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SOME REMARKS ON THE INDUCED VELOCITY FIELD OF A
LIFTING ROTOR AND ON GLAUERT'S FORMULA

by

A, R. S. BRAMWELL
The City University, London

Summazz

The induced velocity field of a lifting rotor is discussed in
relation to the pressure field rather than the vortex wake in an
attempt to obtain a clearer understanding of the relationship between
the induced velocity and rotor forces. A number of results are
derived and, where appropriate, are compared with those obtained from

the theory of the vortex wake.

An investigation into the validity of Glauert's formula indicates
that it appears to be true for all rotor loadings for the linearized,

"high speed", case.

Calculations of the induced power show that for typical rotor
loadings the power in hovering flipght is about 10 per cent greater
than the "ideal" induced power, rising to about 15 to 20 per cent

greater in forward flight.

*Replaces A.R.C.34 822



1. INTRODUCTICN

A knowledge of the induced velocity at a helicopter rotor is essential
for the calculation of rotor blade forces and moments. For many appli-
cations a detailed knowledge of the complicated induced velocity field is
unnecessary and Glauert's formula® for the mean induced velocity often
gives acceptable accuracy. Glauert's formula has sometimes been misinter-
preted, however, and used wrongly as a basis for detailed calculations of

the induced velocity field.

This note considers the pressure field of the lifting rotor, rather
than the vortex wake, in an attempt to cobtain a clearer understanding of
the relatienship between the induced velocity and the rotor forces.
Certain symmetry relations, obtained from the theory of the vortex wake,
are used to investigate the validity of Glauert's formula. The discussion

throughout is based on a linearized analysis.

The work of this note has probably no practical application but it is
hoped that it leads to a better insight into the development of the induced

velocity field.

2. EQUATIONS OF MOTION

Euler's equation of motion for a fluid is
% . - v- {
—ﬁr + 3% --5Vp . . (1)

If the motion is regarded as being that of a small disturbance V
superimposed on a uniform flow of velocity V . QI V t+ V such

that squares and products of the components of V are negligible, Euler's

equation becomes _
'%_+ A 2RI I - (2)

Taklng the dlvergence of both sides of (2), and rememberlng that

V q, VV = 0 by continuity, we have, if P is constant,
2 — - .
- fj. V P = V (V. VV ) = 0 since V is a constant vector
2
i.e. ‘7 f’

Thus, for thelinearized problem, the pressure field satisfies Laplace's

equation, even when the flow is unsteady. For incompressible flow, (2)



can also be written ’a__
ot VIV = -v(g) -V . .. (3
- 2
giving A
é is known as the "acceleration potential” since, as can be seen from (3)
the gradient of @ gives the fluid acceleration.
The "acceleration potential", first introduced by Prandtl in 1936, has

2 to find the loading of elliptic wings of

been used by Krienesl and Kinner
arbitrary aspect ratio and circular wings respectively. The latter formed
the basis of Mangler's work® in which he calculated the induced velocity

distribution of a disc carrying a load similar to that of a helicopter rotor.

We illustrate the calculatlon of the velocity components by con81der1ng
the particular case in which V VI{. Then, if Vel + ‘U‘J + Uk

(2) becomes, for the steady case,

u . _ 1
Vh b
v 1
VvV L
o P

() .
5‘5 . : . : (&)

gﬂ._...(SJ

Assuming the disturbance velocity to be zero at a great distance ahead
of the disturbing load, the velocity components anywhere in the flow field

can be cbtained by integration. For example, equation (6) gives

U=*Lf@£dx. . . : - {7)

The problem, briefly, is to construct solutions to Laplace's equation
satisfying the appropriate boundary conditions and then to obtain the dist-
urbance velocities from integrations such as (7). In Mangler's work
Laplace's equation was found to be satisfied by a sequence of associated
Legendre functions which, in addition,gave the required pressure jump across
the disc. These could be regarded as a series of pressure "mode shapes"
and it was found that the first two, in a suitable combination, gave an

acceptable representation of a helicopter rotor loading.

3. THE UNIFORMLY LAODED DISC

The uniformly loaded disc is one which leads to comparatively simple

solutions and gives a useful insight intc the mechanism of the development



of the induced velocity field.

It is well-known from potential theory that a function which satisfies

Laplace's equation and gives a discontinuity across a surface element

| ﬁpﬂ'"v( s . . . . ®

where 7. 1is the unit normal to the surface and VP is, in the terms of

is

our problem, the pressure difference across the rotor disc. Eguation (8) is
the field due to a three dimensional doublet or dipole”.
For a uniform pressure distribution
o < 2L [av(L)es . . - (9)
bwp v
where the integration is taken over the whole surface, which need not be
necessarily plane or closed.

