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SUMMARY

' Different approximate methods of determining the eigenvalues of the
integro=-differential matrix equation of a simple aercelastic system are com-
pared. It is shown that methods which use an approximate second order
differential matrix equation with constant coefficients can give large errors
in the values of complex eigenvalues, though the errors are usually small at
airspeeds below the cratical flutter speed, if the frequency parameter of
each particular eigenvalue is lined-up with the value used to determine the
aerodynamics. An improved method of solution using a fainite series approxima-
tion to the-%ﬁéiq%?i aerodyﬁamics yielded in some cases an additional complex

eigenvalue ﬁithzagiiéquepcyiéf‘theﬁéame order as the other natural frequencies.

» * Replaces R,A.E. Technical Report 68296 - A.,R.C. 31379.
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1 INTRODUCTION

The primary purpose of a flutter calculation is to determine the critical
flutter speed (if any), but the free oscillation characteristics at lower
speeds are also of interest., In particular, when making flight flutter tests,
or wind tunnel flutter tests on a model, a flutter speed may not be determined,
and then all comparisons with theory will have to be made for the characteris-
tics of the asystem at subcratical speeds. The different methods of flutter
analysis commonly used agree as regards critical flutter speeds, provided the
same basic data are used, but give diff'erent values of the decay rates at other
speeds., Some assessment of the importance of these differences is therefore
required*. Richardson1 gives one example where the standard Ameracan approach
(see section 2.2) is misleading and Cler02 has found that a method similar to
the American approach can largely overestimate the magnitude of the relative

damping ratic when compared with the tradational Britaish approach with lined-up
frequency parameter.

The present investigations are aimed at showaing in particular how the
traditional British approach (with and without lined-up frequency parameters)
compares with the more rigorous approach of Richardson. Comparisons are also

nade with the American method of analysis.

2 METHODS OF SOLUTION

Ze British approach

This is the standard approach in use in this country. The flutter equa-

tion is taken in the non=dimensional form

a° a 2
A ;—% + (vB+ D) E% + (v°C+E) q = O (1)
T

frequently with D = 0; where = = Vot/e, v = V/VO and V_ and ¢ are a

reference speed and length respectively. An exponential solution is postulated,
leading to an eigenvalue problem to determine the complex eigenvalues A for a
solution in the form q = g eKT. The system is unstable 1f, for any elgenvalue,

R(A} >0 and a critical speed as defined by R(\) = Q.
Strictly equation (1) applies only when the motion 1s simple harmonic,
implying that A is purely imaginary (= iw). The aerodynamic matrices B and

C are functions of the frequency parameter v = (w/v) and, in general, of the

*Since this was written we became aware of a recent paper by Natke8 which
contributes to such an assessment.
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Mach number also, but in the present case the air 1s assumed to be 1ncom§ress—
ible, so there is no dependence on Mach number. However, a solution of equa-
tion (1) is usually obtained by assuming a value of v for the calculation of
the matrices B and C, and then solving equation (1) for A. The value of
A so0 obtained will not, in general, be purely imaginary, nor will % I{\) be
consistent with the assumed value of the frequency parameter v. In order to
achieve some measure of agreement and perfect agreement in the limiting case
when X 1s purely imaginary, the assumed value of v 1s often lined-up with

the derived value of % I(A) by the following procedure.

A graph 1s plotted of « obtained from the eigenvalues A (= p+iw)
against v and the intersections of each curve with the line w = ww (where
v 15 the value of the freguency parameter assumed in the evaluation of B
and C) give the lined-up values of frequency and speed. From the correspond-
ing graphs of the relative damping ratio = =y Jp2+ W against v the appro-
priate values of this ratio can be found., From a series of such graphs for

varaous v graphs of the lined-up frequency and relative damping ratio can be

plotted.

This method has the disadvantage that it is necessary to calculate
eigenvalues for a large range of speeds without lining-up in order to obtain

lined-up values for one value of v; at least for the first few values of

frequency parameter.

2.2 American approach

The system equation is taken in a rather different form from the above.
The actual structural damping 1s i1gnored and a fictitious hysteretic structural

damping ﬁ E is introduced which is supposed Just sufficient to maintain

steady harmonic motion. The solution g = q S may then be taken which
gives
2 . . 2 -
(- wA + iwvB + igE + vC + E) g = © (2)
1vB v 2 1+ 1 -
[-T-<$>C- > E}q:O. (3)
w
Since % = 1, the problem reduces to a determination of the eigenvalues (in

v
the usual algebraic sense) of the matrix
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A chosen v 1is used to determine B and C and so all the terms are

known.

The complex eigenvalues of the matrix can then be found for a series
of values of v, BSeparation of real and imaginary parts enables a determina-

tion of g and w separately; the velocity is obtained from w and the

assumed v.

As g represents a damping which has to be introduced, z negative
value which may be regarded as an excitation means that the system is
intrinsically damped and therefore stable, The critical flutter speed is
given by g = O.

It will be seen that values of frequency and fictitious structural
damping ohtained by this method are accurate at all values of v so that
insoflar as no lining=up is necessary the solution may be regarded as superior

to that from the British approach.

There is however the problem of the relationship between g and the

decay factor up. In the limit as p, v » 0 it can be shown that

Zin
g 7 % =

i)

e+ w

where u/w is small. A more general relationship has been found by Zisfein
and FruehB’llr but the introduction of the so-called base curve of the system
is not very convenient for the present application. We have therefore used
-g/2 as the relative damping factor in this case for comparison with the
methods using —p/0p2+1w2 but it must be remembered that the comparison is

close only for low values of the speed and decay factor.

A similar approach to the American method has been used in Francez.
The same equation (3) is solved but a different interpretation is put on the
solution. It is assumed that equation (1) has a solution of the form
g=q eiw(1+ia)¢ where the aercdynamic matrices B, ¢ are determined for a

frequency parameter v = w/v. This results in the equation

(5)

[A_‘ iB .- ‘_,l c____ E ]-q - 0
v {T+1a] 72 (1+1a)2 % (1+10)°

It is then assumed that o can be neglected, i.e. put equal to zero, in the

second and third terms. This is true at a critical flutter speed and is also



a good approximation when v is small., Thus we again get equation (3) except

that (1+ ig) 1s replaced by ﬁ/(1+—ia)2 and o is here a measure of the decay
2

rate. Equating imaginary parts of (1+ ia) and 11+ ig gives a in terms

of g and hence

> 4
_—te. - . g —_—f S - SU— s
eI bt Kaspcrd ”

b4

- g where g is small .

For any particular value of g, eqguating real parts of

2
®
2 . v2 %
QF (1+ 1@) T o t+ig
gives
A 2 2 2 2 2 VA 2
(—u—> = (1=a") (1+g%) = 1 +¢ - —E <—> (7
4] 2 v,
T G (1+g7) F

where the subscripts F and A indicate the French and American interpreta-
tion respectively. The relative damping ratioc 1s aq J;:;ﬁ, but as Clerc2
showed, 1t does not agree with the value obtained by the traditional British
approach with lined-up fregquency parameter except near v = 0 and at a

critical flutter speed.

2.3 Richardson approach

5

For generel motion the system equation has the form

T
2
_ d g _ G2 _ dg(T)
(A Aﬂ) de +EBg = v ]. K(= TO) 3 dmo (8)

la)

where K(7) dis the indicial aerodynamic matrix, and is related to the matrices
B and €, already introduced, and the aerodynamic inertia matrix A, by the

transform relationship
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> ‘imo lw w2
iw ]' K(To) e at_ = - (:r B+ C- A ;§> . (9)
o

. . - i 2 .
This follows from (8) with q =g e and 1 = T'+'{§E when N »>oo (i.e.
for simple harmonic motion of infinite duration) when compared with the equa-

tion for maintained sinusoidal oscillation (i,e. equation {1)).

The solution of the integro-difflerential equation (8) is not easy.

Taking the Laplace transform of (8) the characteristic equation

2 2 =
[(a=2,) p° + E- v R(p)| = © _ (10
is obtained, where
m \
K(p) = f K(v) e P" av (1)
(o]

K(p) is known only for purely imaginary values of p and in this case we

have from (9)

K(30) = -1< B . C-A-—) (12)

Milne6 has examined this problem rigorously and suggests obtaining
solutions of the characteristic equation by using power series expansions of
K(p) about points on the imaginary axis.

A rathefjmore simple approach to the solution of (8) has been suggested
by Richardsontr 'His main idea. was to appfoximate to the indicial aerodynamic
matrix X by -an- expre331on whlch includes a power series in vt mnultiplied

by an eXponentlal term -

(13)




where &(t) 1is the raght-hand Darac delta function, i.e. the first differential

of' the function

"
O

H{(z) = 0 T
= 1 T >0

]
The term A1 §L§£l represents the apparent mass effect of the air. The exist-
ence of a term proportional to 6&(1) 1s well known and has been demonstrated

for example by Milne (equation (2.11) of Ref.6).

