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SUMMARY 

This Paper describes a method for calculating the pressure 
distribution on the surface of a two-dimensional aerofoil of arbitrary 
shape In subsonio flow, tsk.ing into aooount the presence of a boundary 
layer on the surface of the aerofoil. The effect of the boundary layer 
is socounted for by considering the inviscid flow over a displacement sur- 
faoe made up of the aerofofi section shape, boundary layer displacesent 
thickness and. the wake. A simple model of the wake is introduced, and it is 
shown that provided certain simple oontitions are satisfied in the region 
near the aemfcll trailing edge, the pressure distribution predicted is not 
unduly sensitive to the detailed development of the wake. The method has 
been developed using techniques whxh make it very suitable for computation 

7 on a digital. computer. Calculations have been made of the pressure distri- 
buticn on a RAR 101 aerofoil section at incidence for which measured boundary 
layer data were available, and also in the ease of a heavily cambered. aerc; 
foil at incidence using theoretically predicted boundary layer characteristioar 

s The comparison between the experimental. and predicted pressure distributions 
shows gocd agreement in both oases. 
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Notation 

=,e non-dimensional co-ordinates measured along and normal. 
to the chord-line of the aerofofl. 

thickness and camber orklnates of the aerofoil section. 

thickness an8 camber ordinates of the displacement surface. 

thichess ordinate of the residual aerofoil, see Section 3.1. 

boundary layer displacement thicknesses on the upper and 
lower surfaces of the aerofoil. 

total displacement thickness of the wake. 

& x total displacement thickness at the trailing edge of the 
aerofoil. 

CT 
dzt (3 see Section 2.5. 

dx T.E. 

a 

AK 

aerofoil incidence. 

change of incidence produced by differential boundary layer 
thickness on the upper and lower surfaces of the aerofoil. 

a* inoidenoe of the displacement surface. 
7 

P leading edge radius of the aerofoil. 

i P' leading edge radius of the displaoement surface. 

c 
P 

pressure coefficient on the aerofoil. surfaoe. 

ag free-stream Mach number. 

&4,Yb) strengths of the source and vortex distributions to make the 
displacement surface a streamline. 

f+)(x) x1=1,2,3,4,5. see Section 2.2 and. Refs. &and 5. 

64 
% 

x1=1,2,3,4,5. see Section 3.1 and Refs. 4 and 5. 

W(x) values of S(")(x) evaluated for the residual aerofoil. 

v locsl velocity on the displacement surface. 

vo free-stream velocity. 
i 

.,H momentum thickness and form parameter of ths bowdaly layer. 

; WD 
lift and drag coefficients. 

N number of reference points taken along the chord.. 
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X distance downstream of the tradling edge at whioh the w&e 
displacement thickness is assumed to become constant. 

BIB compressibility factors. 

F(x),G(x) functions used to define the thickness distribution of the 
displaceumnt surface. 

P#Q coefficients used to define the wake. 

h-*4 funatlons used In the odoulatlonof S (l) (x) . 

xi l ..x, functions used In the oalaulation of S yx) . 

+i . ..h functions used in the calculation of S (x1 (xl . 

suffioes I 

l73 

U,L 

value at the trtclllng edge of the aerofoil. 

upper and lower surfaces of the aerofoll. 

value at large distance downstream of the aerofoil. 
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1. Introduction 

The pressure distribution on the surface of an aerofoil in invisoid 
flow IS determined by the aerofoil geometry, i.e., the thickness distribution, 
the shape,of the camber line and the incidence. The oiroulation about the 
aerOfOil and consequently the lift developed are determined primri.ly by '&e 

camber and incidence. 

In the case of a symmetric aerofoil at zero incidence the circula- 
tion is zero, and the pressure distribution is dependent only on the thioltness 
distribution. This 15 to a large extent a local problem in the sense that 
the pressure at a point on the serofoil surface is determined almost entirely 
by the shape of the surfaoe in the region of that point, and consequently any 
smal.l alteration in the shape, i.e., the thickness distribution, wsll primarily 
affect the pressure in the region of the change, the pressure over the rest of 
the aerofoil being relatively unaffected. The presence of a boundary layer 
on the surface of the aerofoil nil1 produce a distortion of the streatulines 
ClOSe t0 the surface equivalent to a change in the thickness bstribution. 
Thus at eero incidence the effect of the boundary layer at any point is expected 
to depend mainly on the thicloless of the boundary layer near that point, and 
significant changes sn the pressure should occur only when the boundary layer 
thickness is significant, i.e. over the rearmost part of the aemfoti. 
Pig. 1 shows a comparison between the calculated inviscid pressure distribution 
and the measured (viscous) one on a 10% thick symmetric aerofoil at zero 
incidence o It will be observed that there is no sigorficant difference between 
the two results except over the last few percent of the aerofoil chord, as 
expected. 

