical cross-section shown in Fig.2. 

,)(, ‘,, , I’ .I’ r’ 
/ A,’ ,/ /‘J /--(“I,;‘:-. 

It is found that for a given width ad cross-seotional area the 
highest buckling stress 1s about 4% greater than for a strip of constant 
thickness when 

“1 c 036 
t2 

. 

and 

c 
b F.i 1. 

This confquri*tion was examined for clamped edges and it was found that the 
buckling stress was @ lower then for a clamped strip of constant thickness. 

2 List of symbols 

r 

, 
a = length 

dimensions b = width of outer strip 
of panel c = half wdth of inner strip 

i s = width of panel = 2b + 2c 
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1 
t = thickness of plate 

3 = thiclcness of outer strip 

t2 = thickness of inner strip 

'\ .to = average thickness of panel = (2bt,+ 20t2)/s 

( E = Young's mditus 

dimensions 
Of 

p?Uld 

elastic J - 
properties , v _ Poisson's ratio (which is taken to be 0.3) 

I G = Modulus of shear rigidity 

f 

Ox, Oy = axes in plane of plate 

axes 

! 

01; = axis perpendicular to plats 

-0,x, O,Y,, 02% 02Y2 = axes m plane of panel, as shown in Fie3 

u, v, w = displacement of a point in the x, y and z 
dlrectlons respectively 

displaoements z f(Y) defined by equation (9) 

I 
l. wl, w2 = displacement in the z-direction of points 

in the outer and inner strips respectively 

stresses 
ad 

f oroes 

r 
$ = 

u = 
01‘ 

5 = 

%w = 
N xy’ 

?1= 

M = 
Y 

compressive stress 

buckling stress 

buckling stress of a long plate with the 
same width, cross-sectional area and 
constant thxckness 

shearing stress 

shearing force per unit length 

___-----. 
J12 (12) uoJE 

moment per unit length 

shearmg stress per unit length 

shearing moment per unit length 

m = number of half waves into which panel buckles 

K = da = 2x x wave nuder of buckle 

a = qGG% 

P = K&tit-, 
1 

constants in equation (14) 
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"I = K/-t&, + 1) 

P, = K k&t, - 1) 
constants in equations (15) 

"2 = K J (d2+l) 

P, = K /m I 
i 

= constants of integration in equations (14) and (15) 

A2,B2,C2J’2 I 

ratios 

H = a,A, 

Y = vt, 

r: = ah 

!J = cc,/0 

?. = T&S = half wavelength of buck&/width of panel 

E = tit, 

A defined by equation (25) 

A’ itefined by equation (42) 

functions 
appearing 

in A 

a, = 1 -lJ+ys 

a2 = I-Y-YE 

a3 
= (I -v+c) y3 

"4 = 
(1-V-E) y-3 

b2 = qyzJ cot [rn] 

b3 = - \'ta?!.h [f$q 

b4 = qEqts.n 



3 Method of solution 

Timoshenko has shown2 that, when a flat plate of constant thickness t 
is subJected to a compressive stress in the xaireatlon, the equation of equili- 
brmm is 

12 (I-v2) Gx a2w 

Et2 
-. 
ax2 

(1) 

Equation (1) applies separately to each strip in the panel shown in Fig.3. 
The panelbuokles symmetrically, so it is neoessary to consider only one half 
of the panel. Usmg the notation of Fig.3, equation (1) is solved in Appendix I 
and the solution is 

w, = sin Kx (A, sinh a,y,+B? sin @,y,+ C, cash a,y,+D, cos B,y,) 

(2) 

w2 = sin Kx (A2 sinh ag2+ B2 sin p2y2+C2 aosh a2y2+D2 co8 P2y2) 

where K, A,, B 1’ C,, D,, +,, B2, c2 d D2 are constants of integration to 
be determined from the boundary oon&tlons, and a,, p,, a2 and B, are func- 
tions of t, bx ad K . 

Due to symmtry the constants A; and B2 vanish. The other six 
boundary corditions are that the displacement w szd the bending moment 
vanish at the edge y, = 0, and that at the junction between the two thick- 
nesses there is continuity of displacement w , slope dw 
shear. ay J bendmg moment m-d 

It is shown in Appendix II that, for a given value of 
tions give a non-zero solution for the A's, B's, C's and 
buokling), provided that 

, 
I 7 bl / a$+ 

' "2 b2 Yb2 AS---- = 0 

1 “3 b3 a4b3 

1 “4 ! b4 a3b4 

K, these co&i.- 
D's (i.e. there is 

(3) 

The a's and b's are all functions of y, Z, v, X azd p, and aonse- 
quently A is a function of these quantities. 

