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SUMMARY

There are several published methods of deriving the transient
response of a lianear systen from the known Crequency response, bub
these are all rather lengthy. Another method 1s described, vhich is
much more rapid, although less accurate. 1t is based on the caleulation
of the response of the system to a square wave as expressed by a Fourier
Series,

For any system thers is an optimum scuare wave frequency, and
the process of selection of thain fundmmental fregquency is described,
It is shown that consideration of responscs up %o the eleventh harmonie
only can give transient response curves which arc in error by less than
b, A descrlptlon 1s given of a circular computor which speeds the
calculations, nd two tables of values are included for use with the
computer.
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y! Introduction

The analysis and design of a serve systen, tased on the steady
state responze to a cinuscidal input, 1s called the Irequency Approach,
and the characteristics of the system are most usually portrayed by
curves of gain in decibels against log-frequency, and phasc change in
degrees against log-frecquency. These curves can be drawn either from
data obtaincd experimentally, or from the expression for the transfer
function of the system, for cxample by using an asymptote approximation
method (Ref.1). By examimation of these two curves, examples of vhich
are shown in Fig.3, a considerable amcount of information may be deduced
about the responsc characteraistics, e.g. damping ratio and undamped
natural frequency, and about the stability of the system.

Alternatively, the Transient Approach to the analysis of a system
is based on-its response, expressed in torms of output or error, when
the system is subjected to a step or impulse function, The result is
portrayed by curves of output or crror against time, and from such
curves details conceming the initial rate of response, overshoot,
damping etc. can be obbtained.

Whilst the major part of the design of a servo system oan be carried
out by using relationships based upon the frequency response, it 1s often
important that the transient response of the proposed system be knovm
during the design period. Censequently 1t would be of great assistance
to have a method of calculating the tronsient response of a system being
given its frequoncy responsc, Such a method could be used to obtain a
transient responsc from gain and phase curves obtained either by plotting
from the tronsfer function (athout the need Tor solving polynomisls) or
from experimental resulis.

Several such metheds have alrcady been developed, apart fran the
exact mathematical one which requires analytical knowledge of the transfer
function of the system (Ref.2). If the real part of the frequency
responsc is plotted against the ongular frequency, the response of the
gystem to a unit impulse mey be derived by a graphical inbegration
(Ref.3); or af the real part of the frequency response divided by the
angular frequency is plotted against the angular frequency, a harmonic
analyser can be uscd to obtain the response to a step input (Ref.l).
Another method uses special charts for the sumation of the tems of
a Fourier Scries to give the responsc tc a squarc wave input which is
of fixed frequency (Rel.5).

All of these are rather tedious procedures, and for some time
now a more rapid if less accuratc mcthod has been sought. It 1s thought
that the present method 1s of same merit because of its speed, simplioity
and flexibility, combined with reasonable accuraocy.

2 Square Wave Response

A clue to a rapid method of perfoming the transition from frequency
to transient responsc is given by the nature of the frequency responsc
curves. These curves express the atbenuation and change of phase suffered
by cach single-frequency signal, or by cach camponent frequency of a
complex signal, as 1t passes through the systom, so that by expressing an
input signal as a series of single-frequency comporents, the system
output can be calculated.



For the normal transient response curves, the input i1s a step
fungtion, which unfortunately cannoct be expressed by a Fourier Series.
But a square wave, which can be represented by such a series, can also
be regarded as a series of step functions, provided that che half-period
of the wave 18 sufficiently long that the system output has settled
to a stationary value before the input changes to its other stationary
value. In other words, the response to cach half-wave of a square wave
signal will closely represent the transient response of a system which
ig not too lightly damped.

Now the Fourier Series for a square wave Fi(t) with equal mark-to-
gpace ratio, minimum value zero, maximum value unity and fundamental
angular frequency Wgp o, con be written as

P (t) = 15 + -;f— Z 1 sin (2n-1) wp (1)

2n=-1
n-=

If this signal is fed into a gaiven sgervo system, the amplitude and
phage of the various components will be changed, and the resultant out-
put wave will be expressible as

[>-]

A
1 2 E, on-1
Fo(t) = —2- + -7—{ -'2-;-::1— gin [(2n-1)wF L+ an_,t] (2)
n=1
where

A2n-1 is the gain of the system at an angular freqency (2n-1)w ;

By,.q 318 the phase change at that same frequency.