In the general ease of the flow about a thick aerofoil (symmetric or 

cambered) at incidence, the pressure distribution over the whole of the aerofoil 
is very dependent on the circulation which is itself dependent on the incidence 
and the growth of the boundary layer, particularly near the trailing edge. 
Thus the boundary layer characteristics near the trailing edge no longer just 

i affect the pressure in that region, but by altering the circulation, change the 
pressure distribution si@.ficantly over the whole aerofoil. In Fig. 2 a 
comparison is presented which shows the measured pressure distribution and the 
theoretically predicted inviscid pressure distribution at the same incidence. 
The comparison indicates the drastic change in the pressure distribution due to 
viscous effects, the considerable loss of lift, and the necessity of a theory 
which will adequately account for the presence of the boundary layer. 

Previous authors, Preston (Ref. 1) and Spence and Beasley (Ref. 2) 
have tackled the problem of predicting the reduction in circulation due to 
viscous effects and the resulting loss of lift. The purpose of the present 
report is to develop a method to deal with the more general problem of predicting 
the detailed pressure distribution over the surface of the aerofoil when the 
boundary layer characteristics are known. 

The complete problem of calculating the pressure distribution on an 
aerofoil section in viscous flow can be broken down into two distinct problems 
for those cases where the effects of viscosity are confined to a thin layer 
adjacent to the surface of the aerofoil, i.e., the boundary layer. In such 
oases the flow outside the boundary layer is essentially potential flow, and 
the two complementary problems csn be stated as follows: 

f (i) the calculation of the boundary layer characteristics over the 
surface of the aerofoil when the pressure distribution on the 
aerofoil is knowni 
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(ii) the calculation of the pressure distribution on the aerofoil 
when the boundary layer characteristics, in particular the 
displacement thickness, are known. 

This Paper is concerned with the second of these problems. For methods of 
dealing with the first problem, the reader should consult Ref. 3. The calcu- 
lation of the pressure distribution on an aerofoil of arbitrary shape ab initio, 
must involve both problems. It is envisaged that the calculation mould take 
the form of an iteration between these two separate calculations, starting from 
some convenient initial appmxination such as the inviscid pressure distribution. 

If the boundary layer is thin, then the streamlines in the viscous 
flow just outside of the boundary layer sre displaced relative to the corres- 
ponaing streamlines in the inviscid flow, by an amount equal to the local 
boundary layer displacement thickness. The flow outside the boundary layer, 
which is essentially potential flow, is therefore very similar to the potential. 
flow about a "displacement surface n formed by aading the boundary layer &is- 
placement thicknesses on each of the aercfcil surfaces to the basic aerofoil 
shape. Downstream of the trsiling edge of the aercfoil the streamlines are 
diSplaCea by an amount approximately equsl to the displacement thickness of 
the wake; thus the displacement surface must be extended dcwnstmam in this 
manner. The displacement surface, unlike the basic aerofoil section which 
is closed at the trailing edge, is of infinite extent. However, only that 
part of the displacement surface which extends over the aercfoil chord is 
capable of sustaining a significant difference in pressure between its upper 
ma lower surfaces. It has been shown that the potential flow over the 
displacement surface gives rise to a streamline pattern outside the boundary 
layer almost identical with that of the viscous flow about the aerofoill in 
addition there must exist a surface suckthat the inviscid pressure distnbu- 
tion on this surface is the same as the viscous pressure distribution on the 
basic aergfoil. The hypothesis is made that this surface and the displacement 
surface defined above are for all practical purposes identical. The problem 
of calculating the viscous fJ.ow about an aerofoil therefore becomes the problem 
of calculating the inviscid flow about a surface of infinite extent, the dis- 
placement surface referred to above. 