Now the so0lid angle q) which the surface subtends at any peint

can be expressedLF as

A i
(ps-.' - f’n_V(?)dS
5
so that (9) can be written as

® - Lp,
yp
- Apcp/q.-n- L : . . . [10)

that 1s, the pressure at any point in the field can be expressed very simply

or

in terms of the solid angle subtended by the surface. A sketch of the

pressure field in a dimetral plane is shown in Fig.l.

Further, the acceleraticn field O can be obtained from ( 3 ) as

6 = -V

l;.yrp VJﬂ AV, %) ds . . . . (”,’]

—-ﬁ{ Ao (k)ds

By an extension of Stoke's theorem

Jivo()e - - [ol)d

where thé suffix ( denotes the boundary of the surface S and d{ is

an element of the boundary. Hence, (11) becomes



=-_A_Ef+‘xdb - S s
c

The integral on the right hand side of (12) gives the acceleration
vector field due to a surface carrying a uniform pressure distribution and
we note that it is identical in form to the velocity field of a vortex ring
coinciding with the bounding edge C , fig.2. Katzoff and others® obtained
this result by arguing that, since the pressure field has to satisfy Laplace's
equation and the same boundary conditions as the velocity potential of a
vortex ring, the two fields can be regarded as equivalent. The result was
used by them to determine camber lines of wings designed to carry a uniform

load.

4, CALCULATICN OF THE NORMAL INDUCED VELOCITY

Since the pressure field satisfies Laplace's equation it is completely
determined once the pressure distribution is prescribed. It is also inde-
pendent of the disc incidence. To find the "induced velccity", i.e. the
velocity components normal to the rotor disc, we note that the appropriate
velocity components, found by integrating equations (4), (5), (6), will be
those along and perpendicular to the flight direction. Thus, if uf and &
are the velocity components along and perpendicular to the flight direction,

fig.3, the velocity normal to the disc is given by
' ' -
W= MhesX + wsmX

where ?C is the angle between the flight directicn and the normal to the

rotor disc. Then, from equations (4) and (%)

[ f
x

z
I / J_J@e- /
v pV.,@-Sw”“”"PV.a’ﬂﬁ’sm“x" -

The pressure gradient normal to the plane of the disc can be found from

the tables given by Kuchemann and Weber®, The values along a diameter and

along the axis perpendicular to the disc are shown in fig.u.



_6_
From equation (12} and fig.4 we easily find that this component is

oy
O . LR [ ros(v-v)- R
03 ber °[32+ e R - 2rRcos (w-v')

J% d"V, . .(H)

In particular, along the axis of the disec, T = O we have

( 2\-Y
3; - - $apR (5 R) "

Integrating, we get

U o S O LR

. (5)

1
P-p - 7AP[1‘ (3{—22);;2 ,ﬁor jro . - ()

This variation is shown in fig.5

The induced velocity for the axial (propeller) case is found by putting

A= 0 in (13), giving,for any T,

x' ¥
oy L] %y e
wos Pv0~fa_f'd” ov d, 93 %0 )

Then, integrating (15) and ensuring that & = 0 as 3 > A

i.e. upstream of the disc,we have

u = :Léé#g ] + _ji____ Y . . . . (79)
2pV (32+ 22) 2
The axial variation of induced velocity is shown in fig.6 and we see

that the slipstream velocity has reached nearly 90 per cent of its ulti-

mate value within a diameter's distance of the disc.

The integration of (4), which corresponds to the linearized form of
Bernoulli's equation, shows that the axial velocity component depends only
on the local pressure, i.e. fb = — 3%V’-F constant. Thus justifies, for
the linear theory at any rate, the idea of the'"independence of blade ele-

ments" of elementary propeller theory.

For points downstream of the disc, and for all points for which r>R

the constant in the above expression for MW 1s zero and the axial velocity
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component is simply proportional to minus the local pressure. Now, we saw
earlier that the leocal pressure is preportional to the solid angle subtended
by the dise, so that upstream of the disc the axial velocity must be contin-
uous everywhere, It also follows from the sketch of the pressure field,
fig.1l, that the axial velocity is zero in the plane of the dise ( "> R ),
and that it actually becomes negative as we proceed downstream. However,
since we know that the velocity downstream of the disc continually increases,
there must be a discontinuity of velocity, i.e. a definite wake, at " = R
for points behind the disc, as is assumed, of course, in the vortex theory

of propellers.

Koning7 has also investigated the radial component of velocity for a
uniformly loaded disc, but the impression given in the work that a discon-
tinuity extends ahead of the disc is false and is a consequence of the assump-

tions made to simplify the analysis.

