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C.P. No. 18,
Approximate Vall Corrections for an Oscillating Swept Wang
in a Wind Tumel of O osed Circular section

W. E. A Acum, ARCS., B.Sc, and H C. Garner, B.A,
of the Aerodynam cs Division, N.P.L.

22nd January. 1954

SUMMARY

The interference upwash due to a swept horse-shoe vortex of
periodic strength in a closed carculer tunnel as obtained by a streamvise
integration of the correspondi ng upwash due to a vortex of constant strength
(Ref. 1). The values S0 obtained are treated by Malthopp?s lafting surface
theory (Ref. 2) to calculate tho effect of tumel walls on tho agrodynamic
derivatives of a particular oscillating swept Wng in inconpressible flow
(Ref. 3).The results show that frequency has a negligible effect on the
corrections to tho stiffness derivatives, and that for the tests of Ref. 3
there is no need to apply interference corrections to tho damping derivatives
of ift and pvtching monent.

The i nterference upwash i S al so expressed by an approximate formila
using four parameters &_, 8, , 8%, 8} relating t0 a wing of amall span. The
interference on the svvepf) wing | S caleulated from this information and the
result is shown to be satisfactory for practical use. I'n the Appendix the
apalogous paranmeters 6 _, §,, 8!, 8! are derived for rectangular tunnels and
tabulated for a range of height/breagth ratio sufficient to cover nost tunnels.
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Position of horse-shoe vortex in relation to circular tunnel

Plan of' nodel used ain tests at NP.L.

breadtn/height ratio of a rectangular tunnel
Inft coefficient

pitehing nonent coefficient
defined 1n equation {41)

nmean chord of wing
frequency of oscillation of wng
a function defined in equation (A 8)

tunnel -i nduced | oadng coefficient

steady loading coefficient due to W , W , W,

W
3
Mach number

c
defined by ¢, =2 fmg. 6 + = mp » 6
v

Pressure
radi us of tunne
area of plan formof wing

sem -length of finite part of horse-shoe
vortex (Fig. 1)

semi=gspan Of horse-shoe vortex

time

velocaty far upstreamin the darection of
X 1ncreasing

non- di mensi onal interference upwash due to

a horse-shoe vortex

parts of W due to, and in phase with T
L , respectively

cquivalent tO a, defined in equation (&)
of Ref. 2

out-of -phase part of W due to vortex I,

unst eady anterference upwash
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asteady interference upwash of a horse~shoe vortex
rectangular Cartesian co~ordinates, with the

axits of X along the tumnel axis

non~dimensional rectangular Cartesian co=ordinates
pitching axis of vang

co-ordinates defining positions of vortices (85)
E‘zé \

defined by Cp = = 2 <Z6' ] + - 8)
v

circulation in sieady flow, amplitude of
circulation 1n wnsteady {low

strengths of horse-shoe vortices (85)
interference parametursfor a amall wing

angle of incidence of wing

angle of sweep of horse-shoe vortex (Fig. 1)
wmterfercnce frequency poar.amotor

frequency paramcter of wing

aensity of fluud

amplitude of unsteady part of velocity potentzel

aneremental unstecady voloewty potentainl due to
presence of tunnel walls

steady part of veloclity potentzal of
disturbance caused by wing

potential function deiined an equation (&)
angular freguency

suffixcs referring the upper (z > 0) and
lower (z < 0) sides of the wang or wake

suffixces referring to leading and trailing
cdges of wang regpectively

prefix denoting increment due to tunnel
Intcrference.
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82, Introduction

The present work has arisen on account of sone tests3 (Scruton,
Woodgate and Al exander, 1953) on oscillating wings an the |owturbul ence tunnel
at the NP.L. As the arrowhead wing was rather large in relation to the tunnel,
it was thought desirable to have some estimate of the wail effects on the
measured derivatives.  For the purpose of interference correction the working

section of the tunnecl, a regular sixtecn-sided pol ygon, was taken as a circle of
diameter 7ft.

Some data on wall ;,.nterfcrence for a swept wing in steady flow an a
circul ar funnel 1s available' (Eisenstadt, 1947). As the tabulated values in
Ref. 1 are sonewhat scanty, it 1s necessary to extrapolate extensively to obtain
those needed for the configuration in Ref, 3. For this reason the interference
corrections obtained here by extending the theory of Ref. 1to0 unsteady flow, may
be in error by about 1¢7%. 1t seened wnnecessary to inprove the accuracy of the
calcul ations, since the |owturbulence tunnel is unlikely to be used for future
tests of oscillating wings and the uncertainty in the tunnel wall corrections 1s
probably within the limts of' experinental error.

83, Rel ation between Steady and Unsteady Flows

Consider the flow of an inconpressible invigcid fluid past a wing
oscillating with frequency f, Let the free streamvelocity V be an the direction
of increasing X. The velocity potential nay be expressed as VX + v(X, Y, 2)

+ ¢(X, Y, 2) exp(iut), Wwhere y = 2zf. Fromthe classical thco:r‘yI‘ (Lomb, 1932),
the local pressure p 1s given by

d
(p ~p ) = -== [VK+%+ ¢emp(iut) = 2(a" = V), .. ... 0
at
wher e +s the pressure of the undisturbed flow and g 1s the magnitude of the

| ocal velocity. In the linearized theory of small perturbations equation (1)
becones

~

a}/ i a¢.
(P=D)p = =V =<+ {~ap~V-- exp (iwt).
o2 ax X |
Hence ~ ]
3 ) S l )
(b =P ) p =V "~ €o Xy * Llw(cba 4) + V- .- sﬁb)f exp(20t),
- cadoe (2)
wherc a and b denote the upper and |ower surfaces of the wing and wake
respectively. In the wake of +he Wi ng, where Dy = Pp and y, -%yp 18
independent of X
a Y
— (po = ) *oaulgy = ) =0, L (3)
5%

vhere 5 = @R/V, X = X/R and the representative length A is chosen to be

the radius of the tunnel.