Consequently an approxdmate transient response curve can be obtained
by evaluating equation {2) for values of % from zero to slightly less
than a half-period of the fundamental frequency wp , using values of
Ap..4 and Bp, 4 obtained fram the frequency response curves, and
plotting the results against + .

3 The Approximate Transient Regponse

In order to reduce this square wave concept 4o & practical method
of obtaining transient response from {requency response curves, the
summation of equation (2) must be curtailed at a reagonably low number
of temms, and a sultable fundamental frequency must be selected for the
square wave, If the selected square wave frequency is too low, the
method becomes rather laborious begause a large number of terms of the
series have to be summed; on the other hand, if the sclected frequency
is too high, accuracy may be saorificcd because of possible violation
of the restriction that the system transient must dic cut during each
half cycle., The method of selecting the square wave frequency will be

“outlined for various types of frequency response,

It hag teen found hy experience that if{ is pogsible to achieve a
satisfactory compranise between labour and accuracy by considering up to
the eleventh hammonic of the square wave frequency; that is, considering
six termms of the summation of equation (2), On this basis, a suitable

=l
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fundamental frequency wp for the square wave 1s approximately one
fif'th of the lowest undamped natural frequency of the system.

Because the systems [or which this method was primarily developed
have o predaminant quadratic factor in the transfer function, it is

appropriate io consider firstly a system with a quadratic frequency
transfer function. An example is

Glju) = L (3)

z Z
(wn -w)+2dwéwn

where & /2w is the natural frequency and % the dasmping ratio, The
gain/frequenc:y curve of this system will be asymptotic to two lines,
intersecting at an angular frequency w, , the lines being the O db
axis for low values of « , and a line at -12 db/octave for high values
of w. The transition section mll vary in shape according to the
value of % , tending towards a high peak for low £ {see Fig.1).

When the gain curve of the system eoxhibits a definite peak, (as
for Z < 0.7 in Fag 1, and System 1, Fig.3) the peak occurs near the
resonant frequency w, , and selection of wyp ab one £ifth of wy
has been found to be satisfactory. As the rcsonant frequency wg is
less than the natural frequenoy w, by an amount govermed by &£, it
is possible to make Wy slightly greater than wo/5 and still have
it approximately cqual to w, /5 . Selection of wyp anywherc within
the range from w,/5 to (wo‘)'B + 20%) produces conststent results,
whereas, selection of wp as less than “0/5 introduces error into
the result. The reason for the error 1s that with a low square wave
frequency wp the systoem gain a2t the eleventh hammonic frequency 11NF
is not sufficiently low compared to that at the fundamental frequency,
so that the series sumation of equation (2) has not converged suffi-
ciently. Theearors in such a case could be reduced by considering
higher hormonics than the eleventh,

H

If in the gystem with a quadratic transfer function, & 1is greater
than 0.7, there 1s no peak in the gain curve (Fig.1). The undamped
natural frequency in such a case is selected by using the phase curve,
gince the phase shift at the natural freauency is 90°. There again,
gselection of wp greater than ore fafth off w, 1s to be preferred

n
to a lower wvalue,

1
1+ Jux
+transfer. fimction, the gain/frequency curve will be of a different fomm,
and no such darect-method of asslection of wyp exists. If however, by
neglecting trénds in the high-frequency portion of the gain curve, 1t
becomes similar to that for a purely quadratic system, then the method
given above may be used to get a farst estimate of wp . If on the
other hand, the gain curve is of a complicated form, then a first
estimate of wyp may be made by sclectlion of the eleventh harmonic at
a frequency such.that the gain has fallcn by 15 db below that at very
low frequericy. . In. these cascs the calculation 1s carried through, as
described later, with this estimated wp , and the maximum contribution
of the 11th-harmonic to the fainal result 1s noted, If this contribution
is appraximately 2% or less of the maximum contribution of the funda-
mental, then the result should be accuratc within the capabilities of
this method, If 2% 15 more than 2% then the estimate of wp i

For gystems havaing factors like in the frequency

o



unsatisfactory, and the calculation should be repcated with a revised
higher value of wp (or the calculation can be carried on to the 13th
hammonic). On the other hand, if the maximum convribution of the 7th
harmonic vo the final result is less than 2% of that of the fundamental,
and the 9th =and 11th harmonics contribute neglagpble amounts, the value
of wp as originally estimated was too high, and the calculation should
be repeated with a lower value of wp .