For consistency in terminology the terms "thickness distribution" 
snd "camber line" will be retained with reference to the tisplacelnent surface. 
The thickness distribution is aefined as the semi-height between the upper 
ana lower surfaces, the camber line as the mean line between the two surfaces. 
The velocity field about the displacement surface will be simulated by distd.- 
butions of sguroes and vortiaes, prwiding the symmetric and asymmetric compgn- 
ents gf the flow respectively, which make the displacement surface a streamline 
of the flow. The value of the circulation is fjxed by the criterion, based on 
experimenbJ. evidence, that the ratio of the velocities on the upper and lower 
surfaces at the trailing edge is unity, This criterion replaces the Kutta 
condition which establishes the cirdlation in the case of an aerofoil with 
8 sharp trailing edge, by positioning the rear stagnstkon paint at the trailing 
edge. 
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2. Bssic Method 

2.1 Displacement surface 

The displacement surface over the aerofofl chord has been defined 
.s8 the surface generated when the boundary layer displacement thickness on the 
upper and lower surfaces of the aerofoil is added to the basic aerofoil section 
(Fig. 3). These inorements should strictly be added normal to the aerofoil 
surface. In practxe it is more convenient to add them normal to the chord 
line, the error introduced being small and in moat cases inside the accuracy 
with which the displacement thxkness distribution, 
be known. 

measured or calculated, w-ill 
Thus the upper and lower surfa;es are given by 

and the thickness distribution of the displacement surface is related to that 
of the basic aerofoil by 

Zt = Zt + 2(6; + 61, 06x6 1 

Zt =gti* 
. . . (2) 

x> 1 
W 

The camber line has been defined as the mean line between the upper and lower 
displacement surfaces, for convenience taken normal to the chord line of the 
basic aerofoil. In general, the ordinate of the mean line at the trailing 
edge will not be zero (Fig. 3); thus the effect of the boundary layer will be 
to modify the camber line and to induce a change of incidence Aa n The 
camber ordinates for the displacement surface are given by 

zs = zg + &(6; - 6;) + x.tan Aa 

where tan Aa = -&(Si - 61)TE 

Thus the problem of calculating the pressure distribution about an 
aerofoil defined by (zt,zs) at incidence a with a boundary layer, becomes 

the problem of calculating the potential flow about the surface defined by 
(Zt,Zs) at incidenoe a*(= a + Aa) . 

2.2 Symmetric flow about the displacement surface 

The symmetric component of the flow is represented by a souroe 
distribution of strength q(x) which generates a stream-surface having the 
same thickness distribution as the displacement surface. The required Bource 
strength can be related approximately to the local slope of the thickness 

5 distribution (Ref. 4). 
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wl the velocity distribution V(x) evaluated on the surface, due to this 
souroe distribution, is given to a good approximation by 

-atay a 
-- 1 .a. (5) 
* X-Y 

Using the nqtation of Ref. 4, but defining S (')(x) by 

and 

syx) = 3 ) 1.. (7) 
dx 

equation (5) Jaecomes (:) P 
=[l+S 1 

I + (Sy 
.e. (8) 

. . . (6) 

2.3 Asymmetric flow about the displacement surface 

The asymmetric component of the flow is represented by 8 distri- 
bution of vortices algng the mean line whose strength y(x) is related to the 
slope of the camber line, and whkh takes account of the fact that the velocity 
increments are to be evaluated on the displacement surface and not on the 
camber line itself. The contribution of the vorticity in the w&e to the 
circulation about the aerofoil is negligible, and the assumption is made that 
the vorticity in the wake is zero. Hence, with this assumption, the vorticitg 
distribution is contained within the chord of the aerofoil. The problem thus 
becomes one of finding the strength of the vorticity y(x). in terms of the 
shape of the camber line and the thickness $istribution of the displacement 
surface. If the displacement surface were to be closed at the trailing edge 
then the problem would be identical to that for a conventional aerofoti in 
lnviacid flow0 

With the notation gf Ref. 5, the velocity distribution about the 
dis lacement surface due to the combined effects of the source.distribution 
6 P rtex &I.stributiQn y(x) is given by l-x = 

co9 lx* (1 + ii) f. 2" ) +, sin lx* (1 + Y) 
J-1 

-,- 
6 4 

I + (P+_ 2 ') 

..0 (9) 

and the pressure coefficient in incompressible flow is given by 

, 

. 