Kow define ¥ by the equation
J- "
4 - [x ] :j'égg‘,‘“ZL”E‘)‘ + LU ¢(E, N Z)} dg . - seetotEe (4)
Jeo L B

Pl

1t/



[t follows that

_— = --+i11¢ ) I EE N NN NN (5)
ax ax

If equation (5)is integrated along any section of a thin aerofoil

. [*E
‘Ut-\Pl = ¢ﬁ-¢1+lf-‘j ¢dE ’ cavenscno (6)
x1

where ! and t denote val ues at the | eading and trailing edges respectively.
Equation (6; hol ds for both gurfaces of the wing, Therefore in the notation of
equation (2 ) at the trailing edge

\ Xt
lg =¥y = ¢g = Py + wu f (Po-by) dE . sevossnan  {(7)
>3]

From equations (3)and (5)it follows that 3/x(Y¥, ~ % } vanishes in the wake, hence
W 18 the velocity potential of a steady flow

The differential equation (5)deternines

fx a_p__(_g_’__?rf-.z)cxp f=2u(x-8)a

o0 g
3 x -
=V oy ) - [ vy el (9
Equation (8) holds for the field ¢ in the unbounded flow and for the field
¢ + ¢' in the presence of tunnel walls. It follows that the unsteady interference
upwash 1s
W= oW+t dw = 9d'b 1z
' x
= Wy - i exp (= iux)f wexp(WE) ag, . . ...(Y)
=)

where wg = 3Y'AZ is the znterferencc upwash fromthe gteady velocaty
potential ¥ defined in equation (4).

To determine the influcnce of the tunnel walls it is only necessary to
consider the ficld ¢ at a distance fromthe w ng. For this purpose the
di sturbance to the uniformflow can be represented accurately enough by that due
to a combination of horse-shoe vortices of periodic strength. In the limating case
of a horse-shoe vortex xt = I S infinaitesimal and ¢ remuins fainate, SO
that the integral in equation %7)di sappears and at the trailing edge

Yo = ¥ = ¢ =% = My)e +(10)

Thus ¥ is the potential of a steady flow.sith the carculation I'{y), since in
wmeompressible flow ¢, and hence v, 14ll satisfy the equation V2 = 0.

It follows from equation (10) that the unsteady interference yprash for
o horse-shoe vortex with ecirculation T exp{awt) is related to that for a steady
hor se-shoe vortex wath circulation T by equation (9)., Therefore equation (9)
may be used to determine the unsteady interference upwash when the unsteady wing
loading is represented by a system of discrete vortices.

A/
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A sinilar result has been obtained by Goodmen® (1951) and has been used
for small wings.

If the fluid 18 comressible the azmlatude of the unsteady flow may be
expressed in terns of a modifzed velocity potential

iw 2 X
R ]
v 1 -1

where N 18 the lach nunber. ¢, satisfies the linearized equation

02 ¢, ® ¢ a%¢ 12
----- LA i - P ¢ N N ¢ 1))
ax? a y° 522 [ =132
where x = ¥R V1 -3, y = ¥ s, %z = Z/R.

If p? is =sssumed to be negligible, ¢, satisfies V¥ ¢, = 0. In the vake
behind a wing

8¢, 1
N T I T ¢, =0,
ax J 1=

so that equation (5) nmust be replaced by

A g, 1
—_— = e :l-“ . ——————— ¢1’
ox ax V1 -3
oY
and -- is zero in the wake.
ax

Thus the nethod could be applied to compressibid flcw in the case of low frequency
since ¥ satisfies ¥* ¥ = 0 when 4? /(1 = K?) 15 neglected in equation (11).

8., Aoplication to a Gircul ar Tunnel

In order to apply equation (9) to the calculation of unstead?;

interference, 1% 15 necessary t0 know wg at all points upstream of the wang.

Such values of w_, do not occur in the calcafion of steady interference and

are not usually cormuted. However FEisenstadt’has considered a swept horse-shoe
vortex of constant strength symmetricaily situated in a circular twmel {(Fig. |)

and hag cal cul ated wqy 1n the plane of the vortex within a distance of about R

of rts wvertex 0. These values or wg are given for angles of sweepback,

- 45deg. < A ¢ 45 deg. and vortex lengths S ¢ 0.9 R Provided that the angle

of sweep does not lie too for outside this range, the interpolation or extrapolation
to the appropriate angle can be carried cut without great dafficulty.

The upiesh due to a horse-shoe vortex in any closed tunnel tends to
zero exponentially with di stance upstream’ (von Kérmin and Burners), whereas in
wlunited flow it becones proportional to 1/%*, Therefore as X-» - o9 the
steady interference wwash wy = 0(1/%®) and i s negative in the sense of Fig. 1.
It zs difficult to tell fromthe available data how large ~ x must be before this
rule can be applied, but for a circular tunnel it 23 certainly outside the range
of values given 1n Ref. 1.