The selection of the fundamental frequency of the square wave, wp ,
as ocutlined above is all based on obtaining a frequency which is appropriate
to curtailing the summation of terms of equation 2) after considering six
tems, i.e. after the 11th hamonie,

Having thus selected the square wave frequency, the appropriate
values of A2n—1 and 32 _q are read from the frequency response curves
of the system, and the evaluation of equation (2) carried out for 6 tems
for a suitable number of valucs of t . To facilitate this calculation,
tables of values and a compuwor, as described in Section 4, have been
developed.

As a check on the accuracy of this approximate method, it has been
applied in a number of cases where there existed an exact transient
response curve and corresponding frequency response curves. Onoe
familiarity with the procedure is gained, particularly appreciation of
the selection of the wg freqency, it was found that the resulting
curves were in error by less than 5%, and of'ten less than 2%.

L Aids to Caleculation

To reduce substantially the time taken in evaluating the expression
of equation (2), twe special tables of values and a circular computor
have heen developed.

A 2n-1

2
.1 Th v
b % 2n-1

Table - Table I

In the expression for the output Fo(t) of a system subjected to
a square wave input, which is repeated here for convenience,

1, 2\ fent
Flt) = 3 v - l ;:;1_1 sin [(2n—1)mF t + Bo 4] (2)

—

h=

Ao,.4 s the absolute gain of the system, and since the gain curve is
usually plotved in tems of decibels against log-frequency, a conversion
must be carried out. Decibel to power ratio or voltage ratio conversion
tables are available, but in this work it has been found convenlent to

A
prepare one to give values of the camposite term % . Ef??l - showing
the value of this for various db values, amd n =1, 2, ,...,.7. The

values are obtained fram the expression

Aop-1 (av)
20

Aonq

S ()

2 .
= . tile
= antilogsny



and are shown in Table I. In using this table 1t is not necessary to
interpolate between the db values given,

Both this and Table II have Teen extended to give figures for
calculating the 13th harmonic 1l it proves necessary to obtain greater

accuracy, and this ig more expedient than repeating the whole calculation
with a revised value of wp .

L.2  The "p" Table - Tahle II

Without same change being made 1n lhe form of equation (2), 1t
will be necessary in making each separate evaluation to select =muitable
values of +t . If however o symbol T defined as 1/w, 1s introduced,
then equation (2) may be rewritten as

Fo(t) =

paf—~

A - -
2 2n-1 5 wp ot
- j{: o Sin 1(2n—1) a; - By (5)

{
In future (2n-1) EE-- % will be denoted by o .
o]

Now as t/T is non-dumensional, a standard sct of values for this
parameter may be used, and a table could be prepared givang the value of
¢ Tor various /T . But, because the system phase change Bpp.q is
usuvally cxpressed in degrecs 1v has been fourd expedient to make this
table so that ¢ con be read off in degrees for suitable valucs of /T
and n=1,2, 3 ..... 7. Since the anpgular frequency of the fundamental
camponent of the square wave (wF) has been selected as 1/5 of the
angular frequency of the peak of the goin curve (wg), then t%F/wo = 0.2,
and the "¢ = t/T" tablec gives valucs of

- £, 360
(2n-1) 0.2 . 7S

=
it

It

(2n-1) . ég : % (6)

Further, to facilitate the use of a special clircular computor, the
values of ¢ ob%ained fram equation (&) have been rcduced by multiples
of 360°, so that Table II gives the equaivalent angle in the range C° to
360°,

4,3 The Circular Compubor

The final aid o the camputation of the transient response curves
by chis approximate mevhod 1s a circular computor for rapidly cvaluating
the expression

A
2 en-] .
r.{t) =, % oo sin (p + Bopq) (7)

Thisg computofiéonslsts of' a circular base graduated both arcund the
periphery frpm\Qp‘§3'560° and adross the face fran ~1.2 through O to +1.2
(or =0.6 to 0 t0"+076) as shovm in Fig.2. Across this graduated circle
swing two amms wiiich can be sct wivh any angle between them and along
one of these a cursor can be gct at any redius from 1.2 down to O.1
{or 0.6 to 0.05).

