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SUMMARY

Th:s report considers the design and stress analysis of pressurised

thin-walled shells with special reference to opemings in the shell wall,
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1 Intreduction

In a pressurised shell the pressure is resisted by the tensile or
membrans stiffness of the shell wall acting alone or 1a combination with
the flexuwral stiffness of the shell wall, If the flexural stiffness is
not called intoe play in resasting the pressure the calculation of the mem-
brane stresses depends only on considerations of equiiibrrum. If the
flexural stiffness is called xnto play an accurate caleculation of the
streszes is inpracticabls'! unless there i1s axnal symmetry, as i1n the
spherical shell with a reinforced circular opeaing consadered in Sectiom 3.

In this report the influence on the membrans and flexural stiesses of
stringers, framss, end cars and reinforced cperangs 18 investigated and the
desigh of end caps eand epemings which cause no stress concentration s
considered.,

2 List of Symbols
;r B = Young's modulus
Y = Poisson's ratio, assumed to be 0,3
r r = radius of sphnere or cylinder
. F = wall cthickmess
i o = gemi-angle subtended by cirsular hole in sphers
B = semi-angle subtended by cone
}
A = cross-sectionel area of centrally placed reinforcing
memhear
S = cress-sectional area of eccentrically placed reinforcing
member
) A¥ = value of A appropriate to & neutral hole

crosg-asesctional area of frame

Structure properties
N
H

w = frame piltch

b = stranger pirtch

IS = moment ef inertia of each stringer-cum-adjacent-skin

h = dastance from neutral axis of IS to insade edge of
stringer

a = hall' the shorter axis of a neutral heole

Z = distance from cone apex to centre of neutral hole

Ty = depth of end cap

Ty, = radius of curvature of reinforcing member normal t»

shell surface

f I = 18 introduced after equation {39)



loads and stresses

axes

non~dimensional parameters

\_ds
/n

il

i

|

H]

hydrostatic pressure in shell

value of p 10 cause buckling of inverted end caps
gtress in sphere

stress in sphere or hoop stress in cylinders or cones
longartudinal stress in cylinder

stress along generator in cone

stress in reinforcing ring

stringer stress

longitudinal stress due to bending of shell wall
stringer stress due to lorgitudinal bending

Pending moment in stringer-cum-adjacent-skin

horizontal reaction per unit length between ring and shell

load in reinforcing member

normal reaction per unit length between window and
reinforcing member

radial displacement in plans of ciroular ring

rotation of cross~section of reinforcement

longitudinal axis
axis along generator of cone

ax1s normal to cylinder ¢ (Section 42}, or

ax1s normal to Ox and in the developed surface of cylin-

drical shell (Seoticn 4.3) or
axis normal to plane of shell wall (Section 6)

element of area

retic of thickness of cap to thickness of wall of spherical

shell

cross-sectional area of stringer + (bt)

effective cross-sectional erea of frame + (wt)

1. 3w

J )

1
dwry)
2 I

8

&

Z
efficiency of eccentrically placed reinforcing menber

(shear stress)/(hoop stress)
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3 Spherical Shell

2.1 Spherical shell with reinforced circular opening

Uonsider two spherical shells with reinforced circular openings, The
window in the Tirst shell i1s flat and that in the second has the same
curvature as the shell., In both cases the function of the windows is to
resist tne ypressure by their flemiral ragidity and to transmt the resuli-
ant pressure by bearing (without friction, say) on to the reinforcing rang,

If the flexural stiffness of the shell wall is neglected the membrane
stresses are determined by

o = [e3

¢ ® (1)
. BPx
= 24

arnd the direct stressg in the reinforcing ring is given by

2
v r’osin o cos o

c. .

ring e (2)
for the flat window, and

- _ P 1‘2 tan o (5)

ring 24

for the curved window,

Now the radial displacement in the plane of the rang is given by

r sin q
Arlng = ( E > Gflng (&)
for the ring, and
r s1n o
Ashel1 = ( ""‘E"“> (% - Wg«,) (5)

for the adjacent shell, and unless

Aring = Ashell (6)

there will be an additional interaction between raing and shell the magnitude
of wnich will depend on the flexural stiffness of the shell wall., It as
shown xn Appendix I that this inbteraction betwsen ring and shell 1s given

by

pr{cosa 1 -y )
2 A rt sin «

H

(7)

i1 -
Ls2 (3012)]% 272 /2



for the flat window, and

P (sec & _ 1 =y )
H = 2 A rt sin @ (8)