The elements of K(t) for a wing with heave and pitch freedoms, apart

from the initial impulses and the constant terms, are proportional in the
two-dimensional case to the Wagner function k1(1) (see Lomax9). A good

approximation to k1(1) which has been suggested9 is

k1(T) x O - (% ;0097 | % e_o.5T> .

It does not however have the right behaviour as T tends to o (cf. Mllne6).
This suggests that suiteble values of P, for ocur approximaticn should be in

the range 0-09 » 06 and nearer the upper limit because of the doubts about
the approximation for k1(1) for large T.

The coefficients in equation (13) can be obtained from the matrices B
and € by the use of equations {11) anrd (12) as will be shown later (see

Appendix B).

Substitution of (13) in (8) gives

d2 d 2
A—%-VAOE%+(E—V Ko)q
det

m=-1 r T
()T [ ep v(ee)
g ZLJ K Yo ]l e Fo © (T—To)r é%t (TO) dTO . (14)

=



)
¢

R

If

3 r
(-a-;-c+ p0v> Ir = Io .

Hence following Richardson, we multiply equation (14) by the operator

3 m
(E + pov> and obtain

m 2
3 dq _ dg - ¥
(aT + p v) [A > vAO it + (E v Ko‘) q

° dr
L)
m=1 _—
2 - r/a
- = v Z Kr (pov) (a'c + Pov> Io ' (15)
=0

Assuming g = (-1 e where A = p+ iw
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Hence gq = g ekt is & solution af
m=-1
i 2 2 - 2 \ r m=r=1} =
(h+—pov) fAnT - VAA+E - v Koj Q = v { 2_} K, (pov) A (A+ pov) } g
r=0

LN ] (16)
The problem 1s now reduced to an eigenvalue problem in A. FEowever, the matrax
involved is s5till not simple. Davide by (h+—pov)m and introduce m new vari-

ables defined by

) (p,v)" 2

q = T 14
QF (k+ PDV)r+‘1

r=0,1...m=1 (17)

to give

2 2 - 2 -
(ANS =~ AVA+E-v Kg) q - ;{: v K g =0 . (18)
r=0
This can be reduced to a matrix form suitable for the same programme as was
used for the British approach by the following:

It will be seen later that

h=3
1l
1
lwe]
Il

-B_ (say)

(19)

=
1§
1

a1
|

- ¢, (say)

so that -A vh becomes B va and —v21{ becomes v2 C where B C are
o o0 o o o@ o

constants. Also we have the recurrence relations

(n Pov) ar PyY ar-‘l
(20)

A g .

(A +p_v) a,

These are not suitable as they stand, as the programme does not allow for terms

linear in v, only terms in vi. Multiply by XA
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(l? + povl) 4. = povl Er_1
(21)

2 - .2~
(A° povl) a, = M a .
This gives
ANZE vMEC - vk - v - vX a
(o) 0 [o) 1 m-1
- 3% (A4p vA)T 0 0 3
o] (o}
0 - p VAT (x?+p vA) I 0 q =0
D e o] - q1
0 : :; w I (x2+ vA)T q
o} Pq R
L LN ] (22)

where I, QO are unit and null matrices respectively.

This is the same type of eigenvalue problem as obtained by the British
method (a second order, real lambda matrix) and it can be solved by the same

computer programme,

If the matrices A etc. are of order n, this problem will give rise
to 2n(m+1) eigenvalues instead of the usual 2n. The meaning of an extra

2nm rocts is discussed in some detail in Richardson's paper1. 0f the

hﬁﬁ?rabtskwill be zero and are introduced to give equations

_w1ll consist often of n complex pairs and nm

AP pRoXamately equal to ~PV; (this is certainly the case

; C twhich are not approkfﬁately equal to. -pov are signifai-
cant (see Appéhdixi' This can only be verified by seeing if the roots
persist wher -an 0PI d approximation is used for K. :
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3 COMPARATIVE APPLICATION

2.1 The system considered

A hypothetical two—dimensional system in incompressible flow, with
freedoms in patch about the leading edge, hesave and control surface rotation
was devised. Wath £ as the length of the wing chord, the control surface

chord was 0+24 £ . The matrices A, B, C and E for this system are given by

A = 14767 70154 0-8796
70154 L4271 0-7269
0+8796 07269 0:927

3 o=z 2 L. £. 1048 -

Z a B

=i . -ms —10mé

-1Ch. -10h. -100h !

z a B

C = 2 £ £ 10¢

z a B

-mz —ma -10mﬁ

=-1Ch -10h -100h

2 a B
E = 24279 Q-7735 ¢
07735 1+ 3807 0

0 0 079

where 82, éé etc. are the two-dimensional aerodynamic derivataves, defaned
in Ref.7 and are functions of the frequency parameter v = w/v. The matrices
B and C were evaluated for v = 01, 0-28, 0.5, 0-6, 0-8, 1:0, 1:3, 146,
2+0, 2:2, 2«4, 2+6 and 50 using the formulae of Ref.7. The values are shown
in Table 1 together with the values of Co and B required for the

Richardson apprecach.

“m
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3.2 Results of the British approach

The responses of the system without lining-up were calculated using EMA
programme R, A.E, ZTZZA te solve the eigenvalue equation (1) for a range of
velocities (v = 0-1+1) and for 8 values of frequency parameter in the range
v = 05 to 5+0, These results are tabulated in Table 2 and shown graphically
in Figs.1=17. Fig.1 shows the critical conditions (obtained by interpolation)
and the other Figures show the variation of the eigenvalues through the speed

range.

The imaglnary parts w of the eigenvalue are plotted directly, but
instead of the real parts u, the relative damping ratios, —p/0p2+-m2 are
shown. Each pair of curves is labelled A, B or C according to the value
of w at the start of the curve (v = Q). It must however be borne in mind
that what we have in the (w, v, v) space and similarly in the (-p/NuZ+ w2, v, v)
space for the whole set of results, is not necessarily three separate surfaces,
but quite likely one surface which is triple-vslued for each point (v, v).

Thus any point on this surface may be reached from different values of w in
the v = 0 plane, according to the route taken along the surface. When the
lining=-up of the values of v was done as described in section 2.1 this was
indeed found to be the case. The resulting curves of frequency and relative
damping ratio are shown in Figs.18 and 1S9'and listed in Table 3. They are
again labelled A, B or ¢ according to the value of the frequency at v = 0.
Some of the points on these A, B curves correspond to points on the B, €
unlined-up curves, fqr the lowest frequency parameter. This complication
made it necessary to obtain results for a large number of v and v (see
Table 2). The lined-up graph indicates a flutter speed of v = 0:79 but no
instability near v = O as is suggested by the unlined-up curves for the
lower values of v (cf. Figs.3, 5, 7 and 9). The unlined-up curves for

v = 1+0 upwards have the same character as the lined-up curves though the
actual values can be considersbly dlfferent. For example, the relative damping
ratio for the least damped root is much larger at suberitical speeds on the

¥ = 1*0 curve than on the lined=up curve (cf. Figs.9 and 19). The critical
speed from the unlined-up results does not vary very much from the true value
except at the higher values of v (see Figel).

3¢5 Results of American-approac
The matrix Em1 (A -1%? - £%> required for the American method was
v

evaluated for a range of values of v (v = 0+5 to 5-0) and are listed in
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Table 4. The eigenvalues of this matrix were then obtained by inverse itera-
tion using EMA Programme 622 and a purpose written calling routine by

R.J. Davies. The programme required imitial estimated values and the ones
used were based either on the results of calculations from other values of

v or oh ones from the British approach solutions. It was not necessary to
obtain all three eigenvalues this way; when two had been found the thard
could be deduced by the following device.

For a matrix X of order n, the equation defining the eigenvelues -
the characteristic equation 1s ]X- KI| which is of degree n in A, It

may be written out
(-R)n + Tr(X)(-l)n'1 + ess + IX| = 0

where Tr(X) is the trace of X (i.e. the sum of the diagonal elements).

¥rom the elementary theory of equations we have

n
2{: A, = = coefficient lnr1/coeffi01ent A

r=1

7, (X)

50 that the sum of the eigenvalues is the trace of the matrix., Once two of

them were known therefore the third could be calculated with relstive ease,

The results of the calculations are plotted in Figs.19-20 and lasted in
Table 5, The eigenvalues obtained from the trace of the matrix are indicated
in the table. (-g/2) has been plotted as being comparable with the relative

damping ratio obtained from the other methods.

3.4  Results of the Richardson approach

The K  matrices ocourring an the series approxamation (13) to the
indicial aerodynamic matrix K were obtained as described in Appendax B, for

two values of P, and two values of m viz.

(See section 2.3.)
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In each case the values of the B and € matrices for the following values

of vq were used to obtain the least squares solution.

vq = 01, 028, 0+5, 0+6, 08, 1-0, 1+3, 16, 246, 50 .
The velues of C_ and B (see equations (B-9), (B-10), {B-13)) were also
required and all these values of B and € are given in Table 1. The

resultant Kr matrices are shown in Table 6.