=



Assume that the computor is temporarly set up as shown in Fig.2a,
when OA and 0B are the two amrms,and the cursor C on OB 1is set

A
2 2n=-1
(on the scale along OE) to be equal to e 2;11 as given by Table I.
The angle AOB %between the two amms 1s the phase angle Bo,.. corTes~
i P 2n=1
ponding to the particular value of % . Tiﬁﬁl ; generally By, 4 will

be a negative angle, but the method applies equally well if it is positive.
If now OA 1s scv vo a valuc of ¢ as given by Table IT, then the length

Aoy
CD represents % . éii: sin (o + an_1) , and 1ts value i1s obtained from
the scale along EOF , with due rcgard to sign.
2 Ao
Thus if OC is set vo the value of el for n=1, and
-

the angle AOB is set to the appropriave B, 4 , then as 0A 13 advanced

to tﬁe values of ¢ as shown on the ¢ - t/T table, the various values of
2 2n-1

T ' 2n-1
repeated for n =2, 3 .....6 and the necessary summation carried out %o
get vhe points to plot for the transient responsc, These values can be

e1ther plotied against /T , or should a correct time scale be reguired,

the corresponding values may be obtained, remembering that T = 1/wo .

sin (p + Boy.q) may be read off the linear scale. This can be

5 Steps in Obtaining an Approximate Transient Response Curve

The varizous steps for obbaining a transient response curve by thas
method will now be set out in logical scquence.

(1)  Select the most suitable value of wp by referring to the
given frequency response curves. If the gain/frequenoy curve is of the
same general shape as the & = 0,1 and % = 0.5 ouwrves of Fag.1, select
wyp 8o that the onguler frequency at the moximum gain i1s Swp . If the
gain curve falls off monotonically, as for & = 1.0 in Fig.1, select
wp so that at Swp the phase-shift 1z =-90°, For more complex gain
curves, ecshimabe w 50 that at 1wy the gain of the system has fallen
by 15 db below the very low frequency value. Although the selection of
wp  is Tairly critical, where the choice 1s not obvaous it as best fo
err (up to 20%) towards o higher valuc.

. Having selected wp , read off from the gain and phase curves the
data to complete the following schedule, in whach ¥ is equivalent
to {2n-1) wp .

“on-1

2n~-1

Bop-1




(2)  Referring to F1g.2, set the cursor C so that OC corre-

Aop -
sponds on the scale of EOF to the value of % . ,231?:!1 as given by

Table I, for n =1 and the gain as shown 1n the schedule above; it
is not necessary to interpolate between the db values given in Fable T,
Then with OB along the 0° lane, set OA on -Bop-q ; 1.e. at an angle
equal 1n magnitude but opposite in sign to the phase change at the
frequency given by n = 1.

(3) Set OA on the first value of ¢ from Table IT (n = 1
A
2 2n-1
column), read off the walue of = —"—Tzr?_ sin (¢ - By, ﬁ.\) on the

appropriate linear scale along ECF , and record 1%. Repeat this for
sufficicnt values of ¢ , putting the resulting figures in a tabular
form as shown helow,

Seconds

/1 0.5 1.0 1.5

™

[Sa N B

+ 0.5 |

The "Seconds" row gives the time values correspondang to the +/T ,
which 1if required are obbained by using the relatien T = E;I-- = o

o U

(4) . Repeat the procedure given in siteps 2 and 3 for values of
n=2,3 4 5 and 6, so completing the body of the table of step 3.

(5) Check the suitability of the value of wy used., The maximun
value in the n-= 6 rov should be approximately 2% of the maximum value
in the n = 1 -row. If these values are negligible and the maximum value
inthe n=5 oreven n=»4 roware sbout 2% of the maximum 1n the
n =1 row; then the selected wp 25 too high, and the calculavion
should be répeatéd-ath a lower wp ; 1f' these values are much greater
than 2% then -wp 15 too low, and either the calculation should be
repeated with a.higher wg , or the 13th hamdnic should be calculated.
Should this-addational harmonic not produce sufficient accuracy the
calculation will have to be repeated with a higher wy .

-9



(6) Sum each of the columns of six (or seven) wvalues, and to
each add 0.5. This gives figures which vhen plotted against t/T , Or
time, give the required transient response curve., The 0.5 is the first
tem of eguation ?g).

A more rapid plot of the transient response curve may be made by
using only selected values of +4/T , to give only the general fomm of
the curve.

6 Typical Examples

Typical frequency response curves for two dafferent systems are
shown in Figs.3 and 4. System 1 (ig.3) 1s a simple proportional control
gystem with an inertia and fraiction load, so that it has been possible
to compute exactly the transient response of the system from bthe transfer
function which is

G(p) =

Jp2 + fp+ k

with k=1, J=1, and f = 0.6.