5. PORWARD FLIGHT, X, = 90°

Ancther case of interest is the ”high speed" case, X = 90°. From (18)

the induced velocity is

since % = 1! and 3 = 3

In the method used by Katzoff and others5 to calculate the camber of
wings, the integration was first performed on an element of the contour
bounding the lifting surface (equation 12). Thus, with tﬁ» dwfdenotlng
the components of the element dﬂ at point xr 7 and X, 7' the point

in the field, integration gave

. ~Dp J-x)dn + n VUL S R SRR )
bV L) [-x) s (g gy

Expressing these quantities in terms of polar rotor ccordinates and
integrating over the circular contour of the wotor disc, we find after a

little manipulation that
. g

Cog

i = - Ae [.LSM(W V' )dlp’ +Ap S‘Inl}’ dtf)
LHTPV (P(,Sm’q) S!nw )[HP’ %wws(w w)]é Q-TTPVDF.SMLP'-?M‘#I

{21)
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Along the longitudinal axis of symmetry, and ahead of the centre of the
rotor, 1P =T , and (21) becomes

urpv )

iﬁ?’v - hpk(p)] frop<t oy
[Fo;- w> 1 FK(-“) B K(_;-")]

where K (ﬁ) is the complete integral of the first kind,

Similarly, along the rear longitudinal axis = 0 we have’
y £ )

Al emk (0], poaar @

The induced velocity along the longitudinal axis is shown in fig.7.

Along the lateral axis of the rotor, 1p = ﬂzz,we have

0= ~op_{r - fﬂ”’ oo e

- tosy'

Now

| A R LS
° - tesy' _&h Jor >
Hence &F has the constant value —Zlepralong the lateral axis

within the disc, and — E {f - L} outside the disc.
ZpV 1
P 1

6. MOMENTUM CONSIDERATIONS

At this stage it is useful to consider the relationship between the
pressure jump at a position on the disc in forward flight and the induced
velocity there, In axial flight, assuming the rotation of the slipstream
to be negligible, we have the well-known relationship between the thrust and

the induced velocity 'Ut in the form
T = 2pA(V+v;)v; : . : . (98)
and, for an arbitrary loading, the differential form

ar = 2p(%+v;)v;dA _ . . . (26)
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is assumed to hold. The validity of this relation, as stated by Glauert7,

8

has neverbeen established and in a recent paper”it is shown to be untrue in

general, It is true for the linear case as has been shown earlier.

The simplicity of this result arises from the fact that the induced
velocity increment is in the same direction as the general flow, and that
the flow behind the disc is confined to a well-defined slipstream. For

these reasons it is easy to apply momentum principles and arrive at (26).

Now, in order to obtain a mean induced velocity for calculating rotor

performance, Glauertg, in 1926, proposed the formula

T = 204Vv, e

where V, = m
[

Although no proof of (27) has been given, the justification claimed

for this formula is that it reduces tc (25) in the hovering case, V=0

and assumes the correct form for the induced velocity of an elliptically
loaded wing when Y 1is large.

Ain interpretation of the formula (28) is to imagine a cylindrical slip-
stream, having the same diameter as the rotor, impinging upen the rotor at
speed v and being deflected downwards by it so that it ultimately acquires
a downwash component of 24; . By applying momentum principles (27) is
readily obtained. The only virtue of such a fictitious representation is
that it leads easily to (27) but the impression has often heen gained that

it isMobvious" from momentum considerations and, indeed, that a differential

ar = Zpv'v; dA . . . . (%)

analogous to (26), is also applicable.

form,

Now, although the 1lift of the rotor must be accountable in terms of
rate of change of momentum of the air, momentum considerations are by no
means simple when the rotor is inclined to the flight path and the induced
velocity can no longer be expressed simply in terms of the local loading,
as in (26). To see this we refer back to the case, X, = 90° which we
solved analytically, (22) and (23),and consider a physical interpretation
of this integration. The function being integrated is the pressure gradient

%P/@% shown in fig.4, which we have seen to be proportional to the
local vertical acceleration. As the air approaches the rotor it comes under
the influence of the pressure field which imparts an upwards velocity, i.e.
an upwash, in front of the disc, As the air moves downstream of the roter's
leading edge the pressure gradient reverses and a downwash develops some

distance behind the leading edge. At the trailing edge the pressure gradient

again reverses and the downwash gradually decreases finally becoming twice
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the value at the centre of the rotor. In this special case the slipstream
boundary, or vortex wake, degenerates into a flat strip; there is no "flow"
through it, the momentum changes which occur being associated with changes
of the direction of the air in the neighbourhood of the rotor, that is, in
the conversion of an upwash into a downwash. In the case of inclined flow
it can be seen physically, and also from (13), that the induced velocity

at a particular point of the rotor depends on the variation of the pressure
gradient along the path of integration and not simply on the local discon-
tinuity, as happens to be true in the axial case. Thus (28) cannot be valid
in general and attempts to use such a relationship to comnnect the local rotor
loading with the induced velocity are fallacious. Such attempts, in any

case, usually require a special imterpretation of the increment of mass flow

pV/ dA.