- wm em Em omm e em me Em m wr Em mE Em Em EM em mn R A Em eh mm MY mE e M mRh S mm e e e A R bk wm e e e e

*It 1s necessary that the f‘reque%cy should be small conpared with the first
critical frequency for resemance-® {w, P. Jones, 1953).
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[f it is assuned that
W(X) = W(-' 1)/}1'.2 YYEREEE ) (12)

for x <~ 1, it appears fromthe values of W for x3» = 0.9 that this
overestimates t he contribution to the infinite integral in equation (9) in the
case of small frequency. The assunption that Wx) = 0 for x < = 1 probably
leads to a contribution that s tco small. 1In the exanple considered in 88 the
di fference between the results based on these two assunptions was found to be

smal |, though there is no reason to suppose that this would al ways be the case.

I't would, of course, have been poscible to extend the tables of Ref. 1
as far upstream as necessary, but the large amount of conputation was not thought
t 0 be justified.

85 Eval uation of Interference

As a first step the verticity distribution round the wing nust be
expressed as the sumof a nunber of horse-shoe vortices of the type shown in
Fag. 1. These vortices should be consistent with the quantities measured in the
particular tests. For the arrowhead wig shown in Fig. 2, the theoretical
(Ref. 2, Fig. 2) and experinental 3 pitching derivatives are in satisfactory
agreement, so that 1t is sufficient to use theoretical results. In the exanple
consi dered in 86, the vortices arc two an nunber and correspond respecctively tc
the stiffness and damping derivatives. Each vortex is specified by its length s,
angl e of sweep-back A, streamwise position X and strength |', independent
of Y. s and A were chosen from the geonetry of the wing sc as to simplify the
extrapol ation fromthe teblesof Ref. 1.

Let T, and I, be the constant strengths of the vortices corresponding
to the stiffness and the damping respectively. Then the anplitude of the lift in
phase with the pitching notion zg identified with

pVL, - 2s cCC 4 = -PV:"S 2 6 s seeansensse (13)
whore g 18 the amplztude of the pitching notion.  Hence
Tye scos A = = 5VS2900 .« oiiiiin. (1)

Since this lift is assuned to act at the midpoint of the vortex, the pitching
monent about an axis X = Xc is identified with

PVP,_. 25 cos A (XO - X1 - % o san A) = pVQS _c:me O s saorss (15)
where X = X1 at the apex of the vortex. Then from equations (13) and (15)
Xi = XO - % ] SmA + E—me/ze 3
so that in non-dimensional co-ordinates _
s cimy
x, = xo..-- san A 4+ -0 ..(16)
2R Rzg
The anplitude of the [ift cut of phase with the pitching notion is identified with
IDVP2 . 2s cos A = “"FJVS EZO‘ y W OO O...Q.toi!lib(1?)
where 8, is the anplitude of the pitching velocity. Hence
T, RS €08 L % = 58 € 830G+ ceeeeieenn ..(18)

The position X = X, = RX, at the agex of the vortex of strength Iy 1s
given Simlarly to cquation (16) by

x,/
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o Emé
Xa = JCO ~ == g A b =, nesasrvans (19)
2R RZé

Thus, 2£ s and A are given, equations (14), (16), (18) and (19) determine the
strengths and positions (1, , = ); (r,, %) of the two vortices.

Eisenstadt? gives tabulated values of the tunnel-induced velocity
par anet er

W = wemmveem= B P (20)

for a range of values of s/R, A, X/R. (Pig. 1). The unsteady tunnel-induced
upwash 1S relaged to w, by equation (9), Since the present example i s associated
with HMulthopp's ‘cheory,s\/\hl ch 1s restricted to cases of |ow frequency, terms of

order ;, an equation (9) are ignorcd.*® Thus for each vortex

}

s i
\

W‘l = - u | n WS gg J!
-0 .
where X 1s nmeasured fromthe apex of the vortex. From equation (18), Ty is

of the first order in frequency, so that the corresponding (w,), my be agnored.
It follows that the two vortices conbine to give

W, = (wy),
[EEERERENENE] (22)

X=X
v o= (w), = / t(wg), ag |
~00 V)
vherc wy and w, are the resultant interference upwashes respectively in phase
and out of phase with the pitching motion. From equations (14}, (20) and (22),

whore the value of W, is obtained from the tables of Ref. 1 for ¢ = s/R and
angle of sweepback A as a function of y ond ¥ = x - x, where x:« 1is
given an equation (16). Similarly fromequations (18), (20), (22) and (23),

uvse - X=X
Wy = .............9. Cpe WB - R zef 1 Wi d g § vrearrene 0 (21-{-)
Br R® 6 -0a

where W, corrcspondsto o <= /R, A and EF = X & % Wth x, from
equation (IT), and W, as a function of g is obtained as in equation (23)
with the use of equation (12),:dwn g ¢ = 0.9.