The method of solution (taking v to be 0.3), is to ohoose values of 
y (i.e. $/t,) a-d r; (i.e. c/b), and a value of h, then determine by 
trial and error the value of p for which the deteminent A vanishes. This 
process is repeated with a number of different values of A , and p is plotted 
against h for that particular panel.. The wavelength which gives the smallest 
p, and consequently the smallest buckling stress for a given panel is the 
actual wavelength for a long panel. 
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The same mathematxal procedure 1s applied xn Appendix III to the 
case when the edges of the panel are clamped, and the buckling stress is 
calculated for a few values of y and 6. 

4 Shear stiffness of panel 

It is shown z.n Appendix IV that the shear strffness, u the unbuckled 
state, of the panel m Fxg.3 is 

i (I+ c? y Gto (rtZ)(l +yzz) * 1 
For a panel of constant thictiess thus expression becomes Gt,. The 

quantity m braces is necessarily r; 1 for all values of y and rJ. If 
y ZJ 0.36 and < = 1, which are the condxtzons givulg the highest buokling 
stress, then the shear stiffness is 0.78 Gt . 

0 

5 Presentation of results 

Figs.4 to 9 give the buckling stress and wavelength of buckle of a 
long panel 111 terms of y and c. Figs.4, 5, 6 and 8 refer to the case 
when the sides of the panel are simply supported. Fig.7 gives some results 
for the clamped case, and the two are compared in Fxg.9. 

These results show that a simply supported panel of thx type has the 
greatest buokling stress if' y % 0.36 and 5 E 1. As the graph in Fig.3 
goes down steeply on either side of y - 0.36, the full advantage of having 
changes in thickness 1s not attained unless y has a value close to 0.36. 
fit tbxs value there IS a reductxon in the shear stiffness of 2% and a 
reduction u the shear strength of 47$. 

6 Conclusions 

An exaot solution 1s obtained for the bucklitg under longitudinal 
compression of a simply supported panel, made up of three strips, in which 
the central strip differs in thictiess from the outer strips. It is shown 
that, for a given wdth and cross-sectional area, the buckling stress has 
a maximum value of I.42 times that of a stri;, of constant thickness, when: 

(a) The central strip 1s about twice an wide as each of the outer skips 
( Le. z - 1). 

(b) The thxkness of the central strip is about 0.36 times the tluckness 
of the outer strips (z.e. y = 0.36). 

The buckling stress of a sirmlar clamped panel has also been calcu- 
lated. If the dimensions are determined by y P 0.36 and Z = 1, the 
buckling stress 1s O.pj times that of a corresponding clamped panei of 
constant thi.ola?ess. 
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No. Author Title, etc. 

1 N.W. Parsons The buckling urder compression of a thin rectargdar 
plate of variable thxokness. 
ARC 37,231, Navember 1954.. 

2 S. Timoshe;lko Theory of Elastio Stabxlity, p.305. 

3 P.3jo. 

4 P.345. 
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AFPENDIXI 

General Solution of the Equation of Equilibrium 
for Plates under Compression 

The equa-Lion of equilibrium of a flat plate under a compressive 
stress ux can be written as 

2% + 2 a4w + a”, = _ 2: d2w _ 
ax4 ax2ay2 aY4 t2 ax2 

where 

r: = 12 (I- v2) u,JE , 

whioh is independent of the thickness of the plate, an3 is therefore the 
mme for all parts of the panel. 

If the plate is smply supported at the eds x = 0 and x = a, 
then at these ends: 

w=o (7) 

and 

(8) 

Equations (7) and (8) are satisfied by 

where m is an integer. 

Substituting 
K = r&a 

in equation (p), we obtain 

w =: sin Kx f(y) 

which, when substituted in equation (5), gives 

f"" _ 2KZP +I+f = n2 2 f 
7 

which may be put in the form 

f"" + (& "2) f" - a 2p2f= = 0. 

(10) 

(11) 

(12) 

(13) 
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It oan be shown that the general solution of equation (13) is: 

f = A sinh ay + B sin By + G oosh ay + D cos Py . (14) 

The strip buakles symetrically, so only one half of it need be aon- 
sidered. For the outer strip of this half of the panel: 

“1 = sm Kx (A, sinh a,y$+B, sin P y + 0, cash a,y,+D, cos 
1 I 

and for the central strip 

w2 = sul Kx (5 sinh ag2tB2 sin B2y2tC2 wsh a2y2+D2 oos B$2)' i 

Because of syolmstry the constants A2 and B2 vanish. 