Another point worth noting is that, although there is a pressure discon-
tinuity at the dise, the gradient, and hence, the flow acceleration, is con-
tinuousy as is also the flow velocity. There is no sudden deflection of the

flow field as is sometimes thought to be the case in supposing (28) to he true.

Further, since any axially symmetrical leading can be build up of an
assembly of elementary concentric circular leadings, the centre of the rotor
occupies the same gecmetric position in every such elementary loading.

Hence, the induced velocity at the rotor centre depends only on the total
local leading; if it is zero, as would be expected, the induced velocity must
be zero there also. This does not hold for any other point on the rotor,
i.e. the local induced velocity, generally, will depend on the shape of the

loading distribution as well as the magnitude.

7. GENERAL FORWARD FLIGHT CASE

In the general case the flow will be inclined at an angle A to the

rotor disc and we have the relationships

v e asmX +3005X'

‘a' < = %000 % +33';fo

(13) then becomes
* ’ 3
W = —-f—f 'thﬂdx - -gf@i?wswg
PV o 03/ P-ﬂ 3%
But along the path of integration, i.e. along a path parallel to the x/-axis

drv = - of bm¥ and so ¢ o
1 @medz . - . . @)
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where, in the integrand, X and 5 are related by the path of integration.

Now (14) can be writtezf
% . 2pR ([ (nusy' 4 ysnv' - 2 )y’ o)
0 AL [xzf 1z+ 32 A 2%2005@'-2?'25'@']%

and along the path of integratién

x = rewsy - jlamx = Tesy - mp
where Mm = Uiﬂx.,
and 1‘ = T'Sl;fl'lp = conslant .

Hence for a point on the disc

AEN“’"’ jf_Le mzcos P+ rios (V- w)dwtfg

WmpV |+m’-)+r " 2 2mr3m.s1y 2m23wscp +2rReos(v- IP)]

3
Apart from a slight difference of notation and definitien of the angle ( )

corresponding to 1P' the above integral is identical to that of ref.l0 in
which the induced velocity of a uniformly loaded rotor had been calculated
by integrating the effect of an inclined cylindrical vortex wake. Another
difference is that the induced velocity given here is expressed directly in
terms of the pressure jump instead of the circulation of a unit slice of the
vortex wake. Unfortunately, the integral cannot be evaluated analytically
for a general point on the rotor disc except for points on the longitudinal
axis of symmetry, but even then, as shown in ref.10, the result can only

be expressed of elliptic integrals of the first and third kinds. The special

case, ?L = 90°, agrees with the results given in (22) and (23).

§. THE SYMMETRY RELATIONS

A circular disc carrying a uniform load generates an elliptical vortex
wake. By superimposing a skew-symmetric wake on the original one, a two-
dimensional elliptic wake is created by means of which Katzoffll obtained
certain relationships between the induced velocity compcnents. They are
(i) If P and Q are two points on the rotor disc symmetrically located
about the lateral axis, the sum of the iInduced velocity components lup
and lOa is equal to the vertical component of the induced velocity field
within the two-dimensional wake. Since this is constant, it follows that

60,1- CJQ is also constant and the induced velocity distribution

is skew-symmetrical with respect to the lateral axis.
(ii) 1f P and Q are symmetrically located about the lateral axis of the

disc and lie ocutside it we have

W, + Wg = Vamk . | L (3
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where 1r’ is the longitudinal® component of velocity in the ellipse
plane at the point corresponding to P (or Q ), fig.8. Now, the flow about
the elliptical wake is due to the motion it induces upon itself relative to
the surrounding air. The component of this motion which gives rise to the
flow about the elliptical wake is the velocity mormal to the wake axis, { say.
By considering the circulation round a circuit threaded into and out of the
wake, it has been shown in ref.10 that {J is thM|Ffz times the velocity
within, and parallel to, the ultimate wake and that this latter component

is twice the value T, at the rotor centre; that is

U= 2v. ™y | . . . (33)