It is now necessary to conpute the effect of +he interference wwwash
W o= (wp + :Lv.rl_)elwt on the quantities measured in the tests. A convenient met hod
O caleulation Is that of Ref. 2. The plan form and the choice of the odd

nunber /

o Em Em am wm Em ma S M R AR ER R owm e M RW AL WE EE W MR oy R e ol e R WE SR B M ek et b ek mm 4R mm dm

*Fouation (9) has been cvaluated numerically for the present exanple with

u = 0.5(y5/V = 0.347). The various contributions to the interference upwash
vere altered appreciably, but the rcsulting changes:n the final interference
corrections to ¢, and €y were uni nportant.
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nuber m determine the {(m + 1) points at which w 1s required. sets of

(m + 1) linear simultaneous equations then determine values of local 1ift and

local centre of pressure at #(m + 1) sections Of tne wing and hence the effect
of tunnel walls on the pitching deravatives. These calculated effects are then

subtracted from the measured derivatives.
26  Example

Fig. 2 shows t he shape anéd dimensions of a model whach has been the
subgect Of ' experimental WOrk in the Jow-turbulence tunnel at the N.P,L. |n these
tests the nodel was made to pitch about the axes shown, which were at 0.613 and
0.738 of the root-chord fromthe spex. Since the root-chord happens to equal the
tunnel radius R, the axes correspond to x, = 0.613 and 0.738.

As calculations have been performed on this plan {orm using hulthopp's
unsteady lifting surface theory', a1t wag decided to use these to express the
vorticity daistrabution round the wing in terms or" herse-shoe wortices of the type
considered above.  These were taken to have sweepback A = 60° and len gth
S = 0.70 R+ ‘“heir positions were obtained fromeguatwions (16) and (19) wherc
T = 0.9 R, and z., =z ;v and mg are determined theoretically as in

62
Ref. 2, Table IIl (m"= 5?.

Table |
P”—___“'—“—”"H'_'—““ I A T T T T AT TS T T e R
e S T S TS S
} 0.613 | 0,852 0.055 0.355 % 0.892 0. 301 0.545
- - - o ereeim e = = e e e ] e - e e A e = = - -
i 0.738 i 0.852 - 0.099 0.355 | 0.738 0.159 0.58,
- ! 1 .

The Interference upwashes in phase and out of phase with thepitching
motion are then given by equations (23) snd (24) respectively. Fror T.ble 1t _gclear
that i, in equation (23) and the wntegral in equation (24) are independent of x..
Only 1, needs separate computation for each pitehing axis. In the mechod of Ref. 2
vmth m = 5, W and W, are required at two chordinse positaions on each of
threestreammse lines. These S1X points (x'ys 7u)s (2% yy) (v = 0, 1,2)
are indicated in Pig. 2. The interference uwwashes were calculated along y = 0
and y = 0.5by using the method descrabed above, and the values at the lulthopp
positioas were found by interpolation as given in Table I,

Table |l
v Riw aE
¥
i Wiz * oo :
- Xy = Oe 613 x;—'= a. 738  using replaciug 1
v (x‘v’ yv) Xﬂ. 0!355 "2-:_0.51‘-5 xg = 0'581'_ eqn (12) -Doby -1 W-s i
N —— e w h mmmmee mmee—— |
0" (0.948,0) 2.61 2.23 2.14 2.07 1.86 1.88
o't (0.417,0) 1453 1.20 1.13 0.98 0.77 0.30
m o (1.163,0.229) 3.00 2.66 2.58 2.66 2,45 1.15
11 (0.775,0.229) 2.26 i 1.06 1,78 1.6, 1.43 - 0.25 1
2*  (1.352,0.397) 3.32 3.03 2.96 3.27 3.06 = 0.25

jxe]

2 " (1.089,0.397)

.90 2.52 2altdy 2odldy 2.23 - 1.42

]
e e e R BT T o L O N el T i 3 P oy )

Thus/




m 10 =

Thus, from (equations (23) and (24) the tunnel-induced angle of upwash is

W, o+ oiwg 3 uc —l
-------- - g;;ﬁ- ( 8 eo)"l + h;{“ ('- Ze 90) - i,U("' ZU eo )W: k} ) (25)
wherc = Zg and - zé are evalulated an Table |,

) 1 Wt = 1 5
W, ', and M f 7, dE
-0

are evaluated in Table II.

‘hen (p + 2wi)/V i s substituted for the right hand side of cquation
(55) of Ref. 2, %e real part of the tunncl-induced loading | S determined as in
steady flow by putting w = puV/R = 0. This leading 1s in phase w'th the
prtchang notion and will be denoted by

5
L= meem (-2

Bl 0

so t hat from equations(25) and (26), 1= 1, corresponds to a distribution of
incidence a = W, in steady flow. By followxng the treatnment of equation (55)

Oo)li [ [N RN RN (26)

in Ref. 2, it is seen that the loading ! = 1, produces an additional term
iuc i we
ivWy = "7 Wy = -=-= G
3 vV v 2

in equation (A, 3of Ref. 2. This effectively contributes to the imaginary terns
in equation 25) so that the tunnelw=ainduced |oading out of phase with the
pitching motion may be nmitten as

42 S e o) )
ot s Tt Ly (=2 6 )1 = dip(-z 9 )0
y gae | 0 % Ot i L
S
+ v é%; (- Z8 60)13 . nn(27)
where 1 = 13, 1, 1l correspond to a = W,, W , W, respectively in steady
flow, and the values of W, are included in Tabl il The tunnel -induced [ift
and pitching about cach pltchl ng axis, calculated for a = W, Wa, W', V% ,
arc given in Table Ill. In the casc of W' the average of two col ums in Table I
has been taken.
Table 111
r' - - - - - - -
W, A Vi, W} W,
a X = 0,613 x5 = 0,738 average
&Cy, LeT75 Lol 4. 00 3.86 1.64
&Cm -
¥o = 0.643 - 0,78 - 0.76 - - 0.85 = 0.53
5Cp
Xo = 0.738 + 0.07 - = 0.03 » 0.16 = 0.23