The expressions for a,, P,, a2 
stituting 

an3 p2 can be simplified by sub- 

to the form 

a2 = K,is t 1 P, = qG-= 
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APPENDIxII 

Calculation of the Compressive Stress Required to Pro&me 
Buckling of a Simply Supported Panel 

Boundary Conditions 

At y, = 0 the panel is simply supported, so that 

*I = 0 

32,y, a2w, 
-++- = 0. 

2 
AX 1 

/ 

(18) 

These bourdary conditions are satisfied only if C, am3 D, in 
equations (1.5) vanish, leaving 

*I = sm Xx (A, sinh a,y,+B, sin P,y,) 

(19) 
“2 = sin Kx (C2 cash ag2+D2 cos f3g2) 

Junction Boundary Oonditiona 

At the junction between the two thicknesses the following bamdazy 
conditions hold: 

"Y = 

-Et; 

12 (1 - v2) = 

i 

C20) 



When equations (19) are differentiated, ad the differential coefficients 
are simplzfied using equations (17) and. substituted into equations (20), we 
obtain: 

A, sinh a,b + B, sin B,b - G2 cash a20 - D2 cos B,o = 0 

a,A., oosh a,b + p,B, 00s B,b + a202 sinb a2o -B2D2 sin @,o = 0 

t: (y~+l-v) A, sinb a,b - 3 t, (YE-l+v) B, sin @,b-t23(s+l-V)02 cash a2a 
(21) 

tf (ye-Itv) $a, oosh a,b, - 3 t, (YE++u) B,P, 00s P b 
1 

+ t2J (e-ltv) C2a2 sinh a20 + t:(s+l-v) D2B2 sin @,c = 0 

Condition of Buckling 

, , 

+ t: (E-hv) D2 oOE P,c = 0 

The condition of bucklmg is that the determinant of the ooefficients of 
A,, B,, C2 and D2 vanishes, that is 

sinh a,b a,cosh a,b t: (yEtI-V) sinh a,b ' t3 (ys-ltv) , a oosh a b 
1 1 

sin P,b p, cos P,b -t: (ye-ltv) sin @,b -t: (ystl-V) P, cos P,b 
= 0 

-aosh a20 a2sinh 32'2" -t: (Et1-V) oosh a20 tl (E - l+v) apinh a20 

-00s P,o 4, sin B,c t; (E - ltv) 00s P,o t,zJ (8+1-v) P, sin P20 
- 

..**..(22) 

The four rows of this determinant are now divided by (sinh a,b), 

(sin P,b), (-oosh a2o) ard (-00s p,c) respeotively, and the columns by 
(I), (K), 3 (t, 3 ) and (-Kt, ) respectively, whioh is permissible, as none of 
these qualities is in general equal to ser? when the determinant vanishes. 

Eliminating b and c by using the relatxons 

b = s/2 (id) (23) 

and 

c = G/z (ltc.), (24) 
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we have 

1 al bl a2bl 

1 
a2 b2 alb2 

A = I 
I 

"3 b3 a4b3 

' / "4 b4 ; a3b4 

where 

and 

a, = 1 -V+yE 

a2 = l-v-ye 

"3 
= (I-VCE) y3 

% 
= (?-V-E) y3 

! 

bl = J yp+ ..,[$g 

b2 
&-z cot 

[&$sf] 

b3 = -4 G-7 

I b4 = $&-? tan 
gfE$J y 

0 k5) 

(26) 

(27) 

Evaluation of stress 

It is now necessary to fmd an expression for the buckling stress. 
It follows from equations (6) am?. (16) that 

E Q cr = K2 t2 e2 
12 (I-v2) 2 * 

(28) 

Let 3 be the stress reqmred to produce buckling of a uniform strip of 
the same width s and cross-se&ions1 area do. Timshenko has shown3 
that 

- 13 - 



iis 4 x2E t* 0 
12 (I-v2) s* (29) 

so that 

u 
P = op= 

Ksst22 

ii ( > zxt, * 

This oan be put in terms of g:, y, ?. and E , giving 

(30) 

(31) 

Method of Conmutation 

The problem now is to evaluate 

P = P P& Yt kc) (32) 

given that Y = 0.3 and that 

A = A@,, y, A, s) = 0 . (33) 

Z and y are chosen, thus fixing the shape of the panel; then a number 
of values of h are chosen, for each of which the value of E for vanishing 
of A is determined by trial and error, and hence p can be calcul.ated. In 
this way 1, is obtained as a function of i& y and A. 

For a long panel there is no restriation on the possible values of the 
wavelength due to boundary conditions, so a long panel buckles with that wave- 
length which gives the tininmm value of the buckling stress. Therefore, for a 
given C an3 y, p is plotted against h, and the minimum of the ourve 
represents the aotual wavelength of' buckle and buckling stress. 5y this 
method p and h are obtained as functions of y and 5 , The results of 
these computations are plotted in Figs.4 to 6. 