Two checks were made to see how good were the approximations to the aero-
dynamic matrix K. Equation (B-7) was first used to obtain the first element
on the leading diagonal of the matrices B and C (i.e. B11 and C11). Some
of these were obtalned for the same values of v  as used in the calculation
of the Kr matrices for direct comparison, and others at values of x which
made calculation of equation (B-7) simple. The results are given in Table 7
and plotted against x in Figs.22-25. Secondly for one value of v (1:0) and
one value of P, (0+6) the complete B and € matrices were evaluated from
equation (B-7). The.comparison with those originally calculated from the

equations of Ref.7 is shown in Table 8.

A11 the results show that the approximation with P, = 06 and m=3
is the best of the four cases considered. It gives results that lie almost
always within 5% of the true value. An exception is the coefficient B12 in
Table 8 where there 1s a 156 difference. This is however an unususl case in
that (B‘x)12 is much larger than B,,, and the approximation to §12 (see
equation (B-10)) is much better.

The eigenvalues of equation (22) were obtained with the same computer
programme R.A.E. 272/A as for the British approach using the four sets of Kr
matrices corresponding to the two chosen values of P, and m, for a range
of values of v from O to 1+0. The complex eigenvalues are given in Table S.
In every case three pairs of such eigenvalues were obtained and in a few cases
a fourth pair of complex eigenvalues were found. In addition there were a
number of zero real roots* and a number of real roots all approximately equal
to —pOV (see s?ction 2+3). The fourth pair of complex roots, when present,
were very little different from A = =P,V at low values of v, and it is

impossible to decide where they become a pair of egual roots. Two almost

*The large pumber of real roots (up to 18) at v = O were obtained
without difficulty by the programme used, R.A.E. 272/A.



16

equal roots can be found as a complex pair with very small imaginary parts
for the numerical accuracy can never be perfect. As in the other methods the

curves have been labelled A, B, C, D according to the value of w at v = 0.

The values of Table 9 are plotted in Figs.26-33, Apart from the extra
root which is present for the cases where m = 3, all the approxamations to
K give very similar results, The m = 2 approximations give rather lower
relative darping ratios for the least stable curve at suberitical speeds (cf.
e.g. F1gs.26 ard 29}, The critical speeds are to all intents and purposes the
same 1n each case. The most noticeable difference i1s between the frequency
curves for the twoe approximations where m = 3 (Flgs.26 and 30). When
Py = 0+¢ the frequency of the fourth eigenvalue (D) rises more rapidly than
for P, = O+4 and thas affects the form of the B curve at the higher speeds.
In view of the coemparison referred to above, one would expect the (pO = 06,

s = 3) results to be the best approximation to the true solution.

5.5 Corparisons between the dafferent methods

The relevant comparison 1s that between the best approximation to the
trae solution for all speeds, as given by the Richardson approach using m = 3
ard p, = 0+6 (Figs.26 and 27), which we will call the 'true' solution, and

the solutions obtained by the other methods.

(1) The Bratish approach - the best solution for constant v (Figs.8

and ¢ for v = 1-:0).
{11) The Bratish approach - lined-up v solution (Figs.18 and 19).
{211) The Ameracan approach (Figsi20 and 21).

Inspection of these figures shows that the lined-up solution (11) is
guite a good approxamation to the 'true' solution. The frequencies and
relztive damping ratios at suberitical speeds, the frequency peak at w = 0-6,
v = G+8 and the craitical flutter speed all show good agreement* with the
‘true values'. The rate of change of the relestive damping ratic at the
critacal flutter speed 1s rather less than the 'true' value and there 1s an
1ndicstion that one pair of complex roots (curve B in Figs.18 and 19) wall

pecome real at about v = 0+9, whach is quite dafferent from the behaviour

of curve B an Figs.26 and 27.

The wvalues of the frequencies and faictitious structural damping obtained

b, the American approach (Figs.20 and 21) give fairly good indications of the

*The cratical flutter speeds and frequencies for all the cases are com=
pared in Table 10 (see also Fig.1).

' 0
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'true' frequencies and relative damping ratios when the latter are small

(< 0-1). The least stable root appears to be rather more unstable than it
really is. The critical flutter speed is accurate, but the rate of change

of (-g/2) at this point does suggest a somewhat less violent onset of flutter
than the 'true' results indicate. The American approach results are however

of little value in predicting the free oscillation characteristics of the
system.

Except for the value of the cratical flutter speed the best unlined-up
British approach solutions (Figs.8 and 9) are not in good agreement with the
'true' values. In particular the least stable root is much more stable

between v = O+4 and 0+8 than is really the case.

L CONCLUSIONS

The feollowing points summarise the findings of this investigation. It
would, of course, be desirable to repeat the investigation for an actual air-
craft, using three-dimensional aerodynamics and larger values of m 1in the
series approximations to the unsteady asercdynamic forces. Programme limita-~
tions made 1t impossible to take larger values of m in the present
calculations.

(1) When using the British approach, it is important to line-up the
assumed and calculated values of the freq&enqy parameter v, The method is

then adequate for most purposes.

(ii) The American approach is of use when one is interested only in

critical flutter speeds, for most of the information obtained is not what is

required by the flutter analyst.

(iii) For the accurate determination of critical flutter speeds, the
American approach is the simplest. The lining=-up in the Bratish approach is
laboriocus and prone to error, though a good approximation may be obtained

without lining-up provided the aszumed frequency parameter is well chosen.

(iv) The Richardson approach is more straightforward than the lined-up
British approach and is believed to give a truer solution. It might therefore
be the bést method to use in some cases from the point of view of accuracy and
convenience. 'There is however the disadvantage of having & much larger eigen-
value problem to solve, Computing limitations may therefore make the Richardson
approach unusable when a system with & large number of degrees of freedom is
being considered. ‘This problem may be minimised if, in the computing procedure,

advantage is taken of the sparseness of the matrix in equation (22).
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(v) The results of the Richardson approach show that as a consequence
of aerodynamic effects, extra natural frequencies of a system may appear which
These are distinct from the rigid

are not present when the airspeed is zero.
This possibilaty

body natural frequencies - short period oscillations etc.

should be borne in mind during flight flutter tests.

w
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Appendix A
THE NATURE OF THE SYSTEM'S TREE-MOTION

by D.L, Woodcock

An alternative approach perhaps clarifies the signifiicance of the eigen-
values of the lambda matrix in (22). We will consider the response of the
system to impulsive forces applied at an instant = = 7 > 0, i.e. the solution

of’

i2.9. 2 g dQ(TO) -POV(T-'R\) = (s)
(A-A1) 2 +Eq = v [ K(’E‘—’EO) T dt_ + e >_4 8 (1:—*:1) £
° s=0

(say) oee (4-1)
where fs are arbitrary constant column matrices. Taking the Laplace trans-

form of this we have, since q(0) = <g’4;-> = 0, assuming Ré(p) > O,
=0
PT,
2 2 = = -
(o) 22+ B ¥Pp @I 30) = o 1) (eernie,  (a2)

where q(p) is the Laplace transform of q(v) and K(p) is the Laplace
transform of X(7). With the approxamation (13) for XK(7)

m-
A K.(p,v)"
% _ Py _q -
K(p) = = - ' Z — )
(p+p,v)
and (A-2) becomes
2k (pv)" -pT, o
2 2 2 0o = 1 ]
[Ap -VvpA +E-V K -vp r+1]q(P) = e Z(p+pov) £
(p+p,V)
r=0
LN (A.").{.)
Now if' the roots of
m~1
m 2 2 2 T Mer—1
(0 2" (15~ vp 4+ 8= ) = v¥p ) K (2,0)" (pv ) - o
r=0

eee (A-5)



20 Appendax A

are

P = A 1 = 1... t (A_6)

where 1 = t0(=1) eee t1—1 indicates single roots

= t1 see t2-1 indicates double roots
etc.
then
-1
5 5 - K.(p,v)
[Ap —vao+E-v Kc_-vp —MJ
(p+p_v)
r=0
n{m+2)-1 ¢ R
= (p+pv)" —=l— (a-7)
o} (p— K.)J+1
i
J:O i:tJ

wheres the RiJ are constant matrices.

From (A-7) and (A-L4) we thus get an expression for q(p) which we write as

W - ) e, (a-8)
5=0
where
n{m+2)=1 t
(p+p )"
o, () = Z Z = o )J+1 RiJ . (a-9)
1_t

Taking the inverse transform of (A-8) we have

ql+t,) = z Q (%) H(t) £ (£-10)

5=0

where QS(T) is the inverse transform of ﬁs(p) and is given by
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Appendix A
n(me2)-1 ¢ AT e_(PoW?\i)T SIS (pov+li)1 ;
QS(T) = e = NEYE {e v} RiJ . (a-11)

Each term in QS(T) is therefore a finite polynomial (of degree 3) in =,
AsT
multiplied by e 1 .