I? a 
CPA- - 

0 Vo 

where/ 
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where S (*j(x) and P$y) am defined by equations (6) and (7) respectively, 
and the definition of S (x) 
fFi)the fa$,that the dis 

is extended in a very simple manuer to account 

cw 
aoement surface does not ol.ose at the trailing edge. 

s (4, s (4 and s (x) are thus defined as follows: 

0.. (IO) 

. . . (11) 

The alternative signs in equation (9) refer to the upper and lower surfaces 
respectively. 

If the boundary lsyer displacemen~~)thickness on &e aerofoil and 
in the wake are known, then the functions S (x) .....a S (x) can be 
evaluated to give the velocity distribution over the displacement surface and 
hence the pressure distribution over the aerofoil wzlth boundary layer. 

2.4 Circulation about the aerofoil and conditions at the trailing edge 

The value pf the circulation is established by means of the criterion 
: that the ratio between the velocities at the edge of the boundary layers on the 

upper and lower surfaces of the aerofoil, evaluated at the trailing edge, is 
unity. By virtue of the hypothesis made in Section I, this becomes equivalent 
to the condition that the pressure on the displacement surface at the trailing 

i edge is equal on the upper and lower surfaces. 
distribution must be chosen so that y(l) = 0 , 

This require that the vortex 
and hence S"'(i) = 0 o 

The streamlines outside the bcundarg layer are continuous and have continuity 
of slope even though th6 aerofofl has discontinuous slope at the trailing edge. 
Since the pressure on the aercfoil surface in the presence of a boundary layer 
is approximately equal to the pressure along the streamline just outside the 
boundary layer, there cannot be a stagnation point at the trailing edge as 
this would imply the existence of a discontinuity in slope of the streamline. 
The hypothesis that the displacement surface is such that the pressure distri- 
bution on it in inviscid flow is the same as the pressure distribution on the 
aerofoil in the viscous flow requires that there is no discontinuity in slope 
of the displacement surface at the trailing edge, and hence no stagnation 
point nor infinIte velocity. 

2.5 Displacementlthickness of the wake= 
'. 7. _ -_ 

No satisfaotory method exists at present for the prediction of the 
way in which the displacement thidmess of the wake develops immediately down- 

i stream of the traiking edge. From momentum considerations etc., at large 
distances downstream of the trailing edge (Le. as x* -) we have 8- = ;C, 
and H,= 1. Thus the displaoement thiclmess of the wake has .s value of 

i 
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%I 88 X-b”* This, in conjunction with the constraints mentioned in 

Section 2.4, rquires that the displacement thickness of the wake satisfies the 
conaitionsl 

(1) Zt = d* when x = I , where d* = &(6; + 61) TE 

(ii) dz& is continuous at x = 1 , 

(iii) Zt-o$4 as X-+d. 

A sinple model of the w&e is proposed which satisfies conditions (i) and (ii) 
at the trailing edge and has a displacemeut thickness which is assumed to reaoh 
the value &CD at some finite distance X downstresm of the trailing edge and 

remain constant after that point. Using this model the wake thickness distri- 
bution can be approximated to by the anotion 

Zt=d*+&-I)+P(x-I)8 +8(x-l? ,iCx<l+X 

Zt = cd4 , x,1+x. . . . (13) 

whezw 

jCD - 12d* - 8uX 
PC 

4.f 

Q- 
-cD+bd++2ux 

2f 

It is shown in Appendix 2 that provided the continuity of the displacement 
surface and its slope are preserved at the trailing edge, the pressure gn the 
aerofoil. surface, even at the trailing edge, is not particularly sensitive to 
the detailed shape of the wake downstream of the trailing edge (e.g. to the 
value of X) . For practical calculations B value of X in the range 0.2 to 
0.3 should be satisfactory. 

3. Numerical Method 

3.1 Basic problem 

The calculation of the velocity distribution on the displacement 
surface, ad hence the pressure distribution on the aerofoil surface, requires 

the co utation of the functions 

and sV) (x) 

s(*) (I) , s@) (x) ) is) (x) , s(')(x) # 

fer the thickness and camber distributions of the displacement 
surface defined in equations (2), (3) and (13). 