1 1 -3
T+ 2 (3(15)F 5T g /2

flor the curved window,

If

a < 15°

(9)
%- > 500

equations (7) and (8) approximate to

How 0.2p (e0) /2 [l_ 1—-“-1’---} . (10)

A rt sina
Note that if H 13 zero,

A = A% b
(11)

rt sin o
1 = ¢

0}

2
which is the amount of reinforcement necezsary to make the hole neutral iu
an equivalent flat sheet under "hydrostatic" tension,

The interaction H causes bending stresses in the shell and a stress
concentration factor which may be put in the form

3-1‘ : (12)

gs.c.fe = 1 + 0,4 "

3.2  Spherical skell with cap of greater thickness

The presence of a cap of greater thickness on a spherical shell will
reduce the merbrane stresses in the cap, but 1t will also cause stresses due
to bending along the common boundary of cap ard sphere., Tt 1s shown in
Appendix IT that due to this bending of the shell wall there is a stress
concentration factor for the thinner sheet equal to

pA
I R O

1+ 2 {n.S/2 + 12+ ns/é)-+ n*



For example, if the cap has twice the thickness of the shell there is
a stress oconcentration factor in the shell equal to 1.2, If the shell aas
buxlt-in the stress concentration factor, cbtained by letting n-se Iin
equation (13), is 2.3, Note that equation (43) is independent of the exient
of the ocap,

I Cylindrical shells

In considering cylirdracal sghells 1t 1s convenient to consader farst
the stress distribution in the main body of the shell and the influence of
stringer and frame reinforcement., The effect of the type of end caps for
the cylander will be consadered next and finally the desipgn of cpe dings in
the wall of ths cylinder.

4.1 Stresses 1n the main body of the shell

4.11 Unreinforccd shell

The hoopn and longitudinal stresses are given by

v 1 (1)

he12 Bhell reinforeced by stringers and closely spaced frawmes

3

Beceuse of the efit'ect of Porsson's ratic the greatest stresses” occour

in the shell rather than in the stringers or frames:

. pr 1+ 8 + 0,95 F
e = % {} + 8+ +0,9 & (15)
and
ox (1 +F+0.68
%« * T+ +F 0.9 SF} . (1€)

The siringer stress 1s given by

. BT O + 0,9 F
% * 2%|1+85+7+ 0,958 (17)
It will be seen that the stringers are inefficient i1n reducing the
longitudinal stress in the shell., rov example, af
DS = 005

and

v



it follows from equation (16) that
= x
o = 0,87 (?t)

instead of 0,67 BE) it the stringers were fully effective,
2%

The frames are apparently more efficient in reducing the hoop stress,
For example, if

¥

1t

005

and
3 = ©

it follows from equation (415) that

However, in equations (15), (16) and (17) the symbol F refers to the
effective cross-sectional area of the frames in resisting hoop stress., For
Z~section and similar frame sections the hoop stress will vary considerably
across the section of the frame because of the bending flexability of the frame
in the plane of 1%s cross-section; outstanding Jegs of a frame may be almost
ungtressed, The presence of stringer cut-outs in the frames will also reduce
their effectiveness, 4An average value for I may be given by

0.5 4y

F o= — (18)

and i1t will then be seen that the frames are as inefficient in ieducing the
hoop stress as stringers are .n reducing the longitudinal stress.

4,13 Shell reinforced by widely spaced frames (no stringers)

If the fremes are widely spaced therr action in reducing the hoop stress
in the shell will be localised to regions near the frames, In addition
localised longitudinel berding of the shell wall will occur and the peak
stresses so developed may exceed the hoop stress in the shell., It is shown in
Appendix III that the peak stress due to this longitudinal bending 4s given by

- _ §E£_<%1nh L - 3in p) 1 1 (19)

*p % \simh oy o+ sinp 1.5 ¢t fcosh 4 - cos u
VT (sin.hp-l—sinp)

where



For most shells, p will exceed 5, and equation (19) simplifies to:

o . = 2pr . (20)