Ref.11 gives the complex potential of the ellipse flow as

rip = -atay b St

where ﬁ' = E‘?Lﬂ are elliptical coordinates related to the cartesian
coordinates by 1,’ +;.|a' = 3' = ( coshﬁ_'. , a and b being the semi-
major axes of the ellipse and Cz = G,z- l)a . Inourcase {y = K .
l)’ = Rwsx giving € = QSMX- so that, with (33), equation (34) in

f
terms of ﬁ becomes

P+iy = - coucx[g,'- Vit- ezs:hzx] NS

/
Differentiating (35) with respect to 3 gives the velocity components as

m -y - 20V tosec X [1 ‘\/—3?2'——'22—37)( }
- in

i !
Now, on the lateral axis UP = GJQ = say and 3 = X . Then,

from (32) and writing X,, = fuﬁ’, and SI.n'x"-' 'z , we finally have
o g -~

v, -

Equation (36), shown plotted in fig.(9), gives the distribution of

i

induced velocity along the lateral axis as a fraction of the value at the

rotor centre. These values have also been given in ref.l12, together with

* Here, as in ref.l1l, we adopt the conventional axes system for the ellipse,
! !
i.e. the X axis corresponds to the major axis and the axis to the

] )
minor axis. Thus, we have % = ? and 'd = AWK .
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other values in the lateral plane, but the calculations were obtained by

a numerical evaluation of an integral derived from (31) with 1# = !&Z
However, for the special case of the lateral axis, it has been found poss-
ible to rearrange the integral and solve it exactly, giving the same result
as (36).

9, VERIFICATION OF GLAUERT'S FORMULA

!
et X, be coordinates in the rotor plane and X , 7 coordinates
in the plane perpendicular to wake axis, fig.(10)., The cross-section of

the wake parallel to the rotor plane is, of course, a circle with radius R

Consider now an annulus concentric with the rotor and lying outside it,

fig.(1la). The mean induced velocity 4 over the annulus is

0 = z—gfj(wu%)d»d,. N 1),

where as in the previous section, CJ} and &g are the induced velocities
at points egually spared about the lateral axis and A is the area of the

annulus. TFrom (32) equation (37) can be written as

AR »J’:_'X ff v dwd,a . . : . (30

If Q) and 1p are the velocity and stream functions of the flow about

elliptical wake,
', g . LW
v = , = - '
oy (2}
The coordinates in the rotor and ellipse plane are related by
/ /
AL = N v:aa-&ec%
so that

/ . % _ Oy
(1+ cosn) 2

and &) can be written as

u - 1+oo$1r) ”(@ o )ody

But, by Green's theorem,

[ (@-iy)insidg) = f (0n ¥ig) - o [{vie- o)
(55 Dot (2 43 Do
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so that, from (39),

- me,
W = gL -«w d
A(H-OOSX,) j 3

where the suffix C denotes the contour of the annulus, fig.(l1a).

Now, from the previous section, we have

Q- = Ltk [3 - \/ﬁ'z R%amx ]

giving

v - A(1+ s% RLJZ [ - Risin* ]d3- - (49

The contour consists of two circles of radius R and ,u,I? say, where P’ >1.
Although the function in the integrand has branch points, they both lie
within the inner circle so that no discontinuity of the function occurs
between the straight porticns AD and BC . Hence, the integrals along

these portions cancel and we need only consider integration round the circular

ares T =R and T =P‘Q . If 3-—1"6”‘) we have

§ (o-ivpy - i [Te-in et Tomivoca

where the suffixes 1 and 2 denote the values on the inner and outer circles
! I .
respectively, On the inner circle ¥ = RCOST,P and ‘d =28mq» (0s Xand,

therefore,

Q -y = 24 RV Loseek [cosv-tis;hwcosx - \/(wsw-iswcosx)z-s.;,‘x ]

= LRV, (st X [cos_w- vsmyes¥ - (cosyoos ¥ *"3“34’)]

= RV, (%'ﬁ/z e Y

and, hence, I
U

[Tlo-iv)ay = - a8ty f 6Ty

0

= 0

On the circle of radius PQ
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@y~ 19, = 2R ok X }:Pv (cos - esmyaosk )= \/pz(mw-(swwsx)z-s.;#x ]
Considering the first term, the contribution to the total integral is
2
2 .- .
IR v, tosecX j /,Lz ((wp - wnwwsx)(wsw tesmy )dy
0

of which the real part is easily found to be
2,52, .
Zvrp,nﬁzv,; wsec X (14 cosk) = Jmu R col Y

The second integral can be evaluated by reverting back (in terms of
]
unit radius) to cartesian coordinates in complex form by 3’ = erv so

that

wsv=5(3+%), wmy = 3(5-3) L. eVdy - -y

Then,if

& .
I = J;va(cosquL.Sf;a\PCOSX)z—Sl;yZ% elwd‘f’

we have

L=V ) g )mnf- sr o

where the contour is the unit circle about the origin. On rearranging

we find

- (o) [ (gt - (Bl )

The only pole is a simple pole at 5 = 0 . Expanding the term under the

root sign we easily find the residue of the integrated to be unity., Hence

I = w(ttosx)

2.2 .
. and the contribution due to the term in I is found to be 21]"[4. Q ’Db Cotx’/z
This term cancels with the first one so that, on the outer circle, the real

part of I((P"LW) dz is zero; in other words, the mean value of the

[

induced velocity over any annulus concentric with a circular disc carrying

a uniform load is zero.