The functions S (‘I (x) and s’“’ (I) which depend gn the camber 
ordinates can be computed by the numerical method developed by Weber (Ref. 5), 
i.e., 

s"' (x)/ 

, 

, 
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N-l 

2" (x,) = 1 s::) z* 

)I=1 

N-' (5) 
9'"' (xv) = x SP" 2% 

p=I 

where 

The method of Ref. 4 for the 
h)(x) *=1,2,3, is designed to deal 
distrib:tions and cannot be used in the 

. . . (14) 

ea. (15) 

Y = 1,2,3..... N-l . 

independent of the camber ordinates. 

calculation of the functions 
only with dosed aerofoil thickness 
present calculation. 

It is convenient to subdivide the thickness dmtribution of the 
displacement surface over the aerofoil chord into three parts as shown in 
Fig. 3% 

Zt = z* + d*F(x) - o- G(x) o<x< 1 -o* (16) 

where F(x) = xs (3-2x) ; G(x) = 61(1-x) 

Defined in this way, z* which is referred to as the "residual thickness", 
satisfies the cwlitions, 

i 

when x=0, z* = 0 and 

z* = 0 
az* 

x=1, and -=o 
dx 

* 
Le., z is the thickness distribution of an aerofoil section, cusped at the 
trajling edge, with leading edge radius p* . In practice it may be convenient 
to assume that p* = p ) i.e., that the leading edge radius is not si@xi.ficsDt~ 
altered by the presence of the boundary layer. Hence the function 

P (x) evsluated for the displacement surface becomes 
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with similar expressions for S (=) (x) and 2"' (x) . The first integral, 
involving s* , can be evaluated by the Weber method (Ref. 4) and the other 
integra@)evaluated anslyticslly taking Cauchy principal values throughout. 

Thus s (x) can be written concisely as 

p (x) = s”’ * (x) + d*h((x) + u$,(x) + P&(x) + Qh(x) -0. (18) 

Si@larly the functions P (x) and P (x) can be written 

s”fX) = p* (x) + cl* Xi.(X) + c- Xa (4 

s(yx> = p (x) + &i(X) + u$a (xl + p*3b) 

Q $4 b) + (a* - CD/k) $5 .*. (20) 

The functions he.** #, ; c , xa j $1 **...... k. are listed in Appendix I, 

and the influence coefficients (4 
sPV 

, x1=1,2,3, are tabulated Jn Ref. 4. 

Thus, given the aerofoil geometry snd the boundary layer displace- 
ment thickness distributions on both surfaces of the aercfoil, the constants 
a+ ,u and a* can be evaluated, The residual thickness distribution can 

be calculated using equation (16) and the ~U.IICU.C~S Sqx) , n=l .0. 5 c*n 
be evaluated from equations (14),(15), (la), (19) and (20), and the pressure 
distribution from equation (9). 

3.2 Calculation of trailing edge pressure 

At the trading edge of the aercfoil the pressure coefficient, 
which is equal on the upper and lower surfaces, is given by 

(Cp) m  = 1 - 

co2a” [I + P (Illa 

.OO (21) 
I+2 

where 

s(I) (1) = P*(l) + a*$& (I) + u$a(l) + P$s(l) + Q h(1) 

From equations (15) 00.0 (18) of Appendix I, evaluated for the trailing edge, 
i.e., x = 1 ) 

$&(I) = 3 &(I) = 1 ( - 2.5 - log X ) 
x n: 

. 
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and from Ref. 4, 

( - 1 )V - 1 2 sin 8 
. . . (22) 

N 
@=I 

. 
Using the expressions for P and Q from equation (IJ), the function S(1) 
becomes 

(1) i 
s (I) = So*(,) + - 32 

1+x 3cD --ucrogx-- 
1 

..o (23) 
% X 4x 

ad using equations (.?I), (22) and (23) the trailing edge pressure csn be 
evaluated. 

Equation (22) is sensitive to smsll changes in the thichess ordina41es 
of the residual aerofofl close to the trailing edge. The values of these 
ardinates will apt be known with a high degree gf accuracy since this would. imply 
an unreasonably good knowledge of the precise behaviour pf the boundary layer 
close to the trailing edge. Therefore it is recommended that equation (22) be 
used only with a small value of N , 
the chord. 

the number of reference stations along 
A value of N = 8 seems adequate for this purpose. 