The sets of figures used in the calculation are shown in Fig.hk.
The values of gain and phase change as read from the curves are set out
in Fig.ha, - this is the "schedule" of Step 1, Section 5 -~ and the
figures obtained from the circular computor are set out in Fig.,b.
These results are plovted in Fig.7. Superumposed on the curve for
System 1, can be scen several additional poants, which are the values
obtained from the exact soluvion for the transient responsc of the
system.

System 2 is a practical servo system, the frequency response curves
shown in Pig.L being derived from the Lransfer function of the system.
The calculations are in this case shown in Pig.6, and once again the
resulting values are plotted in Fig.7 to give the transient response
curve.
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TAELE I

Logyp 4 2 Aong

Adb =}i19. Aa’bs 4 ol
20 n=1|n=2|n=3%n=4 |n= n=56{n=7
+10.0 0.5000 |3.162 | 2,013 [0.673 |0.403 10.288 | 0.224 | 0,183 |0.155
+9.0 0.4500 [2.818 | 1,794 |0.598 |0.359 |0.256 |0.199 | 0.163 |0.138
+8.0 0.4000 {2.512 | 1,599 |0.533 {0.320 {0,229 0.178 | 0.145 |0.123
+7.0 0.3500 {2.239 |1.425 |0.475 {0,285 {0.204 [ 0,158 |0.130 | 0,109
+6.0 0.3000 |1.995 | 1.270 [0.423 {0,254 10.182 | 0,141 [ 0,116 | 0.098
+5.0 0.2500 [1.778 |4.132 {0.377 | 0.226 {0,162 |0.126 | 0.103 |0.087
+4. 5 0,2250 1,679 | 1.069 {0,356 | 0,214 10,153 | 0,419 | 0,097 }0.082
+4.0 0,2000 [1.585 | 1.009 |0.336 |0.202 {0.144 [0.112 | 0.092 {0.078
+3.5 0.1750 [1.496 {0.952 |0.328 {0.191 10,136 | 0,106 | 0,087 ]0.073
+3,0 0.1500 [1.413 | 0.900 {0,300 [0.180 [0.129 | 0.100 | 0.082 {0,069
+2.5 0.1250 {1.334 |0.849 (0.283 [0.170 10.122 |0.094 | 0.077 |0.065
+2,0 | 0.1000 |1.25% |0.802 |0.267 [0.160 {0.115 |0.08% | 0.073 {0,062
+1.5 0.0750 {1.182 |0.757 10.252 |0.151 {0.108 | 0.084 | 0.069 {0,058
+1.0 0.0500 [1.122 | 0.714 [0.235 | 0.143 |0.902 [0.079 | 0.065 |0.055
+0.75 | 0,0375 [1.090 | 0.694 {0.231 {0.139 |0.099 |0 077 | 0.063 {0.053
+0.5 0.0250 |1,059 |0.674 10,225 {0,135 {0.097 |0.075 {0.061 [0.052