The implication of this result is, as follows:- We saw in section 8

that the induced velocity distribution on the rotor is skew-symmetric with
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respect to the lateral axis. Hence, the mean value of the induced velocity
over the rotor must be the same as the (constant) value ’II’,: on the lateral
axis. To find this value we put * = 0 in (31) and, by means of standard
tables, we perform the integration with respect to 3 . This is easily found

to give

I
TR AN
by { dy

sl

ButAP is the thrust loading T/A S0

N B :
Vet ZeAv ()

This is Glauert's formula for ¥, when \/ is large; that is, Glauert's
formula is true for a uniformly loaded dise, This result has also been
1
obtained by Shaidakovawho related the thrust and induced velocity to the

impulse and circulation of the vortex rings shed by the disc.

Now suppose we have a uniformly loaded rotor of radius R carrying

a thrust Th say. Then, by (41) the mean induced velocity is

T,
1}‘4 = 2p1n?2 v

If a concentric uniform loading is added over a circular disc of radius

QQ (82 < R ) the mean induced velocity V;z over the disc is
T.
'U';z = 2 2
20TR,V

But the mean induced velocity over the annulus between T = 22 and

- R has been found to be zeroj;therefore, over the whole rotor,
{v;04 = ‘v;'trl22 + 1};211'!22
= T-f t T2
2oV
i.e. the mean induced velocity 6'; for the combined loading, is given by
_ _ T; . 1"2 ] T
Vi T Zemedv 2pmR3Y

where T is the total thrust.
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Thus, for two concentric circular loadings the mean induced velocity,
taken over the larger radius, depends only on the total thrust and not on
the radius of the smaller loading. And since any axially symmetrical lecading
can be built up from an arrangement of such concentric loadings, Glauert's

formula holds for axially symmetric loadings also.

Another case which can be examined fairly easily is the one for which
the area outside the load is a circle which just touches the circular load,
fig.(11b}. Taking the origin as the point of contact of the circles, let pR
be the distance of the centre of the larger circle from the origin and the
distance of a point on this circle. Then, as is well known from coordinate

geometry, " is given by
r = QpRees(6-a) . . . )
where 0 and @ are defined in fig.(11b),

As before, let T = PIQ , so that (42) can be written

wo= Zpws(6-a) . N )

Ignoring the constant in front of the integral (40}, we wish to calcu-
late

J = rmf[g’— ,/g"-ezs,ﬁx a7

where the integration is taken round the contour made up of the rotor circum-
ference, as before, and the circle (43). On the outer circle !;(1 iz no
longer constant but a function of the angular coordinate 6 of the point on

the outer circle.

The value of J  taken round the rotor circumference has already been

found to be zero.

Then, if . . ' .
3 - re? pQ&”, dz - Re'® (up +ﬂ%)d9
and L
7' = R (ws6 -vamBom¥)
Also,

%l% - - 2psim(8-«) Gnd p% - - 29‘23:;12(9—«)
With these values we easily find that Im J‘g,ds = 2”92 (H Cos x)

and, by the same means as for the previous case, we find that

Im ng’Z_ stg}yzx = 2"?2 (H‘ s % ) ,also,
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Hence, since these quantities cancel, the mean induced velocity taken over

the lune (11b) is also zero and Glauert's formula holds for any rotor load

distribution made up of such basic loadings.

For the more general case, represented by fig.(llc), it was found that

the algebra became prohibitively complicated and an analytical solution was
not attempted. But,

o = Snk jf«u’ dudy

—

A
- smX (2
= %dwaﬁ, N €

. = Smk . (39
p Jou . (

by Green's theorem,

Equation (34) gives

0 = ~UayBE S ()

and, in terms of elliptic coordinates,

Y - CSM‘OHESM'I} . : . : . )

Using (40) and (41), the numerical computation of (39) was found to be
quite simple for the regions lla, b, ¢ and confirmed the results obtained
analytically for regions lla and 1llb. The computation also showed that,
within the numerical accuracy of the calculations, the mean value of the

induced velocity over the region llc was alsoc zero.

Thus, we-have the rather remarkable result that if a circle is drawn

round a circular area carrying a uniform load, the mean induced velocity AJ

taken over the region between these two circles is zero.

It can easily be verified that &F does not vanish for every region
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taken outside the circular load. For example, if we take an ellipse which
is confocal with the elliptical wake boundary and project it onto the rotor
plane, we obtain another ellipse which can be regarded as the ocuter contour.
Since this ellipse, and the boundary of the rotor itself, correspond to two
constant values of g in the elliptical cocordinates, the integration of

for this case, can be performed quite easily and is found to be non-zero.