But (A—A) can be written, multiplying both sides by (p+p0v)m

m+2 co

u = -PT1 m+s
Z D p+p ¥) alp) = e Z (p+p v)" " £, (a-12)
u=0 3=0

where the matrices Du are simply related to the matrices A, AO, E, Ko_and Kr

of (A-#). Thus, since

(p+p )" Q) = T, () (a-13)

S5+u

then substituting for g{p) from (A-8) ain (A-12) gives, remembering that the
fs are arbitrary,

m+2

Z b G, () = (prp ™1 (a-14)
u=0

for any s 2 O.

Taking inverse transforms we have

m+2

. _ PVt (m+s) _
D, 9,ul® = ¢ 8 (v 1 (a-15)

u=0
-7 0 for almost all © .



22 Appendaix A

Consequently there are only (m+2) independent solutions and so we can rewrite

(4~10) eas
m+1
a(wer,) = Z o (%) H(x) £, (2-16)
5=0

(the meaning of the column matrices fs is here changed slaghtly). If all the
roots of (A-5) are distinct then the expression for QS(T) simplafies to

(since t,=1=t, 1.0 J=0 only)

¢ AT
ZE: (pov+-Ri)m+s e 1 R . (A-17)

10

0 (7)

i=1

The above expression for g (equation (A-16))} shows that each root of (A-5)
represents, in general, genuine exponential behaviour of the solution of the
equations of motion, when the approximation (13) to K(%) 1s made. The
exceptions are when all the coeff'icients of s particular e o in the equa-
tions (A-11) are zero. This may arise from a chance form of initial disturb-
ance, and so 1s of no amportance; or for other reasons such as:-

At v = 0 there will be an nm multiple root A, = -p,V (=0). TFor

AT i
this root the coefficient of RlJ e > in (A=11) 1s zero for all 3 < (m+s).

Moreover comparison of the general form of the expansion (A-7) with the
particular form for r = 0 (i.e. the expansion of (Ap2+-E)-1) shows that the

matrices R1J are null for 211 ] 2 m. Consequently the coefficient of this

AT
e * in (A-11) 15 zero for each value of s. But these are isolated instances,

and so we can say that none of the X, obtained from (A-5), or from (22), when
the mm zero roots are deleted, are spurious soluticns 1f the spproximation
(13) to K(t) is correct. However we have evaluated the coefficients in this
approximation by making the value of i1ts transform K(p) (equation (A-3))
agree as closely as possible with the true value for purely imaginary values

of p. Moreover K(p) actually has the form* (see Ref.6)

*Taken as single valued in the complex plane cut along the negative real
dX1lSe
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o] o0
RK(p) = =+ [ Z M_p° + p° log p Z N ps] (a-18)
P s s
5=0 5=0

and so it follows that our approximation (A-3) cannot be very good at points
near the negative real axis. Thus one would expect values of hi’ which are
roots of (A-5), to be good approximations to the systems eigenvalues, with the
true K(7), when they are complex with relatively not too large real parts.
This suggests that the roots which we have obtained, which are approximately
equal to -p,Vs are almost certainly spurious roots of the actual problem, but
when such a root develops a sizeable imaginary part it may well not be spurious.
Indeed Milne6 has shown that with the true KX(t) the system cannot have any
negative real roots. In addition, in the same paper, he shows that the solution

of (A-1) has the form, for =< > O,

T

o ALT -¢ T
a(z) = ZE: q e o j{: r; 13 +0{e ™) (4-19)
i=1

J:

where A (1 =1...m) are all the roots, assumed distinct, of the characteris-
tic equation (10) whose real parts are greater than (-pm), and the second term
is an asymptotic expansion for an integral given in Ref.6. The leading non-
zero term in this asymptotic expansion will theoretically dominate any decaying
exponentials when < 1is large, but the little experience there is6 suggests
that this does not occur until the value of T is much too large to be of any

practical interest.
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DETERMINATION OF THE Kr MATRICES

Substitution of the series (13) for K(1) ain equation (11) gives,
assuming R&(p) > O,

m=~-
A K (p_v)"
= s} 1 0‘
K(p) = —-p Y3 —— (B-1)
(p+ p V)
If we now go to the limt p - iw we obtain, remembering v = w/v,
_ o 1A K m-1 Kr(pov)r
- wK(iw) = = ivy|— = o— . (B-2)
v v ivy r+ RS S
v (p0+ iv)
r=0

Substituting for K(iw) from (12)

2 Ko‘ = Kr(pov)r
-V A +3ivVB +C = = 1vv b o— :| (B-3)
1 1ivy r+1 . A+l
v (po+ iv)
r=0
When v = oo
B = B, = -4 (B-1)
When v =0, vB=20
¢ = ¢ = =K . (B-5)

Thus with the substitution

x = vz/(vz + pi) (B-6)
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1v(B—§n) + (C-Co)

me=1 )
.- Z ik (1-0)7/2 o (ATF= 1 3T
r=0

- 1 Vx(1==x) iKO + K1(1—2x) + K2(1-x) (1=4X) + eeel

- {K x + K 2x(1-x) + Kx(1-x)(3-1x) ees} (B-7)

B and € are evaluated for £ values of v {and hence x) £z m, and the

resulting equations solved by the least squares method.

If &,. is the modulus of the error in the satisfaction of this

equation for the thh term of the matrix then

2 - 2
6 = 10y +x [(K:L,j)o + 2(1-x) (Ki;,)»n + (1-x) (3-bx) (K, )y + oo}
+ IinJ + ¥x(1-x) [(Ki.j)o + (1-2x) (Ki,])‘l + (1-x) (1-4x) (Ki,])2 + ...]}2
m—1 2 o 2
B AR R ORI I A R (O NN I e
r=0 r=0
where
c-C, = T = [EiJ] (B-9)
BB = B = [EiJ] (3-10)
K, = [k )] . (B-11)

-

Let S, be the sum of (6..)2. The required (K, .) are then given by the
i i3’ - 13'r

solution of the set.of gimultaneous equations

T
Wﬁ— = 0 forr_Oto(m—1)

ij’r
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. Co ) iy
0 - Ezo[af(xq) (5,009 + ZO XCRNCIRN
g= 8=

=1

- B(x) [uq 5, (0,) + Z By (x) (KiJ)S:| . (e-12)
=0

These equations for the different values of r and i3 can be combined to

give the single matrix equation.

£=1 -
— — — ._1 P —— —
Yo I g 1 YT eeer Yoot ! K1 = —z Q) B+ | By x) v, B0
sene q=0 - -
L I Y ! Yio I NH,m-1I K o, (x ) Clv) B,x )Yy Bly)
17 q 17¢ g g \
Yool Yy ! Yool weer vp T K, <
I I I eeen I
_Ym-1,0 Ym-‘l,1 Ym—1,2 Ym-1,m-1_ _f(mj o —d | i
(B-13)
where
-1
IR A RXCA R NCRENCRI I (3-12)
q=0

This equation can easily be solved to give the matrices Kr' The L turn

out to be surprasingly simple.

21
Yoy = Z x, h
q=0
£
Yoo = Mo T Mg F Z x{1xy)
=0
o1 > (B~15)
TOZ = Y2O = Z }Cq(‘]—Xq) (1-2Xq)
q=0
21
Yp = Yy = Ty, = ) x (1ex )?
12 21 22 q q )
9=0

etce.



Table 4

QSCILLATORY AERODYNAMIC MATRICES

B_ C,

3+14159 3+92699 595689 0 628319 | 37-5622

. 0+78540 176715 3977353 0 157080 | 15-8822
015912 0+60969 2+97667 0 0-31825 551084

Vv B C

01 57147 | -2+35420 | -40+61437 | 0+08209 | 5-7730i { 34k+22431
1.42787 0+19685 =7-66548 | 0-02052 | 144326 | 15-04774
0-28929 0+2915. 0-61777 | 0-00416 { 0-292/1 52,176

028 | 4+92207 111343 | -17-11312 | 0-32528 | 516603 | 29-74182
1.23052 1-06376 -1+79017 | 0+08132 | 1:29151 | 13-92712
0424934 Q+46718 1.80814 | 0-01648 | 0+26167 501471

0«5 L 35104 250648 ~6+78208 | 0-58197 | 4-78792 | 26-58033
1.08786 141202 0-79259 | 014549 | 119698 | 13-13675
022011 0+53774 2+33142 | 0-02948 | 0-24251 4.+85458

Q-6 417814 2+82657 =4 26015 | 0-67602 | 4+68515 | 25-63583
1.04453 14920 142308 | 016900 | 1+17129 | 12-90062
021163 0-55395 245916 | 0:0342) | 023731 L=8067L

0-8 3+9268L 3:22015 ~1:02519 | 0-82930 | 4+54882 | 24+28273
09817 1+5904.3 2:23182 | 0420733 | 1-13720 | 12:56235
0+19890 0+57389 2462302 | 0-04201 | ©-23040 L+73820