4. Compressibility Corrections 

The hypothesis has been made that the flow about an aerofofl with a 
boundary layer can be represented by the inviscid flow about a suitably chosen 
tisplacement surface. In the absence of any evidence to the contrary, it will 

: 
be assumed that this hypothesis is equally valid in the case of compressible 
subsonic flow, provided of course that the boundary layer displacement thioknesx! 
appropriate to the particular hiach number is used to define the displacement 
surface. The equation for the velocity distribution (equation 9) can therefore 

i be generalised to deal with oompressible flow in the following manner 

COB a*+ + ; 
CiJ+ i'j f Sin (I* (, + isi 

B B 
(9) + 

S 
(5) s 

- s 
I+ 1 .00 (24) 

B 

where B and B are compressibility factors applied to the contributions 
to the velocity distribution due to thickness and camber respectively. The 
precise form that these factors should take is discussed in Befs. 6 and 7, 
vrhich recommend the following 

or 
i 

/9 = (I - bf$ 

B = (1 -&i - Cp,)$ 
1 

B = (1 - @(I - MO Cpi))* 

Ref. 6. 

Ref. 7. 

00. (25) 

*.. (26a) 

00. (26b) 

where/ 



where 

The pressure coefficient Cp is calculated from the compressible form of 

Bernoulli's equation which, taking the value y = 1.4 for air, becomes 

It should be noted that the compressibility factors appearing above are of 
two kinds. The first, B (equation 26~1 or 26b) applies only to the thielcness 
termsi and for the reasons given at the beginning of the introduction and 
illustrated in Fig. 1, it is reasonable to justify this factor by reference to 
experimental results for symmetrIca aerofoils at zero incidence, as well as 
to higher or&r theories. This has been done in considerable detail in 
Ref. 7, and as a result the modified factor (26b) is definitely to be preferred. 
The situation with regard to the lifting terms, and in particular the justifica- 
tion for using the simple Prandtl-Glauert factor ,9 in them, is however much 
less SatisfactoryJ and a re-appraisal of the subject is desirable now that a 
method exists for predicting the viscous pressure distribution, so that a more 
valid comparison between theory and experiment would now be possible. 

5. Comparison between Computed and Experimentd Results 

In order to assess the accuracy of the method described in this 
report it is necessary to make use of tests on aerofoils in which not only the 
pressure distribution was measured, but also the boundary layer displacement 
thickness, thus eliminating any sources of error in predicting the boundary 
layer. Such tests are rare. Comparison has been made in the case of the 
RAE 101 aerofoil, tested at a Reynolds number of 1.6 x I@ , at incidences Of 
4.09O and 8.18' (Ref. 8). !lhe boundary layer displacement thickness was 
measured at 7 stations on the chord on each surface, and an interpolated &is- 
placement thickness distribution based on these measurements was used in the 
calculation. Figs. 4 and 5 show a comparison between the measured and predicted 
pressure distributions at the tpro incidences. Good agreement is achieved in 
both cases, the lift coefficient being overestimated by approximately 3% 

. 

In the introduction mention was made of the calculation of the 
pressure distribution on an aerofoil ab lnitio using an iterative process invplv- 
ing the present method and a theoretically predicted boundary layer. Three 
such calculations have been made to explore the feasibility of the process. 
In each case the boundary layer characterlstlcs were calculated by the method 
of Nash and Macdonald (Ref. 9). To check the accuracy Qf the predicted boundary 
layer the combined method was first used to predict the pressure distribution 
and boundary layer displacement thicloless on the RAE 101 aerofoil section referred 
to above for which measured boundary layer data was available. Fig. 6 shows a 
comparison between the measured and predicted displacement thickness on the two 
aerofofi surfaces for incidences Qf 4.09O and 8.18O. The quoted transition 
positions (Ref. 8) were used in the calculations and are shown in the figures. . 



- 15 - 

The pressure distributions celculated using the theoretically predicted bound- 
ar y layer data a-e almost identical with those cd0ulated using ITHXLS~~~~ 
data ad shown in Figs. 4 and 5, the mean difference in the pressure coeffi- 
cient C p being approximately 0.005. The comparison indicates that for 

typical aerofoil pressure distributions the method of Ref. 9 should be 
adequate for use in conjunction with the method of this report to calculate 
the pressure distributions on aerofoils. Fig. 7 shows a comparison between 
the measured and predxted pressure distributions on a V+$ thick osmbered 
aerofoil, designed to carry 1Fft over the rear part of the chord, and tested 
at a Reynolds number of I.16 x I@ at an incidence of 3.P. The calculation 
was carried out as described above using observed transition positions on the 
aercfoil surfaces. Again, the agreement is good over the majority of the 
chord. 