From/



w1l =

From the dimensions of the nodel and the tunnel in Fag. 2,
S/8rk* = 0.0253. Then fromcguations (13), (26) and Table |17,

BCL 0.0253 x 4.75
§z. = [ emmmm= 72 = 0.0601 z, = = 0.0512. ... (28)
0 = s5- T 2 0 0
0
From the definition of my in equation (15),
8Ch
5m6 = 5-- = 00,0099 ZG = = 0.0084, when X, = 0.613, 29)
3]
° = « 0.0009 g = * 0.0008, when xo = 0.738
From equations (17), (27) and Table I,
§(1ift) (scp)?
6zé = - T = - -
pvsc eO 260
S
= - - - - L] ' w &
B 1 6mR3 Z@ (SCL)Q"' ...ze (6 OL)g Z@ (OCL)S """ (30)

1t
I

0.0127 [(3.69 or 2.95) = 4.7 + 1.401

-

= = 0.004 V\:hen X = 036‘15

1t

+ 0.005 when x = 0.738

Thus 6z3 , the tunnel-induced contrabution to the measurcd z5 , consists of three
terns , w@hach indavidually give opproximate percentages + 5, "~ 7 and + 2. These
cancel ench other to the extent that the total 8zy IS neglagable. Sumlarly to

equation (30)

k
Mg = mmmmee = - - 2,(§C,) + =z (§C )} =~ z_(8C .
=l EEC VIR SHCCREERCES

Hence for the pitehing axis x, = 0.613,

bms = 0.0127(- 0.68 + 1.04 = 0,45] = = 0.001. sosnss (31)
For the pitching axis xo = 0. 738,
oml = 0.0127[~ 0.02 + 0,19 = 0.201 = = 0.000. - eeens (32)

In both cases gmp IS negligable, but for the forward axis the indivadual terns
contribute about 3 per cent to the measured mg,  The calculated quantities 8za,
dmg, bz, Odmj ore subtracted fromthe so-called measurcd voalues In Table | ¥

obtaain the correccted val ues.

87 Use of Small Horse-shoe Vortices

A useful approxamation is obtained by considering amall horse-shoe
vortices for the purpose of estimating the order of magnitude of the interference
upwash. roreover it will be shown that a good approxamation tO the results of the
cal cul ated exanple of 36 can be obtained in terms of four interference paraneters
associated with a small wang. The values of these parameters for a carcular tunnel
are given in this Section, and corresponding val ues for rectangular tunnel s are
given in Tabl e ATIT an the Appendax, SO that tunnel wall interference may be
estimated by the method given below fOr wings in rectangular tunnels.

When/
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When the wing is small, the tunnel interference will depend mnly On the
total lift. Tne interference upwash due to a small wing 1s therefore the limting
value of that of a horse-shoe vortice of seni-span s, and circulasion T exp(1wl)
when s tends to zero and I's, remainafinite. The“values of the ypwash in the
steady ‘case are ¥nown for a circular 4unnel’, SO that theogcillating inter{crence
upwash may be obtained by equation (9). The nunerical value of the upwash at the
wing 1s gl ven, by

LR?
- (Wr + lWi) =2 1,15 iy + 0(“2), essnssnna(33)
I\SJ_

where the interference upwash i s (wr + 1) exp(awt). Owang to the difficultr of
estimating upstream val ues of W mentioned 1n Bk the value 1.15° in equation (33) may
be in error by an amount probably not nore then 10%.

The samplest method of conputing the interference is to roplace the finate
wing by two small horse-shoe vortices,whose Strengths arc determined by zg and z§
and to assume that the interference upwash 1s constant over tne iwang as given b
equation (33). Thas approximation is much too crude for the cxamplc considered in
B6, and in fact Table Il shows that +he wnterference upwash is far from constant
over the wing.

A better aneri mation is obtaincd by assumng that tho interference
upwa.sh varies linearly in the chordwise direction and 1g constant in the spanwise
direction. To this approxi mation

LR [ X (55 L e

O (w + i) = 164 8, + - ‘
(Wr 1wl) & B 5, + iy G
6;)}' TrRsaer (3)14-)

I‘Si
Here &; may be found from Ref. 1. &', is proportional to the gradient of the
out-of -phase interference wupwash end g& by equation (21) &' /2 = = §5. The factor
16 in equation (34) 1s introduced to make §,, &,, &) and 8, analogous to the
quantitics used 1n steady interference theory (see for cxample Ref. 8). The
nunerical values for a circular tunnel are:-

X
= 16 50"“'51*1#(5'0 +
2

oI

6, = 0.125, & - 0.250, 8y = = 0.07 end 6 = = 0.250. . . . . (35)

The positions of the two small horse-shoe vortices used to represent the
model are obtained by putting s = 0 in equations (16) and {19), so that the
one recprcsenting the in-phase part of the lift distrabution 1s at

. == stvrenay (36)

and the one representing the out-of-phase part x1g at

x2:x0+§--y ......... @37
8

Then, ignoring terms in ,2, the interference upwash (w,. + diw:)is
given by equations (23) and (24.) wa.gclh, i l)

i) = 16 50 + & . ?}(x - xi) YRR T (38)