It would appear, then, that the result for the general circle, fig.(llc),
means that the mean induced velocity over the rotor is independent of the
loading since any loading can be constructed from an arrangement of circular

loadings of varying radii.

Thus, Glauert's formula for the linearized "high speed" case appears
to be true whatever the rotor load distributien., Whether it is still true
for low speeds, when the forward speed is of the same order as the induced

velocity, cannot be checked by linear theory.

10. THE INDUCED POWER IN FORWARD T'LIGHT

The fact that the slipstream of a uniformly loaded rotor in hovering
and vertical flight is a distinct cylinder of moving air enables the kinetic
energy of the slipstream to be calculated easily. This leads to the well
known result that the induced power 1is simply the thrust multiplied by the
induced velocity. For an axially symmetric rotor loading the symmetry of
the slipstream in vertical flight enables the induced power to be calculated
quite easily by evaluating J~V]d7- over the whole rotor. It can be shown
by means of the calculus of variations that the induced power for a given
thrust is least when the induced velocity distribution, and therefore the
rotor loading, is uniform. This is called the "ideal" induced power. It
can easily be shown that when the radial induced velocity distribution is
triangular the induced power is about 13% higher than the "ideal" value. The
induced power in vertical and forward flight is often estimated by calculating
the "ideal" power and increasing it by about 15% to take the non-uniformities

of loading and induced velocity into account.

The question is; bearing in mind that the induced velocity distri-
butions for a given lcading are very different in wvertical and forward flight,
is a factor of about 1.15 valid for all flight cases? To answer this we
consider a uniformly loaded rotor in forward flight and calculate the rate
at which kinetic energy is being supplied to the slipstream. In the ulti-
mate slipstream the energy consists of two contributions

(i) the energy E1 of the uniform flow within a unit length of the
inclined vortex wake.

(ii) the energy Ez of the air outside the wake due to the movement

of the wake through it.
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In unit time the length of the ultimate wake increases by V units so
that the power expended is V(E’ + Ez) 2

Now the cross-sectional area of the wake is T R (05X and
therefore the mass of air in a unit length is pTTE’zcosl’. . Also if

v; is the value of the induced velocity on the lateral axis of the rotor

the velocity within and relative to the wake is 21& . But, as discussed in
section 8, the wake is itself moving with velocity 21& taq/x/2 normal
to its axis so that the absoulte velocity of the air in the wake is

2w Sec x’/z. The energy in the wake is therefore

E, = 2pv;21rQ2cos7C sec’ Yy

To calculate the kinetic energy of the flow outside the elliptic wake
we use the formulalu . '
E, = -2 Pf @dy
where @ and Y are the potential and stream functions of equation 34
evaluated on the wake boundary. On the boundary E has the constant value
E. given by e- % = lan ‘x‘/z , hence

@ - -2vR ton s 51617
¥ = 2v.R lm ™ Cos 1)
.. 2r
giving E, = 2 V;z Rz tanzx/z J:S!;nzndq
- 2p1rl221r,-2 L’ %
The induced power is therefore

P - 2pmR YV (Cos%mz Y + tan*¥z)

+
2 2
= 2pTR U V
= Tu,

where VY is the induced velocity on the lateral axis.
Thus for a uniformly loaded rotor the formula for induced power is the same

as in hovering and vertical flight.

It would be useful to be able to calculate the induced power for prac-
tical rotor loadings. Unfortunately the induced velocity distributions
corresponding to arbitrary loadings cannot be found in general but Mangler3
has calculated the induced velocity field for an axially symmetric loading

whose radial distribution closely resembles those occuring in practice. If
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p A r/R is the non-dimensional radial coordinate of the disc Mangler's

loading can be expressed as
T 15 .2 3
-y — = x 4_

where T is the total thrust. The shape of this loading distribution is shown
in fig.12. It should be noted that equation (42) implies that the blade

3
loading is proportional to ¥ '_12 ]

The induced velocity at the rotor corresponding to (42) can be expressed

in the form
”
L)
v, =4, {26, t Gy Cosny
n=t
where 'U';° is the mean "momentum" induced velocity. The coefficients &,

are given by

. 15 2 2
a'o -§' X [l 4
% %
- _ 15T TR AT 2 S
1 956 (5 9"" )(' P’) 4
ubr 2”3 %
G, ~ — (_ y;
’ 256 )
2 } - (0§
where P’ = {-2 and ¥ 'H'COS/:

For even values of N2 2 2 2 n
i /4
Q. = (—15”)/2 ] [’”f". 9 tn -6 . K ]('—F) t.y%
1 3 Lty n“-9 -9 J\Irp
Go = O