For example, if

=~ = 0.3
F o= 01
T o= 2500
1t will be fournd that
Gk,b = %?
so that
o+ Ux,'b = 1.5:9353

which represents a stress concentration factor of 1.5, TPor a correspond-~
ing cylinder with F equal to 0.2 the stress concentration factor is 1,83,
For a completely rigid frame the stress concentration factor is 2,5.

ko1 Shell reinforced by widely spaced frames (with stringers)

The presence of stringers stiffens the wall of the shell considerably
against the longitudinal bending discussed in Section k.13,

It 18 shown 1in Appendax IV that the longitudinal bending mwoment acting
on each stringer-cum-adjacent-skin has a maximum value given by

[ 1

b Ik,
M = 0.85 PI' SANG T~ SAn T }
p % sinh m + san 7 1‘1 2 (cosh 7 ~ cos n)

(21)

* Fn \ sizh 7 + 8inn

where

I

1
. w (L;bt )4
21

<

The maximum tensile stress due to this longitudinal bending, whioch
must be added to the value determmned by equation (17), is given by

h Mi
Gé,b s

(22)
s



and it will occur in the stringers at points furthest from the wall of tle shell,
For the worgt possible case, that of a single rigid frame, we find

k|
1
b = 0.85 phr (tt:’[‘) . (23)

4.2 The effect of erd caps

At the junction of the oylinder with the end caps there will be a
localised bending of the walls of the shell due fo the different degrees of
heop expansicn due to the membrane stresses in the cylinder and the end caps,
The effect of spherical and ellipscidal end caps 1s considered by Timoshenkol
who shows that, for an unreinforced cylinder, the hoop stress in the oylinder
walls is the determining factor in design,

4.21 Stress concentrations

If the wall thicknesses of cylinder and erd cap are the same, it ia
found that

g.c.f, = 1,032

for a hemispherical cap, and
r 2
s.c.f. = 1 + 0,032 (;—) (24}
1

for an ellipscidal cap.
Samilarly, it can be shown that
for an inverted hemispherical cap, and

s,c,f, = 1 + 0,032 {(25)

r 2
3-'LI- - (;;)

for an inverted ellipsoidal cap,

4,22 Desipns without stress concentrations

There will be no localised bending of the walls of the shell 1f the
hoop expansicns due te menmbrane stresses in the cylander and the end caps are
the same, This may be achieved in a number of ways; for example:-

(i) by taking the thackness of the wall of the hemisphere equal to
0,41 times the cylinder wall thickness; but this gives a greater

membrane stress in the hemisphere ard it would be hetter to com-
promise with a ratio of wall thicknesses of about O, 6;

(ii) by taking an inverted ellipsoidal cap in which

x, = O.54  (see equation (25));

- 10 -



(3i1) by designing the cap so that there will be no abrupt change in
the curvature of the shell wall, A suitable form for such a
cap would be the surface of revolution of the curve

6@ - e

and the optimum value of r, which makes cylinder and cap
equally strong is given by

C.75 o,

1‘1 =

h.23 Buckling of inverted caps

The use of inverted caps may be ruled out because of the possibility
of failure precipitated by buckling, Tt is shown by Timoshenko that the
critical buckling pressure of a spherical shell 1s given by

p_ = 1.2E (1“—)2 (27)
or r

and this formula may be used with fair accuracy for ellipsoidal and other
ghells if the maximum spherical radius of curvature 1s substituted for r,

L,3  Dezign of openings in the wall of the cylinder

It was shown in Section 3.1 that for the spherical shell the shape of
the opening and the type of the reinforcement that caused zero stress con-
centration and zero bending of the walls of the shell corresponded to a
neutral hole in plane sheet, provided that the radaus of the hole was small
in comparigon with the radius of the spherdcal shell., It is shown in
Appendix V that for any shell whose walls are developable the type of
opening to cause zerc svress concentration and zero bending of the walls
of the shell corresponds exactly to the neutral hole in the developed shell;
there is no lumitation on the size of the hole in comparison with the size
of the shell,

4.31 The shape of the neutral hole

The neutral hole in the oylindrical shell will have the form in the
developed plane of an ellipse with axes in the ratio v2:1, the longer
axis lying in the direction of the greater (1.e, hoop) stress, If the
length of the shorier axas is 2a the equation determining the shape of the
opening ig