1-0 37569 344156 0-89489 | 0-94694 | 446715 | 23-38156
0+93924 1+64579 2:71184 | 0-23673 | 1+11679 | 1233705
0+19029 0+58510 2-72027 | 0-04796 | 0-22627 L-69256

1-3 3+58938 362527 2:58135 | 1-07747 | 439748 | 2250687
08973l 1-69172 3+13345 | 0-26937 | 1-09937 | 12+11838
0+18181 0+59,1 2+80569 | 005458 | C-22274 L+ 64825

1+6 %+4,8181 3+ 72465 3455303 | 117121 | L4« 36021 21 +95505
087045 1+71656 %.37637 | 0-29280 | 1-09005 | 11-.98043
0+17636 0-59944 2.85,91 | 0+05932 | 0+22085 L+62030

2:0 338937 3795781 431486 | 1-26007 | 4+33442 | 2148893
0+84734 1+73485 356683 | 031502 | 108361 | 11+86390C
0+17168 0+603%15 2:89350 | 0-06382 | 0-21954 L +59669

2.2 335657 3.82089 456797 | 1-29392 | L-32701 | 2132581
0+83N%, 1+74062 363011 { 0+323,8 | 1-08175 | 11+82312
0+17001 060431 2490632 | 006554 | 021917 L+58843

2l 3432981 383853 LeT6740 | 1+32262 | L-32178" | 2119377
0-83245 174503 3+67996 | 0-33066 | 1-0804 | 11-79011
0+16866 060521 2:91642 | 0+06699 | 021890 458174

2:6 3430770 385229 4+92725 | 134,716, | L+31807 | 21+08547
0-8269% 174847 3+71993 | 0-33679 | 1-07952 | 1176203
016754 0+60590 2.921,52 | 0.06824 | 0-21872 L-57626

50 3419653 3+90876 5:65508 | 1:486588 | 4+31094 | 205559
0+79913 1.76259 3-90188 | 0437147 | 107774 | 1163064
01619 0-60877 2:96138 | 0-07526 | 0-21836 L5943
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Table =2

UNLINED-UP_BRITISE METHOD SOLUTIONS

-~ 2000000000
A O 00~ AN P e Mo =

w

Be + w?
A B C A B C
12747 | 0-3776 { 0:8839 0 0 0

1+3026 | 03831 0:8598 | -C-0335 0:0263 | 01955
1:3455 | 0-3970 | 0-8295 | -0-0355 0-0456 | O-345.4
1-3837 | 0:4152 | 0-8122 | -0-0181 0+0611 | 0+4533

1+4153 | 0+4366 | 0:8053 0-0149 0-0788 | 0-5241
14442 | 0463, | 0:-8000 0+0656 0-1004 | 05648
14684 | 0-5020 | 0+7769 01384 0:1224 | 0-5845
1+5295 | ©+5675 | 0-6888 0+2290 0+1219 | 06148
146233 | 0-6478 | 05119 0-3063 0+0360 | 07351
17540 | 0+6810 | 0+2001 03575 | =0-0792 | 0:5065
1.8957 { 0-6838 0:3917 | -0-1776
0

204214 +6720 0+4159 | -0-263L

(]

Fona®
v \n

LS AN

= 220000000000 COO0O

SO OWW @Dt~ Oy

1270 0-3776 | 0-8839 0 0 0

1.2950 | 0-3832 | 0-8669 | -0-0238 0+0300 | C-1835
1+3271 | 0-3974 | 0-8455 | -0+0230 0-0521 | 0+3292
1-3535 | 0-4159 | 08378 | -0-0043 0-0696 | 04347
1-3701 | O+4374 | 0-8L37 0+0302 0-0889 | 0-5019
13748 | C-4641 | 0+8583 0-0848 0-1130 | 0-5345
13725 | 04811 | 08657 01232 01269 | 0+5376
1+36G), | 0+5024 | 0-8681 0+1725 01412 | 0-5307
143739 | 0-5310 | 0+8534 02344 01511 | G547
1-4035 | 0-5730 | 0-7970 0-2983 0-1583 | 0-5057
1.4586 | 0-63,0 | 0-6916 0+3469 01268 | 05440
1.5241 | 0-6821 | 05825 0-3807 0+0501 | 0-6346
1+5928 | 0-7028 | 0-4889 0:4057 | -0-0243 | 07294
1:6626 | ©+7099 | 03940 04252 | -0-0875 | 0-8197

. O

» L] - - - L]
O\ O~ OV £ W o —

i ReReNoRoReReNONG]

5 117332 | 07101 | ©-2795 | 0-4409 | -O-1424 | 0-9077
18041 | 0+7060 | ©+5997 04540 | =0+1918 | 0+9957
5 148755 | 0-6991 0-4651 | =0-2371
1-9472 | 0+6899 Q4746 | =0-2797
= 0-8
1+2747 | 03776 | 0-8839 0 0 0

1.2849 | 0-3833 f 0.8761 | =0-0103 0:0345 | 01671
1-3010 | 0+3978 | 0+8688 | -0-0520 0+0603% | 03065
1+3091 | 0-4165 | 08764 O+014 0-0801 | 0-4094
13019 | 0-4381 | G+9035 0+0u8L 01014 | 0-4739
1.2688 | 0+4643 | 0-9546 0-1023 0+1285 | 05005
1.1726 | 0-5005 | 1+:0572 0+1941 0+1646 | 0-4782
0-9338 | 0+5649 | 12680 0-2585 Q2166 | 0+46L41
07573 | 0-6111 | 14233 0-0L92 0-4848 | 0+4955
07525 | 0-4819 | 1+5615 | -0+1105 0+6966 | 0-52G7
0+7363 | 0324 | 1:6961 | -0-2169 0-8655 | 05400




Table 2 (Contd)

v = 10 w —_
L2+_w2
v A B ¢ A B C
0 1+.2747 | 0-3776 | 0-8839 0 0 0
01 1+2789 | 0+3833 | 0+8817 | -0-0016 0+0370 | 0+1567
0.2 1.2838 | 0-3979 | 0-884. 0+0065 0-0648 | 0-2919
0-3 1.2786 | 0-4168 | 0-9037 0-0257 0-0860 | ©-3939
O+ 1+2545 | 0-438L | O-9461 0-0560 01083 | C-4599
0+5 141980 | 0-4642 { 10199 0-0973 0+1368 | 0-4937
0-6 10911 | 0-4984 | 11349 0-137 0-1766 | 0-5094
0.7 0-94,33%3 | 0+5517 | 1-2676 0-1398 0-2429 | 05304
0-8 0-8103 | 0-5867 | 1-3951 0-0108 04311 | 0:5535
0+9 0-7781 | 05092 | 1-5197 | =0-1330 0-6268 | 0-5732
1.0 07544 | 0+3974 | 1+6441 | =0-2360 0+7859 | 0+58%1
11 0-7288 | 0-2231 | 1-7694 | -0-3223 0.93,.9 | 06017
vy =13
0 1.2747 | 0-3776 | 0-8839 0 0 0
041 12737 | 0-3834 | 0-8866 0+0065 0+0391 | 01471
0.2 1+2672 | 0+3981 | 0-8995 00178 0:0685 | 0-2780
03 12,81 | 04471 | 0-9312 0:0353 0-0908 | 0-3805
Ol 1+2090 [ 0-4388 | 0+987i 0-0574 01137 | 0+4522
0+5 11439 | O-4642 | 1+0692 0-0777 0+1433 | 0:5011
0:6 10547 | 0-4967 | 1+1683 0+0853 0-1851 | 0:5386
0-7 0-9443 | 0-5407 | 1-2740 0-0611 0:2559 | 0-5692
08 0-8424 | 0+5671 | 1:3826 | -0+0356 0-4045 | 0-5936
09 0-7986 | 0+5224 | 1-4939 | -0-1578 0-5726 | 0-6129
10 0-7698 | 0-4430 | 16076 | -0-2556 0-7183 | 0+6280
141 07420 | 0-3286 | 1-7235 | -0-339, 0-8535 | 0+6400
v =16
0 1-2747 | 0-3776 | 0-8839 0 0 0
0+4 1.2707 | 03834 | 0+889. 00113 0-0402 | 01144
0-2 1.2568 | 0+3982 | 09091 0-0248 0.0705 | 0-2695
0+3 1.2287 | 04474 | 0-9490 0-04L04 0-0933 | 0-3732
O+4 14824 | 0+4391 | 1+0116 0-0548 0-1166 | 0-4509
0+5 141186 | 0-464 | 140917 0+:0623 01464 | 0-5091
0-6 1+0395 | 0-4960 | 1-1817 0+0578 0+1889 | 0-5536
0+7 0+9438 | 0:5359 | 1+2776 0+0280 0-2598 | 0-5874
0.8 0+8552 | 0:5593 { 1-3780 | -0-0624 0-3923 | 0-6132
0+9 0+8092 | 0:5277 | 14823 | -0+1739 0+5446 | 0+6330
140 07785 | 04641 | 1-5899 | -0-2681 0+6809 | 0+6483
141 0-7,98 | 0+3730 | 1-7004 | -0+3501 0+8074 | 0+660L
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Table 2 (Contd)