Special Oases 

&. This is the ease of a uniform plate. It follows fmm its defini- 
tion that n = 1. Timoshenko has shown3that X=1. 

y. The oentral part of the plate is very thin, so buckles like a 
clamped plate of width 2c and thickness t 

2' 
For this Timoshenko has obtained4 

u = 
kx2 Et; 

or 12 (l-v2)(2c)* ' 
(34) 

where k is 6.967; and the plate buckles with a helf-wavelength of 0.668(20), 
from which it follows that 
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h = 0.66&& 

Using equations (29) and (34): 

When y -D 0 this becomea 

IJ = l&2.Lltt2. 
a2 

(35) 

(36) 

(37) 

Equation (37) was used to plot p for small values of y in figs.4 to 6. 
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APPEMIIX III 

Calculation of the Stress Required to Produce Buckling 
of a Clamped Panel 

Boundary Gonditions 

As in the simply supported case equations (15) apply, an? 5 aid 
B2 vanish due to symetry. As the boun3.ary y, = 0 is clamped, the 
conditions there are that 

and 

"I = 0 1 

> 

"914. 
*I 

I 

(38) 

Equations (15) and (38) give 

and 

,_ 
(q. = sin Kx (C,+ D,) = 0 

sin ECx(a,A,+ B,B,) = 0 . 
/ 

(39) 

On substitution of equations (39), equations (15) beoome: 

hh a,~, _ sin Pp, 
a P > 

+ 0, (cash ap, - 00s P,Y,) 

w2 = sin Kx (c2 oosh a2y2 + D2 00s P,y,) . 

Junction Boumkry Con$tions 

The same boundary condltlons, equations (ZO), apply at the junctxons 
between the two thicknesses as m the smply supported ease. On differentia- 
tion of equations (40) and substitution of the differentxal ooefficients, 
these become: 

/(41) 
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sinha,b sir$,b 

> 

. 
H 

al - @I 
+ C,(cosha,b-cos$b) - O2 oosh a2c - D2 oos e,o e 0 

H (ooshqib - cos@,b) + C,(a, sinh a,b+ B, sin P,b) 

+ 02a2 sinh a29 - D$, sin 13,c = 0 

t; H 
I 

(ystl-v) 
sinha,b 

t (ye-1-w) 
six$,b 

al PI 3 
+ t: 0, i(ym.1~u) oosh a,b 

+ (ye-ltv) 00s P,bj - t; 02(E+1-V) cash a20 

t t;D2 (E-I+Y) 00s p,o = 0 

tf H f(ys-l+v) oosh a,bt (yetl-v) 00s B,bj t t: 0, [(ye-ltv)a,sti a,b 

- (ye+l-v) pisin +bj t tl 02a2(E-~+Y)Sinha20 

3 t t2 D2fi2 (et?-V) sin p20 = 0 . 

Oondition of Euckliq 

‘1 

The condition of buckling is that the deternunant of the ooeff‘ioients of 
H, C,, o2 and D2 vanishes. On dividing the rows and oolums of this d&&x- 
minant by various functions, as in the simply supported case, the condition 
becomes: bl a 

oosh a b 1 ,/x sinh a,b a, cash a,b %dYEC? si.nha,b 

- aos f3,b + y6-1- J sin f!,b -a2 cos P,b ta, /=I- sinP,b 

1 b3 a3 a4b3 

1 b4 “4 a3b4 

= c. ..*...(u) 
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This problem can be solved numerically by the same method as was 
mployed in the simply supported case. 

_Speclal Cases 

Th s red t is a clamped plate of uniform thickness, for which 
Tmoshenko has shown 

6 = k7c2E 0 t2 
cr 12 (I-v2) s2 

where k is 6.967, am3 the half-wavelength is 0*6@s. 

Using equation (29) 

x = 0.668 . 

(43) 

CCL The situation is the same as in the simply supported case, 

- ia - 





APPmDIX Iv 

Deterainatlon of the Shear Stiffness of the Panel 

Then the panel IS subJect.ea to a sheanng force Nxg per unit length, 
the shesrmg stress is 

'F~ = Nxy/t = G (3- g). (45) 

As there is no displaoement in the y-d.Leotion, v vsnlshes, leaving: 

The shear stiffness of the panel is the shearmg force per unit length 
ax.vQied by the average shear stram, which is 

---SE-= = Gs (4.6) 
r au 
S Tp 

which can be put in the form: 

Shear stiffness = Gto 
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FIG. 8 BUCKLING STRESS OF SIMPLY SUPPORTED PANELS. 
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