2
+ L = 1 . (28)
2
2a

Pl

4,32 Bection area of the reinforcing member

Unless the shell is reinforced by stringers or frames the cross-
sectional area of the reinforcement round the opening 18 given by

(@) "

£ - : (29)

at 2
O + 3 (g)

- 11 -




(The 0.k comes from (1-2v) with v equal to 0,3, )

If the shell is reinforced by closely spaced stringers and frames

% _ Y2 (1 + 8 + F + 0,95F) [1 + (;’5)2]3/2 . (30)

2
Culy + 0.9F + (3 + 3.63 - 0.9F) (g)

In practice it will be sufficiently accurate to have a constant reinforcement
of magntude (A*)x:a .

L.3%3 The lead in the reinforcing member

The load in the reinforcing member is given by

X

= I ———— . 1
P pra 2 (31)

4o 3h Normal reaction between window and reinforcing member

The normal load per umt length between the window and the reinforcing
mermber due tc the lead P i¢ given by

N = =

= (32)

and the window must therefore be designed to withstand these edge reactions
and the normal pressure p, For complete neutrality the edge of the window
should, under this sytem of leading, deform in the same manner as the
reinforecing merber,

4,35 Effect of superimposed shear stress

If there are shear stresses in the walls of the c¢ylinder in the region
of a préposed opening it is still theoretically possible to design a neutral
hole provided the shear stress is always a constant proportion (say, K) of the
hoop stress, a condition which dees nct ocour in aireraft fuselages, Even so
such & hole will seldom be feasible, for it 1s 1n the form of an ellipse with
axes in the ratioc

34 V(1 + 16K?)

(33)
vis (1 - &5
and inclaned to the longitudinal axis at an angle
% tan” (4) (34)

- 12 -



Per example, if XK 1is % the ratio of the axes 22 1.67 and the sngle of

inclianation is 223°, but if K is & the ratio of the axes goes up to 2,62,

If the shear stress 1s not a constant propo~tion of the hoop stress
(or, indeed, for manmy cases where it is) it wall be prefersble toc design
thz hole to be neutral under internal pressure and to reduce the inevitable
stress concentrations due to shear by suitably increasang the wall thick-
ness 1n the region of the hole. Note that such a scheme lends itself
particulariy to the cylinder with a row of opendngs in it, for a longi-
tudinal strip of increased thickoess in a eylinder does not causeay stress
concentrations at the Junctacn with the thinner wall of the rest of the
cylinder (see para, 3.2).

5 Conicel Shells

The membrane stregses are given by

o‘e = 20‘Z
(35)
. Dbz tan 8
- t

and 2f ve design for a uniform membrane stress, we should have to fake

'bcx:Z.

5.1 The ghape of she neutral hole

The shape of the neutral hols in the developed surface of the conical
ghell, is no longer an exact ellipse, but is determined by the eguation

2 2
w - (3427) = 7 cos 8 + 233(1-7\) = 0 . (36)
As A tends to zero, it can be shown that equatzon (38) represents

an ellipse with axes in the ratio 2 : 1.

5.2  The load in the reinforcing member

The load in the reinforcing member round the neutral hole is given by

+

\ 2.2.%
P = R—%n—-@ [32% - 1222°(1-2%) + 7 (3:0%) . (37)
6 Reunfercement on one side only of the shell wall

The analysis in paragraphs 3.1 and 4.32 referred to an idealised line
reinforcemsnt, but 1t 1s approxaimately valid af ths c.g. of the reinforce-
ment cross-section lies ia the plane of the snell wall. If the reinforce-
ment 13 eccentrically vlaced with regpect to the snell wall some twisting
of the reinforcement will tzke place under load and the reinforcement will
not be mo efficient, It is shown in Appendix VI that an sccentrically
placed reinforcement of cross-sectional area A is approximately equiva-
lent to centrally placed reinforcement of cross-sectional area A, vhere

A = e (38)

- 13 -



and

= (39)

where /]
n
In = ¥y o o4as .

Some values of e, which may be regarded as the efficiency of an
eccentrically placed reinforeing member, are shown in Table I below when
the reinforcement is on one side only of the shell wall.