v = 2+6 w —_—
ﬁ2+w2
v A B C A B C
o] 1.2747 1 0+3776 | 08839 0 0 0
01 1.2665 | 0-3834 | 0-8932 0-0186 0-0416 | 0-1330
02 1.2409 | 0-3984 | 0-9238 0-0355 0-073C | 0-2566
0-3 14198, | G-4179 | 0-9770 0+0L460 0-0964 | 0-3643
Ot 1-1468 | O+4400 | 1-0437 00459 01198 | 0+4537
0+5 1-0894 | 0-4654 | 1+4169 | 00-0382 0-1497 | 0-5224
0+6 1.0220 | 0:4962 | 11962 0-0216 0-1925 | 0-5730
0-7 0-9422 | 05321 | 1-2817 | -0-0172 02616 | 06101
08 0-8682 | 0-5533 | 13726 | -0-099. 0-3763 | 0:6377
09 0-8226 | 0-5355 | 14683 | ~0-1988 0+5079 | 0-6585
1.0 07906 | 04909 | 1-5679 | -0-2876 0-6298 | 06745
11 0+7616 | 0-4260 | 16709 | -0-3665 0-74,29 | 06869
y = 50
0 1.2747 | 0-3776 | 0-8839 0 0] 0
0+1 1.2643 { 0-3835 | 0-8953 0+0225 0-0421 | 01284
0.2 1+2316 | 0+3986 | 0-9325 0-0417 0-0740 | 0-249,
0-3 14810 | 0-4185 | 0:9931 0-0476 0-0976 | 0-3609
O+l 141295 | O+4410 | 140590 0+0390 0-1209 | O-4571
05 10763 | 04669 | 1-1277 0+0250 0+1506 | 0-5299
06 10140 | 04977 | 1-2022 0+0032 01931 | 0+5827
0-7 0-9408 | 0-5325 | 1-2831 | -0:0393 0:2607 | 0-6212
0-8 0-8732 | 0-5537 | 1-3697 | -0-1191 03676 | 0-6496
0+9 0-8291 | 0-5:148 | 14613 | =0+2135 0-4893 | 0-6709
1:0 07974 | 0+5061 | 15569 | -0+2995 0+6030 | 0:6873
11 0+7688 | 0+4,53%2 | 16560 | =-0+3766 0+7083% | 07001
Table 3
LINED-UP BRITISH METHOD SOLUTIONS
A B C
v I —_t v w ﬁ%- v w
p2+w2 T W pz
0+5 Q-84 |0-422 | 0-804
0+6 114 {0684 |-0-312 | 0842 |0O-504 | 071
0-8 10935 |0-748 | -0-154 {0-78 |0-624 | O-42
1.0 |0-808 | 0-808 | -0-020 {045 [O-45 0-122
1.3 |0-714 | 0-928 | 0-052 |0-326 |0-42,4 | 0-095
1+6 10632 |1-011 | 0-05 0+255 | Q+408 | 0:084 |0-984 |1-576 | 0+646
2+6 |0-434 |1-128 1 0-045 |0-15 (0-39 0+058 |0-402 [1-045 | O<454
5.0 | 0242 1121 0-048 [ 0076 |0-38 0+032 |0+184 [0-925 | 0-23




Table 4

VALUES OF MATRIX E - (A - %? - 5%)
v

Real part Imaginary part
05 | 4+97277 | =6+66793 | =43-00800 | =4:21237 | -1-93107 813445
1+87368 336114 | -13+43767 0-78406 | -0+96354 | -5-70521
0-96416 | ~0-30780 | -23:40673 { -0-55799 | -1-36136 | -5-9023,
0+6 | 519061 | =3-6973 | -28:51554 | =3-3705%1 | -1+86745 L7427
183313 2-80821 -9.45273 0-62736 | -0:75488 | -4-37567
0+99302 0.08571 | =15+72792 | =0+44647 | =1+16867 | =5-18811
0+8 | 5-47233 | -0-83830 | =14-90035 | -2.37584 | -1+63870 1 «60096
1.+78070 227605 =5-34247 Q04222 | =0+52184 | =291 74
1+0303L4 O-4L64,2 =8+19803 { ~0+31471 -0+90805 | =4-15035
1.0 | 5-64118 0+43969 =9+00432 | -1+81844 | =1:11814 0+ 351241
174927 2+03818 -3+36L46 0-33847 | ~0-39752 | -2-16097
1-05270 063371 =4.*76653 | =0-24088 | -0-74,063 | -3-44338
1-3 | 5-79093 134240, =4=96893 | -1-336L1 { =1-15927 | -0-35759
1-72140 187015 -1:88330 0-24875 | -0-29306 | -1-:54511
107254 0-75329 -2+30816 | -0+17703 | -0+57878 | -2-73193
1+6 | 5-87808 1-77750 =3+08558 | =1-05329 | =-0+97197 | -0-58449
170517 178917 -1 +1 3439 0:19605 | =-0-23251 | -1.20093
108408 0-81092 ~1+11115 | «0+13952 | 047424 | =2+25863
2.0 | 5-94704 207740 -1:82265 | =0-82026 | -0-79528 | ~0-65196
1+6923), 1+73335 =0+60060 015268 | =0+18271 | =0.92643
1-09322 | 0-85065 | =-0-28123 | -0+10866 | -0-38174 | =1-93133
2:2 | 5.97012 244697 =144,387 | -0-73848 | -0-72806 | -0-648328
168801, 171626 =0+14.3388 013745 | -0-16516 | -0-83184
1+.09628 086281 -0+02661 | =0-09782 | =0+34771 | =1:67222
2+4 | 5-98837 223872 =1+15969 | =0+67154 | =0:67095 [ -0+63457
168464 1270332 =0+30635 012500 | =0+15073 | =0+7550L
109870 0+87202 0416653 | =0+08896 | =0:31920 | =1:53820
2+6 { 6-00306 2429271 =0:94105 | =0:61577 | =0:62190 | -0+61551
16819 1469327 =0+20663 0+11461 | =0:13866 | =0:69142
1 +10064. 087N7 0+31650 | =0.08157 | «0-29499 | -1-.42382
50 { 6-07075 2+51842 =0:05022 | =0+30944 | =0+32885 | =0+39052
1+669% 1+65126 0+21766 0+05760 | -0-07109 | -0+34642
1-10961 0+90907 0+94307 | -0-04099 | -0-15412 | =0-74972
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Table 5
AMERICAN METHOD SOLUTTIONS

Eigenvalue
Frequency parameter Speed
Real Imaginary
2
v w -g/2 v 1/@2 g/w
0+5 0:61072 | -0-29496 1e221) 2+68112 | 1-58164

047955 0-55225 0-9591 L4-34852 | -4+80293
- -22.10245 | -7-85694 T

0+6 0463319 | -0+22137 140553 2-49424 | 110429
0-49399 O-LLTT77 0-8233 409797 | =3-6698L
- -14:32131 | -6-74955 T

08 0+69755 | =0+07660 08719 2+05517 0+31282
048152 0-25L80 0-6019 L+31287 | -2-19779
- -6+81769 | -5+16506 T

1.0 045178 0+16086 0-4518 4+89935 | -1-57618
0-80645 { -0-0004,289 | 0-8064 1-53760 00013190
- -2.52013 | -4-08448

1-3 0-93615 | 0-02804 0-7201 1413107 | -0-063988
O-42547 0+11635 03273 5+52413 | =1-+28538
- -1+31228 | -3-01203

16 101633 | 0-0330L 06352 0-96812 | -0-063975
0+41095 | 0-09645 0-2568 5.92129 | -1-14215
- -0-33331 | -2-3383

2:0 1-07977 | -0-03422 0-5399 0:85771 | =0-058705 T
0-39776 007950 01999 6+25755 | =0-994975
187679 0-13596 0+9384 028390 | -1+78062

2.2 1+10095 0+03480 0+5004 0-82502 | -0:057330 T
0+39611 0-07306 0+18005 £+37336 | -0-931281
147218 1+7200% 0-6692 046140 | -1+.58725

2el 1411786 | 0-03545 0+4658 0-80025 | -0-056739 T
0-39327 0+06754 01639 6+46557 | -0-8733L8
1+29925 { 1.20728 0+5414 0:59240 | -1-43038

2:6 1413174 0+03632 0-4353 0+78073 | -0-056710
0-39103 0+06276 0+1504 6+53989 | -0-820828
12019 0+93955 04623 069220 | -1 -30074

5-0 121409 001242 02,28 0-67842 | -0-057550
0-38132 0-03350 0-0763 6-87734 | -0-460743
0-949L5 0-27583 0-1899 110931 | -0+611957

T indicates the solution is obtained by the 'trace method' see section 3.3.