+0.25 | 0.0125 [1,029 {0.655 [0.219 {0.131 |0.094 | 0.073 10.060 |0.050
0 0.0000 {1,000 |0.637 {0.212 [0.127 |0.091 [0.071 | 0.058 {0,049
~0,25 |=1.9875 10,9716 | 0,619 {0.206 [ 0.124 [0.088 | 0.069 {0.056 |0.048
~0.5 [=1.9750 [0.9441 | 0.601 {0.200 {0,120 [0.086 | 0.067 | 0.055 [0.046
-0.75 |-1.9625 {0.9173 | 0.584 10,195 10.117 10.083 [0.065 |0.053 [0.045
-1.0 |=1,9500 {0.8913 |0.567 {0.189 |0.114 {0.081 [0.063 {0,052 |0.044
-1.5 [=1,9250 {0.8414 | 0.536 {0.179 {0.107 |0.077 {0.060 {0.04L% |0.041
-2,0 [-1,9000 {0.7943 | 0.506 |0.169 {0,101 0,072 | 0,056 | 0.046 [0.039
-2,5 |-1.8750 {0.7499 [ 0.477 |0.159 10,096 |0.062 {0.C53 {0,043 {0.037
-3.0 [-1,8500 {0,7079 {0.451 [0.150 {0,090 {0.06L4 |0.050 0.0k% {0,035
-3.5 1+1.8250 0.6683 | 0.426 |0.142 {0.085 {0,061 {0.047 |0.039 {0,033
4.0 [=1.8000 l0.6310 {0.402 {0.13 {0.080 {0.058 {0,045 10.036 |0,031
=45 1~1.7750 10,5957 10.379 {0.126 [ 0.076 {0.05L |0.042 | 0,034 }0.029
-5.0 |=1.7500 |0.5623 |0.358 |0.119 {0.072 | 0,051 {0.040 | 0.033 |0.028
-£.0 1=~1.7000 {0,5012 0,319 [0.106 | 0.064 |0.046 {0.035 {0,029 |0,025
~7.0 §=1.6500 {0,467 |0.284 {0.095 |0.057 {0.041 |0.032 | Q.026 (0.022
-8.0 {-1.6000 [0,3981 [0.253 |0.085 10.051 |0.036 |0.028 |0.023 10.019
-9.0 [-1.5500 {0.3548 {0.226 [0,075 | 0.045 {0,032 10.025 {0,021 |0.017
-10.0 |=1.5000 [0.3162 [C.,201 |0.067 {0,040 |0.029 |0,022 |0.018 |0.015
-11 -1, 4500 |0.2818 |0.179 {0.060 [ 0.036 | 0.026 |0.020 |0.016 0.0
12 -1,4000 |0.2512 {0.160 |0.053 | 0.032 | 0,023 |0, 018 |0.015 {0.012
-13 -1.3500 [0.2239 |0.143 |0.048 | 0.029 {0.020 |0.016 | 0.013 {0.011
-1l -1.3000 {0.1995 |0.127 {0.042 |0.025 {0,018 0.014 | 0.012 {0,010
-15 -1.2500 10.1778 | 0.113 10.038 | 0.023 {0,016 | 0,013 | 0.011 10.009
~-16 -1.2000 }0.1585 [0.401 [0.034 | 0.02C | 0.014 | 0.011 | 0.010 {0,008
-17 -1,1500 [0.1443 | 0,090 [0.030 | 0,018 {0.013 [ 0,010 | 0.008 |0.007
-18 -1.1000 [0.1259 | 0.080 10.027 [ 0.016 | 0.1 [0.009 | 0.007 |0.006
-19 ~1.0500 |0.1122 |0,071 |0,024 | 0,014 | 0,010 {0,008 | 0.007 |0.005
=20 " | =1,0000 l0.1000 0,064 [0.021 | 0,013 | 0,009 | 0,007 | 0.006 |0.005