Table I

Dependence of & on the form of the reinforcement cross-section

Cross-seciional form

of reinforcement &
rectangle %
triangle 1/3
equal sided channel (U) %
symmetrical angle (L) 5/8

The derivation of eguat.on (39) 1s based on the assumption that the
reinforcing member doss not distort in the plane of i1ts cross-section.
With this assumption it 1s theoreticelly pessible to obtain considerably
higher values for g. Tae problem is considered in further detail in
Appendix VI.

For the problem considered in para. 3.1 the rotation of the cross-
section of the reinforcing member is related to the radial dasplacement

by the equation
w = A <§1> (40)
2

and there will be a lncalised bending of the wall of the shell to accommo-
date this rotation, The meximum stress an the wall due to this bending is

given by
: 1
=2
¢ = 0.7Ew<-§> (1)
7 Conclusions

This report considers the stresses developed under internal pressure
in thin-walled shells of spherical, cylindrical or conical form. Formulae
have been presented for predicting the maximum stresses in

(i) a spherical shell with

() a reinforced circular opecing
() a cap of greater thickness;

- Al -



and (ii) a cylindrical shell with
(¢} Stringers and closely spaced frames
(d) Straingers and widely spaced frames
(e} End caps of various forms,
The feasa1bility of neutral holes in shells which have a developable
surface has been ascertained, and investigated in detail for the cylindri-

cal and coniecal shells,

A simple formula is given to allow for the reduced efficiency of
reinforcement on one side only of the shell wall,
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=
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ADDITIONAL SYMBOLS USED ONLY IN THE APPSNDICES

redial movement in plane of ring

berding moment per unit length in shell
2 2,2
{3 (1=v)(z/1)7}®

angle as defaned in Chapter XII of Ref.1

bending moment per unit length between cap and sphere
rotation »f cap or sphere along common boundary
are defined in equation (53)

direct load in a frame

radial displacement (Appendix 1V)

force function defined in equation (58)

direct ana shear membrane forces per unit length
ars defined after equation (57}

direct and shear membrane forces per umit length
axes tangential and normal to boundary
co~ordinate measured along bourndary

angle between tangent to curved boundary and Os
rotation of reinforcement cross-section

strain encergy stored in complete ring

sides of rectangle

ere defined after equation (?5)

- 16



APPENDIX T

Spherical shell wrth reinforced circular opening

The analysis given here 1s based on the simplaified treatment given
in Chapter 11 of Ref.1,

Under purely membrane stresses the radial discrepancy, in the plane
of the ring, between the ring and the shell is

érlng B Ashell

and this mast be eliminated by a radial force H per umit length. The
radaial movement of the rang and the shell due to H is

N
B Hr2 s¢n2 o
ring ~ EA

5 _ 2" sm2 o 5.3/2 2\3%
shell ~ B
from equation {274) of Ref.1,

Equation (7} follows by equating

-8 + 8 (43)

érlng " Anein ring shell '

In determaiming the effect of the H forces on the stresses in the
shell wall 1t will be noticcd from equation (10) that
":“1.«,1'
S ig of order v KE
t < \F
which may be neglected in comparason with the membrane stresses in the shell

wall (see equation (1)). The vending stresses may not be neglected, for we
have from Ref.1:

{ - (Bsna J(r?) S 2
- (Gmp ) e )

where
2
B L3 (12 (’3%)

Substituting the value of H from equation (10) in equation (44) and
putting v egual to G, 3, gives

l-k -
.= 0,41 prs (25w 1) e™™ sin

- 47 -



R
and the maxamum value of e MY ain Ay is

.~/
—-;Té—' = O, 32
which occurs when
i
}k‘{! = Z .

Now the maximum tensile stress in the shell wall is related to the bend-
ing moment by the equation

6
“bending " 2 |%] (45)
and the corresponding stress concentration factor is therefore

T .. v
g 4 -Pending L o 60,14 x 0,32 ]=‘~i—~-1‘
c¢ A

c.f, equation (12).