Table 6
K MATRICES
iy -
p0=0-6 p0=0'i|-

m= 3 m=3
-1-51095 | 2-02132 | 17-38758 | =~1-44934 | 2-00797 | 17-09156
=0-37773 | 0-50534 L,+34687 | -0-36233 | 0-50200 427287
-0+07654 | 010238 0+88069 | -0-07342 | 010170 0-86570
0-46925 | 0-65061 22422 0:95872 | 0-38477 | -1-06499
0+11730 | 0+1626L. 0+56063 0-23967 | 0-09618 | ~0-26623
0+02380 | 0+03296 011357 0+04859 | 0-0194,9 | -0-05396
=-0-59545 | 1-33257 | 10-05638 | -0-80506 | 0-88432 811242
. =0+14885 | 0-33315 2:51405 | -0-20126 | 0-22109 2.02807
~0:03019 | 0-06749 0+50935 | -0-04080 | 0-04478 0-41089

m= 2 m= 2
=1-40817 [ 1-79130 | 15-65171 | -1-34863 | 1-89735 | 16-07675
=0+3520). | 0-44783 3.2 | ~0-33716 | 04743 L7
~0+07133 | 0-09073 079277 | ~0+06832 | 009610 0+81430
0+11651 [ 1 +44002 8419979 0+57042 | 08113 2+8,788
0-02912 | 0-36000 2.0499) 015260 | 0-20282 0+71197
0+00592 | 0+0729% O«41531'| 0-.02891 | 0-04409 014423
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Table 7
COMPART SON OF AERODYNAMIC COEFFICIENTS

B11 C11
Approximations Approxaimations
X Calculated |from eqn., (28) | Calculated | from eqn. (28)
from Ref.7 from Ref.7
m=3|m=2 m=3|m=2
0 0 £+2832 5-8702 | 5-294, 0 0] 0
0+1 0:0270 5-7115 5.7099 | 5-246), 0-0821 0-0614 | 0+0319
0.2 0-1 5.3272 | 51140 0+2060 | 0:1199
0+28 0-1788 L+G221 449875 | 4-9664 0+3253 0+3322 | 0-2176
03 0-2 4+9078 | 4-9259 0-3616 | 0-2444,
0-3928 03 L+5881 | 47301 04813 0-3735
04899 O-4 L3403 | 45265 0:5792 | 0-5073
0+5 0-4098 L3510 4+3236 | 1,.+5060 0+5820 0.5882 | 0-5208
0.6 0-5 4+1781 L1526 | L+3151 0+6760 0.6697 | 0-6458
0-73,9 | 0-6 3-9892 | 4-0959 0:7671 | 0-7890
0+8 0-6l 3.9268 3.9264. | 40061 0-8293 0:8114 | 0-84,75
0-9165 0-7 3.8301 | 3-8690 0+8856 | 0-9368
1.0 07353 3-7569 3-7706 | 3-7870 0-9469 0:9351 | 0-9901
1.2 0-8 36518 | 346343 1+0396 | 1-0893
143 08244, 35891, 3-6026 | 3+5759 10775 10841 | 1+1271
146 08767 3.,818 34869 | 3-4490 11712 11906 11 +209,
1.8 0-9 3.4302 | 3-3918 12436 | 1-2464
2:6 09494, 3-3077 3+2974 | 3269 13472 1:3667 | 1-3258
5+0 0-9858 3+1965 31875 | 3-1776 1-4859 1.4685 | 1-3849
1.0 31416 31416 [ 31416 1+5708 15110 | 14082
P, = 04
0 62832 6+3808 { 5-0871
Ce1 0+0588 57115 5.9247 | 541306 0-0821 0+1023 | 0-0162
0-1333 01 5:6551 | 51493 0-1608 | 0-0322
0«2 0+2 51470 | 5-1544 02665 | 0-0874
0-2619 0-3 4+8096 | 5-1024 0-3365 | 01650
0:28 G- 3289 4.+9221 L+7368 | 5-0768 0+3253 0+3528 { 0+1917
0+3266 Ok 4+5932 | 4-9934 0-3901 | 0-2657
O+l 05 L0501 | 48274 0-4466 | 0+ 38N
0-4899 0-6 4+3319 | 4-6043 05254 | 0-5354
05 0-6098 L+ 3514 4+3198 | 445795 0-5820 05349 | 0-5509
0-6 0-6923 L1781 L4+2030 § 4.-3478 06760 06345 | 0-6906
0+6110 07 421902 | 43242 0+6457 | O+ 7045
0-8 0-8 3.9268 3.9768 | 3-9870 0+8293 0-8269 | 0-8964,
1+0 0-8621 37569 37870 | 374 09469 09785 | 1.0270
1.2 0-9 364,33 | 3+5928 1.0884 | 11111
1+3 0-9135 3+5894 3.5864 | 3:5352 1-0775 11306 | 11439
1.6 0-9,12 344,818 3.4599 | 3-4139 14712 12238 | 1+2061
2+6 0-9769 33077 32751 | 32510 13472 1+3560 [ 12917
5+0 0-9936 31965 31794 | 3-1720 1+4859 1-4230 [ 1+3328
oo 1:0 341416 31416 | 3-1416 1-5708 14493 | 13486




COMPARTSON OF AERODYNAMIC COEFFICIENTS (v = 1-0, p_ = 0-6)

Table B
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3

15 Ci,

Calculated |eqn. (28) |egn. (28) | Calculated | eqn. (28) | equ. (28)

from Ref.7 m=23 m= 2 from Ref.7 m= 3 m=2
37569 37706 37870 0+9u69) 0-93514 0+99006
34016 34724 34357 Lo b6 L+ 5284 44055
0-8949 10312 0+7541 23-3816 | 23-7892 |22.8618
0+93924 0+94265 094676 0423673 0-23378 024752
1+6458 1-6535 1+640,3 1411679 113210 | 110137
2:7118 247459 26766 12-3370 [12.4389 [12.2071
0-19029 | 0-19098 | 0-19182 0:04796 | 0-04736 | 005014
0+58510 0+58666 0-58431 0-22627 0+22937 022314
2+7203 2.7272 2:71 3 L4+6926 L7132 L+ 6666
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Table 2

RICHARDSON METHOD SOLUTIONS

P = Q6
P S

m=3 p2+ o

v A B C D A B C D

¢ 142746 [ 0+3776 |0+8839 0 0 0 0

01 12635 C+3835 | 0+8961 | 0-0067 | 0-:0233] 0-0417] C+1272§ 0+9931
Q-2 1.2303 ]| 0-3984 [0-9335 ] C-0182| 0-0420| 0-0741 | 0-2517 | 0-9868
0+3 11867 | 0-4177 |0-9863 | 00316 | 0-0L6C |} 00913 | 0-3708 | ©0-9853
Ol 11465 | 04389 {1:0384 | 00731 | 0+0442 | 01119 | 04711 | ©-9618
0+5 11014 | 0-4635 |1:0919 ) 0-1256 | 0-0470 ]| 0-1390 ) 0-5459 } 09337
0+6 1+0396 | 0+4956 {1+1501 | 0-1907 | 0-0558 | 0-1760| 0-6001 | 0-9007
07 0+9436 | 05465 |1-2132 | 0-2721 | 0-0653] 0-2315 | 0-63971 0-8599
0+8 0+8034 | 0-6124 |1+2807 | ©+3830 | -0-0030 { 0-3884 | 0-6690 | 0-8011
0+9 0+7452 | 0-5067 |1+3523 | 0-5846 | =0-1428 | 0-6037 | 0-6911 | 0-7272
1+0 0+7051 | 0+4762 [1:42731 06943 | =0-24,71 | 0-6382 | 0-7081 | 0+7611
m= 2

0 12746 | 0+3776 10+8839 0 0 0

01 1.2643| 0-3837 |0-8951 0-0243 | 0-0421 | 0-1266
0-2 1+2320 | 0-3986 [0-9315 0-0453| 0-0730 | 0-2472

0.3 11826 | 0-4170 | 0-9910 00536 ] 0-09% | 03598

04 141341 | 04367 |1+0547 0+0n94 | O+114L | 04575
045 1+0851 | 0+4593% |1+1203 00443 | 0-1379 ] 045316
0+6 10267 | 04891 {11914 0+0410[ 0-1666 | 0-5854
0+7 09495 | 0-5356 |1 2687 0-0376 } ©-2011 | 0-6247

0-8 0+8334 | 0+6213 |1+3515 0-0103 | 0+2585 1 0+6537

09 Q7440 | 06836 [1+4392 =0+1225 | G-4046 | 0+6756
140 06978 [ 0+7C6& [1+53209 -0-2354 | 0-5093 | 0+6925
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Tzble § (Contd)

1

.