*The corresponding val ue deduced from Ref. 5 is about - 10 x 1.15.  This
discrepancy is believed to be due to incorrect labelling i1n Goodmen's diagram.
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wr

s 1608, + 8, o 3(x = x )b 5 eeees (39)

B

T
U

=%
and / 7 dg W} - 16080+ 6 v z(x = %)+ eeee. (40)

-3

In each case the upwash consisits of two parts the first being constant
over the wing and the second being proportional to x, where x is conveniently
measured from the apex of the wing. The corresponding aerodynamic loading on the
wing can therefore be expressed in terms of the coeffacients of four basic laft
distributions, 1.e.,

(CL)i’ (Cm)l, the in-phase coefficients corresponding to w = Vei®®
xRV Lt
(CL)Q’ (Cm)z, " in-phose " " "oy o= -- e
>
lu(CL)a, 1v(0m)3, the out~of-phase " " "oy o= yetwt
xRV l
iv(CL)4, iv(cm)d, " out-of-phase " " Mg oz e glwh
c
-nno(i{.1)

These quantities are obtainable by Multhopp's lifting surface theoryz; the farst
three, being required in the caleculation of pitching derivatives, are tabulated in
Ref. 2 for several plan forms.

The upwash distributien W, in equation (38) gives rise to an in-phase
contribution

(6c )y = 16(8, -~z x &) (C) +16. %8, » )5 vees (42)

and an out-of'wphase contribution

]

(.scL)3 = y |6(ao -~ % x, 51) (GL)3 + 16 . £ 8 .

ool

(GL)}- e (43)

The out-of'-phase upwash distributions V; and W/ 1n eguations (39) and
(40) pive rise to respective out-of-phase contributions

(8cr), = 16(8, - = x, 8 ) (Cp) +16.3%8 . 1; (o), eeo {44)

and _
(dorly = ~16(8, -2 % &) (cL), - 16 . 28] . z (Cr); - voo (45)

R

The in-phase loadings due to W, and ! are of order ;? and are therefore
neglected. Similar expressions for the moment derivatives may be obtained by
changing suff1x| L ¢fo. guffix m throughout the last four equations. The
interference effects of° the deravatives may now be obtained by using equations
(23) and (24) and equations (42) to (45).

For the arrowhead wing of 86 the values of (cr),» (cy), (cr), ena
(CL)4 arc ‘

1
|

(CL)1 = .70, (cp), = 2.571, (cL)3 = 0.717, (Cp), = 0.818 ... (46)

Consgider/
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Congider the case when the pitching axis is at xo = 0.613. By using the
velues in Table I, and equations (36) and (37), 1t follows that

1]

X
3

0. 658 ﬁ'(
0,87 | .

With the aid of equations (47) and (35), equations (42) to (45) give

P (Y))

i

and X,

(80p), = b (50p), = 4.09

ceREDREORO D (#8)
- (6 cL)i‘ - 3'2*'9 (6CL)3

i

‘1.63!

Then from equation (26) the in-phese increment *o ), s

Z. 6
0
- 20, 626 SRR . (GCL)i,
BnR 2
whence 529 = 0,0600 £5 = 0.0514. A (X))

From equations (27} and (30) the out-of-phase increment o C;, determines

S R 1
L4 - - e ”i o e t .
5% = 2o (2 (60L), = 25 (80y)] v« (50),
= -0-0155. teaSsc et (50)

The equations for pitching moments analogous to (46) and (48), for the
pitching axis at x, = 0.613, are

(cp), = = o0.110, (Ca) = = 0.501, (Cp), = = 0.178, (Cp), = = 0.292;
and (8Cy), = 0.799, (escm)9 = = 0.757, = {50 ) = =+ 0.702, (sa,), = =0.527.
Calculations similar to equations (49) and (50) yicld the values

6m6 = - 000086, 'Smé = e 0.0035.

The seame method holds for the other axis position; the resu%ts are prescnied in
Table IV together with thc values obtained by the method of 86 for comparisone

Table IV
Pitching Increment Values from 97 . Values from 356
axis !

Both Axes dzg » 0,0512 - 0.05%1

[ ézé - 0.,0135 - 0,00
X, = 0.613 Y Smg - 0,0086 ~ 0,008,

L 61% - 0,0033 - 0.0011

[ bmy - 0.004.2 + 0.0050
X, = 0.738 { bma + 0,0006 + 0,0008

J Smg - 0,0010 - 0.0001




w 15 =
The | argest difference vetween the two nethods iain 2+ and cwen this,
being of order 0.01 15 ngpligible for practical vurposes. Bquatidn (50) gives
numerically for xo = 0,613
0z = « 0.01266 j3.65 = 3,97 + 139}
The numcrical form of equation (30) for x, = 0.613 i s

82 = = 0.01266 [7.69 = haTh + 1,40} for the 0.613 ~xis.

The nmaj or portion of the difference 15 duc to the central termin the bracket, L.C.,
to the termcontaining (6cp)t. Wile part of the difference my be due to

inaccuracy in W', it is unlikely that this accounts for tne whole. However even
with this daffercnce the volues obtained arc probably good enough for nmost tunnel
correction requirements.  In the Aprendix corrcsponding val ues OF dg, 85, &, &

are given for rectanguler tumcls of various shapes so that the process may al so be
applycd for rectangul ar tunnels.