- 18 =



APPENDIX II

Spherical shell with cap of greater thickness

If the parts are considered first to be acting as membranes and
suffices 1 and 2 refer to the shell and cap respectively, we have

prz (1-y) sin « W

1 T 2Bt g 6)
Iy
= nﬂ | ‘

-
Furthermore, 1t will be noted that under the membrane forces there
will be no change in the slopes of the shell wall and the cap. Because
A, * A, there will be additional interactions (H and M) along the common

bgunda:%y between cap and sphere,

The relations between the rotation V and the displacement & and
F and M are given approximately by equations (273) and (274} of Ref.1:

b ?»,13 Ivf[‘I 2 7&12 sin o H1 h
Vi o= TEg Y Tt \
o 5 (%7)
2 '.\.1 a1n o M1 2 }\11' gin @ H‘l
8y = Bt * Ef )

and if we express N, in terms of 7»1:

2
~
3, 2 .
_— .'.|.’1\,_1 M2+27\,1 31naH2
2 e 2 Etn®
2 2 ’ (48)
2N, sin a M 2 Ar sin alH
& - 1 5 2 + 1 2
2 Etn Etn)]'5
J
The conditions of equilibrium and compatibility are
.
By o= - h |
M1 = MZ = M, s=ay
(49)
V1 = - V2



Equations (47), (48) and (49) may be solved to give

M= Pit (31("1:,7)%[1 . 2 (n*l.(;— 1)&1:2-;.)5) X 1.] (50)

n +n +n I

and equation (13) is derived from equations (50) and (45) with v equal to
0.3.

- 20 -



APPENDIX TIT

Shell reinforced by widely spaced frames (no stringers)

The problem 1s vartually solved in Chapter XI of Ref.1 where it is
shown that the equations relating the load I in a frame and the longitu-
dinel bendirg moment 1n the shell adjacent to the frame are

()
%E(p)-%%—% = P(W%v}—-l’F;; (51)

a 2
an w XZ([J) . L-—
M = -""';—'ém" [p ('f—*il’)"ﬁ-'
~ B
where
_ eosh 1 + cos U
X1(P) T sinh y + sinp
_ Sinph U - sin i
xz(“) T sinh p o+ siny > (53)
_ e¢sh fl - gcog U
xﬁ(“‘) T sinh p o+ ginp

whence 1t will be seen that

X2(“) sinh B + sin 4

. 1 ey
[%1(“) T2 XEE“S reduces to 5 (cosh @ - cos p)

and the derivation of eguation (19) 1s now straightforward,

-2 -






APPENDIX IV

Shell reinforced by widely spaced frames (with stringers)

For the case without stringers considered in Appendix IIT the
differential equation for the radial displacement w 1is given by
equation (228) of Ref.d:

il 3 J—I" p]
&b d'w 2t
+{=}w = 0, (54)
Al

The equation is identical with that of a beam on an elagtic fourda-~
t1on, When there are stringers present the equation takes the form

BT L.
3y 4w Bt
B --—-—~+-—W:0. (55)
(-b ) dx4 (r2>

The analysis for the two cases is then identical except for the
substitution of m for @,







APPENDIX ¥

Neutral holes in developable surfaces

Iet us begin with a deflnitlon?: a neutral hole in a structure is a
reinforced hole which 1s elastically egquavalent to the uncui, or contimuous,
structurs, The structure considered here 1s a shell whose walls are
developable,

If the only body forces acting on the shell wall are pressure forces
normal to the shell wall the equations of equilibrium of an elemert of the
shell wall are

aN ol
. A
x Yy

aN oN
¥, A
oy ax

]
o

N = pr (57)

where Ox, Oy are Cartesian co-ordinates in the developed flat sheet and
rg is the local principal curvature of the surface (i1,e. normsl to the

generator) and Ng ic the load per umt length i1n the shell wall normal
to the generator, (Compare, for example, with equation (224) of Ref.1
where a cylindrical surface is considsred, )

Bquation (56) is adentical with the corresponding equations for a
plane sheet and imply that there i1s a function ¢ From which the membrane
forces may be determined as follows:

¥ = i‘i ” (58)

It w111 be noticed that the function ¢ is independent of the co-
ordinate system: 1f fresh Cartesian axes Ox1, Oy1 are rlosen we have

2

Noo= 29, ete (59)
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Conaider now the equilibrium conditions adjacent to a neutral rein’orce-
ment, Take Cartesian axes QOs, On tangertial and normal to the boundary, and
let I %be the distance along the curved boundary, and @ be the angle between
& tangent to the curved boundary and Os so that the curvature of the boundary

in the developed flat sheet is %% . Resclving in the s~ and n-directions
glves

Low_ =0 (60)
and

P %%-* K, = 0. (61)