.

el aNoNoRoRoNoNe!
(O RNela L NINoaRE ) IEn gl WARY (S BE

© .
i (2, o2
v A B C D A B c D
0 -2746 ] 0-3776 0+8839 0 0 0
- -2636 | 0-3835| 0-8959 0-0240 | 0-0418 | 0+1270
*23031 0+3982] 0-9337 0-0427 [ 0-0715 ] 0-2504

1847 | 0-4172] 0-9891 | 0-0291 | 0-:0470| 0+0914 | 0-3682 | 0+9750
1430 | 0-4384 | 1+-0L46] 0+0549 ]| 0-0433]| 0-1110| 04683 | 09526
140984 { 04635| 1-1019] 00816 | 0O-0u28[ 01363 | 0+5434 | 0-9248
1.0400 | O=4974 | 11642 01279 0-0477] 0+1701 | 0-5979( 0-8913
0+9540 | 6-5539] 1:2320| 041726 0-0564 | 0-2151 | 0-6378 | 0-8515
08085 | 0+6673( 1+3049| 0-2172] 0-0097| 0+3235{ 0-6674 ] 0+8065
07450 | 0-70761 1+3824 ] 0+2508 | =0+1407{ 05109 | 0-6899 | 0-7680
07057 073731 14631 | 02691 | =0+2478 | 06174 | 07072 | 07519

[ S . S Y Y

- O OoOCCCOoODD OO0
OO D~ OV AN N =

142746 } 0+3776 | 0-8839 0 0 0

12641 | 0-3836| G-8953 00242 | 00419 | 01268
1+2312] 0-3985| 0-9321 0-0u46 | 0-0721 | 0-24,82
11833 | 0-1174| 0-9%02 0-0518 | 0-0929 | 0-3622
141365 | 0.4382 1-0513 0-0481 | 0-4133 | 01604
1+0879 | 04620 | 11144 00447 | 0-1351 | 0-5346
10279 ] 0-49421 118H . 0-0436 | 0+1728 | 0+588,
0:9452 | 0-5440 | 1-2576 0-0409 | 0-2972 | 0-6276
08247 | 0:6285{ 1-3377 -0-0043 | 0+3059 | 0+6567
07516 | 0+6654. | 14225 01351 | 04644 | 0-6786

0-7079 | 0-6741 1 1-5113 -0-2403 | 0+5762 | 0-6954
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Table 10
Methed Critical flutter speed Frequency
Verit Dorit
British unlined-up
v = 05 0-83 0-66
v = 0-6 0-832 0+695
v = 0-8 0-828 0+755
v =10 0795 0-812
v =13 077 0+865
v =1-6 0-735 0-908
v = 246 066 0+ 974
v = 5-0 0-61 1005
British lined-up 0792 0-82
American 0-805 081
Richardson method
p, = 06, m=3 0-8 0805
P, = 0+6, m =2 0-805 0-83
P, = Oy m=3 0-81 0-80
p, =04, m=2 0-795 0-83

v .
crit

0+415
0-499
0662
0795
1-001
1-176
1716
3:05
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SYMBOLS
A inertia matrix, structural and azerodynamic
Ao see equation (13)
A1 aerodynamic¢ inertia matrix
B aerodynamic damping matrix
Boc (B)v:oo
B B-B
o
B, thh element of B
1iJ
C aerodynamic stiffness matrix
Co (C)v=0
C -0
o)

¢ ijth element of G
i
D structural damping matrix
E structural stiffness matrix
H(7) unit step function, see section 2.3
I unit matrix
X indicial aerodynamic matrix
K(p) Laplace transform of K
K see equation (13) (= —CO)
K, see equation (13)

2
SiJ E(BiJ) see Appendix B
v airspeed
VO ref'erence airspeed
g/w ratio of fictitious hysteretic structural damping matrix to

39

- s
m seggeduation (13)

pit%iing moment derivatives, see Ref.7
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SYMBOLS (Contd)

number of degrees of freedom of the system

Laplace transform parameter

see equation (13)

column matrix of generalised coordinates

-AT
q e -

see equation (17)
time
V/V0

2 2 2

vZ/(v2+ p2)
see Appendix B

see equation (B=8)
see equation (B-8)
see equation (B-14)

right hand Dirac delta function

see Appendix B

complex eigenvalue

real part of A
frequency parameter = w/v
see equation (B-12)
Vbt/ﬁ

imaginary part of A

relative damping ratio
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COMPARISON OF DIFFERENT METHCDS OF ASSESSING THE FREE OSCILLATORY
CHARACTERISTICE OF AEROELASTIC SYSTES

Different aproximte methods of determining the eigenvalues of the
integro=differential metrix equation of & simple aeroelastic system are
compared, It 1s shown that methods which use an approximate second order
differential matrix equation with constant coefficlents can give large
errors {n the values of complex eigenvalues, thoush the errors are usually
small at alrspeeds below the critical flutter speed, If the frequency
paremeter of each particular efgenivalue 1s lined-up with the value used to
determine the gerodynamics, An Improved method of solutlon using a finite
series approximation to the indicial azerodynamics ylelded in some cases anh
additional complex eigenvalue with & frequency of the same order as the
other natural frequencies,

egajouanbal] TeImMeE JAI0

| Sv JenJo ames Y7 JO Lousnbagy v Yiim onTeausdya xeyrdmoo {eUOIILDE UEB
§9580 am0s uj peplejf soTweulpolew [BI0IpUY @M 91 uwoprsurxordde sordes
#1ufJ e 3ursn wiINros Jo poylaul pascrdmy uy "SOTURUADOIEE Y1 SUIMIIIEP
07 PaST INTBA 1 YITm AD-pIUIT S] snieAusBio Jemnorarsd gows Jo Jaqaumeged
fouasnbary euz Ji *paads JAIINTJ TESIJIO Aj1 MOTaq Spaxisaie 98 TLeUS

A TSN 8% SI0LIP 9] YBnoy] *sonrteAuas(a xerdmod O SenrRA @1y Ul SJOLIB
931eT AT URd SQUITOPJJE0D JUBISUOD YATM UOEIEnDe XjJqBm [RIqUAIA]IID
Jeprc puodss emproldde ue a€n YOTUM SPOULST TEI WMOYS ST 11  *pelulmod
age maqsfs O175eTeO0Jer ATdwIS ® Jo uoprende x|JqED TRIUAIS JITp-OJBaaul
Y1 JO sanfeAuaBdia W1 SUTUTIIaLsp JO spoyjam aquuixotdde quarslliq
SIILSES JIISVISONAV 40 SOIISINILIVUVED

DIOIVTIIONC TJ SHI ONISSISSY 40 SOBLM INHIILIT 40 NOSTHY 0D

*d ‘uosyoNr

UATSY0 *¥ ‘eoUaIMR]

896| JAWISIq

€109 ees %801 °ON °d*D *D°u"Y

|
e

*serovanbal) Termel Ao

1 SV JopJIO awES Y Jo Adusnbad) v Y enfvauefie xardmoo TEUO(IIppR UB
§9580 gmos Uy papTald SONBULPOIS® TUTOIPUT @yl 01 uopammyxoxdde safles
ajjup) = Buisn uoTaNTos Jo poursw pasoadm) uy  *sopmeudporse ayi SufuLIanap
01 pasSn anlBA &1 Y1 dn-POUTT 51 anrmausBle Jurnorated yoes Jo Jaqawered
Aouanbea] ayq J7 *peads Ja3qnT) TEI111JY @Yl MOT@Q Spsedsaiw qe [T®E
A£1TeNsSn 8Ie SI0.L13 &1 YBnoyl *sanTRAUSZLY YATAWOD JO SINTRA Y] U] SJOALID
SBIET eAd UBD SJUITSTJIA0D QUBISUOD YW uoprEnbe xjagem TepIUALL])ID
JQ8pI0 puodas SqEAIXGKdE U asn yoJyM Spoylal eyl wMoys sy 11 *paredmos
aJe mRYsAs JTIFBIAGISB TS B Jo uopjenbe X[I98E TRIIU3JIS]]IP=0J3U]
®J1 JO sanTRAUIIIS 2U1 BUIUTULIAIap JO Spotlal equumpxoxddy Jualajjiq
S4ALE1S J1ISVIIN 40 SOILSIHILIVHYED

JHOIYTIIONO T4 FHI ONISSEZSY 40 QCOHLD INMIAIJIA JO NOSTHYEIOD

*d ‘uosyoRr

UATO20 °¥ ‘o0UdIMET

8961 Jeqmadeq

Zﬂ'flo'g'{(g mloou *4*0 .O.H.v

— e — — —— S — — —— . — w— e — m—— = mde

|
Q¥dvO LOVYISEaVY 318VHOVIAA



- . o ne . e e W ke em el Rl e he T = o= o




o

S



C.P. No. 1084

© Crown copyright 1570

Published by
Her MaJesty’s STaTiONERY OFFICE

To be purchased from
49 High Hotborn, London wc ]
13a Castle Street, Edinburgh EH 2 3AR
109 St Mary Street, Cardiff cFl liw
Brazennose Street, Manchester 2
50 Farfax Street, Bristol BS1 3DE
258 Broad Street, Birmungham 1
7 Linenhall Street, Belfast 572 8ay
or through any bookseller

C.P. No. 1084
SBN 11 470284 5