Mangler also gives the induced velocity field far downstream of the

and for odd values of N2 8§ ,

rotor but the expressions are much too complicated for calculating the
induced power in the same way for the uniform loading considered above.
However the special case of "high speed" flight, X = 90deg, can be cal-
culated quite easily by making use of the formulal5 which expresses the
induced drag in terms of the spanwise circulation and the normal velocity
component in the far wake 1.e. in the so-called Trefftz plane. If D;

is the induced drag the formula is 2
1+

D, - %pIPwdr
-e

giving the induced power P‘

tR
. 3oV [ Dudr
-R
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where F is the local circulation and &V the induced velocity. 1In the
case of the uniformly loaded rotor the "circulation" is simply proporticnal
to the "chord" and the distribution is therefore elliptic. It can easily

be verified that the circulation corr-esponding to Mangler's loading is

r- pvre 35 (1-%)(1+32*)

Although Mangler gave a formula for the induced velocity in the far wake

the integral (45) becomes too complicated to be evaluated analytically.

. . . . . 16 .
However, the table of wvalues given in his original paper , together with
equation (u46), enables the integral to be .evaluated numerically quite

easily. The induced power can be expressed as

P = Tv, I

v
f
5 - 2 2

where I - -Efw(l-z)(l-rfﬁ’x)dx

= _ bW, ° . .
and W = V,o are the values given by Mangler. Numericalintegration
of I gives E - )M Tv'.o

= 117 P,

where P;‘ = TV,'. is the induced power of a uniformly loaded rotor.

One should also be able to calculate the induced power by considering
the backward tilt of the local blade thrust vector due to the induced vel-
ocity, as in classical blade element theory. The thrust carried on an
annulus of width Of is

dr = ZwrApdr
and this thrust, of course, is shared by the b blades of the rotor. The
elementary induced torque is therefore

o= rdT % o g1
dQ; ar ol

where 1.7; is the local induced velocity at the blade.

The induced power centribution is

dP. a ndQ. = ‘V,‘dT
= 2rrApy; dr

Since AP is a function of X only and ¥, is periodic with respect
to azimuth the mean value of E depends only on the first term of (u3).
Hence from (42) and (43) we find that

P, = 225TV f (i—x)dx
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(£
64

TV;. {.172 TV,"

which, apart from a negligible numerical difference, is the same answer as

before.

Now for axial flight at velocity V the momentum thecry gives

dr = 2wrApdr = 2pVv; Zardr
C . Ar
or V¥, = ZpV

Using Mangler's loading, equation (42) gives

T 15 2f
"o Zovrel ¥ -
= B
3

and this is identical to the first term of the series (43). Since similar

2
V., X yI-22

results are true of the other (elliptical} loading considered by Mangler
and for the uniformly loaded rotor, it is reasonable to assume that any
axially symmetric loading leads to a series of the form (43) of which the
first term gives the induced velocity for the same loading in axial flight.
Hence, the induced power of a symmetrically loaded rotor in forward flight
is the same as that in axizl flight fast enough for linearization to be
valid., For the non-linear relationship of hovering flight it can easily be
shown that the induced power for Mangler's loading is about 1.11 times that
of a uniform load. Thus the induced power factor for Mangler's load rises

from 1.1]) in hovering flight to 1.17 in forward flight.
If the radial loading of the disc is of the form
ap = Ca"
the induced power factor f+k can be shown to be given by

1+l - (4+£’-)‘7£

I+2n
for hovering flight, and P)
(*z)

I+ k = 2

{tn

for forward flight.

Numerical values of these factors are given in fig.12. It should be

remarked again that if the disc loading is proportional to Z", the corres-

1
ponding blade loading is proportional to x"* .

For a given loading it appears, therefore, that the induced power fac-

tor in forward flight is somewhat higher than in hovering flight.
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SYMBOLS

fluid acceleration vector

pressure

induced power

ideal induced power

fluid velocity vector

rotor radius

disturbance velocity components in rotor plane

disturbance velocity vector

induced velocity in plane of rotor

longitudinal velocity in plane perpendicular to vortex wake
flight speed of helicopter

coordinates in rotor plane

rotor disc incidence

elliptic coordinates in plane perpendicular to vortex wake
£ -+£q

air density

potential function

acceleration potential

wake angle

azimuth angle in rotor plane; stream function
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Fig.1 Sketch of pressure field for uniform load

Fig.2 Sketch of vortex ring flow
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Fig.3 Rotor Coordinates
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Fig.5 Pressure variation along rotor axis
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Fig.6 Velocity variation along rotor axis






Fig.7 Induced Velocity along longitudinal axis

Fig.8 Symmetrical points in wake
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