88 Qoncludine Remorks

(1) One of the basic steps IS the egvaluation of the interference upwash due
to any oscillatory horse-sho. vortex from the corrcsponding upwash duc to a steady
horse-shoe vortex. Tables Of the stcndy upwash for a circuler tumcl arc incompleic
so that the numerical results arc approximate only.

(2) Multhopp's lifting surfacc thcory has been used to compute the corrections
to the derivatives and this implics restraiction to small val ues of the frequency
paraneter. However this restriction i1s not fundanental, since any theory of
oscillating W Ngs capable of dealing with higher frequencies could be used.

(3) For the particulor wing token as an cxample the wal | interferencg on the
demping derivatives 1s zero to the order of accuracy of the calcul-ataionss (§6).

It shouid not however beo assumed that thesc correetiong ar c negligable for all
plan forns.

(1) The usc of small horsec-shoe vortices is adequate for tho cxample cons:dered,
11 which the plan formwas | arge relotive to the tunnel, |t as thought "that the data
for sani 1 wirgs 1N rectangular tunnels gaven in the Appendi x can be used to
estimate the interference in NDSt low-speed tests of oscaillating wings.

(5) As mentroned in the footnote to 65 the cffect of frc%ucncy I S probably
small provided that the interference frequency parameter u, does not exceed O.5.

(6) The effect of compressibilaty could bc taken into account by the method
indicated at the end of B3 provaded that the frequency is smalls
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APPENDIX
Small Wings in Closed Rectangulisr Tumels

Consider the case of an unswept st ady horse-shoe wortzx (A = 0 in Fig.1)s
The upwash due to such a vortex is (Ref. §, 12.2)

r | (Y -s) X l
W 5 ew ¢ mcecmcamce—— vt e A e o s e e s 1
L ('1?--5)”4-22 VE?E (Y - s)® + 2?

—
1

(¥ + ) X ¢]
(Y+s)’+Z° *fx4+(y+s)=+za l

L) -

X [ (Y + s) (Y - s) |

S Sl s ke e e e D e e gy v g g P AAR T e i ek S g 3 S W - -

VIS Y (Y + 8)F + 2% \/xg*(Y-s)z+z"’J

eesses (A1)

If ' 0 and s 5 0 so that r s remains constant,

W 9. em s - { + pamm & ------ + , - mm e N
o | (vt z%)3 JEITY T+ 2 (e ) (B 7)) f
4t 838 (A2)

Now consider the gage of a rectangular tunnel of breadth b and height
h eapd take h as the representative length so that X = xh, Y =% yh, Z = zh.
Then

-
-P's | z3 - y2 X P X E
W = W e <‘ o O s 00 W 1 + - e et + mmon v r———— -, ___._“'__._”___.”‘_‘572‘\;
2mP 'L ¥ o+ z?)% Vx? e y?a og? i (v + 22} (& + y* + 2®) f
T's 2% - y®
T T g meemssmens 0 XS 01 $ersro PN ennOOBG (A3)

2nn? (¥ 4 2R)8

3

s ul's y
-p/ W(g; _V, Z)dg = Lkt """""""-"-'éﬂ' * LI N B ] onno(AA-)
- o0 2xh® (y* + 2%)°

In order to obtain the unsteady interference upwash the quantities have
to be summed over the image system. Thus

- T8 mEHoy Moo (n? - P ba/hz)
WI‘ - -y o z z (*1 """""""""""" ] ....009--0¢(A5)
27h® mEe00 mEwoo (n® + o n“/h”)“

(msn) = (O 0)

which is the usual steady interference, and
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HUT 8 m=+400 nz+2
b

2ph? mEe=S IF-:N
(m,n) = (O:O)

W 3

IJI‘S + 0

2‘?(112 h2 n==>d

—— 2

|8

where f (X)

-

- i S

Ny el ey Y P

mih3 3/2
< -y - + Il2

hﬁ

f(X) and 1ts differential coefficient £!'(x) are tabulated in Table Al; the method of
obtaining these values i s desgribed in Ref. 8.
ui's ¥ %
Henge %, = = w== , == x mf(m. bh). (A9)
2
rhdb ¥ m=t
The above argument applies to horse-shoe vortices of zero span but a
noderately small wing can, for the purpose of calculating tunnel interference, be
regarded as equvalent t0 such a vortex. |f we write
w 804,
~ = s (B + xb, sy * x@j"]), ‘‘‘‘‘‘‘ (A, 10)
v bh
t hen by comparison with equation (A 9)
\ 1 b° o
6 = Z m ? (m . b/h)c ....... 11 11
© 4X 12 ped (11.11)
6o and b, can easily be evaluated from functions tabulated in Ref. 8. Their values
are
1 b or co
8. = w = .= [f{0) t 22 f(nm. b/h)J o0 (A12)
o] m=1
8 h L
1 b i oo ‘
and 61 S emm - fa, (O) + 2; fa (m . b/h‘ """" (A'15)
8% n { ol
where %, T y § f, are discussed and tabulated in Ref, 8, and equations (A,12)

and (4.13) are lmmitang forns of the expressions %:Lven therefor the i nterference
vpwash for a horse-shoe vortex of finite span as the span tends to zero.

quantities §o ond & arc, of course, already known for several shapes of tunnel.

By/

(47)

f .OO(AG)



By an argument similar to that used for the circular twmel 1 8721%
follows that §! = = 8, in equation (4.10).

