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SUuL.RY

Formulac arc given for calculeting the skin friction
cocffrcicnts and the various paramcters associated wath the
boundory layer up to Hach numbers of 4, The caleulations hove
been made for & laminar boundery layer with e sinuscidal velocity
distribution; for & turbulent boundary layer with a "power law"
velocity distribution, the distribution following "onc fifth",
"one seventh", "onc ninth" ond "one elevonth" power laws;
and for & turbulent boundary leycr with & "log lew" velocity
distribution,

Introduction

In 7654ﬁ some calculations arc made on the effect of
compressibility on & turbulent boundery layer. At the tinme
(1942-43) this work was donc no messurenents of the velocity
distribution cxisted and thc analysis had to be bascd on the
assumption thet it was not apprecinbly affected by the msinstreanm
being supcrsonic, This assumption could be rendered plsusible,
but 1t wes a purc speculation end nccordingly the onslysis was
only carried for cnough to ecstablish trends.

Since that time gnalytical rcasons supporting this
essuption have becn given®, end measugemonts have been nede
at the N.P.L.j, R.A.E,L ond in Aacrica” covering bcetween them
liach numbers up to 2% and Reynolds numbers up to 20 million,
,These measurc.ents heve cstablished the general truth of the
assumptions mede in 7634 and asccordingly it scems worth while
to complete the calculetions and collate the information in
onc docunient in the hope it moy be of use to designers.

The general method of colculation is as follows:=-

(1) It is essumed thot the velocity distribution cen be
written: -

wU = £(n) with n = y/8.

1

(2) A quontity o is defined by:=

7“1 -3
(1-a) (1+---M1] =1 0 M < =
' 2
0 o & 1.

(3)/
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(3) It is assumed that throughout the=layer:-

w4+ 2C. T = Constant.

b
In particular
US
Ty = T {14 eebe-
{
2 0yt
y=1
= T {1+ ===
) i
- - -1
= {4 ) T:.
and Ay = (1 -a) e,

Y

{since p is oonstant through the leyer). Where and . denote,
ag usual, free stream and wall values. N

(4) It is agsumad that:-

W
ua T

@ is a fraction whose value rangea from & at very high
temperatures to ese in wind tummel work with atmospherioc stagnation
temperature, It seems unlikely that any error of practical mportance
to the aireraft designer will be introdused by putting:~ o = 3,

Coloulation of Displacement and Momentum Thicknesses

The standard definitions are:-

/-6 pu \

8¢ = 1 = &y
° A
5 pu u
6Ef----1---dy>
° PS.U:L Uﬂ.
H £ 8/% ‘)

or/

%That is thet the Prandtl number is unity, It is elso assumed that
there is no heat transfer between the layer end the wall,

ve (1)
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On the essumptions Just given these becoms:-

1 (1 =a)F \
§°/6 = / “ wemene——— | dn
o {1 -af?
1 =a ¢ 1 =af
8/5 a -----/ Il KB eee(2)
o 0 1 =alf
H = 6x/'8' )

The analvtical and numerical work is subdivided under three
heads: -~

Laminar Beundary Layer
Turbulent Boundary Laycr, Power Law
Turbulent Boundary Layer, Log Law,

Laminar Boundnry Laver

It is assumed that®

L
f = gin| -1,
2

Then the equations (2) yield:-
ul el
2

2 [1-a\? . a
/8 = 1 == { =) arc tan | e-=
T a ) \1-o
1 4 1
‘ 1=¢ ~2 [ o V a ¥ 1 - (1ea)?
SO o S (A SRR
¢ L1 \i-a 1-a (4=a)2

Tho values of &°/8, §/6 and H are plotted as functions of
M ever the range 0 M€ 5 in figures 2, 3 and L respectively.

Turbulent Boundary Layer, Pewer Law

It is assumed that:-

where m is an integer and often nm = 7.

% 6 . . Ther/
Accurate solutions exis* , but orc laboricus to obtain, The above
assumptiom is sufficiently sccurate for the purpose in viecw ond
has the double sdventege of being enalytically simple and caesily

computabl.c,

p
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1
Then the equations (2) yield:=

m m+1 -1
Bx/a = ] = e (1 -G‘) {1 d o= ok e b e C(in + . 0]
o4 m+ 3 2147
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—————————— & . FOR kil bt t ol Lol ol d ol 0‘ +

i ) [1 (1) (me2) (m+1) (me2) }
(me3) () (me2ned ) (me2ne2)

n [ —(2m+l;.n+1) o ]
(m1) (me2) n=1 (m+2n-1)(n+2n)(m+2n+1)(m+2n+2)

These series become more and nore slowly convergent as «
increases; this difficulty can be overcore vhen it i1s scen that
equations (2) can also be written:-

5%/8

I
-
I
—
-
i
&
]
—
i
3
i
1
1
1
1
1

'3/5 = RS EUI S B N e s et T i et e S

1 - af°

both of which con bo integrated by clementary nethods in the form of a
polynomial plus & log torm. This polynemial, however, will contain
several terms and so the method is only of practical usc when the series
cxpansion converges slowly. .

(1 ~ ) (1-a)m/ﬂ(1-mf)fm"1

o &

The valuee of 68%/6, /6 and HE for n =
plotted as functions of M over the range O < M<K L
and 7 respectively.