-] Dm




TABLE II

u

tu
The ¢ - 1-7 Table

n n
A 1 2 3 L 5 6 7 /b
T T
0.50 5.7 17.2 28.6 40,1 51.6 63,0 74,5 0, 50
0.75 8.6 25,8 43.0 60.2 77.3 9.5 | 114.7 0.75
1,00 | 1.5 | 3% | 57.3| 80.2 | 103.1 | 126.1 1 149.0 | 1.00 |
1.25 4.3 43.0 7t 6] 100.3 | 128.9 | 157.6 | 186.2 1.25
1.50 17.2 | 51.6 85.9 | 120.3 | 154.7 | 189.1 | 223.5 1,50
1.75 20.1 0.2 | 100.3 | 140.4 | 180.5 | 220.6 | 260.7 1.75
2.00 | 22.9 68.8 | 114.6 | 160.4 | 206.3 | 252,1 | 297.9 2.00
2.25 25.8 77.3 | 128.9 | 180.5 | 232.0 | 283.6 | 335.2 2.25
2.50 28.6 85.9 1143.2 | 200.5 | 257.8 | 315.14 12.4 | 2.50
2,75 3.5 O4.5 | 157.6 | 220.6 | 283.6 | 346.6 49.7 2.75
3,00 3.k | 103.1 1171.9 | 240.6 | 309.4 18,2 86.9 3.00
3.25% 37.2 | 141.7 |1 186.2 | 260.7 ) 335.2 49.7 | 124.4 3,25
3.50 40,1 1120.3 { 200.5 | 280.7 1.0 gl.2 ! 161.4 3.50
3.75 43.0 | 128.9 (| 214.9 | 300.8 26,7 | 112.7 | 198.6 3.75
4. 00 15.8 | 137.5 | 229,2 | 320.9 52.5 | 1442 | 235.8 1,00 !
4,25 48.7 { 146.1 | 243.5 | 340.9 78.3 {175.7 | 273.1 L.25
k.. 50 51,6 | 154.7 | 257.8 1.0 { 10L.1 | 207.2 | 310.4 L. 50
L. 75 S54.4 | 163.3 | 272.2 21.0 | 129.9 { 238.7 | 347.6 4.75
5.00 57.3 1 171.9 | 284,5 1.1 | 1585.7 | 270.3 2L.8 5.00
5,50 63.0 | 189.1 | 35,1 81.2 | 207.2 | 333.3 99,3 5.50
6.00 68.8 | 206.3 | 343.8 | 121.3 | 258.8 3.3 | 173.8 6.00
6. 50 74.5 | 223.5 12,5 | 161.4 | 3104 | 99.3 | 248.3 6.50
7.00 80.2 | 240.6 L1 | 201.5 1.9 {162.4 | 322.8 7.00
7.50 85.9 | 257.8 69.7 | 241.6 53,5 | 225,44 37.3 7.50
8.00 ui.7 | 275.0 98,4 | 281.7 | 105.1 | 288.4 | 111.7 8,00
8.50 97.4 | 292.0 [ 127.0 | 321.8 { i56.6 | 351.4 | 186.2 8.50
9.00 |103.1 | 309.4 | 155.7 1.9 | 208.2 54,5 | 260.7 9.00
9.50 1108.9 | 326.6 | 184.5 42.0 | 259.8 | 117.5 | 335.2 9.50
10,0 114.6 | 343.8 | 213.0 g82.1 | 311.3 | 180.5 49.7 | 10.0
10,5 120.3 1,0 | 241.6 | 122.2 2,9 { 243.5 | 124.1 | 10.5
14.0 126.0 18.2 | 270.3 | 162.L 54,9 | 306.6 | 198.7 | 11.0
11.5 131,8 35.% | 298,9 | 202.5 | 106.0 9.6 | 273.1 [ 11.5
12.0 137.5 52,5 | 327.5 | 242.6 | 157.6 72,6 | 347.6 | 12.0
12.5 143.2 63.7 | 356.2 | 282.7 1 209.1 | 135.6 62.4 | 12.5
13,0 14,9.0 86.9 | 24.8 | 322.8 | 260.7 | 198.7 | 136.6 | 13.0
13,5 15L.7 | 104.1 53,5 2.9 | 312.3 | 261.7 | 211.14 | 13.5
14.0 160.4 } 421.3 | 82.1 43.0 3,8 | 220,71 285.6 { 14.0
14.5 166.2 | 138.5 { 110.8 83.1 55,4 7.7 0 14.5
15.0 171.9 | 155.7 | 13g.4 | 123.2 | 107.0 %0.8 74.5 ¢+ 15.0
Values of ¢ in degrees for various n and -Tt , calculated

from the expression

¥t.2078,0P113,K3.

= -1y 38k
¢ = (2n U‘ET.
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FIGUERE 5