These three calculations indicate the possibility of predicting, 
with reasonable aoouracy, the pressure distribution on an aerofoil in viscous 
flow almost entirely theoretically using the present method and a method such 
as that described in Ref. 9 for predicting the boundary layer characteristics. 

6. Concluding Remarks 

A theory and a numerical technique have been developed for predicting 
the pressure distribution on a thick cambered aerofoil at incidence when the 
boundary layer displacement thickness is known. This method shows good agree- 
ment with the limited experimental data available. The absence of suitable 
experimental results at high Reynolds numbers end high subsonic Mach numbers 
makes it impossible to thoroughly assess the accuracy of the method, in particu- 
lar the compressibility corrections discussed in Section 4. In the case of 
predicting results at hi Reynolds number, the fact that the results must lie 
between inviscid theory infinite Reynolds number) and results such as those p" 
presented here suggest that the method should be at least as accurate in those 
oases- It is hoped that tests to be made in the near future at Mach numbers 
up to M = 0.7 including the measurement of the boundary layer characteristics 

. will reotify this omission. 

At present no satisfactory method exists which will predict tranai- 
tion position. Until such a method is found, the transition posltlons on the 
upper and lower surfaoes of the aerofoil must be specified independently of the 
boundary layer calculation. This has been done in all the calculations 
referred to in this report. 

Comparisons between theory and experiment have been presented for 
the RAE 101 aerofoil and a cambered aerofoil. for which the boundary layer data 
were obtained theoretically using observed transition positions. These 
comparisons indicate that methods now exist for calculating turbulent boundary 
leyer data with sufficient accuracy which, when used in conjunction with the 
theory developed in this report, enables the pressure distribution an an aerofoil 
in viscous flow to be predicted almost entirely theoretically. This is being 
investigated in greater detail and wKl1 form the basis of a separate report. 
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Appendix I 
(i) 

Functions Used in the Evaluation of S (x) , S 
(*I 

(x) and 9(stX' 

The functions s(")(x) , n=l,2,3, have been defined as 

..O (I) 

s@) (x) = - =t 
*.O (2) 

ax 

= 

where Z, is defined in equation (2). 

. . . (3) 

It is shown in section 3.1 that s;;(i’ , P(x) and 
can be expressed in terms of the functions x . . . . 94 (4 i 
b(x) . ..-. t%(x) . These functions are tabulated below, both in their inte& 
form and finotional form. 

6 
ti (4 = - 

Y(l-Y)dy . . . (4) 
. ‘x 

0 x-9 

f ~(3~-2)dy 1+x 
dY + 

X-Y -1 X-Y 

u(x) = 6 x (1 - x) 

k(x) - I( 3x - 2) 

. ...(5) 

..e (6) 

*.. (7) 

. . . (8) 

. . . (9) 
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1 
bi (xl = & (x) - - 

2Jc L-1 

tY(3-2y)Q - as 

(I-Y)(X-Y) + * Y(l-Y)(x-Y) I 1 n 
1 

I - ,  I  

4-a (4 = ha (d -: r-~y~-~‘+xy(x~) I 0 
1 

k (4 = 6 (4 - - 
2x [I 

1+x (Y-lb 
- 

i Y&Y) 1 
$4 (x) = $4 (4 - ; 1+x (y-l)P* - Ci YbY) 1 
$6 (x) = I- I - as 2JG ,+x Y(ll)kY) 

Taking Cauchy principal values of the integrals: 

6 
h (4 = - 

x I 

x 
x(1-x)l0g - + x - 4 

I-X 1 
dp (x) = 1. 

A [ x(3-2x)log x + (3x+1)(1-x)log(l-x) 

- log(l+X-x) - 3x + & 1 
2 I +x-s 

$3 (x) = - (I-xpog --x 
x I-X 1 

..O (IO) 

I 

. . . (11) 

.e* (12) 

0.. (13) 

. . . (14) 

. . . (15) 

= . . . (16) 

. 