%heﬁe equations may be put in terms of ¢ by virtue of equations (58) and
59):

2
P &4
3% " osem = © (62)
and
0 _ 3%
Now from geometrical considerations
2 o 3¢
ds 3k
(6x)
EX R
as2 622 on % ;

whence equation (62) may be integrated to give
p - 2 (65)

an

and eguations (62), (64) and {65) reduce to

22 . o (66)

30 that for a closed boundary we have

[¢]E = constant, (67)



Equation (67) determines the shape of the hole boundary, aml equation (65)
then determines the load in the reinforecing member, The direct stiffness
of the reinforecing member 1s determined from equation (65) and the known
strain in the adjacent shell wall,

But these conditions alone do not suffice to dstermine a neutral hole.
This is because appreciable bending of the reinforeing member will occcur
unless the unbalanced component of the force normal to the surface, due to
the fact that the reinforcing mesber 1s curved, can be bhalanced. The
balancing load required 1s obtained by resolving normal to the surface,
whence

(¢8)

-
B
w5 |

Fortunately in pressurised shells the presence of stiff window frames
ensures that equation (68) will be satisfied, In general, however, if
there is no such supperting siructure or external agency to fulfil equation
(68) a neutral hole will not be feasible.

Example (Pressurised conical shell)

With the notation used in Sectior 5 the stresses in polar (z,0)
co-orcinates in the developed flat sheet are such that

't-'O‘e = 2% }
a
= (p ten B) s, (69)
’t‘fez = 0 i(
v

whence
¢ = (23 +ax + by + o)

and equations (36) and (37) follow wmmedistely.
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APPENDIX VI

Efficiency of eccentrically placed reinforcement

In what follows the assumption will be made that the reinforcing
mermber doss not distort in the plane of its cross-section, Such an
assumption will be justifiasble for most practical reinforcements whose
cross-section is sufficiently compact., The assumption will, of course,
tend to overestamate the actual stiffness and efficiency of the reinforce-
ment., We are only concerned with reinforcements which are neutrsl, or
nearly so, and this sets a limit on the flexability of the reinfor.ement
we need consider; for such reinforcements the action of the sheet itself
in resisting the rotation or the reinforcement cross-sectioa is very small
and will be ignored.

4 further simplifysng assumption will be made later that the width
ef the reinforcement is small in comparison with the radius of the hole,
but this is not essential to the analysis.

Consider now an erbitrary cross-section of a circular ring attached
to a plane sheet under uniform "hydrostatic" tension. We shall let the
line of attachment between ring and sheet expand radially an amcunt A
and determine the resultant rotation © and hence the stiffness of the
TiNE.

A typical point at (r, y) moves radially an amount (A - wy) and the
circumferential sftrain is therefore

A -y
r
and the energy stored in the corplzte ring is therefore given by

S SR
¥4 1o e

o]
i

ssvers (70)
Expression (70) must be minimised with respect to w, whence
L
e
3 S (71)
[ %‘—drdy

If the width of the ring 13 small compared wath the radius of the
hele the factor (1/1-) in the varicus integrals will remain sensibly
constant and we may write
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-g- = 5 (40 bis)

With this simplification equation (70) becomes

2 I}
T = =nEA (IO—-fl) (72)

2

2
c.f. = EA Io

if there were no rotation of the cross-section,
The expression for the efficiency factor & given in equation (39)
follows from equation {72). If for example, the reinforcing ring is on one

gside only of the sheet and Jf rectangular cross~section (¢ x d) it will be
found that

I = cd

I, = zcd (73)

so that

But if the cross-section consists of two dafferent, adjacent rectangles

Io = c1d1 + 02d2

I_1=-1§cd. +02d2) (7%)

I, = (1/3)(c d3+cd )

/
and
3 (14 )2

& = 1- b (14 YZ.;('{-a- v/%) (75)
whers

v o= gy /(ega))

& = d.z/d.1

ard 1t is clear that & oan be made to approach unity by letting iy remain
finite while Z becomes very large. Unfortunately these reguirements are not
compatible with the initial assumption that the reinforcement will not distort
in the plane of its cross-section,
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