Calculation - Systan 1
Select w, = 0.90 at the peak of the gain curve, so that Wg = 0.18
(2)
n 2 3 L 5 6
Wy g 0.18 0.5 0.%0 1.26 1.62 1.98
Azn_‘d[ +0.2 +2.1 +4.7 +O.3 —5.5 -10.0
Bopq | =6.3° | -24.6° | -70 5° | -127.8° | -150.1° -158.4°
Since w, =050 , T = 51;: 1.11
Sees | 0.561 1.11) 4.67| 2,221 2.78{ 3.33} 3.89| L.44{ 5.0 | 5.55| 6.11| 5.66| 7.22 7.771 8.33| 8.88| 9.44 |10.0
t/m
W I/""O.E 1.0 | 1.5 | 2.0 { 2.5 | 3.0 | 3.5 | 4.0 | 4.5 | 5.0 { 5.5 6.0 | 6.5 { 7.0 17.5 | 8.0 { 8.5 c.0
1 |~0.01|+0.06[+0.12 [40,18[+0.25+0. 31 |+0. 36 |+0. 42| +0, 1,6 [+0. 51 [+0. 55 +0.58+0.61 [+0. 63 |+0. 65 [+0. 66 +0. 66 [+0.65
2 [=0,04]4+0.051+0.121+0.19+0.24|+0.26+0.26|+0.25|+0. 21 }+0.15|+0.07[~0.01 |-0.0%|-0.16}-0.21 {-0.25|~0.27 |-0.26
3 |-0.15]-C.05[+0.06 |+0.151+0.21 [+0,21 |+0.17{+0.08{~0.03|-0.13|-0.19|-0.21{~0.18|-0.11|=0.01 [+0.10 |+0.18 [+0.21
4 1-0.09|-0.071-0,01 {+0.05|+0.09|«0, 0% [+0. 04 {~0, 02| =0, 08 [-0, 09| -0, 07| 0. 01 |+0.05 ]+, 09 [+0. 0% {+0, 04 |-0.02 | =0,08
5 |-0.03]-0.03} O +0.03{+0.03|+0.01 |~0,02 [-0.03{-0.03%i O +C.03+0.031+0.01{-0.02]--0.03|-0.03f O +0.03
6 1-0.02{=0.01[+0.0% {+0.02|+0.01|-0,01{-0.02| © +0,011+0,02| O -0.02{-0.02| 0 +0.02 +0.01 | © -0.02
z =0.34(=0.05|+0.30[+0. 62|+0. 83 {+0., 87 [+0.831+0. 70| +0. 54| +0. 4.6 |+0. 39+ 0, 36{+0. 38} +0,43{+0. 54 1+0. 53 1+0.55 | +0.53
+0.5 |+0.16[+0.45/+0.80)+1.12{+1. 33| 1.37+1.33{+1,20|+1.04{+0.96|+0.8% +0.86/+0.88/+0.93|+1.01 |+1.03[+1.05 | +1.03







FIGUEE 6

Calcoulation - System 2

Neglect gain curve peak at w =-750 rad/sec.

Select wp by the -90° phase-shaft criterion.
For —900 , o = 83,
Choose wp = 18 which is %3_ + 10%.
o.- OJO: 90'
n 1 2 3 L 5 6
“ 2n-1 18 5 50 126 162 198
Aoy ~0.75 -3.5 -8 -11 15 -17
B4 ~2L.5 -63 -96 ~120 ~133 ~140
Since w_ =90 T:-(-};:0.0‘H
Secs [0.0056:0,0111{0,.0167(0.022210,0278|0 0333[0.0389[0.0L48]0.050 |0.055510.0611}0,0666|0.072210.077710.0833|0.0838 0.010
T
~YTlos |10 f.s (2.0 |25 (30 |35 lwo s (50 |55 |s0 |65 |7.0 [7.5 |8.0 ¢.0
1 -0.19 |«0.13 [~0.08 {-9.02 [+0.04 {+0.10 |+0.16 [+0.21 1+0,26 |+0.32 [+0.36 [+0.41 |+0.45 (+C. 48 |+0.51 [+0.54 +0.57
2 -0.10 |-0.07 |~0.03 [+0.01 [+0.06 |+0.09 {+0.12 [+0.14 (+0.44 [+0.14 |+C.12 }+0.09 [|+0.05 [+0.01 {-0.04 [~0.08 -0.13
3 «0.05 |-0.03 |~0.01 [+0.02 {+0.04 |+0.05 |+0.05 [+0.04 {+0.02 {~0.01 |-0.03 }|-0.05 |=0.05 [=0,04 {-0.02 | O +0.05
4 -0.03 |-0702 0 +0.02 [+0.03 |+0.02 [+0.01 |-0.01 }-0.02 |-0.03 {-0.02 | O +0,02 14+0.03 |+0.02 |+0.01 -0.02
5 =-0.01 |=0.01 0 +0.01 |+0.01 0 =-0.01 (=0.01 }=0,01 {3+0.01 |+0.01 [+0.M 0 -0,01 |-0.01 [-0.01 +0.01
6 -0.( 0 +0.01 |+0,01 0 =-0.01 |=0.01 ] +0.01 [+0.01 0 -03,01 {=0,01 o +0.01 0] -0, 01
b =0.39 |-0.26 [-0.11 |+0.05 {+0.18 140.25 [+0.32 [+0.37 |+0.40 [+0.44 |+0.44 1+0.45 {+0.46 [+0.47 |+0.47 |+0.46 +0. 47
+0:5 [+0.11 [+0.24 [+0.3% |40.55 |+0.68 {4+0.75 |+0.82 {+0.87 |+0.90 |+0.94 {+0.94 {+0.95 [+0.96 [+0.97 {+0.57 {+0.96 +0.97
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