The four quantitwes 8, 8, , & and & are tobulated in Table A.II
so that calculations simlar tothose of 87 cm be csrried out for a restanguler
tumel, Interpclation in the range b/h 3 1 using Bessel's iaterpolation formula
with second differences should give valusscorrect to about four deeimels,which is
anpl e for caleulations of tunnegir interference.

TABLE A.I/



w 20 =

f(x), end f'(x)

X f(x) - f'(X) x £(x) - £1(x)

0 + 00 + 0o 2.00 4 0.012 403 + 0.042 388
0.05 209,910 209 16001, 781 328 2.05 0.010 457 0.035 660
0.10 99.822 571 2001.717 426 2.10 0.008 849 0.0%0 014
0.15 44.183 549 594.207 908 2.15 0.007 440 0.025 273
0.20 24.661 576 251.481 051 2.20 0.006 279 0.021 289
0.25 15.591 417 129.322 128 2.25 0,005 301 0,017 941
0.30 10. 6.0 749 75.220 799 2.30 0,004 476 0.015 124
0.35 74610 142 47.610 199 2.35 0.003 781 0.012 755
0. 40 5683 356 32.028 317 2.40 0.00j 194 0.010 760
0.45 4.337 225 22.547 000 2.45 0.002 700 0.009 080
0.50 34373 268 16.430 405 2450 0.002 282 0.007 665
0.55 2.661 063 12,296 792 2.60 0.001 632 0.005 466
0.60 2.123 197 9,396 70L 2.70 0.001 168 0.003 902
0.65 1.708 506 7.299 224 2.80 0.000 836 0.002 769
0.70 1.384 285 5.744 169 2.90 0,000 600 0.001 994
0.75 1.127 810 4.567 702 3.00 0.000 430 0.001 428
3.80 0.923 008 3.662 816 3.10 0,000 309 0.001 023
0.85 0.758 217 2.957 335 3.20 0.000 222 0.000 733
0.90 0.62 793 2.401 178 3.30 0.000 159 0,000 526
0.95 0.516 210 1.958 712 3. 40 0.000 115 0.000 378
1.00 0.427 463 1.604 024 3450 0.000 082 0.000 271
1.05 0.354 667 1.317 908 3,60 0.000 059 0.000 195
1.10 0.294 772 1.085 &86 3,70 0.000 043 0.coo 140
1.15 0,245 362 0.896 894 3.80 0.000 031 0.000 101
1.20 0.204 509 0.742 366 3.90 0.000 022 0.000 073
1.25 0.170 66 0.615 608 4.00 0.000 016 0.000 052
1.30 0.142 574 0.511 337 %10 0.000 012 0.000 038
1.35 0.119 226 0.425 352 b 20 0.000 008 0.000 Q27
1.40 0.099 791 0,354 295 4. 30 0,000 006 0.000 020
1.45 0,083 593 0.295 461 4. 40 0.000 004 0.000 014
1.50 0.070 078 0.246 665 4,50 0.000 003 0.000 010
1455 0.058 789 0.206 133 4.60 0.000 002 0.000 co7
1.60 0.0L9 351 0.172 418 4e 70 0.000 002 0.000 005
1,65 0.041453 0,144 339 4,80 0.000 001 0.000 OOL
1.70 0.034 839 0.120 926 14 90 0.000 001 0.000 003
1.75 0.029 296 0.101 384 5.00 0.000 001 0.000 002
1.80 0.02L 647 0.085 058 5.10 0.000 000 0,000 002
1.85 0.020 746 0.071 405 5.20 ' 0.000 000 0.000 001
1.90 0.017 470 0.059 979 5.30 : 0.000 000 0.000 001
1.95 0.014 717 0.050 409 5 .40 0.000 oco 0.000 001
2.00 t 0.012 403 + 0.042 388 5.50 0.000 000 0,00C 000

TABLE
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Values of §,

<h

m 2] s

TABIE A LI

!
2 60:

as Functions of Breadth/heisht Ratio,

6

b/h o 6, -

0.5 0.261 821 0.513 593
0.6 0.218 314 0.397 029
0.7 0.187 567 0.327 613
0.8 0.165 150 0.28L 178
0.9 0.148 690 0.256 762
1.0 0.136 778 0.240 099
1.1 0. 128 474 0.231 086
1.2 0.123 090 0.227 716
1.3 0.120 089 0,228 570
1.4 0.119 026 0.232 690
1.5 0.119 538 0.239 249
1.6 0.121 322 0.247 637
1.7 0.424 125 0.257 558
1.8 0.127 742 0.268 521
1.9 0.132 005 0.280 314
2.0 0,136 778 0.292 737
2.1 0.141 950 0.305 636
2.2 0.147 436 0.318 897
S/7 0.120 390 0.228 247
13/9 0.119 078 0.235 3L0

ki i wm——

——— e

63_" {or Rectangular Tunnel

b/he

L]

bg N

0.069 58C 0.261 821
0.075 100 0.218 314
0.062 S40 0.4187 567
0.052 573 0,165 150
0.043 692 0. 148 690
0.036 099 0.136 778
0.029 6,0 0.128 474
0.021, 183 0.123 090
0.019 622 0.120 089
0.015 829 0.119 026
0.012 703 0.119 538
0.010 1k5 0.121 322
0.008 065 0.124 425
0.006 385 0.127 742
0.005 036 0,132 005
0.003 958 0.136 778
0.00% 101 0.141 950
0.002 421 0.147 436
0.020 22} 0.120 390
0,074 363 0.119 078
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