..O (17) 

3 

[ 

I +x-x 
h(x) = - - (l-x)glog -+*I? - x(1-x) 

x l-x 1 
x(3-24 

I.,=.,,-;[ ,lc 
(I-x)(2x+1) 

log x - 2 + log(l-x) 
x 1 

. . . (19) 

I 
+-a(x) = #s (x) - ; 

[ 

l-x 1 
1 + x log - - - log (1+x) 

x x 

1 1 +x-x 
+-log - 

X I-X 1 
i 

. . . (20) 
. 

. . . (18) 



- 19 - 

1 l-x I +x-x 
k(x) = #q(x) - 2, Log(l+X) - -- log - 1 . . . (21) x x i-x 

1 
II 

(14 1+x-x I 
$4 (4 = $4 (4 - -& --- log -- - - log (1+x) + x 1 . . . . (22) 

x l-x x 

1 
b(x) = ;[ -- 

I 

x(1-x) 
log (1+x*) - -10g(l+X) - -1, log x 1 . . . (23) 

X l-x 

Appendjx 2/ 
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Amen&ix 2 

The Effect of Wake Displacement Thickness on the R'ailing 
Edge Pressure 

The choice of model for the wake displacement thickness will 
tiect the pressure distribution over the aerofoil surface: the effect being 
progressively more aiguiricant over the rear part of the aerofoil and greatest 
at the trailing edge. It is informative to consider the effect on the traiUng 
edge pressure of a range of wake models. 

The trailing edge pressure is given by (Section 3.2) 

(cp)m = 1 - 
COSD a*[1 + F(i)lp 

i+2 
.0. (II 

Sinoe a+ and U are small, the pressure is given with good approximation 
by 

-at w 
qm = - 2 C) (1) = - ‘i - - . . . (2) 

x o ef X-Y 

where 
Zt = pi* + d;(x) - uG(x) 01cXG 1 

x> 1 

Using the constraints listed in Section 2.5, the wake thiclmess distribution 
oan be repressed in the form 

Zt = d* + o-E(x) x> I l a* (3) 

where E(x) satisfies the conditions 

dE 
E(l) = 0 I -(l)=i; E(r)=- 

ax 4a 

and the trai&g edge pressure becomes 

’ (cp)m = - 2[ P+(l) + 

where Cauchy principal value of the iutegrsls is taken. 

. 

. 
Consider/ 
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Consider the following two wake models which represent reasonably 
edz-eme casesz 

(1) +apidly convergent wake", in which the displacement thickness 
decreases linearly to a value of &CD and remains constant 
therasfter; 

(U) "slowly convergent waken, in which the displaoemnt thickness 
decreases exponentially to become asymptotic to the value $c+ 
at Minity. 

'Qpioal wake displacement thickness distributions for these tn0 oases sre 
shown in Figs. 8a and 8b. The wake model proposed in Section 2.5 Ides betwwn 
these two extreme cases. 

Rapidly convergent wake* 

in this case the function E(x) is defined asl 

E(x) = x - I 

E(x) = d4 

-40 
where k=- 

u+ - CD 

ana equation (4) becomes 

. 

1 
icxcl+- 

k 
I 

x,1+- 
k 

*a. (5) 

(1) * 3d+ u 
s (I)+-+- logk-2.5 

c 31 e.. (6) 
x % 

910wl.y oonvergent wake: 

in this case the function S(x) is define& as! 

E(x) = 1 (I - e-k(x-1)) xa I .*. (7) 
k 

and equation (4) becomes 

(cp& = - 2 
L- 

?*(I) + f+ :[ logk 

-u 

I 

i l-e 
- 2.5 + -d.U 

% x 
0 

U 

..e (8) 

. 
Fig. 80 shows the values of trailing edge pressure gLven by equatiop[) (6) and 
(8) for aerofofl NPL 3111, for which a* = 0.0081, u = -0.067, s (I) = -0.081 
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and CD was taken as 0.01. Also shown are the values of trailing edge 

pressure for the wake model proposed in section 2.5, for a range of values 
of the parsmeter x . The extreme values of trailing-edge pressure coeffic- - 
ient are 0.145 and 0.170, a range of only 0.025. Fig. 80 shows the 
relative insensitivity of trailing-edge pressure to the choice of wake model, 
and provided that B reasonable value of the parameter X Is used, the . 
pressu~% coefficient can be calculated to witbin a tolerance of % 0.01. 

In the predicted pressure distributions shown in Pigs. 4, 5 and 6, 
a value X = 0.2 was used. 

. 

. 
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