5 7, 9 and 11 are
in f‘:.gures 5,

Turbulent Boundary Layer., Log Law

It is assumed that; -

f

n
—
+
.
ey
P
=3

whoere A

it

The/
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The integrals in equations (2) can be expanded in poviers: of A
with coefficients functions of o to give:-

y 140 2a(3+a.) 60,(1+6cu+a, ) ZMQ(5+1 Ocwt-a” )
§%/6 = ew= A [ 1 = mememne A 4 vmmememeeee A7 = mecce—————
1-a, 1-a’ (1- ".)(1-a) (1- ) (1=a)?
"o2(4 6 146 -
o6 =4[ I o B G R )
1w (1~a)? (1-a)?

but these series are quite uselecss for “och nunbers much greatcr than

unity.
New cguations (2) can also be writton:‘-
Bx/a - [1{1 - 1:.0.[' ..1. _____ 1-_ }&n
0 @ \ 1+/af 1s/af
. il L 1-\/“ /e
o B[ (5 )

and thus dopend on:-

A an
I = mmes | 2 memeessen o
1 Vod 0 ‘_I_-J\/cz -1
Vo
1 @
I = -=- SRR, JUNON
2 . \/E\. o 1*~/§ + 1
© Vab

5

that is to say on the exponential-integral function.

In' faot:
1] 1-0"
8/86 = 1 & ===
20A
10
'9/6 = e 1
a

v

14/0, 1/
EXp =w=r Bl | « wou=
{ o VAT
) [1-%; 1-4\/;
+ -m—= GXp ~===Ei { -
P lvan ek
‘L-n/&. 1+\/0—-
- E}JCP - - Ei
Vad ol .

1a/a

Vah

19/a

Vah

1+

-

)EJ.(\/C[I

1+\/&

The/
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The values of (18a)Aa and (1#/0)AMa are given below in tho
table and as figure 8.

M L@ (1va) Mo (1/a)Ma

0 ) ole) oo
0.5 0, 0476 3,583 5,583
1.0 0,1667 1,450 3,450
1.5 0.3103 0.7953% 2.795
2,0 AN 0.5001 2,500
2.5 0.5555 0.3447 : 2,342
3.0 0. 6429 0.2L72 2. 247
3.5 0.74101 0.4867 2.4187
k.0 0.7619 0. 1456 2,146
4.5 0.8020 0.1167 2.117
5.0 0.8333 0. 0954, 2,095

A typical wvalue for A is 0O.1.
' So (1a/a)AMan varics from 1 to 10 omitting the lew
and (19/a)Vah varies from 24 upwords ] Mach nurber region.

The exponenticl-~integral funotion is tabulated up to values of
10 for the independent variable and has the asymptotic expansion

which is rapidly convergent for x> 10 if only 3~ or 4-figure accuracy
is needed.

Thus we ocan write

. 1~a 14/3 1a/a\  Vei Ve Ve ¥
8%/6 = 1 + wew |©XD| marw |Ed [ = amee |4 weem [1 PR Y gy ]
204, \/u_A \/;A 1+v/u‘, 1875 10
1ea , 14/, 1/a 1/4, Vb Vah ¥
9/6 = wem i 4+ 3| coee oxp{ momm JBL (= - |- [1 b ommem g 2 omm | ]
a \/u_i Vah \/a_A 14V 18/

The values of 8%/8, /8 gnd H over the renge 0 LM< L
for Reynolds numbers of 10°, 40%, 107, 40°, and 10° are plotted as
figures 9, 10 and 11.

Skin Friotion Ceefficients

Because of the tempersture difference betwoon the wall and the
mainstream, the several coefficients require careful definition. The
stendard definition is in terms of mainstrean valuss as follows: -

cf = To/%Pa.U:

i rx

OF = -[Ofdx
X J0

Be = p0,54,

but/
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but it is sometimes convenient to define thow in terms of “wall values",
thus: -

Oy = 7/30 00 = (1-a)7 G
1 rx

O = '/ Oy & = (1 - @)™ G
X J0

1w
Bew = »pinE/MW (1 -a) Ry

Once a velocity distribubion has been fixed, then the skin
friction coefficients can be dotermined from the relationships:-

2a8/ax = O .1«% = Cg
26/x = Cp :_".:.B:.CF.
X

the disposable constants being adjusted so that the formmlae reduce to
tho incompressible form on putting o = 0. Figures 12, 13 and 14 show
curvea of Cp and calculated in this way. In this case the
constants have been adjusted so that the formulae reduce for o = 0 to
the von Kirmin-Kempf-Schoenherr type.

The samc ourves enable thoe thickness of the layer to be
calculated since the relationship Just given shows that figurcs 13 and
1 arc a plot of 28/x agoinst R. Thus § oan be obtained whon x
is known and, since H is also known, § and & also by using tho
appropriate curve.

It secms likely that cxpressions in terms of free strean values
arc rost likely to be of use to designers since the free strcam values
of the wind tunnel ocorrespond to the atmospheric conditions of real life.
But it is worth pointing out that Cpy and Cpy attain their
incompressible valucs for a Reynolds number cqual to

R, -
T,

and that thercfore the velues of COpy and Cpy oan be read off the M
small curve of figures 12 to 14 by interpreting R in this pense,
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